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Abstract: This paper is concerned with the radius of robust global error bounds for an uncertain
piecewise linear inequality system where the uncertain data are assumed to be in polytope uncertain
sets. We first present a dual characterization for robust global error bounds of this uncertain piecewise
linear inequality system. Then, we establish upper and lower bounds for the radius of robust global
error bounds of the system of uncertain piecewise linear inequalities in terms of the Minkowski
function generalized by the polytope uncertain sets. Moreover, we also investigate robust global
error bounds for this uncertain piecewise linear inequality system when the uncertain polytope sets
are symmetric sets.

Keywords: uncertain inequality systems; error bound; polytope uncertain set

1. Introduction

Let f] :R" - R,je]:={1,...,p}, be convex functions. Let S be the solution set of
the following convex inequality system:

Find x € R" suchthat f;(x) <0, j€]. (1)

This modeling of systems as (1) is said to have a global error bound iff there exists a real
number T > 0 such that

d(x,S) < 7[f(x)]+, forallx € R",

where f(x) := max{fj(x) : j € J}, [f(x)]+ := max{f(x),0}, and d(x,S) is the distance
function of a point x € R” to the solution set S.

As we know, the investigation of error bounds for convex inequality systems is a
very interesting research area in mathematical programming such as sensitivity analysis,
convergence analysis, and asymptotic analysis. Global error bound for convex inequality
systems was first investigated in [1]. Subsequently, many researchers have been attracted
to investigate error bounds for convex inequality systems from different points of view.
For example, by using a Slater condition and an asymptotic qualification condition, error
bound results for a differentiable convex inequality system are obtained in [2]. An extension
of Hoffman'’s error bound for polynomial inequalities/equalities systems is obtained in [3].
Hoffman’s error bound for a convex inequality system in a reflexive Banach space is
considered in [4] under a Slater constraint qualification. Hoffman’s error bounds for convex
quadratic/affine inequality systems in Banach spaces are given in [5] in terms of an Abadie
qualification condition. Various types of error bounds for unconstrained and polyhedral-
constrained convex polynomials are established in [6]. Error bound moduli for a locally
Lipschitz and regular function is studied in [7] by virtue of outer limiting subdifferential
sets. Using the Clarke generalized Jacobian, a global error bound for nonmonotone Ky
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Fan inequalities is obtained in [8]. For more details on error bounds, please see the survey
paper [9].

However, many inequality systems are inevitably contaminated by prediction errors
or a lack of information. Due to these situations, many researchers have focused on the
investigation of inequality systems under uncertain data. This system (1) with uncertain
data can be captured by the following uncertain convex inequality system:

(SU) Find x € R" such that fi(x,u;) <0, j €],

where U; C R", j € ], are uncertain convex compact sets, u; € Uj, j € ], are uncertain
parameters, and f] s Uj x R" — R, j € ], are convex functions.

Following robust optimization [10-15], the robust counterpart of (SU) is formulated
as follows

(SR) Find x € R" such that f;(x,u;) <0, Vu; € Uj, j € J.

The uncertain inequality system (SU) is said to admit a robust error bound iff the robust
counterpart (SR) has an error bound, i.e., there exists a real number 7 > 0 such that

d(x,Sg) < t[fr(x)]+ forall x € R",

where Sg := {x € R" : fij(x,u;) <0, Vu; € Uj, j € J}, fu;(x) := max{f(x,u;) : u; € Uj},
fr(x) = max{ fu,(x) : j € J} and [fg(x)] := max{fz(x),0}.

Recently, following robust optimization methodology, some characterizations of robust
error bounds have been presented for uncertain inequality system (SU) and its generaliza-
tions. In [16], necessary and sufficient dual conditions for the existence of robust global
error bounds are first given for an uncertain linear inequality system with interval uncertain
sets. Then, by using project operators and dual conditions, an exact formula for computing
the radius of robust global error bounds for this uncertain linear inequality system is also
obtained. In [17], some complete characterizations of the existence of robust local error
bounds are given for an uncertain linear inequality system. Robust Farkas-Minkowski
constraint qualification conditions for an uncertain inequality system is considered in [18]
based on the existence of robust global error bounds. By employing Minkowski func-
tions, an exact formula for computing the radius of robust global error bound is obtained
in [19] for a piecewise linear inequality system with polytope uncertain sets. By using
right derivatives and projection operators, some sufficient and necessary conditions for
the existence of robust global error bounds of an uncertain convex inequality system are
obtained in [20]. In [21], by using the Ekeland variational principle, a robust error bound
for an uncertain convex inequality system with compact uncertain sets is presented. As an
application, the authors also obtained robust error bounds for an uncertain polynomial
inequality system.

We observe that there exist only two papers devoted to the study of the radius of
robust error bounds for uncertain linear inequality systems; see [16,19]. One of the most
important reasons is that the necessary dual condition for the existence of robust error
bounds for uncertain linear inequality systems in [16,19] is not available for the case of
nonlinear inequality systems. It is worth noting that such dual conditions play an important
role in the study of the radius of robust error bounds of an uncertain inequality system.
Therefore, in this paper, we consider an uncertain piecewise linear inequality system with
general polytope uncertain sets. In this case, we can show that necessary and sufficient
dual conditions for the existence of robust global error bounds are satisfied. More precisely,
we first give necessary and sufficient dual conditions of the existence of robust global
error bounds for this uncertain piecewise linear inequality system. Then, we introduce
the concept of the radius of robust global error bounds. By virtue of the dual conditions
and the so-called hypographical set of the nominal system, we give an upper bound and
a lower bound for radius of the robust global error bound of this uncertain piecewise
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linear inequality system. Moreover, we give a numerical example to illustrate the obtained
results. As a special case, we also given some results on robust global error bounds for this
uncertain piecewise linear inequality system with uncertain symmetric polytope sets.
This paper is organized as follows. Section 2 describes some basic notions and prelimi-
nary results for uncertain piecewise linear inequality systems. Section 3 presents upper
and lower bounds for radius of robust global error bound of an uncertain piecewise linear
inequality system with general polytope uncertain sets. Section 4 provides the conclusions.

2. Preliminaries

In this section, we give some basic notations and preliminary results that will be used
in the sequel. Unless otherwise specified, let R" be the n-dimensional Euclidean space
equipped with the usual Euclidean norm || - ||. The origin of R" is denoted by 0,,. The inner
product in R" is denoted by (x,y) := x 'y for any x,yy € R". The so-called simplex in R" is
denoted by

n
A, = {)LZ— ()\1,...,/\7,) GR”ZAJ >0, Z/\] —1}.
j=1

For a set ® C R”, the interior, the closure, the convex hull and the conical hull of ® are
denoted by int®, cl®, conv® and cone®, respectively. The distance function d(-, ®) of
©® C R" is defined by

d(x,®) :=inf{||x —y|| : y € O}, Vx € R".

We shall adopt the convention that d(x, ®) := +co when © = @.
Let A be a nonempty and convex subset of R” with 0, € intA. The function

pa(x) :=inf{t > 0:x € tA}, x e R", ()

is called Minkowski function of A.
The following properties of the Minkowski function ¢, are obtained in [22].

Lemma 1. Let A be a convex subset of R" with 0, € intA. Then, the following properties hold:

(i)  ¢n is sublinear and continuous;

(i) {xeR":pr(x) <1} =clA;

(iii) If A is bounded and symmetric (i.e., x € A = —x € A), then ¢ := || - || o is a norm on R"
generated by A.

In what follows, let Z; C R"*+1 i € ], be polytope uncertain sets with 0,1 € intZ;.

Let (ﬁj, I_ﬂj) € R"xRand &; € Ry. Forany a; € Ry, j € ], the uncertain sets Uff'aj,j €],
are defined as follows:

U;‘jraj = (ﬁj, b]) + (06] —|—5Cj)Zj, ] e (3)

Motivated by [16,19], in this paper, we consider the following piecewise linear inequality
system under polytope uncertain sets

(SU&/,’“J,) Find x € R" such that g;(x) + a]-Tx -b;<0,j€],

where g; : R" — R, j € ], are given functions and (a;,b;) € U}Xj "I are uncertain parameters.
In what follows, unless otherwise specified, we assume that Sjs j € ], are piecewise linear
functions defined by

. R kT gk .
gj(x) = g%{cj x—dj:ke I}, 4)

where (c}‘,d}‘) eER"xR, kel:={1,...1},je].
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To deal with (SU&],,D(], ), it is usually associated with the so-called robust counterpart

tX/',U(j

(SR&],/“],) Find x € R" such that g;(x) + a]-Tx —b; <0, VY(aj, b)) € u"' jel

In what follows, we always assume that the system (SU&,,aj) admits a robust global error

bound at & i = 0, that is the nominal system
. Ou;i .
(SRO,%_) Find x € R" such that g;(x) + a]-Tx —b; <0, VY(aj, b)) € u, Ve,

admits a global error bound. Here, U]Q"Xj = (aj, l_oj) +a;Zj, forallj e J.
Now, we give the following result, which can be regarded as a dual characterization
of the existence of the robust global error bound of (SU&],,D(],).

Proposition 1. The system (SUa]-,,x]-) has a robust global error bound if and only if

(0,,—-1) ¢ cone{ U (c;‘ + a;f&jﬂf’d;‘ + b;}ﬁqﬂj) } (5)

kel, ieM, jej
Here, M :={1,...,m}, (a;’“j'“j,b;'“j'aj) eR" xR, i€ M,j€ ], are the extreme points of the
polytope uncertain set U;‘j Y ie,

&0 a0 1,80 m,a; K RGN .
U].’ ’:conv{(aj / ],bj / ]),...,(aj / ’,bj / 1)},]6].

Proof. The proof is similar to the one given in Theorem 3.7 of [17], and so, it is omitted. O

Following [16], we introduce the following concept of radius of robust global error
bound for the system (SU&/-,a/)- It is worth noting that this concept is motivated by the

concepts of radius of robust feasibility for uncertain optimization problems; see [23-28] for
more details.

Definition 1. The radius of robust global error bound for (SU ) is defined as

jaj
0 := sup }2}:{06]' : (SR&]_,,X],) admits a global error bound}. (6)

Remark 1. Obviously, if&; = 0, j € ], the radius of robust global error bound p of (SU&]_,%_) gives

a numerical value for the largest polytope uncertain set Ufj I under which (SU&]_"X]_) has a robust
global error bound.

3. Characterizations of Radius of Robust Global Error Bound

This section is devoted to the investigation of radius of robust global error bound for
(SU&],’“],) based on the Minkowski functions. Note that we need the so-called hypographical
set [29,30] of the nominal system (SR, rxj)' which is define by

H(S) := conv{ U (—cj" - ﬁ]',—d;? - 1_7]')} + R4 (0,,—1). (7)

kel, jeT
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Theorem 1. The radius p of robust global error bound of (SU&],,“J,) satisfies

inf inf u,v) —min{a;} <p < inf su u,v) — min{&;}.
(u,0)CH(S )]EI(PZ( ) — jel{ ]} SP= (u0)CH(S) ]El]:’(PZ( ) — jel{ ]}

Proof. We first show that

< inf s u,v) —min{&;}. 8
e= L ]teleqbz( ) — jelj{ it ®)

Suppose that there exist a; > 0, j € ], such that (SUQJ_,“/,) admits a robust global error bound.
By Proposition 1, it follows that

kel, ieM, jeJ

(on,—l)gcone{ U (c+ f’fdk+b )} )

where (a : i bl iy ) €R"xR,i € M,j € ], are the extreme points of U;‘j a Obviously,
) is equlvalent to

(0, —1) ¢ cone U (c;‘ + aj,d;‘ + b]->
@ﬁ%jeLﬁW”,keLje]

Then, it follows from U, B = = (a;,bj) + (aj + &;)Z; that

(0, —1) ¢ cone{ U (F+adf+5)+(a+ rxj)z]}. (10)
kel, jeJ
Now, take any (u,v) € H(S). By (7), there exist )tk >0,kcljc],withy Y Ak=1,
keljej
and y > 0, such that
= Y M=k — @ —df = By) + (00, 1), (11)
kel je)
Let € > 0. Itis clear from (11) that
Oi’lr ZZ *ﬁ]‘,*dk*l_ﬂj — (u,vfe) . (12)
kel jc] U + € (( ] ) )
By the definition of ¢er we have
(u,v—¢€) € ¢>Z/.(u,v —€)Z;.
Thus, we deduce from (12) that
(04, —1) € cone{ U (c +a],d;‘ ) + 4>Zj(u,v — e)Zj}.
kel, jej
This, together with (10), gives
inf{a;j +&;} < sup ¢z, (u,0—€). (13)

j€]



Axioms 2022, 11, 497

60f 11

Note that
inf{a;} +inf{&;} <inf{a; +&;}.
je]{ ]} je]{ ]} je]{ ] ]}

Then, it follows from (13) that

inf{a; < (u,v—€) —min{@;{.
;gﬁ%hjgﬁzﬂuv €) —min{;}

Taking infimum over all (u,v) € H(S), we obtain

infla;! < inf (u,v—€) —minq&;t. 14
SPIUS < lttys) SoP P (107 =€) ~minidy) s

Now, by the definition of the radius p, Lemma 1(i) and letting € — 0 in (14), it follows that

supinf{a;} < inf s (u,v) —min{a;!.
p}el{ it s (1,0)eH(S) ]-:I])(PZJ( ) je]{ i

This means that (8) holds.
Now, we claim that

> inf infey (1) — min{a L. .
p_(u,vﬁrelH(S)}Iel](PZJ(” v) I]nel}‘{”‘]} (15)

Lete > 0and &; := p + €. By using the similar method of the inequality (19) of Theorem 3.1
in [19], we have

inf inf¢y (u,v) <& +& =p0+¢€+&;. 16

oo ki) 1) ¢z;(u,0) <&j+a;=p j (16)

Taking € — 01in (16), we have

inf inf¢y (u,v) —min{a;} < p.
(oot 1 92,0 0) ~min{®) < o

Thus, (15) holds and the proof is complete. [

Now, we give a numerical example that illustrates how we employ Theorem 1 to
calculate upper and lower bounds of the radius of robust global error bound for (SU&j,txj)

under Z;, j € ], are simple non-symmetric polytopic uncertain sets.

Example 1. For (SU&j,aj)' Letn:=Tland p =1:= 2. Let (a1,b1) := (1,0), (@2, b2) =: (0,1) €
R?, and & = & := 0 € R. Let the polytope uncertain sets Z; C R? and Z, C R? be defined,
respectively, by

Z] = {(zl,zz) c R?: |zl+1 <2, 2 +22<3,22> -1, 21 +22> —2}

and
ZZ:{(zl,zz)e]Rz: 1z1|<8, |2+2]<5, |z1+z2|g6}.

Clearly, for any aqg = ap 1= € Ry,
U™ = (1,0) +aZy, and Uy = (0,1) + aZ,.

Moreover, let (c},d}) = (c},d}) == (1,0) and (c3,d3) = (c3,d3) := (0,2). Clearly, g1(x) =
92(x) = max{x, —2}. Then, (SU&],,“],) becomes

Find x € R" such that max{x, -2} + a]-Tx -b;<0,j=12,
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where (a]-,b-) € Ufi gl , j = 1,2. Moreover, we have

H(S) = conv{(—ck—a;,—df —b;) ik=1,2,j=1,2} +R:(0,~1)
= conv{(~2,0),(~1,-2),(~1,—1),(0,—3)} + R4 (0, —1).

On the other hand, for any (u,v) € R?, it is easy to show that
(u,v) €tZy & {t> —0,

Then, for each (u,v) € R?,
¢z, (u,v) =inf{t > 0: (u,v) € tZ;}

1 1 1 1 1
=1 cf > —_ — -y - = _ _
mf{t >0:t max{ 3u, u, 0, 2u 20, 3u+ 30}}

1 1

= max —luu -0, —zU— =0 1u—O—lv
B 3 o 2n 273 3

Thus, for any (u,v) € H(S),

1
——u—=-v, Hfut+v<-2 —-2<u<uv uv<0,
¢Z1(urv): 2 2
—v, fu+v<-3, u>v,u>-2 u7ov<0.

Similarly, for any (u,v) € R?, it is easy to show that

1 1
t> ——u, t > —
= 814, _8M,
1 1
u,v) €Etl) & > _Z > =
(u,0) 2 t > 3v,t_7v,
1 1 1 1
tZ—gu—gv,tZEu—i—gv

Therefore, for each (u,v) € R?,

¢z, (u,v) =inf{t > 0: (u,v) € tZ}

—inf{t>0:t>max{—1u 1u —lv 1v —lu—lv 1u+1v}}
- 8787 3777 6 66 6
1 1 1 1 1 1 1
Ll

:max{—gu, éu, - 50, §v, — gu—gv, gu—l-
—711—8'0, ifu+7]§—2, —ZSMSU/ M,'USO,
4)22(”'0): 1

—gv, f2Zu+ov< -3, u>v, u>-2,u0v<0.

Thus, for any (u,v) € H(S),
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Obviously,
i f i 7 - i f 7 7 7
oih(s) SP 97 (4 0) = | inf  sup{gz, (,0), 97, (1,0)}
= i f ’ - 1,
(u,v;relH(S)(PZl(u v)
and

bt o — e (s () o0 (o
oo D0z, (w0) = | inf iz, (,0), ¢z, (u0)]}

. 1
= inf S)(pzz(u, v) = 3

(u,0)eH(

Consequently, we have

Q| =
IN
=
IA
—_

Thus, Theorem 1 is applicable.

In the special case when the functions gy = - - - = g, := 0, we can easily obtain the
following result, which is a new result on robust error bound not yet being considered in
the recent literature.

Corollary 1. For the system (SU&j/“j), assume that the functions ¢ = --- = gp := 0. Then,
the radius p of robust global error bound of (SU&/_,,X],) satisfies

inf inf¢y (u,v) —min{a:} <po< iInf su (u,v) —min{a;},
(u,v)eﬁ(S)f€]¢Z/( ) je]{ jse (u,0)€H(S) ]J(’bz’( ) jeI{ i}

where

H(S) = COI‘IV{ U (—a;, —bj) } + R (0,,—1).

j€l

Remark 2. Corollary 1 encompasses Theorem 4.2 of [16], where the uncertain sets are interval
uncertain sets.

In the special case when Z; = - - - = Z;, :== Z is a convex and compact subset of R+1
with 0,41 € intZ,and & = --- = &, := 0 € R. Then, forany ay = --- = ap := a € Ry,

the uncertain set U;.ij I reduces to
Ui := (a;, b)) +aZ, j€]. (17)
Thus, (SU&],,NJ,) becomes
Find x € R" such that g;(x) + a]-Tx -b;<0,j€], (SU,)
where g; : R" — R, j € ], are defined as (4) and (a;,b;) € U]‘?‘ are uncertain parameters.

Theorem 2. Theorem 3.1 of [19]. Assume that (SU,) has a robust global error bound at & = 0.
Then, the radius p of robust global error bound of (SU,) is given by

~_ inf o).
P (u,v;IGIH(S) (PZ(u U)
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Remark 3. Note that Example 1 can also used to illustrate how we employ Theorem 2 to calculate
the radius p of robust global error bound for (SU,, ). For example, let

7 = {(zl,zz) eR?: |2l +1(<2, 28 4+22<3, 22> -1, 21 +22 > —2}.
By Example 1, we have p = 1. Similarly, if

zz{(zl,zz)eRZ: 1z1|<8, |2+2]|<5, \zl+zz|§6},

Q=

then, from Example 1, we have p =

At the end of this section, we consider the system (SURJ,,,X],) when the polytope Z;

is symmetric. In this case, the bounds for the radius of robust global error bound of
(SU&j,“]_) can be checked by solving a specified norm of a convex optimization problem.

Here, the so-called simplex in R? is denoted by
I . - 1 l 1 1 L.k k _
Al = {/\._ (MoAl A 2h) eRMAE > 0, %%A]. _1}.
J

Using a similar argument as that given for the proof of Corollary 3.1 of [19], we can
deduce the following result.

Theorem 3. Suppose that the polytope Z; are convex, compact and symmetric subsets with 0,1 €

intZ;, j € J. Then, the radius p of robust global error bound of (SU&]_,D‘]_) satisfies

inf inf
(Ap)enl, xRy j€J

kelje] kelje]

<Z‘ LAY )t 1L L+ Eﬁ) H —min{i} <p<
Z

inf sup
(Ap)Er, xRy je]

(Z YA +a) ) 3 AT+ Eﬂ) H ~min{%;},
Zj

keljej kel jej
where || - ||Zj is a norm on R" 1 generated by Z;, i.e., for any (uj,vj) := (u]l., . ..,u?,vj) € R"*1,
[[(uj,0j)||z; = inf{t; > 0: (uj,v)) € t;Z;}.

In the special case when Z; are convex, compact and symmetric subsets with 0,11 €
intZ;, j € ], we can easily obtain the following result for (SUa]_JX}_) withgy =+ =g, :=0.

Corollary 2. Suppose that the polytope Z; are convex, compact, and symmetric subsets with
0,441 € intZ;, j € J. For the system (SU~ ) assume that the functions g, = =gp:=0.

Then, the radius p of robust global error bound of (SU&j/aj) satisfies

inf U+ Y Ab; —min{&;} <p
(A /P‘)GAVXRJr j€J <]§} j ] ]EEI / ]> z j€J 4
< inf sup A, u+Y Aib; —min{&;},
(Apu)EAp xR je] (]GZ] 777 ]EZ] J ]> 4 jel ]
j
where || - ||z; is a norm on R generated by Zj, i.e., for any (uj, v;) := (ujl-, c U, 0f) € R+,

H(uj,vj)HZ]. = ll’lf{t] >0: (M]',Z)j) € t]Z]}
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Similarly, it is easy to show that the following result for (SU, ) holds.

Corollary 3. Corollary 3.1 of [19]. Let & € R and let polytope Z be a convex, compact, and
symmetric subset of R"*1 with 0,41 € intZ. Assume that (SU,) has a robust global error bound
at & = 0. Then, the radius p of robust global error bound of (SU,) is given by

p=  min
(Au)enh, xRy

7

VA

(Z ZA]k(c]k +a), u+ Yy ZA;?(d]k + Ej))

keljej kelje]

where || - ||z is a norm on R"*1 generated by Z, i.e., for any (u,v) := (u',...,u",v) € R"*1,
|(u,v)]|z =inf{t > 0: (u,v) € tZ}.

4. Conclusions

In this paper, following the framework of robust optimization, we consider the radius
of robust global error bound of a class of uncertain piecewise linear systems with general
polytope uncertain sets. By using the Minkowski function, an upper bound and a lower
bound for radius of the robust global error bound of (SU&/,,IX]_) are established. We also give
upper and lower bounds of radius of the robust global error bound for (SU&]_,D(/_) when the
uncertain polytope sets are symmetric sets. The results obtained in this paper improve and
extend the corresponding results obtained in [16,19].

Although some interesting results of the robust global error bounds have been given
for (SU&]_,,X],), in this paper, there are also some questions to be considered in the future,
for example, using similar methods to [16,17,20,21], whether we can present some results of
robust global error bounds for (SU&],’ (X],) when the uncertain sets are general convex and com-
pact sets. On the other hand, it is of great interest to extend our approach to investigate two-
stage adjustable optimization problems [31], such as inventory-production management
problems with demand uncertainty and lot-sizing problems with demand uncertainty.
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