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Abstract: In this paper we investigate a forced perturbed non-instantaneous impulsive model. Firstly,
we prove the existence and uniqueness of an almost periodic solution for the model considered by
the Banach contraction principle. Secondly, we prove that all solutions converge exponentially to the
almost periodic solution. In other words, the solution of the model considered is exponentially stable.
Finally, we provide some simulations to show the effectiveness of the theoretical results.
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1. Introduction

Differential equations have been used to simulate many phenomena in the fields
of life sciences, biology, physics and engineering sciences, such as population dynamics,
epidemiology, pharmacokinetics and geophysical fluid flows [1-4].
ﬁ*;,eﬁtfé’sr However, these systems are often seriously disturbed by short-term fluctuations in the
environment. To obtain a more accurate description of such systems, we need to consider
impulsive differential equations. In recent years, impulsive differential equations have
been intensively investigated [5-7]. The investigation of these problems has important
guiding significance for the exploitation and control of biological resources.
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the non-instantaneous impulsive model and carried out more in-depth research on non-
instantaneous impulsive differential equations. In general, there are no impulses that occur
instantaneously, that is to say, they are non-instantaneous, even if the event occurs over a
short period of time. Therefore, it is essential to consider a class of differential equations
with non-instantaneous impulses.

According to the actual condition, we consider the following model (2), which is
model (1) including non-instantaneous impulses:

w (1) = A@w(s) +g(0) + pW (1w, 1), 1 € (lymiya], i €N,
m) = Biw(m; ) +gi + pWi(w(m;),u), i € Ny, )

) = Biw(m;") +gi+ uWiw(m;"),p), ¢ € (my L], i € Ny,

+) —

li ) - w(lz )/ i € N+/

where0=Ilp <my <y <mp <l < - <my <lj<mjq <---.

Let w(, u) = w(s 19, wo, i) be the solution of model (2) with the initial condition
w(if, 1) = wo, wy € R, u € M.

Periodic phenomena are widespread natural phenomena [13], but most of the changes
are not integer time periods. Therefore, we should consider parameters that are AP in
the natural environment. Many scholars have demonstrated that it is more realistic to
adopt an AP hypothesis in the process of AP study, when taking into account the impact of
environmental factors, and this has certain ergodicity [14-18]. Therefore, a series of studies
on AP solutions of model (2) are carried out in this paper.

The rest of this paper is arranged as follows. In Section 2, we provide some of the
necessary preliminaries. In Section 3, we prove the existence and uniqueness of the AP solu-
tion to model (2). In Section 4, we investigate that the solution of model (2) is exponentially
stable. In Section 5, some simulations are given to support our theoretical results.

2. Preliminaries
For the sequences {m;} and {I;},i € N}, assume lim m; = 400, lim [; = 400 and
i—+00 i— 00

1
n 2
liig <m; <ly <mjpq,let]j| = (Z ]12> forj = (ji,j2,**+ ,jn) - Let Amax(-) be the largest

eigenvalue of (-) and || X|| = /Amax(X T X) for the matrix X. The space PC([0, c0), R")
equipped with the norm ||w| pc = sup ||w( )||- It is obvious that (PC([0, c0),R"), || - || pc)
1€[0,00)
is a Banach space.
Set
By(a) ={xeR", ||x—a| <h}, h>0,acR".

Definition 1 (see [19]). For the sequences { M }icn, m,crr, if for any i € N there exists e > 0
and integer p such that the following inequality holds

[Miyp — Mif| <e, ®)
then p is called the e-AP of the {M;}icn, , M,crr-

Definition 2 (see [20]). {M;}ien,, M ,crn are called AP sequences if for any e > 0 there exists a
relatively dense set of its e-AP.

Definition 3 (see [19]). The w € PC([0,00),R") is called an AP function if all of the conditions
are met as follows

(1) {m },i,j € Ny are uniform AP sequences, where m] = Mjyj—m.

(ii) For any € > 0, there exists a number 6 = 6(¢), whlch is positive such that if 11 and 1, are
the points in the same continuous interval and |11 — 1| < 6, then |[w (1) —w(n)| < e
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(iii) For any € > 0, there exists a relatively dense set T of e-AP such that if ¢ € T, then
[lw(t+0) —w(1)|| < eforall i € 0, 00) satisfying the condition |t —m;| > ¢, i € N,.

In order to study the AP property of model (2), we propose some assumptions
as follows. o 4 ‘
(Hy) The sequences {I!}, I = I j — I; and {n}}, m] = mjyj —m, i,j € Ny are uniformly
APand0<li—ml- §9<+00,0<§§mi+1—li <0< +00,i€N+.
(Hz) The matrix function A € C([0, c0), R"*") is AP in the sense of Bohr.
(Hs) The sequence {B;}, i € N, is an AP sequence.
(Hy) The function g € C([0,c0),R") is AP.
(Hs) {gi}, i € N4 is an AP sequence.
(He) The function W € C([0,00) x R} x M,RR") is AP in ¢ uniformly with respect to
(w,u) € R x M and Lipschitz continuous with respect to w € B, with a Lipschitz con-
stant L; > 0 such that

W (w0, 1) = W(, @, p)|| < Lillw — @], w,@ € By,

forany : € [0,00) and y € M.

(H7) The sequence of functions {W;(w, )}, i € Ny, W; € C(R", x M, R") is AP uniform
with respect to (w, 1) € R’. x M and the functions W; are Lipschitz-continuous with respect
to w € By, with a Lipschitz constant L, > 0 such that

[[Wi(w, ) = Wi(@, w)|| < La|jw —@|, w, @ € By,
fori e N_, u e M.

Lemma 1 (see [19]). Let conditions (Hy)—(Hs) hold. Then, for each ¢ > 0, there exists €1,
0 < &1 < g, arelatively dense set I of real numbers and a set Q of integers such that the following
relations are fulfilled.

(@) ||[At+98) — A(1)]| <e1€[0,00),8 €T;

() ]|g(t+08)—g()|| <er1e0,00), |t—m| >¢ |t—1;] >¢i€ Ny

(©) ||Birq — Bill <& [|gi+q — &ill <& g€ Qi €Ny;

@) 1] — 0| <&y, |ml —0| <e;, g€ Q 0€T,ieN,.

Lemma 2 (see [8]). Assume that conditions (Hy ), (Hy) and (Hs) hold, then there exists a positive
constant € such that

max( sup [|g(z)|, sup Igi|> <¢

1€[0,00) ieNL

Denote the number of impulse points m; in the interval (s, 1) as k(1 s).

Lemma 3 (see [19]). If the sequences {m, } i,j € Nare uniformly AP, then we can obtain

(i) There exists a constant p > 0 such that sup (H't ) —

t—+co

= p, which is uniform with respect

tor> 0.
(ii) For any p > 0, there exists N, which is a positive integer such that the number of elements
in the sequence {m;} on each interval of length p does not exceed N. We can choose N > p.

Definition 4. The model
(1) =
(mj") =
(¢
(1

g

A(w(r) +8(1), 1 € (lymia], i €N,
B; ( )+8111€N+,

)Z (7>+glrle(muz] ieNy,

B =all), ieN,,

w

4)

g

w
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is said to be a generating model of model (2).
Consider
w'(1) = A(w(s), ¢ € (L, miq], i €N,
w(m;r = Biw(m; ), i€ Ny, )
ZU(l) = ( :) (mll z] i € N+/

Let w(t) = W(1,10)w,,, 0 < 19 < 1 represent the solution of model (5) with w(1) = w,,,
where W(, 1) is the Cauchy matrix of model (5), which can be looked up in [21].

Lemma 4 (see [21]). Assume that (Hy)—(Hs) hold, the Cauchy matrix W (1, 1) of model (5) is
exponentially stable and ||W (1, 1) < Ze~Yt=0), 2 >1,Y > 0.

Lemma 5 (see [21]). Foranye > 0,0 < 19 < t, [t —m;| > ¢ [t —1;| > ¢ |ig—m;| > eand
lto — 1i| > ¢, i € N, there exists a constant K > 0 and a relatively dense set of T of e-AP such that

W+ 8,10 +8) — W(1,10)|| < eKe=2Y(—10) 9 e T.
3. Existence and Uniqueness of Almost Periodic Solution

In this section, we study the existence and uniqueness of a positive AP solution for
model (2).

We propose the condition as follows.
(Hg) There exists a positive constant £ such that

maxq sup  [W(,w,u)ll, sup [[Wi(w,p)|l p < L.

1€]0,00) ieNL
(w,p)€R xM (w,p)€RY xM

Theorem 1. Assume that (Hy)—(Hg) hold, model (2) has a unique positive AP solution if

|u|~< +N1L2) <1, (6)

where Z and Y are given in Lemma 4.

k(lO) + k(l 0) Y +
Proof. Let N = sup Z e YUm) < 4oo, Ny = sup Y e~ 2(-m7) < 4o and
1S [0 o) i= [E[O o) i=1

Q:={w:w e PC([0,), Rﬁ’r),wiSAP(HwQ +3)—w(-)|lpc <& ¥ €T)and ||w|pc < C},
where T’ is mentioned in Lemma 1, C = E(€ + |u|L) (% + N1).
For l; <1 < mj;q, i € N, we define the operator T,

LO) 1 x+1
(To)(1) = /_ (1, 7) (8(%) + W (x, (o) )T
+ " W(i, T)(8(7) + uW(T, w(T, p), p))dt
k(1,0)

+ Z% W, mi) (gi + uWi(w(mit, 1), ). @)
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From Lemmas 2 and 4, for any w € () it follows that

k(1,0)—1

@l < L [T IWE DI+ W ), 0lhde

i=0

+ o IVGOISOI -+ W e, i

k(1,0)
+ Y IWmH) Il + [l Wi (om0, 1))
i=0
< /o[Ef =) (€ 4 |p|L
k(1,0) .
+8 Y e Ym(e+ |ulL)
i=1
< E(e w)( +N1)

Consequently, we obtain T(Q2) C Q.
Next, letd €T, g€ Q, |t —m;| > ¢, |1 —1;] > ¢, wehave

|Tw(i+ 8, 1) — Tw(,w)|| < A1+ A+ Aj,

where

L0)-1
A = Z/ IW(+8,7+8) — W)

(lg(t+ ) || + [u|[W(T+ 8, w(t+ 8, ), u)|)dt
L

+/ Wi+ 8,7+ 8) = W(i, 1)
(1,0)

(lg(+ )+ |pllIW (T + 8, w(t + 8, 1), p)l)dT

< /l sKe_%Y(‘_T)(€+ || L)dt
0
2eK

<

< et o),

A = z /' WG (g +8) ~ g(o)]
FIRIIW e+ 0,0(r-+ 0,001 — W(E (e, 0l e
HfIVEDIlsr+8) 5@l

+ullW(t + 8, w(t + 8, 1), p) = W(t, w(T, 1), 1) |)dt
Ze Y (e + |ule)dT

IN
= | [11 O\h

IN

(e+ [ule),
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k(1,0)
Ay < Z||Wt+z9ml+q) W(l,mf)”
i=0

(giqll + 1llWisg (w(miL o, 1), w)))

k(1,0)

+ ) W mO) (184 — il
i=0

Hpl[Wisg (w(m o, ), 1) — Wilw(m, ), w))
< eKNp(€+ |u|L) + ENy(e + |ple)

Finally, for any wy, wy, we have

II(Twl)( ) — (Twz) (1)

k(tO
< IM\/ W OIW(T, wi (T, 1), 1)) = W(T, wa(T, 1), 1))l dT

+ |yl /lk( ) W@ Wt w1 (T, 1), 1)) = W(T, wa(T, 1), 1)) ldt

k(1,0)
+ |pl Z VG m ) IWiaor (e, ), 1) = Wi (m ), )|

< |Pl|/ Y=Ly ||wy — wy|pedT

k(1,0)

+u) Y Be Y- ") Lollwy — wy | pe
i=1

— 1 -
< |V|&L1*||w1 — wallpc + [H|EN1 L2 ||w1 — w2 | pc

<|P¢|( + NiLy)||wy — w2l pc,

which implies that

L
| Twy — Tws||pe < [p|E(<r + NiLo)||wi — wa | pe.

Y

We can obtain that there exists a unique positive AP solution of model (2) when
Equation (6) holds by the Banach contraction principle. [

4. Exponential Stability

Theorem 2. Assume that in the generating model (4) there exists a unique AP solution. For
|u| — 0, w(1, u) converges to the unique AP solution of model (4).
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Proof. Let us denote by w(:) the AP solution of model (4). From Equation (7) and
Definition 4, it follows that

oo =) < nl{( [ IV e 0 e

k(1,0)
+ ) ||W(t,mj)||||Wi(w(m;*,y),y)|)
i=1

[u </0 Ze YT Ldr + EN1£>

=L
|y|( Y +HN1£>.

IN

IN

Then, w(t, ) — w(1) for [u| — 0. O

Theorem 3. Assume that all conditions in Theorem 1 and N In(1 + |u|ELp) + |#|EL1 < Y hold.
The solution w(t, i) is exponentially stable.

Proof. Let w(:) be an arbitrary solution of model (4). Then, using Equation (7), we obtain
w() —wl,p) = W) (w(in) —wli, 1))

k(1,10)—1 i
[ () - W, )i
i=k(10,0) /i

[ W)W, w(T) = Wit (T, 1), 1))dT

lk(z,lo)

k(lrlo)
. wo,mr)(wi(w(mr))—wi<w<mr,u>,u>>).
i=k(19,0)+1

Now, we obtain
o)~ ol < 8 i) ~ wlio )]
+lul ([ 2 0L fwle) — (e, e

Lo
k(,10) v n
by m gt~ w0
i:k(10,0)+1

Set v(1) = ||w(t) — w(t, u)|le¥*, then by means of Gronwall-Bellman'’s inequality [22],

it follows that
lwo@) —w(mll < Elwlo) = w(o, p)lleY )
k(t, T —
(IQIO) (1 + |V\EL26*Y(l*mf+)>ef‘o [#fEL1e ™ dr
i=k(1p,0)+1
< Ellw(io) = wlio ) e (1 4 [u[ELp) )= ()
< Elfwo(io) = w(io, p)||(1+ |p[ELy) el XL 0)
< Ellw(i) — w1, 1) ||eln(1+\M|5L2)k<”’0)e(*YHH\Eh)(t*lo)
< Ellw(ig) — w(ig, u)||eN A+ KIEL) =Y+{p|EL1) (1—10)

Obviously, if there exists NIn(1+ |#|EL;) + |#|EL; <Y, then the solution of model (2)
is exponentially stable. [J



Axioms 2022, 11, 496 80of 13

5. Numerical Simulations

We present two Examples and some corresponding numerical simulations in this
Section. We first give the figures of solution and exponentially stable Example 1, which
correspond to model (5). Then, on the basis of Example 1, we show the figures of solution
and exponentially stable Example 2, which correspond to model (2).

Example 1. Consider

w) (1) = (=7 +sin20)wy (1) + Swa (1), 1 € (I, mipq], i €N,

wh(1) = Lwi (1) + (=7 +sin20)ws (1), 1 € (I;, mi44), i €N,

wy(m) = |cosilwy(m;) + |sini|lwy(m;), i € Ny,

wy(m") = |sini|wy (m;) + |cosilwy(m;), i € Ny, @®)
w1 (1) = | cosi|wy(m )+|smz|w2 m; ), t€ (myli], i € Ny,

wy (1) = | sini|wy (m;) + | cosilwy(m; ), 1 € (my, 1], i € Ny,

wi (1) =wi(l7), i € Ny,

wa(If7) = wa(177), i € Ny

Assume that w(t) is the solution of model (8) satisfying the initial conditions as follows

wi(1§) =15, =0,
{ 2(1g) =2,10=0. ©)

Setly =0, {m;} and {I;},i € Nas
m;p = i+ %| cosi — cos(v/2i)],
L = i+ i|cosi — cos(V/2i)].

By elementary calculation, we have

1 .
0 < li—mi<z,zeN+,
1 3.
E < m[+1—ll’<§,l€N,

3
L — lk(l,o) € <0, 2:| .

It is obvious that m;, i € N and l;, i € N are uniformly AP. Hence, model (8) satisfies
conditions (Hq)—(Hs).
Next, according to Lemma 3, we obtain Z:ilbo)_l (mit1 —1;) > k(1,0). Thus,

lim sup k(1.0) < limsup < limsup k{1, 0) <2=
1—+00 { =400 K(1L0)—

= P Tk(,0)
,ZO (migr—1) T2
i=

k(1,0)

We know that model (8) with the initial condition (9) has a unique AP solution. We use
Figure 1 to represent this AP solution.
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0.8 H:

osf °%

04r |

02 \

Figure 1. The positive almost periodic solution of model (8).

According to Lemma 4, we can conclude that model (8) is exponentially stable and has
[lw(e)]| < 5e™* when & =2,Y = 1. Then, we can represent this result in Figure 2.

—T——+

Figure 2. The exponentially stable solution of model (8).

Example 2.

w) (1) = (=7 +sin20)wy (1) + Suwa (1) + e~
+ 555 (sinwy (1) + e 'wy (1)), 1 € (I, migq], i €N,
wh(1) = Lwi (1) + (=7 +sin20)wy (1) + e~
+ogp (€' (1) +sinwwy (1)), ¢ € (I, mipq], i €N,
wy(m;") = |cosilwy (m; ) + | sinilwy(m; ) +e~"
+2—(—smzw1( D)+ defwa(my)), i € Ny,
wy(m;") = | sini|w; (m; )+|cosz|w2( ) et
+ 555 (e~ Twy (m *)—smzwz( )) ieNy,
w1 (1) = | cosi|wy(m;) + | sini|wy(m; )+e i
+ﬁ(—smzw1( T)+de” wz( 7)), ve (myl],ie N,
W2(l)=|s ini|wy (m; )+|cosz|w2( )—l—e’i
0 (167’501( i) —siniwy(m; ")), 1 € (my 1j], i € Ny,
wl(l+) wl(l ), 1€ Ny,
wy(Ij7) = wa(177), i € N

‘ —

(10)
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Assume that w(t, p) is a solution of model (10) satisfying the initial conditions as follows

+

wi (1, 1) =15,10=0,
wy(ty, 1) =2, 10 =0.

(11)
Setly =0, {m;} and {l;},i € Nas
1 . .
m;p = i+ §|COSI — cos(V/2i)],
1
I = i—|—1|cosi—cos(\f2i)|.

By calculation, we acquire Ly = 4 and Ly = 2.25 and

Ny = sup ZeiY(‘f’"iﬂ

INA
©n
[
o

g
N

=

1€[0,00) i=1

k(1,0) o
sup Z e~4l=i=3)
1€f0,00) i=1

k(1,0)
o2 sup Z 6—4(1—1')
1€[0,00) i=1

< 62/’674(14)‘%
1

a
2

IN

IN

<

Then, |‘u|3(% + NjLp) < 0.08156344056 < 1. According to Theorem 1, we know that

model (10) with initial condition (11) has a unique AP solution. We use Figure 3 to represent this
AP solution.

0.8 Hi

06

04+ \ \

02F \"\\ \'
0 : L

Figure 3. The positive almost periodic solution of model (10).
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According to Definition 4, the generalized model (10) is presented as follows

w) (1) = (=7 +sin20)w; (1) + $wa (1) +e, i €N,

wh(1) = Lwi (1) + (=7 +sin20)wy (1) + e, i €N,

wy(mf) = |cosilwy(m;) + | sini|wy(m; ) + e, i € Ny,

wo(m;") = |sini|lwy (m;) + | cosilwy(m; ) + e, i € Ny, 12)
w1 (1) = | cosi|wy (m; )+|s1n1|w2( *)—i—e Lie (m,l], i € Ny,

wy(1) = |sinilwy (m; ) + | cosilwa(m; ) +e~i, 1 € (my, 1], i € Ny,

wi (1) = wi(17), 1€N+/

wy (1) = wa(l7), i € Ny,

There exists 0.0845012179 = N In(1 + |u|ELy) + |u|EL; <Y = 1. Then, we can obtain
lwo() —w@mll < Elwto) — wlio, ) eMHIHIEL) Y+lHEL)(—0)
< 1414213562670 .91549878211 (13)

by Theorem 3. Then, we represent (13) in Figure 4.

T T
[W()-wiepll
e 1 4142135606709154987821:

SEETERY x10°
| 15
08 10
s
06 5
| 0
04| 5
7705 T4 745
021\ L
LN~
0 1 2 3 4 5 6 7

Figure 4. The exponentially stable solution of model (10).

6. Conclusions

Differential equation models with impulses are usually established to study many
phenomena in life [23-26]. We note that Stamova and Stamov [8] proposed a forced
perturbed biological model with impulsive effects at fixed moments, which can be applied
to blood models, drug models, and even predator—prey models. They gave the conditions
for the existence of a unique AP solution and the exponential stability of the solution for
this model. We are very interested in this work.

After careful reading, we introduced the non-instantaneous impulse factor into this
model and proposed a forced perturbed non-instantaneous impulsive model. Then, we
also provided conditions for the existence of a unique AP solution and the exponential
stability of the solution for this model. As far as we know, this work is a generalization of
previous works and has not been done before.
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There are many limitations to our work. It is known to us that the time delays are
inevitable [27]. Therefore, we will gradually consider the dynamic behavior of models
with fixed delay, variable delay, single delay and multiple delay in future work. Beyond
that, there are some problems that we will consider in the future. For example, are these
results applicable to fractional-order differential equations models like [28]? Can we
extend our model to the case with randomness like [29]? What will happen if periodic
distributions/generalized functions are used?

In addition, we are concerned about the investigations of [30-32] and will study in
our future work how to solve the differential problem they mentioned.
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