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Abstract: Heat exchangers are commonly used in various industries. A spiral-plate heat exchanger
with two fluids is a compact plant that only requires a small space and is excellent in high heat
transfer efficiency. However, the spiral-plate heat exchanger is a nonlinear plant with uncertainties,
considering the difference between the heat fluid, the heated fluid, and other complex factors. The
fractional order derivation model is more accurate than the traditional integer order model. In
this paper, a parallel fractional order derivation model is proposed by considering the merit of
the graphics processing unit (GPU). Then, the parallel fractional order derivation model for the
spiral-plate heat exchanger is constructed. Simulations show the relationships between the output
temperature of heated fluid and the orders of fractional order derivatives with two directional fluids
impacted by complex factors, namely, the volume flow rate in hot fluid, and the volume flow rate in
cold fluid, respectively.

Keywords: fractional order derivative model; GPU; a spiral-plate heat exchanger; parallel model;
heat transfer; nonlinear system

1. Introduction

A heat exchanger is most often used in industries such as space heating, refrigeration,
air conditioning, power stations, chemical plants, petrochemical plants, petroleum refiner-
ies, natural-gas processing, and sewage treatment. It uses the principle of heat transfer
between two or more fluids to transfer the heat energy of the high temperature heat fluid to
the low temperature heat fluid in order to heating the low temperature fluid or cooling the
high temperature heat fluid, which has the idea of energy saving [1]. A spiral-plate heat
exchanger is a compact plant that only requires a small space for installation compared
to traditional heat exchanger solutions and has excellent in high heat transfer efficiency
(See [2–4]). However, the spiral-plate heat exchanger is a nonlinear plant with uncertainties,
considering the difference between the heat medium, the heated medium and the other fac-
tors. In some applications, the output temperature heated or cooled for the heat exchanger
must be controlled accurately. Because the heat transfer coefficient of the heat exchanger is
impacted by various factors such as fluid flow, condition pressure, the uncertainties, the
error of the mathematical model, and a long-time delay, etc., so it is difficult to be accurately
modelled and controlled. In the past few years, the research of heat exchangers has mainly
focused on the design of heat exchangers [5–7]. In some papers (Such as [8,9]), an effective
internal fluid mathematical model is established by using the heat balance law between
the two fluids. Only the effect of the flow velocity on the heat transfer coefficient, but not
the effect of the two fluid flows velocity on the heat transfer time is considered.

Fractional order calculus and derivative is a old topic of a more than 300 years
since a letter written by Leibniz to L’Hopital in 1695 [10]. Fractional order calculus is an
extension from traditional integer calculus. The research of the theory and applications of
fractional order calculus and derivatives (such as in solution of fractional order calculus and
derivative [11,12] and stability [13–15]) expanded greatly over the 20th and 21st centuries.
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In recent years, fractional order calculus and derivatives have been used in various fields
such as engineering, physics, chemistry, and hydrology etc. The references in [10,16], give
some knowledges about fractional order calculus and derivative. The fractional order PID
controller was introduced by Podlubny in 1994 [10]. Fractional order controllers were
being used extensively by many researchers to achieve the better robust performance in
both the linear and the nonlinear systems. In [17], nonlinear thermoelastic fractional-order
model of nonlocal plates is studied. The reference [18] proposed a fractional nonlocal
elasticity model. They show elasticity model described by fractional order derivative
is more accurate than the traditional system described by integer order in theory and
application [19]. In control systems, modelling, stability, controllability, observability is
very important for performance. In fractional order system, these need to be considered
in [20–22], too. Nowadays, fractional order calculus and derivative are still the absence of
solution method and rapid computing algorithm [23].

GPU (That is graphics processing unit), which provides more computing units and
high data bandwidth in a limited area [24]. It is originally developed for graphics appli-
cations, now, it has been increasingly applied to do parallel computing in scientific and
engineering. GPU has higher execution efficiency for parallel data, and the more data
parallelism, the higher the execution efficiency. CUDA is a software and hardware system
that can make GPU work as a device for data parallel computing [25].

References [20,26–28] show elasticity model described by fractional order derivative
is more accurate than the traditional system described by integer order in theory and
application. Fractional order derivative equation is more suitable to describe thermoelastic
model than integer order equation. Heat transfer for the heat exchanger is thermoelastic
model. Therefore, it is motivated by the above references. Traditionally, a spiral-plate heat
exchanger mathematical model is constructed by integer order derivative equation. A
spiral-plate heat exchanger mathematical model constructed by fractional order derivative
equation is more accurate than conventional method. So, a parallel fractional order deriva-
tive model is proposed by considering the merits of GPU and fractional order derivative.
Further, parallel fractional order derivation model for the spiral heat exchanger is con-
structed. The parallel fractional order derivation model for the spiral-plate heat exchanger
executes faster than traditional model and can quickly reply to disturbance. In the future,
we will study operator-based robust nolinear control system for the spiral heat exchanger
by using the proposed parallel model [29–31].

The rest of this paper is constructed as follows. In Section 2, Preliminaries and
Problem Statement, a parallel fractional order derivative model is proposed, and the
problem statement is presented. A mathematic fractional order derivative model for the
spiral-plate heat exchanger is derived in Section 3, Mathematics Analysis. The proposed
parallel model for the spiral-plate heat exchanger with both the counter-flow type and
the parallel-flow type and implementation on GPU are given in Section 4. Then, Section 5
compares the relationships between the output temperature of the heated flow fluid and
the orders of the fractional order derivative with the two directional fluids, the volume flow
rate of cold fluid, and the volume flow rate of hot fluid, respectively. Finally, in Section 6, a
conclusion is given.

2. Preliminaries and Problem Statement
2.1. Parallel Fractional Order Derivative Model

In reference [32], parallel fractional order derivative model is not complete only
modelling of a spiral heat exchanger with counter-type by using fractional order equation
and without theory support. It is richened to derive this paper.
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According to the definition of the fractional order derivative (see Appendix A), the
fractional order derivative Equation (1) are given as follows.

Dq
t f (∆h) = − (∆h)−q Γ(q+1)

Γ(2)Γ(q) f (0) + (∆h)−q f (∆h)

Dq
t f (2(∆h)) = (∆h)−q Γ(q+1)

Γ(3)Γ(q−1) f (0)− (∆h)−q Γ(q+1)
Γ(2)Γ(q) f (∆h) + (∆h)−q f (2(∆h))

Dq
t f (3(∆h)) = −(∆h)−q −Γ(q+1)

Γ(4)Γ(q−2) f (0) + (∆h)−q Γ(q+1)
Γ(3)Γ(q−1) f (∆h)

−(∆h)−q Γ(q+1)
Γ(2)Γ(q) f (2(∆h)) + (∆h)−q f (3(∆h))

...

Dq
t f (N(∆h)) = (∆h)−q ∑N

j=1(−1)j Γ(q+1)
Γ(j+1)Γ(q−j+1) f (t− j(∆h)) + (∆h)−q f (N(∆h))

(1)

From (1), a parallel fractional order derivative model is described by the matrix, as follow.

Fk = (∆h)qD f rac + BFk−1 (2)

where Fk, Fk−1, D f rac ∈ RN , and B ∈ RN×N

Fk =


f (∆h)

f (2(∆h))
...

f (N(∆h))

 (3)

D f rac =


Dq

t f (∆h)
Dq

t f (2(∆h))
...

Dq
t f (N(∆h))

 (4)

B =



−Γ(q+1)
Γ(2)Γ(q) 0 . . . 0
Γ(q+1)

Γ(3)Γ(q−1)
−Γ(q+1)
Γ(2)Γ(q) . . . 0

...
...

...
...

(−1)N Γ(q+1)
Γ(N+1)Γ(q−N+1)

(−1)(N−1)Γ(q+1)
Γ(N)Γ((q−N+1) . . . −Γ(q+1)

Γ(2)Γ(q)

 (5)

Fk−1 =


f (0)

f (∆h)
...

f ((N − 1)(∆h))

 (6)

2.2. Problem Statement

Traditionally, a spiral-plate heat exchanger mathematical model is constructed de-
scribed by the integer order derivative equation. The spiral-plate heat exchanger mathemat-
ical model described by the fractional order derivative is more accurate than the traditional
method. So, a fractional order derivation model is considered to describe a spiral-plate
heat exchanger plant. Further, parallel fractional order derivative model is proposed by
considering the merit of GPU. The proposed parallel model executes faster than traditional
model and can quickly reply to disturbance. Further, we get the parallel fractional order
derivative model for the spiral heat exchanger by mathematics analysis.
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3. Mathematics Analysis
3.1. A Spiral-Plate Heat Exchanger Plant

A spiral-plate heat exchanger is shown in Figure 1. The spiral-plate heat exchanger is
used for its many merits, such as high-efficient heat transfer, small-size in comparison to
the other heat exchangers, and self-cleaning due to the special spiral structure.

Figure 1. A spiral-plate heat exchanger plant.

The spiral-plate heat exchanger is an excellent process equipment, but it is difficult
to obtain an accurate model due to a complex inner structure. The conventional method,
such as logarithmic mean temperature difference method, could not obtain good control
results. The other approach was conducted, but the obtained model was too complex. It is
difficult to design a model based controller. Therefore, we consider a novel spiral-plate
heat exchanger’s fractional order derivative model. Figure 2 gives the cross-section inner
structure of the spiral-plate heat exchanger. Where δh , δc δs is the width of hot fluid, the
width of cold fluid and the width of solid wall, respectively. In this study, the cross-section
inner structure as shown in Figure 2 is divided into a micro volume in cold fluid. The
fractional order derivative model is constructed by considering the heat balance of the hot
fluid and cold fluid, respectively.

r = b + a · θ, θ ∈ [0, 11π] (7)

Geometric parameters of the spiral-plate heat exchanger are denoted in Table 1.

Table 1. Parameters of the spiral heat exchanger.

Meaning Symbol Value

Geometric parameter of a spiral function a 0.005/π m/rad
Initial radius of hot fluid side b 0.08 m
The width of hot flow channel δh 0.005 m
The width of cold flow channel δc 0.005 m
The width of solid wall δs 0.0018 m
The height of the spiral-plate heat exchanger Z 0.011 m
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Figure 2. The cross-section inner structure of the spiral heat exchanger.

The heat exchanger is typically classified into the parallel-flow type and the count-flow
type by arrangement [33]. The parallel-flow type is that both the input and the output
of the two directional fluids (one is a hot fluid, the other is cold fluid) are in the same
directions. If both the hot fluid and the cold fluid are in the opposite directions, then it
is the counter-flow type heat exchanger. First, fractional order derivative model for the
spiral-plate heat exchanger with the counter-flow type is considered.

3.2. Fractional Order Derivative Model for the Spiral-Plate Counter-Flow Heat Exchanger

In this section, the spiral-plate heat exchanger with the counter-flow type is analysed
here. First, we consider the temperature variable in cold fluid, that is divided into a micro
volume as shown in Figure 3. Here, vh is the flow rate in hot fluid. vc is the flow rate in
cold fluid. The directions of vh, and vc are opposite. ∆V is a micro volume in cold fluid.
∆m1 is the heat flux transferring from the inside Th(x). ∆m2 is the heat flux transferring
from the outside Th(x + C), C is the length to the angle of 2π.

Figure 3. The principle of heat transfer for the spiral heat exchanger.
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As seen in Figure 3, it denotes the heat transferring between the two fluids for the
spiral-plate counter-flow heat exchanger.

Therefore, according to the heat energy balance law and heat transfer theory [34], the
equations are derived as follows.

ccρc(∆V)
∆Tc(x, t)

∆t
= ∆m1 + ∆m2 (8)

∆Tc(x, t)
∆t

= Tc(x + ∆x, t + ∆t)− Tc(x, t) (9)

where cc, ρc, ∆V, k is the specific heat capacity of cold fluid, the density of cold fluid, a
micro volume, the heat transfer coefficient of the spiral-plate heat exchanger, respectively.
According to the Newton’s law of cooling.

k =
1
hh

+
δs

λ
+

1
hc

(10)

where hh, hc, δs, and λ is the heat transfer coefficient of hot fluid, the heat transfer coefficient
of cold fluid, the width of wall, thermal conductivity, respectively.

∆m1 = k · (Th(x, t)− Tc(x, t)) · (∆A1) (11)

∆m1 is the heat flux transferring from Th(x, t) to Tc(x, t). Where ∆A1 is the heat transfer
suface area Th(x, t) to Tc(x, t).

∆m2 = k · (Th(x + C, t)− Tc(x, t)) · (∆A2) (12)

∆m2 is the heat flux transferring from Th(x + C, t) to Tc(x, t). Where ∆A2 is the heat
transfer surface area Th(x + C, t) to Tc(x, t). Each element is of the length ∆x and the heat
transfer surface area ∆A1, ∆A2, and ∆A1 ≈ ∆A2 = ∆A = (∆x) · Z, Z is the height of the
spiral-plate heat exchanger, ∆x is the displacement of cold fluid that moves in time ∆t,

∆V = (∆x) · Z · δh, ∆t =
∆x
vc

. So,

ccρcδcvc
∆Tc(x, t)

∆x
= k(Th(x, t) + Th(x + C, t)− 2Tc(x, t)) (13)

Using the thought of differential theory, the relationship between the length in the differen-
tial arc and the angle in differential arc is derived.

∆x =
√

∆r2 + (r(∆θ))2 (14)

Applying the spiral function of the spiral-plate heat exchanger, r = aθ + b, it is obtained
from (14):

∆x =
√

a2 + (b + aθ)2(∆θ) (15)

Substituting (15) into (13), the differential equation in cold fluid is obtained as follow.

ccρcδcvc
∆Tc(θ, t)

∆θ
= k

√
a2 + (b + aθ)2(Th(θ, t) + Th(θ + 2π, t) − 2Tc(θ, t)), θ ∈ [0, 11π) (16)

Because (16) is complex. we simplify (17) as follows.

ccρcδcvc
∆Tc(θ, t)

∆θ
= Fk

√
a2 + (b + aθ)2(Th(θ, t)− Tc(θ, t)), θ ∈ [0, 11π) (17)

where F is the constant between 1 and 2 relation to the shape of the heat exchanger.
According to the thought of fractional order derivative [10] (17) is extended from the
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integer order derivative to the fractional order derivative, we derive fractional order
derivative equation in cold fluid for the spiral-plate counter-flow heat exchanger as follows.
Fractional order of (18) is impacted by complex factors, it is difficult to derive by theory
method.

ccρcδcvcDq2
θ Tc(θ, t) = Fk

√
a2 + (b + aθ)2(Th(θ, t)− Tc(θ, t)), θ ∈ [0, 11π) (18)

With the same principle, the fractional order derivative equation in hot fluid is derived as
follows.

chρhδhvhDq1
θ Th(θ, t) = Fk

√
a2 + (b + aθ)2(Tc(θ, t)− Th(θ, t)), θ ∈ [0, 11π) (19)

A =
√

a2 + (b + aθ)2 (20)

Nonlinear fractional order derivative equations for the spiral-plate counter-flow heat
exchanger are given as follows.

Dq1
θ Th(θ, t) =

kFA
vhchρhδh

((Tc(θ, t)− Th(θ, t))

Dq2
θ Tc(θ, t) =

kFA
vcccρcδc

((Th(θ, t)− Tc(θ, t))

θ ∈ [0, 11π]

(21)

where vh(t) and vc(t) is the input flow rate of time t in hot fluid, the input flow rate of time
t in cold fluid side, respectively. {

QL1 = δhZvh

QL2 = δcZvc
(22)

where QL1 and QL2 is the input volume flow rate in hot fluid side and the input vol-
ume flow rate in cold fluid side, respectively. Substituting (22) into (21), fractional order
derivative model for the spiral-plate counter-flow heat exchanger is described as follows.

Dq1
θ Th(θ, t) =

kFAZ
QL1chρh

((Tc(θ, t)− Th(θ, t))

Dq2
θ Tc(θ, t) =

kFAZ
QL2ccρc

((Th(θ, t)− Tc(θ, t))

θ ∈ [0, 11π]

(23)

Considering initial conditions, Th(11π, t) and Tc(0, t) is the input temperature of time t in
hot fluid, the input temperature of time t in cold fluid, respectively.

3.3. Fractional Order Derivative Model for the Spiral-Plate Parallel-Flow Heat Exchanger

With the same method, the fractional order derivative model for the spiral-plate
parallel-flow heat exchanger is derived as follows.

Dq1
θ Th(θ, t) =

kFAZ
QL1chρh

((Tc(θ, t)− Th(θ, t))

Dq2
θ Tc(θ, t) =

kFAZ
QL2ccρc

((Th(θ, t)− Tc(θ, t))

θ ∈ [0, 11π]

(24)

Considering initial conditions, Th(0, t) and Tc(0, t) is the input temperature of time t in hot
fluid, the input temperature of time t in cold fluid side, respectively.
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The fractional order derivation equations for the spiral-plate parallel-flow heat ex-
changer are similar to that with the spiral-plate counter-flow heat exchanger, but the
boundary conditions are different.

4. Parallel Fractional Order Derivative Model for the Spiral-Plate Heat Exchanger and
Implementation on GPU
4.1. Parallel Fractional Order Derivative Model for the Spiral-Plate Heat Exchanger
4.1.1. Parallel Model for the Spiral-Plate Counter-Flow Heat Exchanger

Applying (1)–(6) into (23), parallel fractional order derivative model for the spiral-
plate counter-flow heat exchanger is described as follows.{

Thk = (∆θ)q1 Dh f rac + BhThk−1

Tck = (∆θ)q2 Dc f rac + BcTck−1
(25)

where Thk, Thk−1, Dh f rac ∈ RN , and Bh ∈ RN×N Tck, Tck−1, Dc f rac ∈ RN , and Bc ∈ RN×N

Thk =


Th(∆θ)

Th(2(∆θ))
...

Th(N(∆θ))

 (26)

Bh =



−Γ(q1+1)
Γ(2)Γ(q1)

0 . . . 0
Γ(q1+1)

Γ(3)Γ(q1−1)
−Γ(q1+1)
Γ(2)Γ(q1)

. . . 0
...

...
...

...
(−1)N Γ(q1+1)

Γ(N+1)Γ(q1−N+1)
(−1)(N−1)Γ(q1+1)
Γ(N)Γ((q1−N+1) . . . −Γ(q1+1)

Γ(2)Γ(q1)

 (27)

Thk−1 =


Th(0)

Th(∆θ)
...

Th((N − 1)(∆θ))

 (28)

Bc =


f rac−Γ(q2 + 1)Γ(2)Γ(q2) 0 . . . 0

Γ(q2+1)
Γ(3)Γ(q2−1)

−Γ(q2+1)
Γ(2)Γ(q2)

. . . 0
...

...
...

...
(−1)N Γ(q2+1)

Γ(N+1)Γ(q2−N+1)
(−1)(N−1)Γ(q2+1)
Γ(N)Γ((q2−N+1) . . . −Γ(q2+1)

Γ(2)Γ(q2)


(29)

Tck =


Tc(∆θ)

Tc(2∆θ)
...

Tc(N(∆θ))

 (30)

Tck−1 =


Tc(0)

Tc(∆θ)
...

Tc((N − 1)(∆θ))

 (31)
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So, the parallel fractional order derivative model for the spiral-plate counter-flow heat
exchanger is obtained.

Thk = (∆θ)q1
FkZA

QL1chρh
(HTcK−1 − ThK−1) + BhThk−1

Tck = (∆θ)q2
FkZA

QL2ccρc
(HThK−1 − TcK−1) + BcTck−1

Tcout = CTck

(32)


Dh f rac =

FkZA
QL1chρh

(HTcK−1 − ThK−1)

Dc f rac =
FkZA

QL2ccρc
(HThK−1 − TcK−1)

(33)

{
Thk = (∆θ)q1 Dh f rac + BhThk−1

Tck = (∆θ)q2 Dc f rac + BcTck−1
(34)

where

H =


0 0 0 . . . 0 1
0 0 0 . . . 1 0
...

...
...

...
...

...
1 0 0 . . . 0 0

 (35)

C =
(

0 0 0 0 . . . 1
)

(36)

where C ∈ R1×N andH ∈ RN×N . The parallel fractional order derivative model for the
spiral-plate counter-flow heat exchanger is a model with the parallel input data. It has
high efficiency executed on GPU. The proposed parallel model is implemented on GPU by
using MATLAB and CUDA [25].

4.1.2. The Proposed Parallel Model for the Spiral-Plate Parallel-Flow Heat Exchanger

The parallel fractional derivation model for the spiral-plate parallel-flow heat ex-
changer is obtained by the same method with the spiral-plate counter-flow heat exchanger
presented as above.

From (23) with the same method, the parallel fractional order derivative equations for
the spiral-plate parallel-flow heat exchanger are described as follows.


Thk = (∆θ)q1

FkZA
QL1c1ρh

(TcK−1 − ThK−1) + BhThk−1

Tck = (∆θ)q2
FkZA

QL2ccρc
(ThK−1 − TcK−1) + BcTck−1

Tcout = CTck

(37)


Dh f rac =

FkZA
QL1chρh

(TcK−1 − ThK−1)

Dc f rac =
FkZA

QL2ccρc
(ThK−1 − TcK−1)

(38)

The parallel fractional order derivative model for the spiral-plate parallel-flow heat ex-
changer is described as follow.
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{
Thk = (∆θ)q1 Dh f rac + BhThk−1

Tck = (∆θ)q2 Dc f rac + BcTck−1
(39)

where Thk, Thk−1, Dh f rac ∈ RN , and Bh ∈ RN×N Tck, Tck−1, Dc f rac ∈ RN , and Bc ∈ RN×N .

4.2. Implementation on GPU for the Proposed Parallel Model

In this section, implementation on GPU of the proposed parallel model for the spiral-
plate heat exchanger is presented. The parallel model with the parallel data has faster
efficiency executed on GPU than on CPU. The thread blocks of the proposed parallel model
are given in Table 2.

Table 2. The thread blocks of the proposed parallel model implemented on GPU.

Figure No. Description

Figure 4 The thread block of the proposed parallel model
Figure 5 That of cold fluid for the counter-flow heat exchanger
Figure 6 That of hot fluid side for the counter-flow heat exchanger
Figure 7 That of cold fluid side for the parallel-flow heat exchanger
Figure 8 That of hot fluid side for the parallel-flow heat exchanger

The thread blocks of the proposed parallel model (2) implemented on GPU are shown
in Figure 4.
where

Fk =


f1
f2
...

fN

 =


f (∆h)

f (2(∆h))
...

f (N(∆h))

 (40)

B =


b0
b1
b2
...

bN−1

 =



−Γ(q+1)
Γ(2)Γ(q) 0 . . . 0

Γ(q+1)
Γ(3)Γ(q−1)

−Γ(q+1)
Γ(2)Γ(q) . . . 0

...
...

...
...

(−1)N Γ(q+1)
Γ(N+1)Γ(q−N+1)

(−1)(N−1)Γ(q+1)
Γ(N)Γ((q−N+1)) . . . −Γ(q+1)

Γ(2)Γ(q)

 (41)

Figure 4. The thread blocks of the proposed parallel model.



Axioms 2021, 10, 344 11 of 25

D f rac =


D f0
D f1

...
D fN−1

 =


Dq

t f (∆h)
Dq

t f (2(∆h))
...

Dq
t f (N(∆h))

 (42)

Fk−1 =


f0
f1
f2
...

fN−1

 =


f (0)

f (∆h)
...

f ((N − 1)(∆h))

 (43)

where Fk−1 is a parallel input data, D f rac is a parallel input derivation data, B is a matrix
relation to the order of fractional order derivation, Fk is a parallel output data.

The thread blocks of the proposed parallel model for the spiral-plate counter-flow
exchanger (32)–(34) are as shown in Figures 5 and 6.

Figure 5. The thread blocks of the proposed parallel model in cold fluid for the counter-flow heat
exchanger .

Figure 6. The thread blocks of the proposed parallel model in hot fluid for the counter-flow heat
exchanger.
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Here:

Tck−1 =


Tc(0)

Tc(∆θ)
...

Tc((N − 1)∆θ)

 =


Tc,in
Tc1

...
TcN−1

 (44)

T̃hk−1 = HThk−1 =


ThN

ThN−1
...

Th1

 =


Th,out
ThN−1

...
Th1

 (45)

Tck =


Tc(∆θ)

Tc(2(∆θ))
...

Tc(N(∆θ))

 =


Tc1
Tc2

...
Th,out

 (46)

In Figure 5, T̃hk−1 and Tck−1 is parallel input data, respectively. Tck is a parallel output data.

Thk−1 =


Th(0)

Th(∆θ)
...

Th((N − 1)∆θ)

 =


Th,in
Th1

...
ThN−1

 (47)

T̃ck−1 = HTck−1 =


TcN

TcN−1
...

Tc1

 =


Tc,out
TcN−1

...
Tc1

 (48)

Thk =


Th(∆θ)

Th(2(∆θ))
...

Th(N(∆θ))

 =


Th1
Th2

...
Tc,out

 (49)

In Figure 6, T̃ck−1 and Thk−1 is parallel input data, Thk is a parallel output data.
The thread blocks of proposed parallel model for the spiral-plate counter-flow exchanger

(37)–(39) are as shown in Figures 7 and 8.
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Figure 7. The thread blocks of the proposed parallel model in cold fluid for the parallel-flow heat
exchanger.

Here:

Thk−1 =


Th(0)

Th(∆θ)
...

Th((N − 1)(∆θ))

 =


Th,in
Th1

...
ThN−1

 (50)

Tck−1 =


Tc(0)

Tc(∆θ)
...

Tc((N − 1)∆θ)

 =


Tc,in
Tc1

...
TcN−1

 (51)

Tck =


Tc(∆θ)

Tc(2(∆θ))
...

Tc(N(∆θ))

 =


Tc1
Tc2

...
Th,out

 (52)

Thk =


Th(∆θ)

Th(2(∆θ))
...

Th(N(∆θ))

 =


Th1
Th2

...
Tc,out

 (53)
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Figure 8. The thread blocks of the proposed parallel model in hot fluid for the parallel-flow heat
exchanger.

In Figure 7, Thk−1 and Tck−1 is a parallel input data, respectively. Tck is a parallel output data.
In Figure 8, Tck−1 and Thk−1 is a parallel input data, respectively. Thk is a parallel output

data. Fh =
FZkA

QL1chρh
, Fc =

FZkA
QL2ccρc

, Tc,in, Tc,out, Th,in, and Th,out is the input temperature and

output temperature in cold fluid, the input temperature and the output temperature in hot
fluid, respectively. Z−1 is a sampling delay time.

Bh =


bh0
bh1

...
bhN−1

 (54)

Bc =


bc0
bc1
...

bcN−1

 (55)

Therefore, parallel fractional order derivative model for the spiral-plate heat exchanger
is a parallel model with the parallel input and output data. It has high execution efficiency
implemented on GPU as shown Figures 4–8.

4.3. The Comparison of Execution Time for the Proposed Parallel Model on CPU and GPU

The proposed parallel model is implemented on CPU and GPU. Here, GPU (Gefore
GTX 1080TI) is used to execute the proposed parallel model. In Figure 9, the comparison
of execution time for the proposed parallel model on CPU and GPU is given. where ∆θ is
discretisation angle for the proposed parallel model. N is Discrete total. It shows that as
the N increases, the execution time on the CPU increases, but the execution time on the
GPU changes little.
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Figure 9. The comparison of execution time for the proposed parallel model on CPU and GPU.

5. Simulation on the Proposed Parallel Model for the Spiral-Plate Heat Exchanger

In this section, it is analysed for the relationships between the output temperature in
cold fluid and the fractional orders q1, q2 for the proposed parallel model for the spiral-plate
heat exchanger, the volume flow rate in hot fluid and the volume flow rate in cold fluid.

5.1. Simulation Conditions

Simulation parameters of the spiral-plate heat exchanger are shown in Table 3.

Table 3. Simulation parameters of the spiral-plate heat exchanger.

Meaning Symbol Value

The densities of the two fluids ρc, ρh 1000 Kg/m3

The specific heat capacity of the two fluids cc, ch 4.2 KJ/(Kg · ◦C)
The input temperature of cold fluid Tc,in 20 ◦C
The input temperature of hot fluid Th,in 50 ◦C
Thermal conductivity of SUS304 λ 16.7 W/(m ◦C)
Heat transfer coefficients of the two fluids hh, hc 366 w/m2 · K
The orders for fractional order derivative q1, q2 0.9–1.02
The volume flow rate of hot fluid QL1 1–7 L/min
The volume flow rate of cold fluid QL2 1–7 L/min
Correction factor F 1.8
Simulation time t [0, 12] s

5.2. Simulation on the Proposed Parallel Model for the Spiral-Plate Counter-Flow Heat Exchanger

The index of all figures for the relationships between the output temperature of cold
fluid and the flow rates of hot fluid, cold fluid for the proposed parallel model of the
spiral-plate counter-flow heat exchanger is shown in Table 4.

Table 4. The relationships between the output temperature of cold fluid and the volume flow rates of
hot fluid, cold fluid for the proposed parallel model for the spiral-plate counter-flow heat exchanger.

Figure No. Descrption

Figure 10 q1, q2 = 0.9, 0.92, 0.94, 0.96, 0.98, 1.0
Figure 11 q1 , q2 = 1.004, 1.008, 1.01, 1.02
Figure 12 QL1 = 1 L/min, QL2 = 1, 3, 5, 7 L/min
Figure 13 QL1 = 3 L/min, QL2 = 1, 3, 5, 7 L/min
Figure 14 QL1 = 5 L/min, QL2 = 1, 3, 5, 7 L/min
Figure 15 QL1 = 7 L/min, QL2 = 1, 3, 5, 7 L/min
Figure 16 QL1 = 1, 3, 5, 7 L/min, QL2 = 1 L/min
Figure 17 QL1 = 1, 3, 5, 7 L/min, QL2 = 3 L/min
Figure 18 QL1 = 1, 3, 5, 7 L/min, QL2 = 5 L/min
Figure 19 QL1 = 1, 3, 5, 7 L/min, QL2 = 7 L/min
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5.2.1. Simulation with the Different Fractional Orders as q1, q2 ≤ 1

The relationships between the output temperature in cold fluid and the fractional
orders as q1, q2 ≤ 1 are shown in Figure 10. Those show that the output temperature
increases with the fractional orders q1, q2 rises up as shown in Figure 10.

Figure 10. The output temperature in cold fluid as q1, q2 ≤ 1.

5.2.2. Simulation with the Different Fractional Orders as q1, q2 > 1

The relationships between the output temperature in cold fluid and the different
fractional orders as q1, q2 > 1 are shown in Figure 11. It shows when q1, q2 = 1.025, the
output temperature in cold fluid is unstable.

Figure 11. The output temperature in cold fluid as q1, q2 > 1.

5.2.3. The Relationships between the Output Temperature in Cold Fluid and the Different
Volume Flow Rate of Hot Fluid

The relationships between the output temperature in cold fluid and the different
volume flow rate of hot fluid are shown in Figures 12–15. Those figures show that the
output temperature rises with the volume flow rate of hot fluid increases.
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Figure 12. The output temperature in cold fluid with QL1 = 1 L/min.

Figure 13. The output temperature in cold fluid with QL1 = 3 L/min.

Figure 14. The output temperature in cold fluid with QL1 = 5 L/min.
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Figure 15. The output temperature in cold fluid with QL1 = 7 L/min.

5.2.4. The Relationships between the Output Temperature in Cold Fluid and the Different
Volume Flow Rate of Cold Fluid

The relationships between the output temperature in cold fluid and the different volume
flow rate of cold fluid are shown in Figures 16–19. Those figures show that the output
temperature in cold fluid goes down with the volume flow rate of cold fluid increases.

Figure 16. The output temperature in cold fluid with QL2 = 1 L/min.

Figure 17. The output temperature in cold fluid with QL2 = 3 L/min.
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Figure 18. The output temperature in cold fluid with QL2 = 5 L/min.

Figure 19. The output temperature in cold fluid with QL2 = 7 L/min.

5.3. Simulation on the Proposed Parallel Model for the Spiral-Plate Parallel-Flow Heat Exchanger

The index of all figures for the relationships between the output temperature of cold
fluid and the flow rates of hot fluid, cold fluid for the proposed parallel model of the
spiral-plate parallel-flow heat exchanger is shown in Table 5.

Table 5. The relationships between the output temperature of cold fluid and the flow rates of hot
fluid, cold fluid for the proposed parallel model of the spiral-plate parallel-flow heat exchanger.

Figure No. Descrption

Figure 20 q1, q2 = 0.9, 0.92, 0.94, 0.96, 0.98, 1.0
Figure 21 q1 , q2 = 1.004, 1.008, 1.01, 1.02
Figure 22 QL1 =1 L/min, QL2 = 1, 3, 5, 7 L/min
Figure 23 QL1 =3 L/min, QL2 = 1, 3, 5, 7 L/min
Figure 24 QL1 =5 L/min, QL2 = 1, 3, 5, 7 L/min
Figure 25 QL1 =7 L/min, QL2 = 1, 3, 5, 7 L/min
Figure 26 QL1 = 1, 3, 5, 7 L/min, QL2 = 1 L/min
Figure 27 QL1 = 1, 3, 5, 7 L/min, QL2 = 3 L/min
Figure 28 QL1 = 1, 3, 5, 7 L/min, QL2 = 5 L/min
Figure 29 QL1 = 1, 3, 5, 7 L/min, QL2 = 7 L/min

5.3.1. Simulation with the Different Fractional Orders as q1, q2 ≤ 1

The relationships between output temperature in cold fluid and the fractional orders
as q1, q2 ≤ 1 are shown in Figure 20. They show that the output temperature rises with the
fractional orders q1, q2 increases as shown in Figure 20.
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Figure 20. The output temperature in cold fluid as q1, q2 ≤ 1.

5.3.2. Simulation with the Different Fractional Orders as q1, q2 > 1

The relationships between the output temperature in cold fluid and the fractional
orders as q1, q2 > 1 are shown in Figure 21. When q1, q2 is 1.025, the output temperature in
cold fluid is unstable.

Figure 21. The output temperature in cold fluid as q1, q2 > 1.

5.3.3. The Relationships between the Output Temperature of Cold Fluid and the Different
Volume Flow Rate of Hot Fluid

The relationships between the output temperature in cold fluid and the different
volume flow rate of hot fluid are shown in Figures 22–25. Those figures show that output
temperature in cold fluid rises with the volume flow rate of hot fluid increases.

Figure 22. The output temperature in cold fluid with QL1 = 1 L/min.
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Figure 23. The output temperature in cold fluid with QL1 = 3 L/min.

Figure 24. The output temperature in cold fluid with QL1 = 5 L/min.

Figure 25. The output temperature in cold fluid with QL1 = 7 L/min.

5.3.4. The Relationships between the Output Temperature of Cold Fluid and the Different
Volume Flow Rate of Cold Fluid

The relationships between the output temperature in cold fluid and the different
volume flow rate of cold fluid are shown in Figures 26–29. Those figures show that the
output temperature in cold fluid drops down with the volume flow rate of cold fluid
increases.
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Figure 26. The output temperature in cold fluid with QL2 = 1 L/min.

Figure 27. The output temperature in cold fluid with QL2 = 3 L/min.

Figure 28. The output temperature in cold fluid with QL2 = 5 L/min.
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Figure 29. The output temperature in cold fluid with QL2 = 7 L/min.

6. Conclusions

A parallel fractional order derivative model and the problem statement are introduced
in this paper. Then, the fractional order derivative model for the spiral-plate heat exchanger
is constructed by mathematic analysis and extending from classical integer order derivative.
Further, the parallel fractional order derivative model for the spiral-plate heat exchanger is
constructed by considering the merit of GPU. Finally, the parallel fractional order derivative
model for the spiral-plate heat exchanger is simulated. Simulations show the relationships
between the output temperature of heated fluid and the fractional orders of the two fluids,
the input volume flow rate of cold fluid, and the input volume flow rate of cold fluid,
respectively.
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Appendix A

Definition A1 ([10]). (the Caputo’s fractional order derivative)

C
a Dq

t f (t) =


1

Γ(n−q)

∫ t
a

f (n)(t)
(t− τ)n−q−1 dτ, n− 1 < q < n

dn f (t)
dtn , q = n

(A1)

where Γ(·) is gamma function defined by Γ(x) =
∫ ∞

0 e−ttx−1 and n is a positive integer number.

Definition A2 ([10]). (the Grunwald-Letnikov’s fractional order derivative)

GL
a Dq

t f (t) = lim
∆h→0

(∆h)−q

[ t− a
∆h

]
∑
j=0

(−1)j Γ(q + 1)
Γ(j + 1)Γ(q− j + 1)

f (t− j(∆h)) (A2)

where [·] means the integer part.
(A1) and (A2) are equivalent if f (·) is differentiable. (A1) is a continues type definition of

fractional order derivative. (A2) is a non-continues type definition of fractional order derivative.
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(A2) is implemented easily on computer. (A2) is used in this paper. (A1) is easy to analyse system
performance such as stability, tracking, etc. for the fractional order control system.

If ∆h ≈ 0 then

GL
0 Dq

t f (t) ≈ (∆h)−q
N

∑
j=0

(−1)j Γ(q + 1)
Γ(j + 1)Γ(q− j + 1)

f (t− j(∆h)) (A3)

where N is [ t−a
∆h ].
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