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Abstract: The usefulness of Fubini’s theorem as a measurement instrument is clearly understood
from its multiple applications in Analysis, Convex Geometry, Statistics or Number Theory. This
article is an expository paper based on a master class given by the second author at the University of
Vigo and is devoted to presenting some Applications of Fubini’s theorem. In the first part, we present
Brunn-Minkowski’s and Isoperimetric inequalities. The second part is devoted to the estimations of
volumes of sections of balls in R".
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1. Introduction

Fubini’s theorem and Brunn-Minkowski’s inequality are two cornerstones of analyti-
cal methods in convex geometry with important applications to probability theory, partial
differential equations and combinatorics. The present paper is an expository note on the
subject based on a master class given by the second author at the University of Vigo some
years ago. The aim of including it in this volume is to commemorate her teaching trajectory.
We have tried to maintain the original exposition, other than removing some very easy
facts from the original lecture. In this introduction, we intend to show that the subject is
still interesting and to provide the reader with some useful references in order to explore
the evolution of the subject until the present time.

The paper starts by recalling Fubini’s theorem. After that, we give a detailed proof
of Brunn-Minkowski’s inequality and, as a corollary of it, the classical isoperimetric
inequality which states that, among bodies of a given volume in R", the Euclidean balls
have the least surface area. This result appears to have been known in ancient times for
two dimensions. By the end of the last century, there were a number of proofs which
worked arbitrarily in many dimensions. It is interesting to remark that the formulation
of the reverse isoperimetric problem needs some care because even convex bodies can
have a large surface area and a small volume [1]. A big part of the classical Brunn-
Minkowski theory is concerned with establishing generalizations and analogues of the
Brunn-Minkowski inequality for other geometric invariants. See the excellent survey article
of Gardner [2] and the book of Schneider [3], which contains a comprehensive account of
different aspects and consequences of Brunn—-Minkowski inequality. More recent papers
about Brunn-Minkowski-type inequalities include [4-7].

The second part of this paper is devoted to applying Fubini’s theorem and Brunn—
Minkowski’s inequality to obtain estimations of volumes of sections of balls in R". The
study of the geometry of convex bodies based on information about sections and projections
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of the bodies has important applications in many areas of science. The Fourier analytic
approach to sections of convex bodies is based on certain formulas expressing the volume
of sections in terms of the Fourier transform of powers of the Minkowski functional of
a body. This approach was extended to obtain volumes of projections of convex bodies
obtaining counterparts of the results of sections (see [8,9]).

In the study of convex bodies from a geometric and analytic point of view, some other
basic questions appeared. One is about the distribution of the volume of high-dimensional
convex bodies [10]. Moreover, in [11] the authors established the log-concavity of the
volume of central sections of dilations of the cross-polytope B}. Another remarkable paper
on the subject is [12], where the maximal and minimal volume of non-central sections of
the cross-polytope are obtained. There are also very recent, interesting results concerning
sections of other convex bodies, such as the cube (see [13]).

2. Preliminaries

We recall in this section the concepts and notations used in the rest of the article.
We will not go into great detail because they are elementary and can be found in any
introductory book on Functional Analysis or Measure Theory (see for instance [14]).

If ||| is a fixed norm in R”, the set B = {x € R" : ||x|| < 1} is called the unit
ball. The dual space of R" is the space of continuous linear forms endowed with the norm
|fll =supjyj<1 |f(x)| and can be identified with R".  For a subset B of R”,

x| = ||x||p := inf {A > 0: A~1x € B} denotes the Minkowski functional corresponding to
the set B. Whenever you have a convex body B in R", that is, B is a compact convex set with
non-empty interior and symmetric, its Minkowski functional |||| g defines a norm whose unit
ball is B.

The unit ball for the normed spaces (R”, ||[|,), where 1 < p < co and |[x]|, =

(X |xl-|?7)% for all x € R", will be denoted by B} = {x € R" s.t ||x[[, < 1}. In par-
ticular, when p = 2, ||| is called the euclidean norm and it generates the euclidean topology
in R".

A measure space (X, M, ji) is a triple formed by any set X, a o-algebra M defined on
its subsets and a measure y defined on M. Members of M are called measurable sets.
A measure space is called sigma-finite if there exists a countable number {A, n € N} of
measurable sets in M such that X = U, ey A, and p(A,) < co for any n € N.

A map f between two measure spaces (X, 9, ) and (Y, N, v) is called measurable if
f~Y(B) € MV B € N. Given two such measure spaces you can canonically construct the
measure product space (X X Y, M@ N, u x v). M N is called the product o-algebra of
M and N, and p x v the product measure of y and v.

We are especially interested in the case where X = R”, M = M, is the Lebesgue
o-algebra in R" and y = m,, is the Lebesgue measure on M, (m,, is the completion of the
product measure 7 X ..., times-.- X M, where m is the Lebesgue measure on R). This measure
space is o-finite. M, properly contains the Borel o-algebra B, (generated by the open sets
of the euclidean topology in X = R"). Moreover, the Lebesgue measure is a Radon measure:
that is, all compact sets K have finite measures, and it is outer and inner regular (for every
Borel set, its measure is the infimum of the measures of the open sets containing it and for
every open set its measure is the maximum of the measures of the compact sets contained
in it, respectively). For a measurable set A, vol(A), volume of A, will be just m, (A).

Our measurable functions will be defined on (R", M,,, m,;) and will take real values
in (R, M,m). By [gu f dm, ,we denote the Lebesgue integral of a measurable function
f- We say that f is integrable if [p, |f| dm, < oo. The set of all integrable functions is a
normed space denoted by L' (R") and ||f||1 = [gu |f| dmy. In the same way that L!(R"), it
can be defined as the normed space L” (R") for 1 < p € R taking ||||, as the norm defined

1
by || fllp = (Jgn |f|P dmy,)?. We recall here the Dominated Convergence Theorem, which will
be used later on: if { f,,} is a sequence of measurable functions pointwisely convergent to a
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function f and there exists an integrable g such that |f,| < ¢ V n € N, then f is integrable
and the limit of the integrals of f,; equals the integral of f.

In the computation of volumes it plays an important role in the Euler I'-function, which
is defined this way:

I: R+ — R
X - fooo —le—tgs

with the following property and values:

T(x+1) = *[(x) Vx>0, T(1)=1, r(i) _ /7

We finish this section with the statement of Fubini’s theorem ([14], Theorem 8.8):

Theorem 1. Let (X, M, u), (Y, N,v) be o-finite measure spaces. Let F : X x Y — R be an
M x N -measurable function. Let us consider the functions:
p*: X — [0,00) Pp*:Y — [0,00)

, then:
x — [y |F(x,.)|dv vy — [ |F(,y)|du

and

1. 9" e LY(X,u) = FELY(X x Y, u xv).
2.9* e LYY, v) = FELY(X x Y, uxv).

IFF e LY(X x Y, u x v), then:

3. Thereis E C X with u(X \ E) = 0 such that F(x,.) € L}(Y,v)Vx € E and
x — [y F(x,.)dv is in LO(E, pE).

4. Thereis G C Y withv(Y \ G) = 0 such that F(.,y) € LY (X, u)Vy € G and

:G — R .
4 v — [ F(y)dp is in L1(G, vg).

Moreover,
pdur = / Fd = / Pdvg.
/E E XxY (xv) G VG

3. Brunn-Minkowski’s Inequality

Next, we are going to use Fubini’s theorem in the proof of Brunn-Minkowski inequal-
ity [15], which will be done by induction.

Theorem 2. If A, B are compact sets in R" withn > 1,
(VA €[0,1], wol(AA+ (1 —A)B) > vol(A)* - vol(B)'
(2) vol (A + B) > (vol(A)Y" + vol (B)1/™)" (Brunn — — Minkowski)

Proof. First step: (2) is consequence of (1).
In fact, taking
B vol (A)/"
~ vol(A)V/1 + vol(B)1/n

and, considering the compact sets A’ = vol(A)~1/" - A, B’ = vol(B) /" . B, we have
0ol (AA" + (1 — A)B') > [vol (vol (A)~Y" A)]* - [vol (vol (B)~V/"B) 14
= [vol(A) ™! - vol (A)]Mwol(B) ™! - vol (B)]*™* = 1.
In other words:

A+B
vol (A)V/" 4 vol (B)1/n

vol ( ) >1
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and then
v0l(A + B) > (vol(A)Y" + vol (B)'/™)"

Second step: (1) is a consequence of the following lemma
Lemma 1. Let f, g, ¢ : R" — [0, co| be measurable functions, such that for some A € (0,1)

P(Ar+ (1= A)s) > f(n)*-g(s)'™, Vr,s € R™,

Then, . ‘
L eGama(x) = ([ fedma()* ([ gGe)dma(x)!

Indeed, taking
¢=Nara-rnp f=1a, =15

(1) is obtained.

Third step: it is enough to prove the lemma for || f |l = gl = 1.

In fact if the lemma holds for || f||ec = ||g|lcc = 1, it will also be true (by linearity of the
integral) for any pair of bounded functions f, g, just applying the lemma to

P f g
o=— P F— ) andg=_5
IFI&lgles ™ [ flleo 18I0

Fourth step: proof of the lemma for || f||co = ||g|lec =1, n = 1.
For 0 < t < 1, whenever f(x) > t,g(y) > t, we will have

p(Ax+(1=A)y) = f(0)*-g(y)' ™ > ¢.
So,
{xeRpx) >t} DMxeR, f(x) >t} +(1-A){xeR, g(x) >t}
Now, since for non-empty compact sets A, B of R, we have

{minA} +B C A+ Band A+ {maxB} C A+B
= m(A+B) > m[({minA} + B) U (A + {maxB})]
= m({minA} + B) + m(A + {maxB}) = m(B) + m(A),

by the regularity of Lebesgue’s measure in R, for the measurable sets A = A{x € R, f(x) > t}
and B= (1—-A){x € R, g(x) > t} we have

m{x e R, p(x) >t} > Am{x e R, f(x) >t} + (1 —A)m{x € R, g(x) > t}.

Integrating with respect to t in R*:
/wm{x e R, ¢p(x) > thdm(t)
0
> A/Ooo m{x € R, f(x) > thdm(t) + (1—A) /(:o m{x € R,g(x) > t}dm(t).

The first integral is

* (x)
/0 (/{xeRzrp(x)Zt} dm(x))dm(t) :/R(/O(P dm(t))dm(x) :/R(p(x)dm(x).
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In the same way, the second and third integrals are:

/Rf(x)dm(x) and /Rg(x)dm(x).

So:

[ oGam(x) = [ feamx) +(1-1) [ gx)dmx)
> ([ fEdm)N( [ g(x)dm(x)' ),
where the last inequality comes from
Aa+(1—=MNb>a* b, Ya,b >0,

because In(x) is concave.
Let n > 1 and suppose the result is proved for n — 1.
Take a fixed y € R and define

@y R — [0,00)
t — @(ty).

Define f,, g, analogously.
If yo,y1 € R are such that y = Ay; + (1 — A)yo, then Vr,s € R"~! we have:

@y(Ar+ (1= A)s) = @(A(r,y1) + (1= A)(s,%0))
> (f(ry)) - (8(s,90) ™ = (fr, (M) (gyo ()

So, if we apply the induction hypothesis to ¢y, fy,, gy,, we get

/RH Pyt = (/RH fyrdny_1)* (/R*H Syodmu—1)' ™

and applying again the result forn =1,

[ odmu= [ ([ gudm,)am(y)

> ([ ([, fudman)dm() 1]

R(/]Rn—l gyodmnfl)dm(y)]lﬂ

= (/]R” fdmn))‘.(/w gdm, )N
O

4. Isoperimetric Inequality

Brunn-Minkowski’s inequality allows us to easily obtain the isoperimetric inequality.

Theorem 3. Let C be a convex body in R" withn > 2, let 9(C) its border and A(d(C)) its surface
area or perimeter,

B = {x €R": ||x]p <1}and S" ' = {x e R" : ||x|, = 1}

AQO) > (i)' AE™)

(Among all convex bodies with fixed area, the maximum volume is attained by the spheres).
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Proof. Although it is difficult to give a notion of the perimeter or surface area (area for
short) of a general compact, the convex ones are well approximated by polytopes and their
area can be defined by continuity. Thus, we obtain a notion of area which coincides, for
differentiable manifolds of class C!, with that corresponding to the canonical measure.

If such definition is accepted, the area is obtained from the volume by the intuitive
formula [16]:

AQ(C)) = }g% vol (C + t]B%;;) - vol(C)'

Using the Brunn—-Minkowski’s inequality,

1
7

20l(C + tB) > (vol(C) 7 + (tvol (BY)7)" > vol (C) + nt vol (BY)ivol (C) "7 + o(t)

and so

A(3(C)) = nwvol (BY) 100l (C) "+
vol(C) |\ n1

= ool (B )uol(C) " ool (B)4 1 = A" (k)

O

The volume of convex bodies is related to the geometrical properties of the corre-
sponding spaces. So its study is important in the local theory of Banach spaces [15]. Next,
we will try to show how Fubini’s theorem can be used in the estimation of volumes of
sections of balls. We will see two illustrative theorems.

5. Estimations of Volumes of Sections of Balls in R”

In the sequel, a ball B will be a symmetric convex body in R”.

If ||| g is the Minkowski’s functional associated with B, (R", ||| ) is a Banach space
whose unit ball is B. (R", ||||g) is a Hilbert space if and only if B is an ellipsoid.

If E is a k-dimensional subspace of (R”, ||||z) and E* is the orthogonal complement of
E, the section E N B is the unit ball of the normed subspace E and the projection Py, (B) is
the unit ball of the quotient normed space R"/E.

Theorem 4. [15]
(Z) _1vol(E N B)vol(Pp1 (B)) < vol(B) < vol(E N B)vol(Pp.(B))

Proof. First step: vol(B) can be expressed as vol(B) = [, (g vol((x + E) N B)dm,_(x). By
E

Fubini’s theorem,

vol(B) = m,(B) = /Ei m{y € E:x+y € B}dm,_i(x)

_ /EL v0l((x + E) N B)dm,_x(x) = /PEL(B) v0l((x + E) N B)dm,_(x),

because if x ¢ Pr, (B), (x+E)NB = Q.
Second step: We obtain the inequality on the right vol (B) < vol(E N B)vol(Pg. (B))

ENB=Z[((x+E)NB)+ ((—x+ E) N B)]

N =

and
vol((x + E) N B) = vol((—x + E) N B)).
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Then applying Brunn—-Minkowski’s inequality;, it yields

[0l((x + E) N B)¥ +vol((—x + E) N B)¥] = vol((x + E) N B)*

N =

vol(EﬂB)% >

and hence, using First Step, we obtain vol(B) < vol(E N B)vol(Pg. (B)).
Third step: We obtain the inequality on the left.

If x € tPpi(B),0 <t <1, then x = tP;, (b) being b € Band tb € x + E.

By convexity tb+ (1 —t)(ENB) C B,sotb+ (1 —t)(ENB) C (x+ E) N B and, being
Lebesgue measure translation invariant

vol[(1—t)(ENB)] <wol((x+ E)NB)

hence
(1 — t(x))*vol(EN B) < vol((x + E) N B),

where t(x) represents the Minkowski functional of Py, (B). Finally,

v0l(B) > vol(EN B) / (1= £(x))*dnm,_p(x)

PEJ_(B)
1
=wvl(ENB kl—tk_ldtdmn, X
EOB) [, ), K= 0 a0 1)
1
=vol(ENB) | k(1—t)k! drm,_i) (x)dt
wol(ENB) [TKA=0f ([ dm)()

— vol(E N B)vol (Pg. (B)) /01 S

-1
= vol(EN B) - vol (P, (B)) - <Z> .

O

The following lemma gives us an expression of the volumes of sections of balls in R".

Lemma 2. Let {u',...,u" ¥} be an orthonormal basis of E*, || - || the norm associated with the
ball Band E(e) = {x e R" : [(x,w)| <e¢, 1 <j<n—k}
Then,

T(1+ fa)vol(E N B) = lim(2¢)*" /E( ) e M am,(x), p>o0
€

e—0
Proof. First step.

vol(EN B) > (2¢)¥"vol (E(¢) N B), ¥e > 0
and

vol (E N B) = lim(2¢)*"vol (E(e) N B).

e—0

By Fubini’s theorem,

vol(E(¢)NB) = /Ei m{y € E:x+y € E(¢) N B}dm,_j(x)

= €E: € Bldm,,_
i "V € B xy € Bhdm, (x)

= vol((x + E) N B)dm,,_i(x).
oy 20N BV Bl i)
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Then, doing the change of variable x = ez,
(2¢)¥"vol (E(e) N B) = 2"_"/ vol((ez + E) N B)dm,,_(2)
PEL (E(l))

< Zk*”vol(EﬂB)/ dm,_(z) = vol(EN B).

Py (E(1))

This last inequality allows us to apply the dominated convergence theorem and also

obtain that
lim (2¢)"*vol (E(¢) N B) = vol (E N B)

e—0

Second step: Obtaining the result.

7 )k—n [lx[|? (2¢) et
(2¢) /E(E)e dmy( e)F / /pr dt)dmy (x)
— 2 k—n e —t

(2¢) /O e (/t%m(s) diny (x))dt
— (e)F /me-fvoz(t%BmE(e))dt

JO
o0 =1 k -1

- / (2et 7 )Mot v ool (B A E(et 7 ))dt

0

R k
— / vol(BﬂE)tPetdt—vol(BﬂE)F(1+I;),
0

e—0
O

Remark 1. If E = R", we have I'(1 + %)vol(B) = [gn e~ X" dmy (x), which for B = By allows

us to easily compute vol (BY) because the integral [g, e lx Hgdmn(x) is transformed by Fubini’s
theorem into:

n —|x;|? et ® s Li\n
T, € iMdx; = (2 ar)" e ®srds)" = (2I'(1 + 5))
and so,
@r(1+4))"
mn(By) = "
P ra+7)
In particular,
21’!
o (B) = =
k k
mn(B3) = 2 and my (BH1) = T

k! 1/20+1/2)... (k+1/2).

From the above lemma, we will obtain the next Theorem. In order to do that we need
two definitions:

Definition 1. Let
fR" — R

X 67““px|‘zl
where ay = 2T (1 + ) We define the measure yp as yp fA x)dmy (x

So defined, p;, tums out to be a probability measure wzth density f(x) wzth respect to my,
because precisely

/ efo”gdmn (x) = aj.
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Definition 2. Let y, v be Radon positive measures on R". The measure y is said to be finer than
the measure v (y > v), if for any ball B C R", u(B) > v(B).

vol (BENE) vol (B} NE)

Theorem 5. [17]If1 < g < p < oo, wl(®) 2 ool(ER).

Proof. Applying the former lemma to B}, we have

WS S TR S R Y
vol(ENB)) = TATk/p) 113(1)(28) /E(e) e ¥l dm, (x).

Changing the variables x = apz
vol(ENBY) = Ll' (§)k_”/ e lewzlb g (z)
PP T(1+k/p) e ap E(£) "

ap
and calling 7 to ai,,

vol(ENB}) = vol (BY) lim (2)* "4 (E(1))

or equivalently

PMENE) i (2 ECn)
vol (BBY) 70 P
and analogously
MENE) Tim (217)" "y (E(17))
vol (BY) 70 q

Let us see now that for p > g, y}, - ‘u%.

In fact, it is enough to see that g(x) = fox(e""‘l’t‘p — e 1%!")dt > 0, Vx > 0 and this
is so because g(0) = 0, g(c0) = 1/2—1/2 = 0, ¢’(x) vanishes in one single point and
moreover it is positive on a neighbourhood of 0.

Moreover, if 1 > v1 and yp > v being u;,v;, i = 1,2 Radon positive measures with
concave logarithm density with respect to ms, in R%, for i = 1,2, then py x pp > v X 15 in
Rs152 [13].

Hence, if p > q, pp, - py.

Now, being E () symmetric convex with non-empty interior and the measures My My
regular and satisfying py; - py, we have that uj (E(r7)) > ui(E(n7)) and so

vol(ENBY) _ vol(ENBY)
vol(B) —  wol(BY)

O

We finish this note with some consequences:
Remark 2. Taking into account that E N B} = IB%’ﬁ, we obtain from Theorem 5:
For 2 < p < o, vol(ENBY) > vol(IB%’;)

For1<p <2 vl(ENB}) < vol(IB%’;,).
On the other hand, if B, B’ are balls in R" such that B C B’, we obtain from Theorem 5 that:

vozl;(()]zs(/;)E) = (Z) vol(PEll(B’)) = <Z> vol(P;(B)) = (Z) wzigzi;).E)
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In particular:

vol (By)

1(Bk
For2 < p <oo, vol(EﬂIBég) < <n>vo(§)

k J vol(BY)

-1 k

n\  vol(By)
<p< ny > N2 ny
For1<p <2, vol(E OIBP) > <k> vol(B'z’)wl(Bp)
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