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Abstract: Let R be a finite commutative chain ring of characteristic p with invariants p,r, and k. In
this paper, we study A-constacyclic codes of an arbitrary length N over R, where A is a unit of R.
We first reduce this to investigate constacyclic codes of length p° (N = n1p°, p { n1) over a certain
finite chain ring CR(uk, ry) of characteristic p, which is an extension of R. Then we use discrete
Fourier transform (DFT) to construct an isomorphism vy between R[x]/ < x¥N — A > and a direct
sum @ye1S(ry) of certain local rings, where I is the complete set of representatives of p-cyclotomic
cosets modulo 71. By this isomorphism, all codes over R and their dual codes are obtained from the
ideals of S(ry,). In addition, we determine explicitly the inverse of -y so that the unique polynomial
representations of A-constacyclic codes may be calculated. Finally, for k = 2 the exact number of such
codes is provided.
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1. Introduction

The class of constacyclic codes plays an important role in coding theory and has been
a primary area of study (see [1-9]). In the literature, most research has been focused on the
situation where the alphabet of these codes is a field. However, many important non-linear
codes over finite fields are actually related via the Gray map to linear codes over finite
rings and, particularly, over finite chain rings. Constacylic codes of arbitrary length N over
a finite ring R are identified with ideals of the polynomials ring R[x]/ < xN — A > . Let
p be the characterstic of the residue field of a finite commutative chain ring R. When the
length N is prime relative to p, constacyclic codes are easily determined by the unique
factorization of XN — A using Hensel’s Lemma. On the other hand, case p | N yields what
is called repeated-root codes, which were studied for the first time by Berman [10] in 1967
(for more details, see [2,7,11,12]).

The class of finite chain rings has been extensively used as the alphabet of constacyclic
codes [8,13-24]. This class was introduced in [23] to construct new sequences posessing
optimal Hamming correlation properties, and these sequences were found to be useful in
frequency hopping multiple-access (FHMA) spreading spectrum communication systems.
The chain ring Z4 has been widely considered as alphabet of cyclic codes (special types
of constacyclic codes) [17-19,25]. Doughtry et al. [16] generalized the results to cyclic
codes of length N over Z,». Moreover, Kiah et al. [8] studied cyclic codes of length p* over
GR(p?,r), while Zhu et al. [26] examined a special class of constacyclic codes over L.
Now, let R be a finite commutative chain ring of characteristic p with invariants p, r, and k.
Cyclic codes and their dual codes were initially considered over R with p =2 and k = 2
by Bonnecaze et al. [20]. Qian et al. [21] used discrete Fourier transform (DFT) to study
cyclic codes over R. Moreover, Dinh [27] studied consatcyclic codes of length p® over R
when k = 2. Ozger et al. [22] discussed constacyclic codes over R under the condition
p = 2,k = 4. Recently, in [15], Mu Han et al. classified cyclic codes of length np® over
R in case of r = 1 via DFT. Motivated by the above cited studies, the main objective of
this paper is to extend the approach of Han et al. [15] and to obtain unique polynomial
representations of constacyclic codes of any finite length N over R with arbitrary invariants
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p,r, and k. This paper is organized as follows. Section 2 gives some basic definitions of
linear codes. In Section 3, we construct unique representations of constacyclic codes of
length p® over R. Section 4 is devoted to establishing unique polynomial representations of
constayclic codes of length N = n1 p® over R using DFT, where p { ny. This representation
enables us to compute Hamming distance and dual codes of any such constacyclic code.
We also obtain the exact number of constacyclic codes when k = 2.

2. Preliminaries

All rings considered in this paper are finite commutative and possess an identity.
In this section, we mention some definitions and introduce notations that will be used in
the subsequent discussions.

2.1. Constacyclic Codes

A code of length N over a ring R is a nonempty subset of RV, and R is referred to be
the alphabet of the code. A code C is said to be linear if it is also a R-submodule of RV For a
given unit A of R, a linear code C is said to be constacyclic or more precisely A-constacyclic
if (Axy_1,%0,%1,...,XN_2) € C, whenever (xp,x1,...,XNn_2,Xn_1) € C, i.e., C is closed
under A-constacyclic shifts. The cyclic and negacyclic codes are obtained when A = 1 and
—1, respectively.

Proposition 1 ([28,29]). A linear code C of length N is a A-constacyclic code over R if and only if
Cisanideal of R[x]/ < xN — A >.

2.2. Finite Chain Rings of Characteristic p

A ring R is a chain ring if it is local and its Jacobson radical J(R) is principal. Every
finite chain ring R is associated with five invariants p, n,r, k, and m. From now on, R is a
finite chain ring of characteristic p, i.e., n = 1 and m = k. In this case, R is associated with
p,r, and k. We denote J(R) =< u >, k the index of nilpotency of u, and p" is the order of
the residue field R/ J(R). Such chain rings are uniquely determined by their invariants p, r,
and k [30].

Proposition 2 ([31,32]). Let R be a finite chain ring of characteristic p with invariants p,r, k.
Then, the following is the case:

(i) R has a subfield F of order p’;

(i) R=F®uF&...ou"F;

(iii) R = F[u]/ < u* >;

(iv) If U(R) is the group of units of R, then U(R) = F* x (1@ uF @ u*’F & ... ® uk1F).

By Proposition 2, every unit A of R can be uniquely written as A = a + ufB1 + u?f +
.+ uF1B,_;, where a € F* and B; € F for 1 < i < k— 1. If I is the smallest positive
integer such that §; # 0, then the following is the case:

/\:Oc—l-ul(ﬁl—|—...+Mk_l_lﬁk_l_l) :06+ul,3, 1)

where 8 = B; 4 ...+ uF"!"18,_;_;. Thus, every unit A of R is of the form A = & + u'B,
where £ is either 0 or a unit of R. Let the following be the case:

1)r—
wo=a P, @

wheres =rg+tand 0 <t <r—1. Then, zxgs = a’p(qﬂ)r =L

Remark 1. If F is a finite field. The ring F[x]/ < xV° — a > is a chain ring with maximal ideal <
aox — 1 > . Thus, a-constacyclic codes of length p* over F are precisely the ideals < (aox —1)" >,
where 0 < i < p°. Each a-constacyclic code < (xgx —1)! > has p"(P"~1) codewords.
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Definition 1. For any A-constacyclic code C of length p® over R and for 0 < i < k — 1, we define
the following codes over F:

Tor;(C) :y({a|uitzeC}), ©)]
where y is the canonical homomorphism (modulo u). Moreover, Tor;(C) is called the ith torsion

code of C, u(C) = Tory(C) = Res(C) is the residue code of C, and T;(C) = T; is called the
ith-torsional degree of C.

Proposition 3 ([16]). Let C be a A-constacyclic code over R and i be an integer such that 0 < i <
k — 1. Then, T;(C) is a-constacyclic codes of length p* over F and Tor;(C) =< (aox —1)Ti > for
some 0 < T; < p®. Moreover, we have the following:

(i) | Tor;(C)| = (p)P"~T;

(i) If u' (Aox — 1)t +ug(x)) in C, then t; > Ty

() p* >To>T1>...2 T 1 20;

(iv) |C| = (p’)kps_(T0+Tl+---+Tk—1).

Remark 2. Obviously, T; is the smallest degree amongst all the degrees of non-zero polynomials
in Tor;(C).

All symbols stated above shall retain their meanings throughout the article, in addition,
N =mp®, (n,p) =1
3. Constacyclic Codes of Length p*

In this section, we provide a unique representation for any constacyclic code of length
p® over R. This representation allows us to compute Hamming distances and dual codes
as well as enumerates all constacyclic codes of length p* over R, i.e., ideals of the quotient
ring R, g = R[x]/ < xP — (a+u'B) >. Assume k; = [H, i.e., ki is the smallest positive
integer greater than %

Lemma 1. In Ryg, < (xox — 1) >=< u! >. In particular, (xgx — 1) is nilpotent with
nilpotency index kyp°.

Proof. Note that the following is the case.

(aox — 1) =(agx)” + 2 () (aox = 1) (=P~ —1

=(aox)” —1—ocpx’” ~l=a;'(a+u'B) -1
:1+ua01ﬁ—1—uaalﬁ

Thus, < (aox —1)?" >=< u! >. The last statement follows immediately, since u! has
nilpotency index ky. [

Proposition 4. The ring R, g is a local ring with maximal ideal < (aox —1),u
Proof. Due to the fact that R =F®uF®...®u"1F, each element a of R has unique

presentation as a = Zi‘ o u'aj, where ag, ay, ..., a_q are elements of F. This implies that for
any polynomial f(x) € Ry, f(x) can be expressed uniquely as follows:

||
HMI

i aox—l

where a;;s are elements of F. Due to the fact that agx — 1 and u are nilpotent, f(x) is
a unit if and only if agg # 0. Moreover, if f(x) is a zero divisor, i.e., ag9 = 0, then



Axioms 2021, 10, 303

4 of 14

f(x) €< (wox —1),u > by Lemma 1. Thus, the ideal < (agx — 1), u > consists of all zero
divisors of R, g. Therefore, R, g is a local ring with maximal ideal < (vox —1),u >. O

Remark 3. Ifk =1, Ry g = Rq is a chain ring with maximal ideal < aox —1 > .

Theorem 1. If C is a (« + u' B)-constacyclic code of length p* over R, then the following is the case:

C =<go(x),g1(x), .-, 8k-1(x) >, €9

where g;(x) = u' (agx — 1)Ti +u" ™ h;(x), if T; < p°, where hi(x) € Ry p such that deg h; < T;yq
or ¢i(x) = 0 otherwise. Moreover, the k-tuple (go(x), g1(x), ..., gk_1(x)) is unique.

Proof. The proof will be carried out by induction. Let R; = F + uF + ...+ u'F and
R; = R;[x]/ < XV — (a + ulﬁ) >, where 0 < i < k — 1. First note thatif k =1, R = F, and
the case is trivial. Now if k = 2, let yi1 be the canonical homomorphism from R} to R},. It is
clear that Ker j1y =< u >. Let C be a constacyclic code of length p° over R; and yc be the
restriction of y1 on C. Then,

Kerpc =CnN<u>=<u(ax — 1)1 >,

where T} = T;(C). Moreover, Im pic = C/Ker yc is a constacyclic code of length p® over
Ry; thus,
Im pc =< (apx —1)T0 >,

where Ty = To(C) and 0 < Ty < p°. This implies that (agx — 1)70 + ua(x) € C for some
a(x) in R}, and a(x) can be expressed as a(x) = (apx — 1)'h(x), where h(x) is either zero or
a unit. We can consider deg a < T, and, therefore, t + deg h < T7. Thus, C is generated by

g0(x) = (xpx — 1)T 4 (agx — 1)'h(x) and g7 (x) = u(agx — 1)1,

In cases when Ty = p°, then C = ker uc; thus, go(x) = 0. Let us assume that the
hypothesis is true for k — 2 and we prove it for k — 1. Let ji4_1 be the natural homomorphism
(modulo u*~1) from R;_; to R} _,.Itis obvious that Ker py_q =< w1 > Assume Cis a
constacyclic code of length p® over Ry_1, and pc is the restriction of y_1 on C. Then,

Ker pc =< uF 1 > NC =< uF(apx — 1)T1 > .

Now, since Im pc = C/Ker yc is a constacyclic code of length p* over Rx_,, and by
the induction step,

Im pc =< gy(x), 81(x), -, 8 2(x) >,
where g;,(x), 8] (%), ..., 8}_,(x) satisfy the conditions of the theorem. This implies that there
exist a;(x) € R}, such that g;(x) = g}(x) + u*~1a;(x) € C. Moreover, we have T; = T; (/)
fori =0,1,2,...,k— 2. If we write a;(x) = (aox — 1)%i-Lily_; 1 ;(x) with deg a; < Ty,
then t_;_1; +deg hy_j_1; < Ty_1. Therefore, we can take go(x),g1(x),...,gk—1(x) as
generators of C, where g;_1(x) = u*~1(aox — 1)T-1. Now suppose

C=<ep(x),er(x),...,ep_1(x) >,

where e(x),e1(x),...,ex_1(x) is another expression of C satisfying the conditions of the
theorem. Then, the uniqueness follows from the induction step and the fact that g;(x) =
e;(x) mod ker yc fori =0,1,2,...,k—=2. O

Corollary 1. Suppose that T; < p°. Then, the smallest degree amongst the polynomials in C with
leading coefficient u' is T;.
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Definition 2. Let C be a constacyclic code over R. We call the unique k-tuple of polynomials
described in Theorem 1 to be the representation of C.

Next, we construct a one-to-one correspondence between cyclic and a-constacyclic
codes, where a is a nonzero element of F. Consider the map ¥ : R[x]/ < ¥ —1 >—
R[x]/ < xP" — & > defined by ¥(f(x)) = f(aox), where ag as in Equation (2). For polyno-
mials f(x) and g(x) in R[x], f(x) = g(x) (mod x" — 1) if and only if there exists a polyno-
mial /(x) in R[x] such that f(x) — g(x) = h(x)(x”" — 1) if and only if f(agx) — g(agx) =
h(aox)[(aox)?” —1] = oc‘lh(ocox)[xps — a), if and only if f(xox) = g(apx) (mod x¥° — a).
This means that ¥ is well defined and has one-to-one correspondence. It is easy to show
that ¥ is a ring homomorphism. Thus, ¥ is a ring isomorphism.

Proposition 5. The map ¥ : R[x]/ < x”" —1 >— R[x]/ < x¥° —a > defined by
Y(f(x)) = f(aox) is a ring isomorphism. In particular, C is a cyclic code of length p° over
R if and only if ¢(C) is a a-constacyclic code of length p* over R. Moreover, ¢ is Hamming
weight preserving.

Hamming Distance and Dual Codes

Definition 3. For a nonzero linear code C, the Hamming distances of C and d(C) are defined by
the following:
d(C) = min{wt(c) | c #0,c € C}, ®)

where wt(c) is the number of nonzero components of c = (co,c1, ..., cn—1) in RN. The zero code
is conventionally said to have Hamming distance 0.

Theorem 2. Let C be a constacyclic code of length p* over R. Then,
d(C) = d(Tory_1(C)).

Proof. For any nonzero codeword c(x) of C, we have wt(u*"1c(x)) < w ( ( )). Then, it
suffices to compute Hamming distance of u¥~1c(x), where c(x) € C. As u1¢(x) and

¢(x) have the same number of nonzero coefficients, then wt(u*~1c(x)) = wt( (x)). Thus,
d(C) = d(Tory_1(C)). As Tory_1(C) is a constacyclic code over F, its Hamming distance is
completely determined (see [33], Theorem 4.11). [

Next, we consider the dual codes. Given N-tuples x = (xg,x1,...,¥y-1) and
vy = (Yo,¥1,--.,yn—1) in RN, the inner product or dot products is defined as usual,
with x -y = xoyo + x1y1 + ... + xny_1YN—1, Which is evaluated in R. Two N-tuples x
and y are called orthogonal if x - y = 0.

Definition 4. For a linear code C over R, its dual code C- is the set of N-tuples over R that is
orthogonal to all codewords of C, i.e., C* = {x | x -y =0,Vy € C}.

The following propositions are well known [28,29,34,35].

Proposition 6. Let A be a unit of R. Then, the dual of a A-constacyclic code over R is a A~!-
constacyclic code over R.

Proposition 7. Let p be a prime and R be a finite chain ring of order p*. The number of codewords
in any linear code C of length N over R is p° for some integer e € {0,1,...,zN}. Moreover,
the dual code C* has p¢ codewords, where e + ¢’ = zN, i.., |C| - |CL| = |R|N.

Note that in R, g, (a + Ltl,B)pk1 = a?""; thus, the following is the case.

(a + ulﬁ)”klzx_”kl =1
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Therefore, the following is the case:
(') =(atul B ©)
Kk pkl—] k k. . . k
L (7 ) g )
i=1
pkl_l Ky _q . .
:ail + (ul[S) Z <Pi >a(l+1) (ulﬁ)lfl (8)
i=1
pkl -1 e 1
_ _ 1— —i —
e Y () el ©
i=1
="'+ ulpalE, (10)

k1 _ ki _ . .
where { = Zf:ll ! <pi1 1) o~ (u' )1, which is a unit in R, g.

Theorem 3. Let C be a (« + u' B)-constacyclic code of length p* over R as in Theorem 1. Then,
Clisa (a1 + u'Ba=17)-constacyclic code of length p* over R, and the following is the case:

Ch =< fo(x), Ai(x),., fioa(x) >, (11)

where fi(x) = ul(ag'x — DTi 4+ uitla;(x) for some a;(x) € Ry-1 gy-17- Moreover, T, =
pP— T 1_ifor0<i<k—1

Proof. By Proposition 6, C* is a («~! 4 u/Ba~1¢)-constacyclic code of length p* over R;
thus, by Theorem 1,
Ct =< fo(x), A(x), -, fier () >,

where f(x) = u'(ag'x — )Ti 4 ui+1p;(x) for some hi(x) € R' and T; = T;(CL). By the
definition of C*, it is easy to deduce that uk_l_i(txo_lx —1)7"~Ti e Ctand then Tj_q_; <
ps —Tifor0<i<k—1. As|C| = (p")r’~(TotTit-+T1) and |C| - |CH| = (p")*"" (Propo-
sition 7), then |Ct| = (p")To+Tit++Tk-1. Thus, we must have Ty_;_; + T; = p° and so
Ti=p°—T1 O

Example 1. Table 1 shows the representation of all proper cyclic codes of length 3 over the chain
ring R = Z3 + uZg of characteristic 3.

Table 1. Proper cyclic codes of length 3 over R.

CC<u> Céd<u>

<0> <(x—1),u(x—1) >
<u> <
<u(x—1)>
<u(x—1)2 >
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Example 2. Table 2 shows the representation of all proper (1 + u?)-constacyclic codes of length 2
over the chain ring R = Zy + uZy + u*Zy of characteristic 2. We have the following case.

I=2a=ay=B=1u>=(x—1)%ands =

Table 2. Proper (1 + u?)-consacyclic codes of length 2 over R.

CC<u> Céd<u>
<0> <(x—1)>
<u> <(x—=1),u>
<u > <(x=1)4uu>
u(x—1) > <(x=1)+u>
<u(x7 )+ u? > <(x—=1)+uu(x—1)>
w(x—1) > <(x-1)+u+u®>
<u(x—1),u > <(x—=1)+u(x—1)4u>

Example 3. Consider the constacyclic codes in Example 2. As (1+u?)™! = 1+ u? by
Equation (10), C*+ = C for any (1 + u?)-constacyclic code C. This means all (1 + u®)-constacyclic
codes in Example 2 are self dual codes.

4. Constacyclic Codes of Length N
4.1. Exension Rings

Let ' be a positive integer and let CR(uf,7') = R[x]/ < f(x) >, where f(x) is a
monic basic irreducible of degree 7’ over R. Note that f(x) can be chosen so that CR(u*, ")
contains (p’, — 1)th root of unity. Moreover, CR(u¥, ') is a chain ring of characteristic p
with maximal ideal < u > and residue field K = Pp,r/. By Theorem 2,

CR(u*, ") =K®uKa ... u" K. (12)

Let a be the order of p modulo 71, then Fj« contains a primitive n;th root ¢ of unity.
Assume that K is the splitting field of x"! — a over Fy, where « is a nonzero element of F
and r’ = aa’ for some positive integer a’ the degree of the extension. If 6 is a root of x" — &
in Fyr, then 6&, for 0 < i < ny — 1 are all distinct roots of x™ — a in Fyr; hence, by Hensel’s
Lemma ([29], Theorem XII1.4), C R(uk, r) also contains all those roots. Now x™ — & factors
uniquely into monic irreducible polynomials over F, and then again by Hensel’s Lemma,
x™ — a factors into monic basic irreducible polynomials over R as follows.

X" —a = f1(x)fo(x) ... fin(x). (13)

For each 0 < j < ny — 1, there exists a uniquei, 1 <i<m such that fi(Gé‘j) =0,and
fi(x) is called the minimal polynomial of 6&/ over R.
Next, we introduce another extension:

S(r') = CR(uK, ) [x]/ < 2P — (a4 u'B) > (14)

of CR(uk, 7). Note that, for a suitable positive number 7/, S will be the alphabet of codes of
length p® over R that contains nth root of unity. The results of Lemma 1 and Proposition 4
hold for the ring S. Moreover, we define the following extension of R.

Ry = R[x]/ < 2N — (a +u'B) >. (15)

Let 7/ be the order of p modglo n1. Let ~ be a relation on the set {1,2,...,n;} defined
asi ~ jif and only if 6¢' and 6¢/ are roots of the same minimal polynomial, i.e., there is
a unique b such that f;,(6¢") = f,(6¢7) = 0. It is easy to show this relation is equivalence.
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p’-1 )
o( Y o, ..
iz0

Now, let I be the set of all classes of ~, I;, be a class containing b, and 7y, is the size of this
class, ie., | I |= deg fp(x) = 1p.

4.2. Discrete Fourier Transform (DFT)

DFT has been used to study repeated-root codes over finite chain rings in [3,5,6]. We
employ DFT as a tool to establish the structure of (« + u’B)-constacyclic codes over R for a
given length N.

Remark 4. In S(ry), we have (a + ulﬁ)F’LFl = a, where d = [H, hence, x""" " = w and then
anx ps+d—1 -1
0

Definition 5 (DFT). Let ¢ be a vector in RN with c(x) = 2”1‘12’” e ¢; jx" ™ the corresponding
polynomial. The DFT of c(x) is the following vector:

(@0,@1,...,@,11_1) S S(T’,)nl, (16)

where &, = c((agw)™ OZY) = Z?;Elz.figlci,jw”,i*f(oc6’,6§b)i, b€ land nyn' =1 (mod p*+4=1).
Define the Mattson—Solomon polynomial of ¢ to be the following.
&(z) = 2o,y (17)
Note that ¢,,, = ¢y.

The following lemma shows that if the Mattson-Solomon polynomial of ¢ is given,
then ¢ can be recovered. Set S = R, g = Rlw]/ < w?” — (a + u'B) > . Let ¢ be the natural
R- module isomorphism ¢ : S"t — RN defined by the following case.

Z Cn— 1zw (co,0,€1,0/ - - ,Cn—l,o,Co,L..-,Co,p5—1,C1,p5—1.-.,Cn—l,pS—l).

Lemma 2. Let ¢ € RN with ¢(z) its Mattson-Solomon polynomial. Then, the following is the case:

1
e =pl(Lu " u ) (o), 801, e ), (18)
1
where * denotes component-wise multiplication.
Proof. Let 0 < t' < n1 — 1. Then, the following is the case.
= B N L byiyx—bt
CA(C):ZCAZJ€7 Z chz] nl+]‘x 96))6
b=0 b=0 i=0 j=0
n—1p°-1 =1
Zcz nz+]‘x 9 Zéblt
i=0 j=
= ny((aow)" 2 ct]w

Note that Z"l 1@’] =0, whenj # 0 (mod n). Then, by the definition of ¢, we have

c=¢[(Lw ™, 0w, . w MmUY« Z(2(1),6(ad),..., e )]
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Remark 5. Since 0F% € S(ry), it is easy to verify that & € S(r,). Now let the following be
the case.

A= {(50,62,. ..,CAm,l) S S(l’)n] ‘CAI‘ S S(Th),i S Ih}' (19)

Note that A with component-wise addition and multiplication is a ring. Moreover, it is clear
that A = e S(rp).

Theorem 4. Let <y be the map v : Ry — @peS(1y), given by y(c(x)) = (&y)per. Then, yisa
ring isomorphism. In particular, if C is a constacyclic code of length N over R, then the following is
the case:

C = ®perCo, (20)

where Cy, is the constacyclic code {c((aow)™ 02%) | c(x) € C} of length p* over CR(u*, ).

Proof. Define the map <y : Ry — A, where y(c(x)) = (¢o,&2,...,En,—1). Let a(x), b(x) be
polynomials over R of degree less than N. Then, clearly
7(a(x) +b(x)) = 7(a(x)) +7(b(x)) and also y(a(x)b(x)) = 7(a(x)) »7(b(x)), where x de-
notes the componentwise product. Suppose (c(x)) = 0, then by Lemma 2, =¥ i 6 cpjul =0
for any #/, where 0 < t' < ny — 1. It follows that ¢(x) = 0, and this implies y is an injection.
Moreover, |A| = [Tpe; p"™P° = p"™N, which means that +y is a bijection. Therefore, 7y is an
isomorphism. The second statement follows directly because v is a ring isomorphism. [

Before we obtain the structure of all constacyclic codes of length 11 p® over R in terms
of their generator polynomials, we provide the following lemma.

Lemma 3. Let f,(x) be the minimal polynomial of ¢ over R for each b € I and n’ a positive
integer such that nyn' =1 (mod p>T4=1). Then, the following is the case:

(i) fp((eow)™ O is a unit if i is not in I;

(i) fp((aow)" 0EY) €< agw — 1 > but f,((xow)" 6ZY) is not in < (agw — 1)2

Proof.
() Since f,(x) = [Trey, (x — 0&"). Then, the following is the case.

fol(aow)™ 0&") = T ((wow)"™ 6" — 6¢")

tely

=TT [((xow)™ —1)6&" + (6" — 6¢")].

tely

Since i is not in I;,, then 6 — 0&¢ # 0. Therefore, f;((aow)™ O!) is a unit if 7 is not in 1.
(ii) We know that x} — a = [Tic; fi(x) and then [Tic; fi((ow)" 0&) = ((aow)™ 6")" —
1 = aow — 1. However, from (i) we have f;((xow)"02%), which is a unit for i # b.
Hence, f;((aow)" 0E%) = a(w)(aow — 1), where a(w) is a unit in S(r;). It follows that
Fo((2ow)™02%) € (xpw — 1). Now, suppose that f, ((aow)" 0&") €< (agw — 1)? >, which
implies that < apw — 1 >C< (agw — 1)2 >. However, this is a contradiction, and this
completes the proof. [

Next, we introduce the polynomial representations of constacyclic codes over R. If
C is a constacyclic code of length N over R. By Theorem 4, C = ®;;Cp, where Cy, is a
constacyclic code of length p* over CR(u*,r,), and by Theorem 1:
Cp =< epp(w), ueq p(w),. ..,ukilek,llb(w) >,
where ¢, (w) = (aow — 1)Tit 4 uh; , (w). Now, fix i and for each 0 < j < p*. We define Fj(x)
to be the product of all minimal polynomials of a’ such that Tor;(Cy) =< (aow — 1)/ >.
By Lemma 3, the following is the case:
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P’ , ‘
[T1Fi((aow)" 62")) = ap(w0) (aow 1)), (21)
=
where a,(agw) is a unit in S(rp,). Define the following:
pS
= JTIF(x)) + pbi(x), (22)
j=0

where b;(x) = v~ ((ap (aow)h;p (20w) Jpe1)-
Theorem 5. Let C be a constacyclic code of length N over R . Then, the following is the case.

C =< go(x),ugi(x),...,u" g 1(x) >. (23)

Moreover, this representation is unique.

Proof. For every b € I, gi((aow)" a?) €< e;}(xpw) > and then p'g;((aow)" 0¢) € Cp. It
follows that u'g;(x) € C for each i, 0 < i < k — 1. Furthermore, by Equations (21) and (22),
< gi((aow)" 0E?) >=< ¢;,(wow) > for all b. Therefore, go(x), ug1 (x), ..., u*"1gp_1(x) gen-
erate C (Theorem 4). The uniqueness of g;(x) follows from the uniqueness of 1; ; (xow). [

Corollary 2. If C =< go(x),ug1(x),...,u¥"1gx_1(x) > is a constacyclic code of length N over
R, then |C| = p*', where t' = kN — Z _ojdeg F;.

Proof. By Theorem 4, |C| = [Tje;|Cp| and |Cy| = p"o(mP*=(Tor+Tip++Ti-10)) and then
by computing the product, we obtain the result. [

Remark 6. If we choose g.(x) to have a minimal degree in the representation given by (23), we
will obtain a minimal strong Grobner basis < go(x),...,u°ge.(x) > for C. For more details about
minimal strong Grobner basis, refer to [7].

Next, we provide the enumeration of constacyclic codes of length N in terms of the
length of p°. In other words, the problem of enumeration of constacyclic codes of length N
over R is reduced to that of constacyclic codes of length of power of p. The proof of the
following result is direct by Theorem 5.

Corollary 3. The number of distinct (a + u' B)-constacyclic codes of length N over R is the follow-
ing:
11N (24)

bel

where Ny is the number of (« + u' B)-constacyclic codes of length p* over CR(u*, ).

Theorem 6. If k = 2, then the number of distinct (a + u'B)-constacyclic codes of length N
over R is the following:
prrb(zb—i-l) -1

o 25)

bel

where zj, = min{[%],ps_l} and To(Cp) + T1(Cp) = dp < p°.

Proof. By Corollary 3, it suffices to compute Ny, b € I. First fix Ty; thus, Ty = dj —

Let d, < p°. By Theorem 1, < (agw — 1) + ue(w), (xgw — 1)71 > is a representation.
Moreover, we have (p"#)T1 choices for e(w) = 2281 a;(axow — 1)'. Theorem 1 implies
that T; < min{p*~!, To}; hence, T; < min{p*~!, L%”J} = zj, because Ty + Ty = dp. If



Axioms 2021, 10, 303

110f 14

7 (Zb+])71
B ="F p”bfli of ((X + Mlﬁ)-
constacyclic codes of length p* over CR(u*, ;). In the case when d, = p°, we have two
options. If Ty = p*, the only (« + u'B)-constacyclic code is < 0,u > with Ty + Ty = d,. If

Tp < p°, we use a similar discussion as before. [

we vary T; from 0 to z;, then there are 1 + p'™ + ... + (p'™)

Remark 7. When k > 2, the enumeration of all constacyclic codes of length N over R is a
tedious computation.

4.3. Torsion Codes and Hamming Distance

In this subsection, we first obtain the torsion codes of a constacyclic code C of length N
over R in terms of the generators of C given in Theorem 5. Then, we reduce the Hamming
distance of C to that of its (k — 1)th torsion code.

Lemma 4. Let C =< go(x),ugi(x),..., u" 1g_1(x) >. If u'(h(x)) € C such that
h(x) € Tor;(C), then deg h > deg g;.

Proof. Assume that u/(h(x)) € C, then u/(h((agw)"62%)) € C,, b € 1,
mn' =1 (mod p>t4-1). As h(x) € Tor;(C), then h((ayw)" a?) € Tor;(Cp). This means,
h((aow)™02%) = c(w)(aopw — 1)T for some unit c(w) in S(r,). Now, let
g(x) = P(X)H;]:o [Fj(x)]f, where Fi(x) as defined in the proof of Theorem 5 and
p(x) = 77 ((cp(w)a, " (w))per)- By (21), for each b € T, g((wow)™ 0¢%) = c(w) (wow — 1)T:.
Thus, y(h(x)) = v(g(x)); hence, h(x) = g(x), ie., deg h = deg g. Therefore,
deg g > deg T1_, [F})/ = deg gi by (22). O

Theorem 7. If C =< go(x),ug1(x),...,u""1gr_1(x) >, then Tor;(C) =< gi(x) > .

Proof. First, note that u'g;(x) € C; thus, < gi(x) >C Tor;(C). Conversely, let
h(x) € Tor;(C), then by the definition of torsion codes, ui(x) € C. We make use of
Lemma 4, deg h > deg g;. By the division algorithm, there are r(x) and g(x) in Ry such
that i(x) — gi(x)q(x) = r(x), where r(x) = 0 or deg r < deg gi. As u'r(x) € C, then by
the minimality of deg g;, we must have r(x) = 0. In other words, h(x) €< g;(x) >; thus,

h(x) €< gi(x) > . Therefore, Tor;(C) C< gi(x) >, and this ends the proof. [

Next, we obtain the Hamming distance of any cyclic code of length N over R.
Theorem 8. Let C be a cyclic code of length N over R. Then, d(C) = d(Tory_1(C)).

Proof. By the same argument as in Theorem 2, we obtain d(C) = d(Tory_1(C)), where
Tory_1(C) =< gp_41(x) >=< Hfzgl Fj(x) > from Theorem 7. [J

4.4. Dual Codes
Define Fj(x) as in the proof of Theorem 5. Let a; be the constant of Fj(x),0 < j < p°.
Since H;io Fi(x) = x™ — a, then H;io aj = —a. Thus, ;s are units in R and g;s are the

leading coefficient of F(x) = xeg FfFj(x_l). Let the following is the case.

mj(x) = a]lej* (x). (26)
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Note that m;(x)s are monic polynomials and H;io aj_l = —a~ L. Hence, the following
is the case.
P’ roNE
gm](x) = (Lo 115 0

S odegFJHp -1y

= —a lyM(xTm —1)

Therefore, m;(x)s are monic coprime divisors of x™ — a~1in R[x]. Since Tor;(Cp) =<
(xow — 1)/ >, then F;(62%) = 0, which implies that F (62" ~") = 0; hence, m;(9¢M V) =
0. It follows that m;(x) is the product of all minimal polynomials of a™~? such that
Tor;(Cjh) =< (aow — 1)P"~J >. By Lemma 3, the following is the case:

s

[T (aow”' 68" )7 = ay(w) (agw — 1), @)
j=0

=

where a;,(w) is a unit in S(r;,). Define the following case:

S

= [TIF ()P + uei(x), (28)

j=0

S

where ¢;(x) = 77 ((ay(w)h] ,(w))pe;) and k], (w) as in Theorem 3.
Theorem 9. Let C be a constacyclic code of length N over R. Then, the following is the case.
Ct =< Go(x),uGy(x),...,u" G (x) > .
Furthermore, |C-| = p'', where t' = Z]’.’iojdeg Fr.

Proof. By Theorem 4, C = ®pCy, where Cp, is a constcyclic code of length p® over
CR(p",rry). Assume that D = ®j¢;C;. By the definition of dual code, D C C*. On the
other hand, we have |Gy | - |C-| = p"*P". Then, |C| - |D| = p"*N; thus,

Ct =D = @y Gy
Therefore, by a similar argument to that of the proof of Theorem 5, we obtain
Ct =< Go(x),uGy(x),..., U 1G4 (x) >,

where G;(x) is defined in (28) and 0 < i < k — 1. By Corollary 2 and the fact that
|C+| - |C| = p™N, we obtain |Ct| = p'*', where t' = Z]r.iojdeg Fr. O

To summarize, the results of this section provide an algorithm for constructing the
representation of constacyclic codes of length N = np® from those of length p®. This
algorithm consists of the following steps:

Step 1: Find 0,¢, [ and all 1, b € I;

Step 2: Compute F;(x) for each 0 < j < p* when i is fixed;

Step 3: Find a;,(x), b € I from the relation (21);

Step 4: Extract b;(x) by using b;(x) = v~ ((ay(w)h; p(w))pey), 0 <i < k—1;

Step 5: Compute the polynomials g;(x) via Equation (22).
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Next, we present an example illustrating the algorithm described above.

Example 4. Consider R = Zy + uZy and N = 6. First, n; = 3,1 ={0,1},rg = 1,and r; = 2.
Let Cp =< (w —1),u(w —1) >, and C; =< (w —1),u > be cyclic codes of length 2 over R
and CR(u?,2), respectively. Next, compute Fi(x) fori = 0. As To(Co) = 1 = To(C1) and by the
definition of F;(x),

Fo(x) =1, B(x) = Land Fi(x) = fo(x) fi(x) = (x = 1) (x —a)(x —a?) = ° - 1,

where o is a third primitive root of unity satisfying a®> + a« +1 = 0. Since hop(x) = ho1(x) =0,
then by(x) = 0; thus, go(x) = H]Z:O Fi(x) = x® — 1. Now, find Fi(x) when i = 1, note that
T1(Co) = 1and T1(Cy) = 0. It follows that F>(x) = 1, Fy(x) = (x — &) (x — &?) and Fy(x) =

(fo(x)) = (x —1). As by (x) = 0 since h1o(x) =0 = hy1(x), g1(x) = I—[Jzzolfj(x)] =x-1
Therefore, by Theorem 5, the following is the case.

C=<x>-Tux—-1)>.

Remark 8. The same algorithm described above can be applied to compute the generators of dual
codes. The main key for performing this is to consider CbL instead of Cp, where b € 1.

5. Conclusions

In this article, we have determined a unique representation of any constacyclic code of
arbitrary length N over a finite chain ring of characteristic p via discrete Fourier transform
(DFT). Such representations allowed us to compute Hamming distance and dual codes
easily. Moreover, we managed to provide the number of constacyclic codes of length N
over R in terms of that of length p°, where v,(N) = s and v, is the p-adic valuation. In
particular, we provided the exact number of such codes when k = 2.
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