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Abstract: In this paper, we focus on a family of backward stochastic differential equations (BSDEs)
with subdifferential operators that are driven by infinite-dimensional martingales. We shall show that
the solution to such infinite-dimensional BSDEs exists and is unique. The existence and uniqueness
of the solution are established using Yosida approximations. Furthermore, as an application of
the main result, we shall show that the backward stochastic partial differential equation driven by
infinite-dimensional martingales with a continuous linear operator has a unique solution under the
special condition that the F;-progressively measurable generator F of the model we proposed in this
paper equals zero.
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1. Introduction

In 1990, Pardoux and Peng [1] initially proposed the general nonlinear case of back-
ward stochastic differential equations (BSDEs): let (¢, f) include a square-integrable random
variable ¢ and a progressively measurable process f, and let Wi(o<;<) be a k-dimensional
Brownian process. It can be proven that there exists a unique solution of an adapted process
(Y, Z) of the following type of BSDEs:

T T
Yt:§+/ f(s,Ys,Zs)ds—/ ZodW,, 0<t<T.
t t

Since then, many scholars have begun to carry out more in-depth research on BSDEs.
As a result, BSDEs have developed rapidly, whether in their own development or in many
other related fields such as financial mathematics, stochastic control, biology, the financial
futures market, the theory of partial differential equations, and stochastic games. Reference
can be made to Karoui et al. [2], Hamadene and Lepeltial [3], Peng [4,5], Ren and Xia [6],
and Luo et al. [7], among others. Among the BSDEs, Pardoux and Rascanu [8] considered
BSDEs involving a subdifferential operator, which are also dubbed Backward Stochastic
Variational Inequalities (BSVIs), and also utilized them with the Feymann—Kac formula
to represent a solution of the multivalued parabolic partial differential equations (PDEs).
Pardoux and Rdscanu [9] demonstrated that the result could be easily expanded to a spatial
setting Hilbert by giving examples of backward stochastic partial differential equations
with solutions. Diomande and Maticiuc [10] used a mixed Euler—Yosida scheme to prove
the existence of the solution of the multivalued BSDEs with time-delayed generators;
Maticiuc and Rotenstein [11] provided the numerical results of the multivalued BSDEs.
Boufoussi [12] showed that there is an existing and unique solution to a type of generalized
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backward doubly stochastic differential equation with a symmetric backward stochastic It6
integral. Wang and Yu [13] explored this problem with an anticipated type of generalized
backward doubly stochastic differential equation. Instead of normal Brownian motion as
the interference source, Yang et al. [14] showed the existence and uniqueness of the solution
for a type of BSDE driven by a finite G-Brownian process with the subdifferential operator
by using the Method of Approximation of Moreau—-Yosida.

Some authors have also obtained results in the type spaces of L¥, among which Briand
et al. [15] obtained an a priori estimate and demonstrated the existence and uniqueness of
solutions in L¥, p > 1. Under normal conditions, Fan et al. [16] studied bounded solutions,
L?(p > 1) solutions, and L! solutions of one-dimensional equations.

Instead of focusing on one-dimensional BSDEs (Y € R), it is possible to extend to
multi-dimensional settings. Bahlali [17] had proven the existence, uniqueness, and stability
of the solution for multi-dimensional BSDEs with a local monotonous coefficient. Maticiuc
and Rascanu [18] extended the existence and uniqueness results of the previous work of
Pardoux and Réscanu [9] by supposing a weaker boundedness condition for the generator
and by considering the random time interval [0, T], the Lebesgue-Stieltjes integral terms,
where a fixed convex boundary is induced by the subdifferential of an appropriate lower
semicontinuous convex function. Rédscanu [19] proved that in the case of p > 2, the
variational solution is a strong one since they have certified the uniqueness of that solution.

Moreover, the martingale has a broader range of applications than Brownian motion.
The properties of the martingale described may not hold true, and one generally needs to
enter more martingale into the response. Hamaguchi [20] proposed an endless dimensional
BSDE driven by a barrel-shaped martingale, demonstrated the presence and uniqueness
of the arrangement of such boundless dimensional BSDEs, and showed the grouping
of arrangements of related BSDEs. El Karoui and Huang [2] studied BSDEs driven by
finite-dimension martingales. Al-Hussein [21] demonstrated an aftereffect of the presence
and uniqueness of the solution of a BSDE which is driven by a limitless dimensional
martingale and applied the outcome to track down a special answer for a regressive
stochastic fractional differential condition in boundless measurements. Because the case
of p = 2 is more common and p > 2 is more complex in L? space, it is necessary to study
BSDEs with the subdifferential operator, whose drives are infinite-dimensional martingales
in L? space.

By considering the subdifferential operator and martingale simultaneously, Nie [22]
concentrated on the existence and uniqueness of the solution to a multi-dimensional
forward-backward stochastic differential equation (FBSDE) with the subdifferential opera-
tor in the backward condition where the backward equation is reflected on the boundary
of a closed convex area. However, as far as we know, research on infinite dimensional
martingale has not been done before.

The purpose of this paper is to consider a class of BSDEs driven by infinite dimensional
martingales with the subdifferential operator of the following type:

dY; + F(t, Y, Z:QY?) dt € 9 (Y:) dt 4+ Z; dM; + dN;, 0 <t < T,
@
Y(T) =¢.

Equation (1) is written in the context of a completion probability space (Q), F, P) with
a continuous filter {F;};>0 on the right side. Here ¢ is a random variable, given as a final
value; the function F is a mapping from Q x [0,00) x H x L?(H) to H; M is a continuous
martingale in the space of H; and Q) is a predictable process that captures values from the
space L, (H) of nuclear operators on H, that was introduced by Al-Hussein [23], and will
be explained in the next section.

The main aim of this paper is to find an adapted process (Y, Z, U, N) in a proper space
such that the BSDE in Equation (1) holds. Then, it allows us to establish the uniqueness of
the viscosity solution of a certain type of non-local variational inequality. The following is
a list of how this paper is organized. Section 2 introduces certain fundamental notations,
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assumptions, and preliminaries, as well as the a priori estimation of a series of penalized
approximations to the equations. In Section 3, we verify the existence and uniqueness of
the BSDE solution using the Yosida approximation approach. In Section 4, an example is
provided for illustration of the proposed methodology.

2. Preliminaries

Al-Hussein [23] established the concepts of space and martingales as follows: Denote

Mﬁ) T] (H) as the vector space of the cadlag square-integrable martingales {M(t),0 < t < T},

that take values in the space of H; moreover E[|M(t)|”] < o for each t € [0, T]. A Hilbert
space with respect to the inner product (M, N) — E[(M(T),N(T))y]| if P-equivalence
classes have been established. Let M%(fT] (H) be a Hilbert subspace containing contin-
uous square integrable martingale in H. These are very strongly orthogonal for M, N €
M%O,T] (H), for all [0, T]-valued stopping times u, if we can satisfy E[M(u) @ N(u)] =
E[M(0) ® N(0)]. In particular, if N(0) = 0, E[M(u) Q N(u)] = 0, then M and N are very
strongly orthogonal.

Let M € M%O,T](H ), and let the process (M) represent the predictable quadratic
variation of M; let Q) represent a predicted process that takes values from the set of
positive symmetric elements that is linked to a Doléans measure of M @ N. We define

(M) = fot Om(s)d(M)s, and assume there exists a predictable process Q(t, -) which is a

symmetric positive definite nuclear operator on H and satisfies ((M)); = fot Q(s) ds.

Under the space L*(H; P, M) of processes ®, we first consider £(L(H)) to be the
space of predictable simple processes, and let A%(H;P, M) be the closure of £(L(H))
in L*(H; P, M). Hence, the space A%(H;P, M) is one Hilbert subspace of L*(H;P, M).
Additionally, the stochastic integral f ® dM is defined for an element ® € AZ(H ;P,M)
which belongs to M%O,T} (H), and also fulfills the condition

2

E /OT<I>(t) dM(#)

T
; —IE[/O |D(t) 0 /% (1) %Z(H)d<M>t:| < oo,

Consider the following spaces [21]:

T
L%(0,T; H) := {4) 10, T] x Q — H, ¢ is predictable and satisfies E [/ | () %d(M)t} < 00};
0

S%(H) := {(]) [0, T] x Q3 — H, ¢ is continuous, adaptable and satisfies E

sup |4>(f)|12q] < 00}-

0<t<T
As stated in Al-Hussein [21], S?(H) is a separable Banach space which conforms to the norm

1/2
s 0| )

0<t<T

l9lI% (H) = <E

Let M € Mfo 7] (H) be M(0) = 0 and consider the following assumptions:

(H1) The function F : Q x [0,00) x H x L?>(H) — H fulfills the requirementa € R, 5,7 >0,
and also let  be one F;—progressively measurable process.
(H2) (i) F(-,-,y,z) is F;— progressively measurable,
(i) y — F(t,y,z) is continuous, dp x dt a.e.,
(i) Vy,y' € HandVz,z' € Ly(H)
(F(ty,2) = F(ty,z),y—y') <aly—y']%
) |F(ty,2)— F(ty,2)| < Blz -7,
v |Ey0)l < net+alyl,
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i) E[fy [F(0,0)[} ] < oo.
(H3) () @ is just a valid convex function,

i) ¢(y) = ¢(0) =0.
(H4) @) ¢ € LXQ,Fr,PH),
@ EEM(IE] + lo@)D] < oo,
(i) E[f;eM|n(s)?|ds] < oo, here A >2a+ p2
(H5) Every H-valued square integrable martingale with filtering {7;,0 < t < T} has a
continuous version.

We introduce ¢, which is a subdifferential of the L.s.c. convex function from the space
H to R. d¢ is a multivalued function from the space H to H, which was given by Pardoux
and Rascanu [1].

Forany u € H,

dp(u) ={he H: (h,v—u)+¢(u) < ¢v), Vo e H}.
Let Dom(d¢) be the set of u € H such that d¢(u) is not empty, and define (u,v) € d¢ to
imply that u € Dom(d¢) and v € d¢(u).

The function ¢ is then approximated by the convex C!-function ¢, e > 0 which was
defined by Pardoux and Rédscanu [8] as

1 1
@e(u) = inf{2|u - v|2 +ep(v):ve H} = §|u — ]gu|2 +ep(Jeu),

where Jeu = (I +edg) ! (u). Forall u,v € H,e > 0, the properties of the approximation
presented by Barbu [24] are given by

1D () = 1ge(u) = L(u — Jou) € dg(Jeu),
(gUe) = ()| < u—o], and lim Jon = Prossus(u).

Hence, forall u,v € H,e > 0,¢' > 0, we have 0 < ¢, < (D¢, (1), u) where

<1qus(u) - el,DGOs/(v)) > —(1 + 81,) [Dge(u)| X |Dg(0)]. @)

Consider the approximating equation
1 (T T T T
Vit [ Devds=c+ [ R, ZiQl A ds - [ ziamo— [ ans )
t t t t

As a result of the conclusion of Al-Hussein [21], for this Equation (3) there exists a unique

solution (Y¢, Z¢, N¥¢) € sﬁm (H) x M[ZO,T] (L2(H)) x M[ZO,T] (H).

Lemma 1. Let the assumptions (H1)-(H5) be satisfied, then for all0 < a < T,

E

T T
sup MYfP+ [ eM(YVIP + 2502 ds + | eASd<N>s] <ChiaT), @
a<t<T a a

where

Fl(a, T) =E

T
Mg+ [ e)‘S|P(s,O,0)|2ds].
a
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Proof. Firstly, [td’s formula for eM|YF|? yields

T
At|Y8|2+/ )\‘Ys|2+||Z£Q1/2|| ds+/ Asd > Z/ ( DQDE(YS)
”\§|2+2/ JF(1 Y, 78QV2) d 2/ S(YE, ZE M) 2/ S(YE, dNE).

Then applying Schwarz’s inequalites and considering (%D(pg (v), y) >0,

2(y,F(s,y,2)) = 2(y,F(s,y,2) = F(s,y,0) + F(s,y,0) — F(s,0,0) + F(s,0,0))
< 2B(y,2) +2aly|* +2(y, F(5,0,0))
< Qa4 (141 1)y + o7 — Izl + |F(s,0,0)|2,
where A > 2« + /32,0 <r< %ﬁﬁﬁz) A 1. Hence,
T
MR+ [ (-2 fr(1+ﬁ2))|Y§I2+LHZiQi/ZIHdH/ e d(N);
< eAT|§|2~I—%/ ™ |E(s,0,0)[2 ds — 2/ N (Y2, 78 dM) 2/  dN).
t

It can be shown that

T
sup eM|YE2 < AT|gP 4= / e |F(s,0,0)[2ds +2 sup / M (YE, 78 dM)
a<t<T a<t<T
T
+2 sup / e™(YE, dNg)|.
a<t<T|/t

Then, taking the expectation in the above inequality using Burkholder-Davise-Gundy’s

inequality,
T
sup eM|YE|?| < C+2E| sup / eM(YE, ZEd M)
a<t<T a<t<T
T
+2E | sup / e™(YE, dN;)
a<t<T|/t
< G+ lg sup eM|Yf|? +C2]E[/ M||Z§Q§/2||2ds}
2 a<t<T
1
+5E| sup eM|Yf? +C3EU “d(N)s].
a<t<T

Hence, the proof is completed. [

Lemma 2. Let the assumptions (H1)-(H5) be satisfied, then there exists a positive constant C such

that for0 <a < T,
T 2
/ s (1D¢€(Y§)) ds
a

B[e o (r0)] + 5[ [ e g as| < craa ), ©

E[eMY: - Y] < &CTa(a,T), )

E < CI(a,T), ©)
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where

Ty(a,T) =E

M2 + 9(0) + /()Te“|n<s>|2ds].

Proof. Consider the subdifferential inequality below:
M e(YE) > (" — M) e (YE) + eV e (Y5) + eV (Dge(Y5), YE - Y),

fors =t 1 AT, r=1t; NT,wheret =ty <t; <t <---andt;;; —t; = 1/n. By summing
up over i, and going to the limit as n — oo, Vt € [0, T|, we can deduce that

T 1 T
Mo (Y7) + [ AeMgu(¥)ds+ - [ eMDge(¥D) 2 ds
T T
<eMou(@)+ [ (Deel¥D),F(s, Y5, Z0) ds — [ M(Dye(¥:), Z5 dM).

As a consequence, we obtain the result by combining Equation (4) with the inequalities
in Proposition 2.2 from Pardoux and Rascanu [8]:

2Dgc) P+ ep(ey) = 9ely), co(ley) < gely)

—A@e(y) < [Moe(y) < [AM(Dee(y), y),
9e(8) < eq(2),
0 < @e(u) < (Doe(u),u),

1 €
(Dge(y), [Aly + F(s,y,2) < S IDgeW)l* + 5 (IAllyl + |F(s,,2)])*

IN

1
5 ID@eW)? + (ALY + [F(s,y,2)*)

IN

1

o2 D)+ e[1AP Iy
+4(B (121> + 7 ly1* + 72 (s))].
Hence, the end result is obtained. O

Lemma 3. Assuming that assumptions (H1)—(H5) are satisfied, then for any €,¢' > 0,

T / /
E / M (|YE = YE P+ (|1Z6Q2 — ZE QV2*) ds | < (e+¢€)CT(T), ®)
0
E| sup eM|Y:— Y| < (e+¢€)CI(T), ©9)
0<t<T

where

I(T) = E

(2 + (@) + [ T|F<s,o,o>|2ds].
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Proof. Firstly, Itd’s formula for e™|YE — Ye |2 yields
MYE Y [ vzl - 7 QP s
As e € T As (v€ ¢ 1 £ 1 €
+/t M A(NE - N >S+2/t e (Y —¥¢, “Dg(X) — S Dgo (YY) ds
T !
= Mg +2/ e (YE—YE, F(t, Y5, ZEQY?) — F(t, Y5, ZEQY?)) ds
) / < (78— 78)dMy) - 2 / —YE,dANE — dNE).
Moreover,

uﬁ—ﬁf@ﬁl&%%fuwzwmn
< (Z(X-‘r (1 +7’),52)|Yt Ye ‘2 HZ£Q1/2 Z;ng/2H2_

Based on Equation (2), hence,
! T !
eM|Yf - Y¢ |2+/t e d(NF — N¥),
+/ [A 2 — 52—rﬁ2)\y5—Y;’|2+HLle;Qg/z—zé’Qi/zllz ds
1 1
<2(3+7) [ D] x IDgoxs s —2 [ &0 Y, 28 - 72w
t
T ! !
—2/ M (YE— YE,dNE — dNE).
t

Taking the expectations on both sides of the above inequation, and combining it with
the inequation below from Lemma 2,

T /
2( 4+ 5 B[ [ IDp | x Do | as] < e+ (),
t

we can obtain

E

T !
/ eM(|YE—Y¢ |2)ds] < C(e+¢&)I(T).
0
On the other hand, on the basis of Equation (10), we obtain
E|e}|ZEQi/? — Z¢ Q12|17 ds

T /
< Cle+¢)E / M| Dg. Y| x Do Y? | ds]|.
Jt

Indeed, it follows from Burkholder-Davis—-Gundy’s inequality that the result below
can be obtained:

E| sup eM|Y:—YZ]?

0<t<T

< (e+¢)CI(T).

We then complete the proof. [J
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3. The Existence and Uniqueness of the Solution

Lemma 4. Let the assumptions (H1)—(H5) be satisfied, and let (Y, Z, U, N) be a solution to the
BSDE in Equation (1) and (Y',Z',U’, N") likewise be another solution to this type of BSDE. Denote
(8Y,8Z,6U,6N) = (Y —Y',Z—Z',U—U',N — N'), and let A be a real number, hence,

T
E[/ M (|62 + [|16Z:Q1/2|2) ds| =0, (10)
t
E| sup eM|6Y; | = 0. (11)
0<t<T
Proof. 1td's formula for e*|6Y;|? yields
AT 2 At 2 T Al 2 1/22 T Al
ATI5Y2 — M|5Y P = /t MY, + 115Z: Q172 )ds+/t e d(5N)s

T
12 /t M (8Ys, [F(s, Ys, ZsQ1/2) — E(s,6Ys, 0Z:Q1/2)] ds
— |6U,| ds — |5Zs| dM; — d6Ns).

Taking the expectation of the above equation, we obtain
T
]E[em(mﬂ +EU M (A|SYs]? + |5ZSQ§/2|2)ds}
t
T T
+E [/ s d((SN)S} +OE {/ s (6Y,, SUL) ds]
t t
T
—2FE [/ eM(8Yy, [F(s, Ys, Zs QL ?) — F(s,6Ys,6Zs QL)) ds] :
Jt
However, consider the following,

2(5Y4,6U,) > 0,
2a[6Y;|2 + B(16Ys[? + [[6Z5 QL2 |1?)
1
(20 + B2+ rpA)| OV + 1 102, Q3|1

(6Y:, E(s,Ys, Zs QL) — F(s,0Ys,6Z5QL/?))

IN

IN

Hence, we can obtain Equation (10). By the use of Burkholder-Davis—Gundy’s inequality,
Equation (11) can also be obtained. [

Theorem 1. Suppose that the conditions (H1)-(H5) hold, then there will exist a unique quadruple
(Y,Z,U,N) so that

Y € St 1y(H), Z € M, ,(L*(H)), U € M, ,(H), N € M§, 1 (H),

EMT&S(,)(YS) ds} < oo, (12)

T T T T
Yt+/ usds:g+/ F(t,ys,zsgg/z)ds—/ zdeS—/ dn,
t t t t (13)

Y; € Dom(d¢), and U; € 9g(Y}).
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Proof. Uniqueness can be proven by using Lemma 4 above. As a limit of the quadru-
ple (Y¢, ZE, 1D g (Y?), NE), the existence of the solution (Y, Z, U, N) is established. The
following results come from Lemma 3,

3y € SfO/T](H),Z € M[ZO’T](LZ(H)),

hmY = YmS[OT]( ),

hmZ =Zin M[z0 T]( 2(H)),

and from Equations (5) and (7), for Vt € [O, T], we have

lg%k(y) Yin S[OT]( )
g&E[eAq]g(Yf) - Yﬂ ~0.

Equation (12) follows from Equations (6) and (10).

Foralle > 0,let Uf = 1Dg.(Yf), and u: = J. tT U ds. As a result of the convergence
result which was presented by Pardoux and Rascanu [8] and Equation (13), there exists a
progressively measurable process {U;,0 < t < T} so that for each T > 0,

sup |Uf — Uy
0<t<T

—0,e—0.

Furthermore, from Equation (5),

supE{/ /\t|llf|2ds] < oo.
e>0 E

In the space L2(Q, Hl(O, T)), Ut is bounded for all T < 0, and limO U = U in

E—

L%(Q, H'(0, T)); specifically, U; adopts the form U, = ftT U, ds, where {U,g,O <t<T}is
gradually measurable, and U is completely continuous.

Moreover, from Gegout—Petit and Pardoux’s Lemma 5.8 [25], foreach0 <a < b < T,
Ve M[a h]( ),

b b
/(Uf,Vt—Yf)dt—>/ (U, Vi — Y;) dt
a a

in probability, and from Equation (5) we obtain | ub(lle, Je(Yf) — Yf)dt — 0. Now, since
Ui € 99(Je(Yf)),

[l v romars [oumnars [ g ar

Taking the limit inferior in the probability of the above inequation, we obtain

b b b
/(ut,vt—yt)dw/ (p(Yt)dtS/ o(V;) dt.

When the constants 4, b, and the process V are random, Equation (13) can be proven. [
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4. Examples

Considering Theorem 4.2 and Example 4.3 of Al-Hussein [21], the following backward
stochastic partial differential equation (BSPDE) has its solution (Y, Z, N) where

—dY; = Adt — ZydM; — dN;, 0< t < T,
(14)

Here, let F(t, Y}, Z; Q}/ 2) = 0, and assume A is a linear operator with no bounds from D(A)
to H.If A: V — V' is a continuous linear operator, Equation (14) has an unique solution.

Now, let (Q), F, F, P) be a full probability space and D C R? be an open bounded
subset with suitably smooth border d(D). Let M; be martingales and set H = H; := L?(D).
Then, consider the BSPDE given below:

—dY; + a](Yt)df > Adt+ F(l’, Y;, ZtQ}/z)dt —Z;dM; — dN;, 0 <t < T,
(15)
Y; =0 on Qx[0,T] x 9(D).

Firstly, let us apply Theorem 3.2 of Maticiuc and Rascanu [18], where ¢ is a function
from L?(D) — R, which is provided below:

%/D|Vu(x)|2dx+/pj(u(x))dx, if u e H(D),jw) € L'(D), 40
+o00, otherwise.

p(u) =

Then, considering Proposition 2.8 of Barbu [26], the following properties hold:

(i) ¢is afunction what proper, convex as well as 1.s.c.,

(i) 9¢(u) = {u* € L2(D): * € 9j(u(x)) — Au(x) a.e.on D}, Vu € Dom(dg),
(iii) Dom(d¢) = {u € HY(D) N H?*(D) : u(x) € Dom(dj) a.e.on D},

() Jul < Cllu]],¥(u,u*) € 9¢.

Lastly, by applying Theorem 1 from Section 3, we decide that, under the above
conditions, Equation (15) has an unique solution (Y, Z,U,N) € S?(H) x M?(L?>(H)) x
M?(H) x M?(H), such that (Y, Z;) = (17,0), where 77 is a H!(D)-valued random variable,
Fi-measurable and
@ Yi+ [fUsds=¢+ [ A dQs — [ ZodMs — [ dN; as.,

(b) Y; € HY(D)NH*(D),
() Yi(x) € Dom(j),
(@) Ui(x) € 9j(Yi(x)).

5. Conclusions

The goal of this paper is to present and study a type of BSDEs that is driven by infinite-
dimensional martingales with subdifferential operators. We have shown that the adaptive
solution of this BSDE exists and is unique. Additionally, we have presented a special
example for a simple case. For future work, we will focus on this interesting problem and
pay more attention to the simulation of numerical solutions of BSDEs of multidimensional
and even infinite-dimensional types and their applications in finance and computing, such
as [27-29].
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