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Abstract

:

The immune system is a complex interconnected network consisting of many parts including organs, tissues, cells, molecules and proteins that work together to protect the body from illness when germs enter the body. An autoimmune disease is a disease in which the body’s immune system attacks healthy cells. It is known that when the immune system is working properly, it can clearly recognize and kill the abnormal cells and virus-infected cells. But when it doesn’t work properly, the human body will not be able to recognize the virus-infected cells and, therefore, it can attack the body’s healthy cells when there is no invader or does not stop an attack after the invader has been killed, resulting in autoimmune disease.; This paper presents a mathematical modeling of the virus-infected development in the body’s immune system considering the multiple time-delay interactions between the immune cells and virus-infected cells with autoimmune disease. The proposed model aims to determine the dynamic progression of virus-infected cell growth in the immune system. The patterns of how the virus-infected cells spread and the development of the body’s immune cells with respect to time delays will be derived in the form of a system of delay partial differential equations. The model can be used to determine whether the virus-infected free state can be reached or not as time progresses. It also can be used to predict the number of the body’s immune cells at any given time. Several numerical examples are discussed to illustrate the proposed model. The model can provide a real understanding of the transmission dynamics and other significant factors of the virus-infected disease and the body’s immune system subject to the time delay, including approaches to reduce the growth rate of virus-infected cell and the autoimmune disease as well as to enhance the immune effector cells.
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1. Introduction


Human beings are constantly exposed to germs such as bacteria, viruses and toxins (chemicals produced by microbes) that enter into the human body that make-up the infections and diseases that will eventually make people sick. The body is made up of many types of cells. Usually, cells grow and divide to produce new cells. A body’s well-working immune system can prevent germs from entering the body and destroys any infectious microorganisms that do invade the body [1,2,3]. As long as our immune system is working smoothly, we often do not pay much attention to it or even do not know that it is there. However, if it stops working properly because it is weak or cannot fight particularly germs or the diseases, then we become sick. The germs that our body has never encountered before are also likely to make us sick [4]. Some germs will only make you ill the first time you come into contact with them. When the body senses danger from a virus or infection, the immune system will respond and attack it.



The human immune system is complex and it is the body’s defense system. It is a complex network consisting of many parts including cells, tissues, molecules and organs working together to defend the body against invaders as well as to fight the infections and diseases when germs enter our body [1,2,5]. The skin is also a part of the immune system that prevents germs from entering the body [4]. Our immune system, believe it or not, works very hard to keep us healthy. The main tasks of the body’s immune system are to attack and destroy substances that are foreign to our body, such as bacteria and viruses, or limit the extent of their harm if they get in [5].



When our immune system is working properly, it can recognize which cells are ours and which substances are foreign to our body. It then activates, mobilizes, attacks and kills foreign invader germs that can cause us harm. In fact, our immune system learns about any germs after we have been exposed to them. Our body develops antibodies to protect us from those specific germs [1,6]. When we are given a vaccine for example, our immune system builds up antibodies to the foreign cells in the vaccine and will quickly remember these foreign cells and destroy them if we are exposed to them in the future. However, when our immune system is not working properly, the body attacks normal and healthy cells when there is no invader or does not stop an attack after the invader has been killed, resulting in autoimmune disease [1,2,3,5].



Developing mathematical models to predict the growth of tumors, virus-infected cells and immune cells have been of interest in the area of cancer epidemiology research [7,8,9,10] and infectious disease epidemiology [11,12] in the past few decades. Many models [9,10,13,14,15,16] have been proposed using the ordinary differential equations and partial differential equations in the past several decades and using the delay partial differential equations in recent years for characterizing tumor-immune dynamic growth, but there is still no consensus on the modeling due to the complexity of virus-infected and tumor cancer growth in the body’s immune system and the growth patterns of the tumors and virus-infected cells [16]. Many researchers [7,17,18,19,20,21,22,23,24] have used the existing prey–predator modeling concept [25,26] to study and model the tumor–immune interactions [7,27,28] and the effects of tumor growth [17,29,30]. To simplify an understanding of the interaction between tumor and immune cells, several researchers used the concept of the prey–predator system [24,29]. Here, the immune cells play the role of the predator, while tumor or virus-infected cells of the prey. In other words, the predator is the immune system that kills the tumor cells (prey) [24].



The modeling studies of prey–predator systems and its related applications have beentremendously interesting in recent years to various disciplines including population disease [31,32], life expectancy [33,34], biomathematics [35,36], cancel growth [29,37,38,39,40,41,42] and engineering science [23,35,43]. Many researchers have studied various dynamic prey–predator models including a two-dimension predator–prey model [44,45,46,47,48], multi-predator models [20,23,49], multi-prey models [50,51,52] and time-delay prey–predator models [23,36,43,50] with various applications in biomathematics [53], population disease [22,23,29,30,54,54,55,56,57,58,59] and recent COVID-19 disease analysis [1,12,60,61,62,63,64,65].



Haque et al. [54] analyzed a predator–prey model using standard disease incidence. Naji and Mustafa [56] studied a dynamic model of eco-epidemiology considering nonlinear disease incidence rates with an infective type of disease in prey. Mukhopadhyaya and Bhattacharyya [36] studied the effect of delay on a prey–predator model with disease in the prey considering a Holling type II functional response. Wang et al. [43] studied a predator–prey model with distributed delays. Huang et al. [22] recently studied a stochastic predator–prey model with a Holling II increasing function in the predator and discussed the analytic results of the dynamics of the stochastic predator–prey model.



Jana and Kar [23] studied a three-dimensional epidemiological dynamic model incorporating time delay in the model for considering it as the time taken by a susceptible prey to become infected. Lestari et al. [29] discussed an epidemic model of cancer with chemotherapy in the form of a system of non-linear differential equations with three sub-populations. They presented the point of equilibrium and numerically determined the reproduction number and the growth rate of cancer cells. Pham [63] studied a model to estimate the number of deaths related to COVID-19 based on the US data and recently, Pham [64] studied a mathematical model that considers the time-dependent effects of various pandemic restrictions and changes related to COVID-19 such as reopening states, social distancing, reopening schools and face mask mandates in communities.



In this paper, we develop a new mathematical model considering the multiple time-delay interactions between the immune cells and virus-infected cells with an autoimmune disease in the form of delay partial differential equations. The model can be used to determine the dynamic progression of the virus-infected cell growth and observe the patterns of how the virus-infected cells spread in the body’s immune system with respect to time delays. In Section 2, we discuss all the model assumptions and the mathematical time-delay virus-immune model development of the body’s immune system considering the multiple time-delay interactions between the immune cells (or effector cells) and virus-infected cells with an autoimmune disease. The model aims to predict the dynamic progression of virus-infected cell growth in the immune system. Section 3 discusses several numerical examples to illustrate the proposed model and shows numerical results with various cases whether a virus-infected free state can be reached or not as the time progresses. Section 4 discusses a brief conclusion and future research problems.




2. A Mathematical Model with Multiple Time-Delay Interactions between Infected-Virus and Immune Effector Cells


As mentioned earlier, many researchers [7,17,22,28] have developed various prey–predator models and recently developed mathematical models to investigate the interactions between the tumor cells and immune systems, and tumor-immune cells with consideration of an interaction between the tumor and immune cells with a time delay. In this section, we discuss a new virus-immune time-delay model of the body’s immune system with considerations of the multiple interactions between the virus-infected cells and body’s immune cells with an autoimmune disease. With the same concept of the prey–predator models in the literature, here, in this new model, the immune effector cells play the role of the predator while the virus-infected cells play prey. The effector cell, usually used to describe cells in the immune system, is a cell that performs a specific function in response to a stimulus or defends the body in an immune response. We first describe a list of our modeling assumptions, also based on a recent study by Lestari et al. [29], and then present a derivation of the mathematical modeling results as follows.



Notation: We use the following notation throughout the paper:



a = the intrinsic growth rate per unit time



b = the elimination rate of the virus-infected cells by the healthy immune system (effector cells) per cells and unit time



c = the death rate of the healthy immune system per unit time



d = degree of recruitment of maximum immune-effector cells in relation with virus-infected cells per unit of time



e = capacity of the virus-infected cells per unit of time



f = the rate that the immune system attacks the body’s own healthy (effector) cells, resulting in autoimmune disease per cells and unit of time



g = constant factor of growth rate per unit of time



h = the half saturation constant (cells)



k = the half saturation for virus-infected cleanup (cells)



m = the degree of inactivation of effector cells by virus-infected cells per cells and unit of time



p = parameter of virus-infected cleanup by immune-effector cells per unit of time



s = growth rate of immune-effector cells per unit of time



I(t) = the number of healthy immune-effector cells at time t



V(t) = the number of virus-infected cells at time t



2.1. Immune Cell Model Formulation


In apopulation of healthy immune-cell or effector cells (in this case as the predator), we assume the following:




	
The effector cell has a constant growth rate, s, of effector cells [29].



	
The effector cell has a natural death rate, c, of effector cells [29]. There is an increase in the number of effector cells by the growthrate d with a maximum degree of recruitment of immune-effector cells in response to the shift toward virus-infected cells [29] with a    τ 3    time delay.



	
There is a constant rate f of the immune system attacking the body’s own healthy (effector) cells, resulting in an autoimmune disease. The constant f, in general, will be very small compared to c, so that when I is not too large, then the term f I2 will be negligible compared to cI.



	
There will be a reduction in the number of effector cells due to their interaction with the virus-infected cells witha constant rate m [29].








We can derive a mathematical equation based on the assumptions (1–3) and the result is as follows:


    ∂ I ( t )   ∂ t   = s − c I +   d V ( t −  τ 3  ) I ( t −  τ 3  )   h + V ( t −  τ 3  )    



(1)







We can derive a mathematical equation based on the assumptions (4–5) and the result is as follows:


    ∂ I ( t )   ∂ t   = − f  I 2  − m I V  



(2)







From Equations (1) and (2), a model of the rate of the immune-effector cells governing the interactions between the virus-infected and virus-infected cells over time can be presented as follows:


    ∂ I ( t )   ∂ t   = s − c I +   d V ( t −  τ 3  ) I ( t −  τ 3  )   h + V ( t −  τ 3  )   − f  I 2  − m I V .  



(3)








2.2. Virus-Infected Cell Model Formulation


In a population of virus-infected cells (in this case as prey), which is when a virus infects a host, a virus invades the healthy immune cells of its host and also can infect other cells, we assume the following:




	5.

	
The virus-infected cell has a constant growth rate, a, ref. [29] with consideration of a constant factor of growth rate, g, and a    τ 1    time delay before the virus is to be infected.




	6.

	
There will be a constant elimination rate of the virus-infected cells by the healthy immune system (effector cells), b, by a    τ 2    time delay. In other word, b measures how efficiently the effector cells kill the virus-infected cells.




	7.

	
The number of virus-infected cells will decline by a constant parameter of the virus-infected cleanup of effector cells, p, ref. [29] with a    τ 3    time delay.




	8.

	
There will be a reduction in the number of virus-infected cells by a constant rate e that encounters of the two virus-infected cells per unit of time in competing with each other due to the limited number of host cells. The constant rate e here can be considered to be very small.









We can derive a mathematical equation based on the assumptions (6–7) and the result is as follows:


    ∂ V ( t )   ∂ t   = a V   t −  τ 1     e  − g V   t −  τ 1      − b V I   t −  τ 2     



(4)







Here, the constant parameter b measures how efficiency effector cells kill virus-infected cells. From assumptions (8–9), we can derive a mathematical equation and the result is as follows:


    ∂ V ( t )   ∂ t   = − e  V 2  − p   V ( t −  τ 3  ) I ( t −  τ 3  )   k + V ( t −  τ 3  )   .  



(5)







From Equations (4) and (5), a model of the rate of the virus-infected cells overtime can be presented as follows:


    ∂ V ( t )   ∂ t   = a V   t −  τ 1     e  − g V   t −  τ 1      − b V I   t −  τ 2    − e  V 2  − p   V ( t −  τ 3  ) I ( t −  τ 3  )   k + V ( t −  τ 3  )   .  



(6)







Thus, from Equations (3) and (6), a new virus-immune time-delay model for the body’s immune system with considerations of multiple interactions between the virus infected cells and body’s immune cells with autoimmune disease is given as follows:


      ∂ I ( t )   ∂ t   = s − c I +   d V ( t −  τ 3  ) I ( t −  τ 3  )   h + V ( t −  τ 3  )   − f  I 2  − m I V       ∂ V ( t )   ∂ t   = a V   t −  τ 1     e  − g V   t −  τ 1      − b V I   t −  τ 2    − e  V 2  − p   V ( t −  τ 3  ) I ( t −  τ 3  )   k + V ( t −  τ 3  )   .    



(7)







If we do not consider the effect of the chemotherapy drug from the model studied by Lestari et al. [29], then their model [29] can be slightly considered as a special case of our model, as given in Equation (7), where f = 0, e = 0, g = 0, τ1 = 0, τ2 = 0 and τ3 = 0.



We now wish to determine the number of immune-infector cells I(t) and virus-infected cells V(t) at any given time. We developed a program using R software to calculate and plot the two functions I(t) and V(t) with respect to time t, as will be discussed in the next section.





3. Model Analysis


In this section, we present an analysis of the proposed model. Table 1 shows the parameter values that we use in our analysis based on some existing studies [29,39,40,41] for the illustration of our model. Any other sets of parameter values can be easily applied from the model.



In this study, we consider various initial numbers of virus-infected cells and numbers of immune-effect cells from 15,000 to 30,000 and from 50,000 to 75,000, respectively, to explore if the results depend on those initial numbers of cells. We discuss below several cases based on various parameter values of the virus-infected growth rates, a, the elimination rate of the virus-infected cells by the immune-effector cells, b and the growth rate of the immune-effector cells, s, as follows:



Case 1: When a = 0.43, b = 43 × 10−7, s = 7000.



We first assume that the initial number of virus-infected cells is V0 = 30,000 and the initial number of immune-effector cells is I0 = 50,000. From Figure 1a,b, we can observe that the initial number of virus-infected cells and immune-effector cells are 30,000 and 50,000, respectively, as expected.The virus-infected counts begins to increase and it reaches the highest point at around the 14th day as (V,I) = (72,248, 81,228) and starts to decrease slowly, where (V,I) = (31,905, 90,578), at the 300th day. As seen in the graphs in Figure 1a, on the one hand, the number of immune-effector cells keeps increasing but starts to slowly stabilize after the 100th day at the level of 90,578. On the other hand, the number of virus-infected cells first begins to increase until it reaches the maximum number of infected cells at 72,304 (see Figure 1b) then startsto decrease and slowly stabilize after around the 280th day and stays at just above the level of the initial number of virus-infected cells, at 31,900 cells. It seems that in this case, with a given growth rate of effector cells s = 7000 cells per day and avirus-infected growth rate a = 0.43, it will not be able to reach the virus free state. Figure 1c,d show the relationship between the immune-effector cells and the virus-infected cells. Figure 1e,f show the 3D relationships of the effector cells, the immune-effector cells and time.



We observe the same results above even when the initial number of immune effector cells is I0 = 75,000 (see Figure 1g,h) as well as the same results when the initial number of virus-infected cells is reduced toV0 = 15,000 (see Figure 1i,j), respectively. It is worth noting that the initial number of virus-infected cells and immune-effector cells do not influence the end result of whether the body is of virus free stage or not. This shows that our model can be used to obtain the results without needing to know the exact initial number of virus-infected cells or the number of immune effector cells in the body.



Let us consider when I0 = 75,000 and V0 = 15,000: From Figure 1k,l, we observe that the virus-infected counts keep increasing significantly from the beginning until around the 50th day as (V,I) = (31,291, 90,521) and slowly stabilizes around the 100th day at the level of 31,770, while the number of immune-effector cells also keeps increasing but starts to slowly stabilize after the 60th day at the level of 90,560. In this case (I0 = 75,000 and V0 = 15,000), the result is the same as all the cases above that, the body will not be able to reach the virus free state. This concludes that the initial number of virus-infected cells and immune-effector cells do not influence the end results.



Model comparison: We now use the model studied by Lestari et al. [29], as we mentioned earlier, to compare their modeling result (i.e., without the effect of the chemotherapy drug and when f = 0, e = 0, g = 0, τ1 = 0, τ2 = 0 and τ3 = 0) to our model from Equation (7). From Figure 1m, we observe that the number of immune-effector cells, I, keeps increasing but starts to slowly stabilize after the 150th day at the level of 169,669 cells. The virus-infected count, V, (see Figure 1n) begins to increase and it reaches the highest point at around the 14th day with (V,I) = (107,189, 102,683) but starts to decrease sharply until it reaches the virus free state as (V,I) = (0, 168,064) after the 100th day with the number of immune-effector cells around 168,064 cells.



In this example, when those values, e, f and g, are not equal to zero, our proposed model shows that one cannot reach the virus free state because we consider the autoimmune disease factor in our model, where one can reach the virus free state at the 100th day by using the model developed by Lestari et al. [29], since they did not consider the autoimmune disease factor in their study.



Case 2: This is the same as Case 1, except s = 10,000 (instead of s = 7000).



From Figure 2a,b, we can observe that the initial number of virus-infected cells and immune-effector cells are 30,000 and 50,000, respectively, as expected. It should be noted that the number of immune-effector cells (see Figure 2a) keeps increasing but starts to slowly stabilize after the 250th day at the level of 114,790. The virus-infected counts (see Figure 2b) begins to increase and it reaches the highest point at around the 8th day with (V,I) = (55,468, 89,222) and starts to decrease significantly until it reaches the virus free state at (V,I) = (0, 114,790) after the 298th day, where the number of immune-effector cells is 114,790. Figure 2c,d show the relationship between the immune-effector cells and the virus-infected cells. Figure 2e,f show the 3D relationships of the effector cells, the immune-effector cells and time.



The result is about the same even when the initial number of immune effector cells to be as I0 = 75,000, see Figure 2g,h. The result is also about the same, even when the initial number of virus-infected cells is reduced to V0 = 15,000 cells (see Figure 2i,j). It is worth noting that the initial number of virus-infected cells and immune-effector cells do not influence the end result.



Case 3: This is the same as Case 1 (i.e., b = 43 × 10−7, s = 7000), except a = 0.043.



From Figure 3a,b, we can observe that the initial number of virus-infected cells and immune-effector cells are 30,000 and 50,000, respectively, as expected. It should be noted that the number of immune-effector cells (see Figure 3a) keeps increasing but starts to slowly stabilize after the 50th day at the level of 90,310, where the virus-infected count (see Figure 3b) starts to decrease sharply until it reaches the virus free stateat (V,I) = (0, 90,310) after the 50th day.



The result is about the same, even when the initial number of immune effector cells is I0 = 75,000, see Figure 3c,d. The result is also about the same, even when the initial number of virus-infected cells is reduced to V0 = 15,000 (see Figure 3e,f). It is worth noting that the initial number of virus-infected cells and immune-effector cells do not influence the end result.



Case 4: The same as Case 3 (i.e., b = 43 × 10−7, a = 0.043), except s = 10,000 (instead of s = 7000).



From Figure 4a,b, we can observe that the initial number of virus-infected cells and immune-effector cells are 30,000 and 50,000, respectively. It should be noted that the number of immune-effector cells (see Figure 4a) keeps increasing but starts to slowly stabilize after the 40th day at the level of 114,416 where the virus-infected count (see Figure 4b) starts to decrease significantly until it reaches the virus free state at (V,I) = (0, 114,416) after the 40th day. The result is about the same, even when the initial number of immune effector cells is I0 = 75,000, see Figure 4c,d. The result is also about the same, even when the initial number of virus-infected cells is reduced to V0 = 15,000 (see Figure 4e,f). It is worth noting that the initial number of virus-infected cells and immune-effector cells do not influence the end result.



Case 5: Same as Case 1 (i.e., s = 7000), except b = 4.3 × 10−4.



Table 2 below shows the parameter values that we will use to analyze here, the same as Case 1 except the value b is 4.3 × 10−4. Any other sets of parameter values can be easily applied from the model.



From Figure 5a,b, we can observe that the initial number of virus-infected cells and immune-effector cells are 30,000 and 50,000, respectively. It should be noted that the number of immune-effector cells (see Figure 5a) keeps increasing but starts to slowly stabilize after the 30th day at the level of 89,920, where the virus-infected count (see Figure 5b) starts to decrease significantly right after the first day and it quickly reaches the virus free state at (V,I) = (0, 60,467) after the third day.



The result is about the same, even when the initial number of immune effector cells is I0 = 75,000, see Figure 5c,d. The result is also about the same, even when the initial number of virus-infected cells is reduced to V0 = 15,000 (see Figure 5e,f). It is worth noting that the initial number of virus-infected cells and immune-effector cells do not influence the end result.



Case 6: Same as Case 5, except s =10,000 cells/day.



From Figure 6a,b, we can observe that the initial number of virus-infected cells and immune-effector cells are 30,000 and 50,000, respectively. It should be noted that the number of immune-effector cells (see Figure 6a) keeps increasing but starts to slowly stabilize after the 30th day at the level of 113,310,where the virus-infected counts (see Figure 6b) starts to decrease significantly right after the firstday and it quickly reaches the virus free state at (V,I) = (0, 68,680) after the thirdday.



The result is about the same, even when the initial number of immune effector cells is as I0 = 75,000, see Figure 6c,d. The result is also about the same, even when the initial number of virus-infected cells is reduced to V0 = 15,000 (see Figure 6e,f). It is worth noting that the initial number of virus-infected cells and immune-effector cells do not influence the end result.




4. Conclusions


This paper discusses a mathematical model of the body’s immune system, considering the multiple time-delay interactions between the immune cells and virus-infected cells with an autoimmune disease using the delay partial differential equations. The model can be used to determine the dynamic progression of virus-infected cell growth and observe the patterns of how the virus-infected cells spread in the body’s immune system with respect to time delays. The model can be used to predict when the virus-infected free state can be reached as the time progresses as well as the number of body’s immune cells as any given time. From the numerical examples, we observe that the initial number of virus-infected cells and immune-effector cells that are needed to obtain the solutions of the delay partial differential equations do not influence the end results. We plan to broaden our model in a near future by considering the chemotherapy drug treatment subject to the time delays.
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Figure 1. (a,b): The immune-effector cells (a) and virus-infected cells (b) vs. time (days), (note: (a) is on the left; (b) is on the right); (c,d): The relationship between the immune-effector cells and virus-infected cells.; (e,f): 3-D relationships of the effector cells, immune-effector cells and unit of time (days); (g,h): The immune-effector cells (g) and virus-infected cells (h) vs. time (days). The same as Case 1, except I0 = 75,000 cellsvs. time (days); (i,j): The immune-effector cells (i) and virus-infected cells (j) vs. time (days). The same as Case 1, except V0 = 15,000 cells; (k,l): The immune-effector cells (k) and virus-infected cells (l) vs. time (days). The same as Case 1, except V0 = 15,000 cells and I0 = 75,000 cells; (m): The immune-effector cells vs. time (days); (n): The virus-infected cells vs. time (days). 






Figure 1. (a,b): The immune-effector cells (a) and virus-infected cells (b) vs. time (days), (note: (a) is on the left; (b) is on the right); (c,d): The relationship between the immune-effector cells and virus-infected cells.; (e,f): 3-D relationships of the effector cells, immune-effector cells and unit of time (days); (g,h): The immune-effector cells (g) and virus-infected cells (h) vs. time (days). The same as Case 1, except I0 = 75,000 cellsvs. time (days); (i,j): The immune-effector cells (i) and virus-infected cells (j) vs. time (days). The same as Case 1, except V0 = 15,000 cells; (k,l): The immune-effector cells (k) and virus-infected cells (l) vs. time (days). The same as Case 1, except V0 = 15,000 cells and I0 = 75,000 cells; (m): The immune-effector cells vs. time (days); (n): The virus-infected cells vs. time (days).
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Figure 2. (a,b): The immune-effector cells (a) and virus-infected cells (b) vs. time (days); (c,d): The relationship between the immune-effector cells and virus-infected cells; (e,f): 3D relationships of the effector cells, immune-effector cells and unit of time (days); (g,h): The immune-effector cells (g) and virus-infected cells (h) vs. time (days). The same as Case 2, except I0 = 75,000 cells; (i,j): The immune-effector cells (i) and virus-infected cells (j) vs. time (days). The same as Case 2, except V0 = 15,000 cells. 






Figure 2. (a,b): The immune-effector cells (a) and virus-infected cells (b) vs. time (days); (c,d): The relationship between the immune-effector cells and virus-infected cells; (e,f): 3D relationships of the effector cells, immune-effector cells and unit of time (days); (g,h): The immune-effector cells (g) and virus-infected cells (h) vs. time (days). The same as Case 2, except I0 = 75,000 cells; (i,j): The immune-effector cells (i) and virus-infected cells (j) vs. time (days). The same as Case 2, except V0 = 15,000 cells.
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Figure 3. (a,b): The immune-effector cells (a) and virus-infected cells (b) vs. time (days); (c,d): The immune-effector cells (c) and virus-infected cells (d) vs. time (days). The same as Case 3, except I0 = 75,000 cells; (e,f): The immune-effector cells (e) and virus-infected cells (f) vs. time (days). The same as Case 3, except V0 = 15,000 cells. 






Figure 3. (a,b): The immune-effector cells (a) and virus-infected cells (b) vs. time (days); (c,d): The immune-effector cells (c) and virus-infected cells (d) vs. time (days). The same as Case 3, except I0 = 75,000 cells; (e,f): The immune-effector cells (e) and virus-infected cells (f) vs. time (days). The same as Case 3, except V0 = 15,000 cells.
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Figure 4. (a,b): The immune-effector cells (a) and virus-infected cells (b) vs. time (days); (c,d): The immune-effector cells (c) and virus-infected cells (d) vs. time (days). The same as Case 4, except I0 = 75,000 cells; (e,f): The immune-effector cells (e) and virus-infected cells (f) vs. time (days). The same as Case 4, except V0 = 15,000 cells. 






Figure 4. (a,b): The immune-effector cells (a) and virus-infected cells (b) vs. time (days); (c,d): The immune-effector cells (c) and virus-infected cells (d) vs. time (days). The same as Case 4, except I0 = 75,000 cells; (e,f): The immune-effector cells (e) and virus-infected cells (f) vs. time (days). The same as Case 4, except V0 = 15,000 cells.
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Figure 5. (a,b): The immune-effector cells (a) and virus-infected cells (b) vs. time (days); (c,d):When the initial number of immune-effector cells I0 = 75,000 cells. The immune-effector cells (c) and virus-infected cells (d) vs. time (days); (e,f): When the initial number of virus-infected cells V0 = 15,000 cells. The immune-effector cells (e) and virus-infected cells (f) vs. time (days). 
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Figure 6. (a,b): The immune-effector cells (a) and virus-infected cells (b) vs. time (days); (c,d): When I0 = 75,000 cells. The immune-effector cells (c) and virus-infected cells (d) vs. time (days); (e,f): When V0 = 15,000 cells. The immune-effector cells (e) and virus-infected cells (f) vs. time (days). 






Figure 6. (a,b): The immune-effector cells (a) and virus-infected cells (b) vs. time (days); (c,d): When I0 = 75,000 cells. The immune-effector cells (c) and virus-infected cells (d) vs. time (days); (e,f): When V0 = 15,000 cells. The immune-effector cells (e) and virus-infected cells (f) vs. time (days).
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Table 1. Model parameter values.






Table 1. Model parameter values.





	a = 0.43/day
	b = 43 × 10−7/cells/day
	c = 4.12 × 10−2/day



	d = 15 × 10−5/day
	e = 4 × 10−8/day
	f = 4 × 10−7/day



	g = 3 × 10−6/day
	h = 20.2 (cells)
	k = 105/cells



	m = 2 × 10−11 cells/day
	p = 341 × 10−12/day
	s = 7000 cells/day
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Table 2. Model parameter values.






Table 2. Model parameter values.





	a = 0.43/day
	b = 4.3 × 10−4/(cells·day)
	c = 4.12 × 10−2 0.0412/day



	d = 15 × 10−5/day
	e = 4 × 10−8/day
	f = 0.0000004/day



	g = 3 × 10−6/day
	h = 20.2 (cells)
	k = 105/cells



	m = 2 × 10−11/day
	p = 341 × 10−12/cell
	s = 7000 cells/day







Note that b = the elimination rate of the virus-infected cells by the healthy immune system (effector cells).



















	
	
Publisher’s Note: MDPI stays neutral with regard to jurisdictional claims in published maps and institutional affiliations.











© 2021 by the author. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).






media/file4.png
| | | | |
0oooL 00009 00005  0000F  Q0000%
S||80 pajoalul Jo Jagquinu
| | | | —
00006 00008  0000L 00009  0000%

S||20 J0)28)8 JO JagLuinu

200 300

20 100

0

200

20 100

0

time

time

(b)

(a)

Effector Cells ~ Infected Cells

Infected Cells ~ Effector Cells

_ _ _ _ _
00006 00008 00004 00002 00005

_ _ _ _
00004 00002 00005 0000

0000%

A

20000 70000

30000

50000 60000 70000 80000 90000

(d)

(c)





media/file26.jpg
H

& g

g

:

00004 0005 O °

il

H

H

s,

',
ks A

@

@





media/file8.jpg
rumber o efector cells
number o nfecta

000
0 10000 20000 30000 40000 50000

0000

0 o W W 0 s 2w
me me
@ ®
Infected Cells - Effctor Celis: EftectorCells ~nfected Cells:

oo

v
10000 2000 3000 4000 000

a0 oo s

o

0000 10000 90000 110000 0 w00 00 s00e0

© @





media/file13.png
00052 0005 L 0005 0O
S[|20 pejas)ul Jo Jaguinu
| | —
PO+28 PO+2at 00+=20

S||20 Jojoaye Jo Jagquinu

200 300

20 100

0

20 100 200 300

0

fime

fime

()

(1)





media/file27.jpg
S92 1010342 Jo Jaquiny

T T T T
00051 0000 0005 4
S1189 payaajul o Jsquny
T T T =
ovag vovey 0+20

300

50 100

0

200

0 50 100

time

®

(e)





media/file3.jpg
ooon o000
8o aoaye p U

o008

10

(™)

Y0108 20498 b0sap b0T 00%90
a9 o sgunu

%0

150

)





media/file18.jpg
s
<
8 3
H
®
wor omc oow oo 0 oo ooonz o o5 0
— S p—
s
3 L
H
i
P
o0

s 0 aqun

o s w0

20

0 5 w0

@

©





media/file14.jpg
0

o @ w

®

oo oo oo ooos 0

sieapaau o mqun

oXor oz oo os 0

st pasp 0 QU

s o000 oooor ooz ©
s102 cnin o wauns

®

e 00008 00008 00002 0
199 100840 0 QU

o s w0

@

©





media/file19.jpg
T
005t

00001

T
0005,

osee

T
ooy

(89 10138 Jo JoquINU

0 50 100

200

0 50 100

time

time

®

(©)





media/file28.png
—

L

_ _ _ _ _
0000% 00002 0000L 0005 0

S||22 paloajul Jo Jaguinu

_ _ _
fFO0+28 FO+3f 00+20

S||22 Jojoaye Jo Jaguinu

20 100 200 300

0

200 300

20 100

0

(b)

fime
|

_ _ _ _ !
0000% 0000¢ 0000L 0005 0

S||22 pajoaul Jo Jagunu

fime
|

(a)

_ _ _ _ |
PO+28 PO+2f 00+20

S||22 J0ja8)@ Jo Jaquinu

D l—

20 100 200 300

0

20 100 200 300

0

fime

fime

(d)

(c)





media/file5.png
\

(f)

(e)

_ _ _ _
00008 0000w 00002 0

S||20 pajoajul Jo Jagquinu

G0+3l

_ _ _ _ _
PO+28  pO+23  PO+3F  PO+32  00+30

§||89 J0J9848 JO Jaguinu

200 300

20 100

0

20 100 200

0

fime

fime

(h)

(8)





media/file6.png
00009 0000F 0000 0

S|[29 pajoalul Jo Jagquinu

_ _ ! ! _ _
GO0+8L  pO+e8 pO+89  pO+8F  PO+3C  00+230

§|[29 J0}08)8 Jo Jaguinu

200 300

20 100

0

20 100 200 300

0

fime

fime

()

(1)

000&¢Z 000g) 000%

§(|a0 pajoalul Jo Jaguinu

0

_
00008

! _ _
00008  000OF 0000

§(|89 J0108)8 Jo Jaguinu

0

100 200 300

20

0

20 100 200

0

time

fime

1

(k)





media/file15.jpg
r&

ré

rs8

Fo
T T T T
0005+ 00004 0005 [

S1io9 papajul o Joquinu

ré

re

T T T T - °
00008 00009 0000y 0000Z O

S1129 1019342 Jo Joquy

)

(©





media/file2.jpg
20

0 50 10

W

[ )
sieapaa o sauny

sz st oo 0

sisopaap o QU

20

0 50 10

W

00008 00008 00007 CO00Z
9199 0930 0 QWY

]

200

o s w0

200

o s w0

0

)





nav.xhtml


  axioms-10-00216


  
    		
      axioms-10-00216
    


  




  





media/file11.png
00005 000Oy 000OT 0000 0OO0OL O

s|[99 pajaajul Jo Jaguinu

| | | | | | |
0000k 1 00006 00004 00008

s||89 Jojrays Jo Jaguinu

200

20 100

0

20 100 200 300

0

time

time

(b)

Effector Cells ~ Infected Cells

(a)

Infected Cells ~ Effector Cells

_ _ _ _ _ _
0000k L 00006 00004

_
00005

| | | | |
0000S 0000y COOOE OOOOZ 0000k

A

0

20000

0 10000 30000

70000 90000 110000

20000

(d)

(c)





media/file29.png
- u
| | | |
000S L 00001 000% 0
S||20 pajoaul Jo Jaguinu
| | —
PO+28 PO+2 00+=0

S||22 Joj2aye Jo Jaguinu

200 300

20 100

0

200

20 100

0

fime

fime

(f)

(e)





media/file16.png
- 8 )
E N’
- 8
- 3
= = = = = o = = = o
| | | | | | | | |
0000¢ 00002 0000L 000§ O 0000% 0000¢ 0000L 0005
|20 pajoaul Jo Jaguinu S||29 pajaaul Jo Jaguinu
- S
[
=
- 3 =
— o
[ _ [ [ _
00008 00009  0000F  0000Z 0 _ _ _ _

S||22 J0j0a)e Jo Jaguinu

00008 00009  00COOF  0OO0OC

S||80 J0j0ay@ Jo Jaguinu

200

20 100

0

20 100 200 300

0

fime

fime

(d)

(c)





media/file20.png
0000F

_ _ _

0000% 0000¢ 0000}

s||80 pajeaul Jo Jagunu

00000}k

00003

§||29 J0}08)@ Jo Jaguinu

_
0000¢

- 3
- 8
| % m n'm\ i
. m B
| .__nm |
— o = = i |
| | | | | |
0 0000¢ 00002 0000L 000§ O
S||20 pajoajul Jo Jaguunu
. m |
| m |
I - B
Cog
| m =
G I
- o
_ —

_ _ _ | _ |
O+28 PO+3p 00+20

S||22 Joj08y@ Jo Jaguinu

20 100 200 300

0

200 300

20 100

0

fime

fime

(d)

()





media/file23.jpg
0005

T T
00004 0005

Sl10 paju jo Jaqunu

4

00008

00009 00007 00002
1oaye 0 19qunu

50 100

o

s0 100 200

0

time

(f)

(e)





media/file10.jpg
ooz ooosk 0005 0
$1199 paloajul 0 Jaquinu

L A s
voveg vovey 00+0

Sife2 103y Jo Jaauny

50 100

0

200

0 50 100

time

G)

@





media/file7.png
| | |
0000w 000001

s||89 Jojoaye Jo Jaguinu

00009

230

200

130

100

time

(m)

PO+28 w0+29 pO+3F #0+32 00+20

s(|89 pajoayul Jo JaqLunu

300

230

150

100

time

n)

(





media/file24.png
=

_
0000%

_ _ _
0000¢ 0000L 0005

S||20 pajoajul Jo Jaguinu

_
00008

| | _
00002  0000F  000O0C

S||22 Jojoaya Jo Jaguinu

300

200

0 50 100

20 100 200 300

0

fime

fime

(b)

(a)

L

_
0000%

_ _ _
0000¢ 00001 000%

S||20 pajoajul Jo Jaguinu

|
00008

| | |
00002  0000F  0000C

S||290 Jojoaye Jo Jaguinu

200

20 100

0

20 100 200 300

0

fime

fime

(d)

(c)





media/file1.jpg
®

©

T T T T
009 o000y 00002 O

§103 a9 0 9GUNU

SO%0L POWOB b0WR9 ORGP POSSZ 00820

s1p2 0042 o 2quny

200

0 50 100

200

0 50 100

™

®





media/file12.png
(f)

00052 00052 00051 ooos O

S||20 pajoaul Jo Jaguinu

(e)

_ _ _
p0+28 pO+8t 00+80

S||20 J0}08Y8 JO Jaguinu

200 300

20 100

0

200

50 100

0

fime

time

(h)

(8)





media/file9.jpg
a3 jo gy

[
Fe
T T T T T T T T~ °
ooose  ooosz  oms 0005 O
199 pawvap o saquny
g
Fe
voe08 vy 00s0

)

8)

@





media/file22.jpg
®

oo oz ook o5 0

sueaporo o mauny

o0 w05 0

swwapapop o squry

®

oo oo0s 0000 G000z ©

o0s wooe oo 0000z 0
4192.00940 p 0quns

o

0 % w0

™

0 0w

@

©





media/file17.png
"
W

o

0

o

_
00051

_ _
00001 000%

S||20 pajoaul Jo Jaguinu

_
00008

_ _ _
00009  0000F 0000

§(|20 10)28)8 JO Jaguinu

20 100 200 300

0

20 100 200 300

0

fime

fime

()

(e)





media/file25.png
L

_
0005k

_ !
0000k 000%

S||89 pajoajul Jo Jagquinu

_
00008

_ _ _
00002 0000y 0000Z

S|[99 J0J08Y8 JO JBaguInu

20 100 200 300

0

200 300

20 100

0

()

fime

fime

(e)





media/file0.jpg
el
Fet
g :
: m

w0 o5 qooos oote 0008 o ome com oo owos

o3 pasap p un

s
8 H
& M
H H
g s
o

- oo om0 mor come

s o000 coo0r 00008 0005 A

rep——

@

©

54000 60000 70000 80000 90000





media/file21.png
o = = = -
_ _ _ _
00051 00001 0005 0
S||20 palialul JO Jaguunu
_ _ _ 3
F0+28 rO+ep 00+20

s||22 Jojoaye Jo Jaguinu

20 100 200 300

0

20 100 200 300

0

fime

fime

(f)

(e)





