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Abstract: In this paper, we have derived and evaluated a quadruple integral whose kernel involves
the logarithm and product of Bessel functions of the first kind. A new quadruple integral represen-
tation of Catalan’s G and Apéry’s ζ(3) constants are produced. Some special cases of the result in
terms of fundamental constants are evaluated. All the results in this work are new.
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1. Significance Statement

Bessel functions were first studied by Daniel Bernoulli [1] and then generalized by
Friedrich Bessel [2] and are canonical solutions of Bessel’s differential equation (see
section (10.13) in [3]). Bessel functions are often used as approximants in the construction
of uniform asymptotic approximations and expansions for solutions of linear second-order
differential equations containing a parameter (see section (10.72) in [3]). Bessel functions
are also used in the physical problem involving small oscillations of a uniform heavy flexi-
ble chain (see section (10.73) in [3]). Bessel functions arise in the application of cylindrical
symmetry in which the physics is described by Laplace’s equation (see section (10.73) in [3]).

The definite integral of the product of Bessel functions, which find importance in
many branches of mathematical physics, elasticity, potential theory and applied probability,
is studied in the works of Glasser [4] and Chaudhry et al. [5]. Multiple integrals of Bessel
functions are used in the geometry of fractal sets and studied in the works of Falconer [6]
and Ragab [7].

In this work, our goal is to expand upon the current literature of multiple integrals
involving the product of Bessel functions by providing a formal derivation in terms of the
Lerch function. It is our hope that researchers will find this new integral formula useful
for current and future research work where applicable. Consequently, any new result on
multiple integrals of the product of Bessel functions is important because of their many
applications in applied and pure mathematics.

2. Introduction

In this paper, we derive the quadruple definite integral given by∫ ∞

0

∫ ∞

0

∫ ∞

0

∫ ∞

0
x−mr3v−mym+vzm−2v Jv(x)Jv(z)e−by2−cr2

logk
( ayz

rx

)
dxdydzdr (1)

where the parameters k, a, b, p, q, v and m are general complex numbers. The derivations
follow the method used by us in [8]. This method involves using a form of the generalized
Cauchy’s integral formula given by

yk

Γ(k + 1)
=

1
2πi

∫
C

ewy

wk+1 dw. (2)
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where C is in general an open contour in the complex plane, where the bilinear concomitant
has the same value at the end points of the contour. We then multiply both sides by a
function of x, y, z and r, and then take a definite quadruple integral of both sides. This
yields a definite integral in terms of a contour integral. Then, we multiply both sides of
Equation (2) by another function of x, y, z and r and take the infinite sum of both sides
such that the contour integrals of both equations are the same.

3. Definite Integral of the Contour Integral

We use the method in [8]. The variable of integration in the contour integral is
α = w + m. The cut and contour are in the first quadrant of the complex α-plane. The cut
approaches the origin from the interior of the first quadrant, and the contour goes round
the origin with zero radius and is on opposite sides of the cut. Using a generalization of
Cauchy’s integral formula, we form the quadruple integral by replacing y by log

( ayz
rx
)

and
multiplying by x−mr3v−mym+vzm−2v Jv(x)Jv(z)e−by2−cr2

, then taking the definite integral
with respect to x ∈ [0, ∞), y ∈ [0, ∞), z ∈ [0, ∞) and r ∈ [0, ∞) to obtain

1
Γ(k+1)

∫ ∞
0

∫ ∞
0

∫ ∞
0

∫ ∞
0 x−mr3v−mym+vzm−2v Jv(x)Jv(z)e−by2−cr2

logk( ayz
rx
)
dxdydzdr

= 1
2πi
∫ ∞

0

∫ ∞
0

∫ ∞
0

∫ ∞
0

∫
C aww−k−1x−m−w Jv(x)Jv(z)e−by2−cr2

r−m+3v−wym+v+wzm−2v+wdwdxdydzdr

= 1
2πi
∫

C

∫ ∞
0

∫ ∞
0

∫ ∞
0

∫ ∞
0 aww−k−1x−m−w Jv(x)Jv(z)e−by2−cr2

r−m+3v−wym+v+wzm−2v+wdxdydzdrdw

= 1
2πi
∫

C π4−v−1aww−k−1b
1
2 (−m−v−w−1)c

1
2 (m−3v+w−1)

sec
(

1
2 π(m− v + w)

)
dw

(3)

from Equation (3.326.2) in [9] and Equation (521.1) in [10], where −1/2 < Re(m) < Re(v) + 1,
−1/2 < Re(w + m), Re(b, c) > 0, and using the reflection Formula (8.334.3) in [9] for
the Gamma function. We are able to switch the order of integration over α, x, y, z
and r using Fubini’s theorem since the integrand is of bounded measure over the space
C× [0, ∞)× [0, ∞)× [0, ∞)× [0, ∞).

4. The Lerch Function and Infinite Sum of the Contour Integral

In this section, we use Equation (2) to derive the contour integral representations for
the Lerch function.

4.1. The Lerch Function

The Lerch function has a series representation given by

Φ(z, s, v) =
∞

∑
n=0

(v + n)−szn (4)

where |z| < 1, v 6= 0,−1, ... and is continued analytically by its integral representation,
given by

Φ(z, s, v) =
1

Γ(s)

∫ ∞

0

ts−1e−vt

1− ze−t dt =
1

Γ(s)

∫ ∞

0

ts−1e−(v−1)t

et − z
dt (5)

where Re(v) > 0, and either |z| ≤ 1, z 6= 1, Re(s) > 0, or z = 1, Re(s) > 1.
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4.2. Infinite Sum of the Contour Integral

Using Equation (2) and replacing y by log(a)− log(b)
2 +

log(c)
2 + 1

2 iπ(2y + 1) and then

multiplying both sides by π2−2v−1(−1)yb
1
2 (−m−v−1)c

1
2 (m−3v−1) exp( 1

2 iπm(2y + 1)− 1
2 iπv

(2y + 1)) taking the infinite sum over y ∈ [0, ∞) and simplifying in terms of the Lerch
function, we obtain

1
Γ(k+1)πk+12−2v−1b

1
2 (−m−v−1)c

1
2 (m−3v−1)e

1
2 iπ(k+m−v)

Φ
(
−eiπ(m−v),−k, −2i log(a)+i log(b)−i log(c)+π

2π

)
= 1

2πi ∑∞
y=0
∫

C(−1)yw−k−1 exp
(

1
2 (w(2 log(a)− log(b) + log(c)) + iπ(2y + 1)(m− v + w))

)
dw

= 1
2πi
∫

C ∑∞
y=0(−1)yw−k−1 exp

(
1
2 (w(2 log(a)− log(b) + log(c)) + iπ(2y + 1)(m− v + w))

)
dw

= 1
2πi
∫

C π4−v−1aww−k−1b
1
2 (−m−v−w−1)c

1
2 (m−3v+w−1)

sec
(

1
2 π(m− v + w)

)
dw

(6)

from Equation (1.232.2) in [9], where Im(w + m) > 0 in order for the sum to converge.

5. Definite Integral in Terms of the Lerch Function

Theorem 1. For all k, a ∈ C, Re(b, c) > 0,−1/2 < Re(m) < Re(v) + 1,∫ ∞
0

∫ ∞
0

∫ ∞
0

∫ ∞
0 x−mr3v−mym+vzm−2v Jv(x)Jv(z)e−by2−cr2

logk( ayz
rx
)
dxdydzdr

= πk+12−2v−1b
1
2 (−m−v−1)c

1
2 (m−3v−1)e

1
2 iπ(k+m−v)

Φ
(
−eiπ(m−v),−k, −2i log(a)+i log(b)−i log(c)+π

2π

) (7)

Proof. Since the right-hand side of Equation (3) is equal to the right-hand side of
Equation (6), we can equate the left-hand sides and simplify the gamma function to obtain
the stated result.

6. Special Cases

Example 1. The degenerate case.∫ ∞
0

∫ ∞
0

∫ ∞
0

∫ ∞
0 x−mr3v−mym+vzm−2v Jv(x)Jv(z)e−by2−cr2

dxdydzdr

= π4−v−1b
1
2 (−m−v−1)c

1
2 (m−3v−1) sec

(
1
2 π(m− v)

) (8)

Proof. Use Equation (7) and set k = 0 and simplify using entry (2) in the table below
(64:12:7) in [11].

Example 2.

∫ ∞
0

∫ ∞
0

∫ ∞
0

∫ ∞
0

r9/2y7/2e−r2−y2
J2(x)J2(z)

x3/2z5/2(log2( yz
rx )+π2)

dxdydzdr =
√

2−coth−1(
√

2)
32π (9)

and ∫ ∞
0

∫ ∞
0

∫ ∞
0

∫ ∞
0

r9/2y7/2e−r2−y2
J2(x)J2(z) log( yz

rx )
x3/2z5/2(log2( yz

rx )+π2)
dxdydzdr = 1

64

(
2
√

2− π
)

(10)
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Proof. Use Equation (7) and set k = −1, a = −1, b = c = 1, v = 2, m = 3/2; then,
rationalize the denominator and compare the real and imaginary parts and simplify in
terms of the incomplete Beta function B(n, m, x) using Equation (9.559) in [9] and entry (3)
in the table below (58:4:8) and entry (1) in the table below (64:12:7) in [11].

Lemma 1. ∫ ∞
0

∫ ∞
0

∫ ∞
0

∫ ∞
0

x−me−2(r2+y2)r3v−mym+vzm−2v Jv(x)Jv(z)
log(− yz

rx )
dxdydzdr

= 2−4v−1e−
1
2 iπ(2m−2v+1)

(
e

1
2 iπ(m−v) − tan−1

(
e

1
2 iπ(m−v)

)) (11)

Proof. Use Equation (7) and set a = −1, b = c = 2, k = −1 and simplify using entry (5) in
the table below (64:12:7) in [11].

Example 3.∫ ∞
0

∫ ∞
0

∫ ∞
0

∫ ∞
0

1
x17/6z19/6(log2( yz

rx )+π2)

r19/6y17/6e−2(r2+y2)(x cos(x)− sin(x))(z cos(z)− sin(z)) log
( yz

rx
)
dxdydzdr

= −
π
(

π−2
(
−
√

2+
√

6+
√

3 coth−1
(

2
√

2+
√

3
)))

2048

(12)

and ∫ ∞
0

∫ ∞
0

∫ ∞
0

∫ ∞
0

1
x17/6z19/6(log2( yz

rx )+π2)

r19/6y17/6e−2(r2+y2)(x cos(x)− sin(x))(z cos(z)− sin(z))dxdydzdr

=
4
√

2+
√

3−
√

3π−2 coth−1
(

2
√

2+
√

3
)

2048

(13)

Proof. Use Equation (11) and set v = 3/2, m = 4/3; then, rationalize the denominator to
equate real and imaginary parts and simplify.

Lemma 2.∫ ∞
0

∫ ∞
0

∫ ∞
0

∫ ∞
0 x−me−πr2−πy2

r3v−mym+vzm−2v Jv(x)Jv(z)

logk
(

iyz
rx

)
dxdydzdr

= −2−2v−1e
1
2 iπ(k+m−v)−iπ(m−v)πk+ 1

2 (m−3v−1)+ 1
2 (−m−v−1)+1Li−k

(
−eiπ(m−v)

) (14)

Proof. Use Equation (7) and set a = i, b = c = π and simplify in terms of the Polylogarithm
function Lik(z) using Equation (64:12:2) in [11].

Example 4.∫ ∞
0

∫ ∞
0

∫ ∞
0

∫ ∞
0

1
x5/2z7/2(4 log2( yz

rx )+π2)
2

r7/2y5/2e−π(r2+y2)(x cos(x)− sin(x))(z cos(z)− sin(z))
(

π2 − 4 log2( yz
rx
))

dxdydzdr

= 48G+π2

6144
√

2π4

(15)
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and ∫ ∞
0

∫ ∞
0

∫ ∞
0

∫ ∞
0

1
x5/2z7/2 log2

(
iyz
rx

)

r7/2y5/2e−π(r2+y2)(x cos(x)− sin(x))(z cos(z)− sin(z))dxdydzdr

= −
4√−1(π2−48iG)

1536π4

(16)

Proof. Use Equation (14) and set k = −2, m = 1, v = 3/2; then, rationalize the denominator
and simplify in terms of Catalan’s constant G using Equation (2.2.1.2.7) in [12].

Lemma 3. ∫ ∞
0

∫ ∞
0

∫ ∞
0

∫ ∞
0

1
log( yz

rx )
e−r2−y2

yvz−2vx−m−n Jv(x)Jv(z)r−m−n+3v

(rmxmynzn − ymzmrnxn)dxdydzdr

= 2−2v−1(2e
1
2 iπ(n−v−1)− 1

2 iπ(n−v) tan−1(e
1
2 iπ(n−v))

−2e
1
2 iπ(m−v−1)− 1

2 iπ(m−v) tan−1(e
1
2 iπ(m−v)))

(17)

Proof. Use Equation (7) and form a second equation by replacing m → n and take their
difference. Next, set k = −1, a = 1, b = c = 1 and simplify using entry (2) in the table
below (64:12:7) in [11].

Example 5. ∫ ∞
0

∫ ∞
0

∫ ∞
0

∫ ∞
0

1
x27/10z8/3 log( yz

rx )
r13/10y4/3e−r2−y2

J 4
3
(x)J 4

3
(z)

(
r3/2x3/2y6/5z6/5 − r6/5x6/5y3/2z3/2

)
dxdydzdr

= 1
16 22/3 log

(
(−4−

√
2+
√

6)(sin( π
15 )−1)

(4−
√

2+
√

6)(1+sin( π
15 ))

) (18)

Proof. Use Equation (17) and set v = 4/3, m = 3/2, n = 6/5 and simplify.

Example 6.

∫ ∞

0

∫ ∞

0

∫ ∞

0

∫ ∞

0

r5y3e−π(r2+y2) J2(x)J2(z)

xz3 log3
(

iyz
rx

) dxdydzdr =
ζ(3)
32π7 (19)

Proof. Use Equation (14) and set k = −3, m = 1, v = 2 and simplify in terms of Apéry’s
constant ζ(3).

7. Discussion

In this paper, we have presented a novel method for deriving a new quadruple integral
involving the product of Bessel functions along with some interesting special cases using
contour integration. We will use our method to expand upon this current work and derive
other multiple integrals involving other special functions. The results presented were
numerically verified for both real and imaginary and complex values of the parameters in
the integrals using Mathematica by Wolfram.



Axioms 2021, 10, 324 6 of 6

Author Contributions: Conceptualization, R.R.; methodology, R.R.; writing—original draft prepara-
tion, R.R.; writing—review and editing, R.R. and A.S.; funding acquisition, A.S. All authors have
read and agreed to the published version of the manuscript.

Funding: This research is supported by NSERC Canada under Grant 504070.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflicts of interest.

References
1. Jacques, D. Archive for History of Exact Sciences. In On the Early History of Bessel Functions; Springer: Berlin, Germany, 1995;

Volume 49, pp. 105–134.
2. Shishkina, E.; Sitnik, S. Transmutations, Singular and Fractional Differential Equations with Applications to Mathematical Physics, 1st ed.;

Academic Press: Cambridge, MA, USA, 2020.
3. Olver, F.W.J.; Lozier, D.W.; Boisvert, R.F.; Clark, C.W. (Eds.) NIST Digital Library of Mathematical Functions; U.S. Department of

Commerce, National Institute of Standards and Technology: Washington, DC, USA; Cambridge University Press: Cambridge,
UK, 2010.

4. Glasser, M.L. Some definite integrals of the product of two Bessel functions of the second kind: (order zero). Math. Comp. 1974,
28, 613–615. [CrossRef]

5. Chaudhry, M; Ahmad, M. On improper integrals of products of logarithmic, power and Bessel functions. Bull. Aust. Math. Soc.
1992, 45, 395–398. [CrossRef]

6. Falconer, K. The Geometry of Fractal Sets (Cambridge Tracts in Mathematics); Cambridge University Press: Cambridge, UK, 1985;
doi:10.1017/CBO9780511623738. [CrossRef]

7. Ragab, F.M. Multiple integrals involving product of modified Bessel functions of the second kind. Rend. Circ. Mat. Palermo 1965,
14, 367–381. [CrossRef]

8. Reynolds, R.; Stauffer, A. A Method for Evaluating Definite Integrals in Terms of Special Functions with Examples. Int. Math.
Forum 2020, 15, 235–244. [CrossRef]

9. Gradshteyn, I.S.; Ryzhik, I.M. Tables of Integrals, Series and Products, 6th ed.; Academic Press: Cambridge, MA, USA, 2000.
10. Gröbner, W.; Hofreiter, N. Integraltafel, Zweiter Teil, Bestimmte Integrale; Springer: Vienna/Innsbruck, Austria, 1973.
11. Oldham, K.B.; Myland, J.C.; Spanier, J. An Atlas of Functions: With Equator, the Atlas Function Calculator, 2nd ed.; Springer:

New York, NY, USA, 2009.
12. Lewin, L. Polylogarithms and Associated Functions; North-Holland Publishing Co.: New York, NY, USA, 1981.

http://doi.org/10.1090/S0025-5718-1974-0344541-7
http://dx.doi.org/10.1017/S000497270003029X
http://dx.doi.org/10.1017/CBO9780511623738
http://dx.doi.org/10.1007/BF02844037
http://dx.doi.org/10.12988/imf.2020.91272

	Significance Statement
	Introduction
	Definite Integral of the Contour Integral
	The Lerch Function and Infinite Sum of the Contour Integral
	The Lerch Function
	Infinite Sum of the Contour Integral

	Definite Integral in Terms of the Lerch Function
	Special Cases
	Discussion
	References

