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Abstract: In this paper, we study the eigenfunctions to one nonlocal second-order differential operator
with double involution. We give an explicit form of the eigenfunctions to the boundary value problem
in the unit ball with Dirichlet conditions on the boundary. For the problem under consideration, the
completeness of the system of eigenfunctions is established.
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1. Introduction and the Problem Statement

Among the nonlocal differential equations, which are the subject of many works,
a special place is occupied by equations with involutive deviations of the argument. An in-
volution is a mapping S : R” — R" such that S2x = x. It should be noted monographs [1-3]
from a variety of research papers in this direction. Refs. [4-15] are devoted to the questions
of solvability of boundary and initial-boundary value problems for differential equations
with involution. Spectral questions of differential equations with involution are studied
in [16-25]. For example, in [22], the following boundary value problem

y'() +ay’(—t) = Ay(t), —-m<t<m,
y(—m) =y(m) =0

is studied. The eigenfunctions and eigenvalues of this problem are given explicitly. The
system of eigenfunctions is complete in Ly [—7, 7).
In [10], the following nonlocal analog of the Laplace operator is introduced

Li[u](x) = agAu(x) + ayAu(Sx) + ... +aj_1Au(S1w),

where A is the Laplace operator, a; fori = 0,1,...,] — 1 are real numbers, Sisann X n
orthogonal matrix for which there exists a number ! € N such that S/ = I and I is the
identity matrix. In the paper [10] cited above, for the corresponding nonlocal Poisson
equation L;[u] = f(x) in the unit ball (, the solvability questions for some boundary value
problems with different boundary conditions are studied. The corresponding spectral
problem for the Dirichlet boundary value problem is studied in [14]. In that work, as in the
case of the one-dimensional problem from [22], the eigenfunctions and eigenvalues of the
considered problem are obtained explicitly. A theorem on the completeness of the system
of eigenfunctions in the space L, () is proved.
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Furthermore, in [24], a nonlocal Laplace operator with multiple involution of the
following form is introduced:

Lnlu](x) = ‘ Z a(inmil)zAu(Sf{'...S;lx),

where a(;, are real numbers, (i, ...i1); is a representation of the index i in the bi-

)2
nary number system, S; are orthogonal n X n matrices satisfying the condition S? = I,

i =1,...,n Inthis paper [24], the explicit form of the eigenfunctions and eigenvalues of
the corresponding Dirichlet problem

Ly[u](x) + Au(x) =0, x € Q;  u(x) =0, x € 90

is given and the completeness of the system of eigenfunctions in the space L, ((2) is proved.

In [26], one boundary value problem for the biharmonic equation is studied. This problem
contains modified Hadamard integrodifferential operators in the boundary conditions.

In the present paper, continuing the above studies of the solvability of boundary
value problems for harmonic and biharmonic equations with both ordinary involution
and multiple involution, we are going to investigate similar issues for the Laplace op-
erator with double involution of arbitrary orders. Special form matrices arising in the
considered problem are investigated in Theorems 1-3 of Section 2. Then, in Section 3 (see
Theorems 4 and 5), with the help of Lemma 1, the existence of eigenfunctions and eigenval-
ues of the problem under consideration is investigated. In Section 4 (see Theorems 6 and 7),
with the help of Lemma 2, the eigenfunctions and eigenvalues of the considered nonlocal
differential equation are constructed. These eigenfunctions are presented explicitly. The
completeness of the resulting system of eigenfunctions in L, ((}) is established. All new
concepts and results obtained are illustrated by seven examples.

LetQ = {x € R" : |[x| < 1} be the unitballin R"”, n > 2,and Q) = {x € R" : |x| =1}
be the unit sphere. Let also S, S be two real commutative orthogonal n x n matrices
such that Sf" =1,1; € N,i = 1,2. Note that, since |x|* = (S]S;x,x) = (S;x, S;x) = [S;x[?,
thenx € O = S;x € Qand y € Q) = S;y € 9Q). For example, the matrix S; can be an
orthogonal matrix of the following form:

L 0 0 0

S — 0 cosa —sina 0
0 sina cosa 0 ’
0 0 0 I, 4o

where o« = ZT”, 0 <k <n—2,and 0 are zero matrices of appropriate size. It is clear that
S'=1
Letly,l, € Noandag, ..., a5, 1, ap,..., 82,1, -, A1~ 1)1, 1, - - -, A1}, —1 b€ @ Sequence
of real numbers which we denote by a. If we represent the index 7 in the form i = (ip,i1) =
ip - Iy + i1, where iy =0,1,...ly — 1 for k = 1,2, then the elements of a can be represented
as a0y, - (01 —1)7 A(1,0)r -+ AL —1)r - r Aly—21,—1)7 - -+ A(1,—1,1;—1)- 1t is clear that, if
0 <i<hlp theniy = {i/l1},ip = [i/];], where [-] and {-} are integer and fractional parts
of a number. Furthermore, we consider the sequence a also as a vector.
We introduce a new nonlocal differential operator formed by the sequence a and the
Laplace operator A
(=Lh-1) o
— 1 1
Lau = Z a(izril)Au(Szzsllx)
(i2i1)=0

and formulate a natural boundary value problem with L.
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Problem S,. Find a non-zero function u(x) such that u € C(Q) N C?*(Q) and which
satisfied the equations

Lau(x) +Au(x) =0, x € Q, (1)
u(x) =0, x €0Q), 2)

where A € R.
In a special case 1 = I = 2, this problem coincides with the spectral boundary value
problem studied in [24].

2. Auxiliary Results

In order to start studying the above problem (1) and (2), we need some auxiliary
assertions. We introduce the function

(-1, -1) o
o(x)= ) a(izlil)u(slzzslllx), (3)
(iZ/il):O

where the summation is carried out over the index i = (i, 1) = ip - [; + i in the form
(0,0),...,(0,I; —1),(1,0),...,(L,L—=1),...,(lb—2,11 —1),...,(I —1,1; — 1). From equal-
ity (3), taking into account that Slz2 = Sll1 = I, it can be concluded that the following
functions U(Séz S;l x), where j =0,...,15l; — 1 are expressed as a linear combinations of the
functions u(SéZSQ1 x). Let us introduce the following vectors:

v(x) = (olsisin) |

o T
_ Ip gl
U(x) = (”(52 51 x)) i=0,... ol —1

i=0,..., 1l —1"
of order I5l;. Then, the dependence V(x) on U(x) can be presented in the matrix form:

V(x)=ApU(x), 4)

where A(Z) = is some matrix of order Il x I5l4.

(”i,j)i,':o,...,l -1

Let us investiga{te the2 sltructure of matrices of the form A(z). For this, we introduce a
new operation on indices of matrix coefficients as follows: i & j = (i, 1) @ (j2, j1) = ((iz +
ja mod 1), (i1 + j1 mod I1)), where (ip, i1) is a representation of the index i as mentioned
above. It is clear that & is a commutative and associative operation oni € {0,...,lpl; — 1}
and (iz, il) D (0, 0) = (iz, il)- Since (iz, il) D (jZ/jl) = (0, 0) S iy +j2 =0mod b, iy +j1 =
Omod ly & jo =1 — iy, j1 = 11 — i1, then we can write ©i = (I — ip, I; — i1). For example,
iflj =2,1 =3, then ©(2,1) = (1,1) or ©5 = 3. If we assume that (—ip, —i1) = ©i =
(Iy —ip, I; —i1), then we have

(—i2,—i1) & (o, 1) = (o — iz, 11 —i1) @® (j2, j1)
= (12 — iz +]2 mod lz, ll — il +]1 mod ll) = (—iz +j2 mod lz, _il +]1 mod ll)
i.e., the operation @ is formally applicable to numbers of the form (—i, —i;). We as-
sume that
i0j=i® (@]) = (iz — jo mod I, 1 — j1 mod 11)

We extend the operations & and & to all numbers of the form (i, i1) by setting
(ip,11) = (i mod Ip,i; mod 7). For example, if I; = 2,1, = 3, then (1,—1) = (1,1) and
(5,-3) =(2,1).

Theorem 1. The matrix A y) defined by the equality (4) is represented as

A) = (“i,f)i,j:o,u.,lzl]q = (”J'ei)i,j:o,...,lzl]fl' ®)
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The sum of matrices of the form (5) is a matrix of the same form.

Proof. Consider the function U(S;Z Silx) whose coefficients at u(Sé2 S]il) make up the i =
(i2,11)th row of the matrix A )

o (=11 -1) L
o(S3Six) =Y a(h,h)u(s];sf;s;sglx)
(j2,j1)=0

(b—
= X

1,h—-1)
(j2,j1)=0

Jjo+ip mod Ip j1+11 mod
(i jn) (52 S x). (6)

Here, the following properties Slzzx =X, Slllx = x and $157,x = 5,51x of matrices S;
and S, have been used. If we replace the index j by the index k using the equality k =i ® j,
thenk©i =i®joi = j, and we have j <+ k. Substitution j — k changes the order of
summation in (6). For instance, if [; = 2,1, =3 and i = (0, 1),thenj:0,1,2,3,4,5 goes to
k=1®j:1,0,3,2,54. After changing the index, we have

o (b—=111-1)
v(S2Sx) = Z akeiu(Sé{ZS]l”x).
(kZIkl):O

Comparing the resulting equality with (4), we make sure that (5) is true a; y = a;¢;.
There is no doubt that, if a, € R, then

“(uj@i)i,jzo,...,lzllfl + 5(171'61’)1‘,]':0,...,121171 = (agje; + 5b]'@i)i,j:0,.‘.,121171'
which completes the proof of the theorem. [

Example 1. For example, let us write the matrix A ) for I, =3 and I, =2

a0,000(00) 4(0,1)e(0,0) 4(1,000000) %(1,1)(00) 4(2,06(0,0) #(2,1)5(0,0)
400,000(01) 40,1)001) 41,0001 “11)e(0,1) 4206(0,1) %21)0(01)
Ap) = 20,0)e(1,0) 401)0(1,0) *1,0o(10) 411)6(1,0) A(20e(10) 421)5(10)
200011 401o(11) 41011 Anel) 4eoo1)  421e(11)
20,005(20) 401)s(20) 410e((20) 211)e(20) 22020 2(21)8(20)
20,00021) 201c1) 4100(21) 4ano1) 2200021 921)o(21)

Let us present some corollaries of Theorem 1.
Corollary 1. The matrix A,y is uniquely determined by its first row a = (ag, a1, ..., a5,1,-1).

It is not difficult to see that the i-th row of the matrix A ,) is represented via its st row
as <a0@i, Aoy -, a(lzllfl)ei)‘ We indicate this property of the matrix A ,) by the equality

Ap) = Ap (a). For example, the matrix A(y) from Example 1 can be written as A (a),
where a = (ag, a1, a3,a3,4a4,05).



Axioms 2022, 11, 543 50f 22
In Ref. [10], matrices of the following form are studied:
ap ap ... a1
a1 ay ... A4j_p
Aqy(ao, .., a1-1) = (aj—i mod 1)ij=01-1 = , @)
ay a ... ap

which coincide with the matrix A(z) in the case I = 1, I; = [ since, in this case, (ip,i1) =
(0,i1) = il and il =0,. ..,l -1

Corollary 2. The matrix Aoy has the structure of a matrix consisting of I X I square blocks, each
of which is an I x Iy matrix of type A ). If we represent the sequence aas a = (ay, ..., a;, 1),

where aj, = (a1, - .-, 4(j,11)1,~1) and denote Agjlz)) = Aq)(aj,), then the equality is true

(0) (1) (l-1)
(LA B I
_ ©0) (1) -1y _ | A A Al
A(z)(a) = A(l) (A(l)’A(l)’ ,A(lz) ) = 1) . (l) 1) . (8)
AN 4@ 40

Proof. Obviously, the block matrix on the right side of (8) has size Il x /1. Denote its
arbitrary element as a; ;, where i,j = 0,...,LI; — 1. If we write i = (i2,i1), j = (j2,j1), then
wehavea;j = ag;, i) (j,jy)- This means that the element 4, ; is in the jpth block column and
in the i>th block row of this block matrix. Therefore, in accordance with the structure of

(jz*l’z mod 12)
€A/

the matrix A ;), we have a; . If we now take into account the values of the

indices j; and i1, which mean that the element 4; ; is in the j;-th column and in the i;-th row

of the matrix Agjl'z)fiz mod ZZ), then a;; = bj, _i mod 1,, Where by is the element of the 1st row

of the matrix Agz)_iz mod 1) gince from the definition of AE%) it follows that by = a1, 1,
k=0,...,I1 — 1, then we have

lli/]' = bjl—il mod ll = a(jz—iz mod 12)11+(j1 —i1 mod ll) = a((jz—iz mod lz),(j]—il mod l])) = a]@l

Taking into account equality (5), from Theorem 1, this implies the equality of matrices
(8). This proves the corollary. [

Example 2. We can see the property (8) of matrices of the form Ay by the matrix A,)(a)
from Example 1, where I, = 3,1 = 2, a = (ag,a1,a2,a3,a4,as). If denote ag = (ag,a1)”,
ay = (a2,a3)", ay = (ag,a5)" and

_ (90 a1\ _ ,(0) _ (42 43\ _ (1) _ (44 45\ _ 4(2)
Aqy(ag) = (111 ao) = Ay An(a) = (ﬂa 112) =AnyAn)(a) = ( ) = A

then a = (ag,ay,ap)” and the matrix Ay (a) is written as

ap ap azx 4z 44 4s

a4y ap az ap as ag Ag?g A;; A?i

_ |9 a5 ap a1 ax az| _ 2 0) | _ (0) 4(1) 42

A (a) = as ag a; ap az ap | A%i Ag; AE& _A(l)(A(l)’A(l)’A(l))'
a, az 4ag as dg M A(l) A(l) A(1)

as ax ds a4 ay 4ap
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Corollary 3. The transposed matrix A(Tz) (@) has the structure of the matrix A(Tz), and besides
A(Tz) (a) = Ap)(b), whereb = (a(_j, _i\)(jy,jr)=0,....(1,—1,4 1), and both index components —j

and —jy are taken by mod I, and by mod!y, respectively.

Proof. By Theorem 1, we write

T B T
A(z)(a) = (“}'Gi)i,]':o,...,(lz—l,lﬁl)

= (a;ni).. = (a,(:~; = (bin;).. .
( 19])z,]:O,...,(lz—l,ll—l) ( O(]Ol))i,jzo,” (-1, 1) ( ]@l)1,]:0,...,(12—1,11—1)

.

This is why b = (ac;)j=0,...,1,-1 = (A(—j,—j1)) (joj1)=0,..(IL—1,,—1)- Lhe corollary is
proved. O

Example 3. For the matrix A(TZ) (a) from Example 2, we have
b = (acj)j=0,.,5 = (a0,a-1,a-2,a-3,8_4,a_5)

= (a0, 8(0,—1), 8(—1,0), A(—1,1), A(—2,0), A(—2,—1)) = (40, 8(0,1), A(2,0), A(2,1), 4(1,0), D(1,1))

= (ﬂ(), ai,4a4,405,42, ﬂ3).
Is the multiplication of matrices of the form (5) again such a matrix?

Theorem 2. The product of matrices of form (5) is again the same matrix and multiplication is
commutative.

Proof. Let the matrices A(2)(a) and B(2)(b) be two matrices of the form (5). Then,

Il —1
A)(a)B()(b) = <a]'9i)i,j:0,...121171(bjei)i,jzo,...lzllfl = ( > ”keib/'@k> :
k=0 i,j=0,..11; —1

As in the proof of Theorem 1, let us change the index k — s; in the sum above,
in accordance with the equation k ©i = s. Then, k = k©i®i = s @i and therefore the
correspondence k <+ s is one-to-one. Thus, the index replacement k — s changes only the
summation order. Due to the commutativity and associativity of &, we obtain

Ll -1 Il -1
A)(a)Bp)(b) = < ). asbje(séBi)) = < Y ﬂsb(jei)es> )
s=0 i,j=0,..1p1; —1 5=0 i,j=0,..101; -1
Il —1
The elements of the first row of the resulting matrix have the form¢; = ). asbjes
s=0

and hence A ;) (a)Bp)(b) = (¢jei)ij=0,.1,,—1- Therefore, matrix A (a)By)(b) has the
form (5).

The commutativity of the product A ;) B ;) can be easily obtained from the equality (9).
Replacing (j ©i) ©s — k in the last sum from (9) and hence s = (j ©i) © k, we obtain

Il —1 Il —1 Il —1
Yo asbijcies = Y AGenckbk = Y. biajjciok
s=0 k=0 k=0

The last sum in this equality is a common element of the matrix (B(») A y));,;- Hence, (9)
means that A ) By) = B(2)A(). The theorem is proved. [

Let Ay = exp(i27tk/1),k =0,...,1 — 1 be the Ith root of unity. In [10], it is shown that,
for the matrix of the form



Axioms 2022, 11, 543 7 of 22
agp ap ... a1
A(1)<a) _ a1 ap PRSP/ )
ay a ... ap
where a = (ag,...,a;_1), eigenvectors and eigenvalues have the form
by = (1, ..., ALDT, Zas *=a- by (10)

Note that the eigenvectors of the matrices A ;)(a) do not depend on the vector a. Is
this true for matrices of type A ,)(a)? We will see below.

We present a theorem that clarifies questions about eigenvectors and eigenvalues of
matrices A ) from (5).

Theorem 3. Eigenvectors of the matrix A y)(a) are written as

T
-1
3y = (I Aol A2'T) by, (11)
where Iy, is identity Iy x Iy matrix, vector by, is taken from (10) at | = Iy and Aj, is the Ioth root of
unity, iy =0,...,11 —1,ip = 0,..., Iy — 1. The eigenvectors of the matrix A ,)(a) do not depend

on the vector a.

Proof. In accordance with Theorem 1, represent the matrix A ;) as

(0) (1) (b—1)
oy
2= 2=
A(Z) (LZ(), ‘o ,alzll_l) = A(l) A(l) A(l) ’ (12)
AL 40 40

where Agjlz)) = An) (@1, -, 83,41),-1), j2 = 0,..., I — 1. Consider the block multiplica-
tion of a Il x ol matrix by a Il; x [; matrix of the form

© L) (l-1)

WA ) () (B
ARG Agy e AD T el [ 2 B
SRS 0 A1 B,
A(l) A(l) A(l) i ‘h Ir—1

where square blocks B;, have size [ x [;. Let us extend the values of the upper indices of the

)

matrices Aglz) to Z and calculate them by mod/,. Then, similarly to (7), the mth block row

of the matrix A(;) we represent as (A gl)m mod 12), Ag;m modl) , Ag%fm mod 12)). Since

the exponent of /\2‘2 can also be calculated by mod/,, then we write

lh—1

-1
Z Ak m mod 1) Ak Z)‘ k mmod ) _ -y A?;mA(S) = A'B

1)

s=0

Here, the substitution s = k — m mod I, of the index has been made. Thus, we have
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I, By I,
A Il B Aj Il
Ag)(ag, ... ap; 1) - = ”1' = 27| Bo.
-1 L1
Ay Iy Bl,1 )‘é U

It is easy to see that, in the obtained equality, the matrix By = By(A;,) = Z AZ A(S))

has a type of A(l) and hence the vectors b; , foriy =0,...,l; —1are elgenvectors of By. We
multiply the above matrix equality on the right by the vector b;,. Then, we obtain

Ill 111 Ill
Ay Iy Ay Iy Ai I
A(z) 12 .] by = 2 Bob;, = A(iz i) 12 ] b;,,
-1 1 l 1 l
Aii I, Azi I, )‘12 I,

where A(;, ; ) is the eigenvalue of the matrix By(Aj,) corresponding to the eigenvector by, .
If we now recall the notation (11), then we obtain

A2) (@)aG,0) = Aiyin) Ainir)r
ie., a(, ;) is an eigenvector of A(;)(a). This completes the proof. [

Now, present some corollaries from Theorem 3 that make it possible to construct
eigenvectors and eigenvalues of the matrix A ;) (a).

Corollary 4. 1°. The eigenvector of A(p) (@) numbered by (iz, i) one can write as

O\ T
= (A2 AN
Aiy,i7) (AIZAH) (72,j1) =0, (=111 —1)” (13)

where Ay is the Ipth root of unity and Ay is the l1th root of unity. The eigenvalue corresponding to
this eigenvector can be written in a similar form

(-1, —1)

2yi1 _
i) = Aphy =a-a

L B i) iy My (i/i1)*
(j271)=0

A (14)

20, The eigenvectors of the matrix A(TZ) (a) coincide with the eigenvectors a;, ;), and the

corresponding eigenvalues have the form )\Eiz i) = Ay i) = A

(12rll) _in_il)'

Proof. It is easy to see that the Equality (11) can be written as

T L1y 7\T
a(ii = (1, AT, A ']

11/ [¥) 11/

Pt A1 b1y A1l T

R A R A e N VAR A )

Aiy A

17

= (1,)\1'1,...,/\11 ! )\

( 2 ]1)
2711 ) (1) =0, (=1, —1)’

where the order of the vector elements corresponds to the order established for numbers
(j2,71)- This proves equality (13).
Furthermore, from Theorem 3, it follows that the eigenvalue A(

A(2)(a) corresponding to the eigenvector a;, ;

irip) Of the matrix
is the same as the eigenvalue of the matrix

-1

ZA
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corresponding to the eigenvector b; . Here, Agz)) = Awy(aj1,-- -, A(j,41);,—1)- Since the

matrix By(A;,) is of type Ay, then, in accordance with (10), we find the vector representing
the first row of the matrix By(A;, ). Denote this vector as by(A;,)

-1 -1
Z /\12 Jalyres Z /\zza]211+11 1

j2=0 j2=0
Using the formula (10), we find

L-1 ,1271 ) (b—14-1)

. a2 J2x 7
12 i) Z /\ Z a]zl1+l1)‘i2 = Z a(j ]1)/\12)‘11
n= }2=0 (j2,j1)=0

which is the same as (14). Statement 1° is proved.

By Corollary 3 and Theorem 3, the eigenvectors of A(Tz) (a) coincide with the eigenvec-
tors of A(y)(a). Let us find the eigenvalue corresponding to the vector a;, ;). According to
Corollary 3 A(Z)( ) A(Z) (b), where b = (a(ij,fjl))(]-2,]-1):0,”.,(1271,1171). This is Why

(=11 -1) (b=1,1—-1)

t _ J ] _ k —k
A(iZ/il) - 2 A(—ja, ]1)/\1§ 11 - 2 Ay k) N 2/\ !
(jsj1)=0 (ko,k1)=0

(I,—1,h-1) b <k _
= Y Ak Ag AL = A
(kZlkl):()

It can be seen from the last equality that )\(
and hence the corollary is proved. O

= A(_ip,—i))- Statement 20 is proved

i2i1) 2,711

Another property of the eigenvectors of the matrix A ) (a) is given later in Corollary 7.

Remark 1. The expression Aj,A;, is an ordered pair, and the first place in it is A;, — the lp-th root
of unity, and the second place in it is A;, — the l1th root of unity. Therefore, in the general case,
AMAL # A2

Remark 2. In ([24], Corollary 3), eigenvectors and eigenvectors of matrices, which for n = 2 are a
special case of matrices A ), are obtained. The eigenvectors were written as

(ini]) _ jnin+711
a = ( (=1)/22Thh ,
2 <( ) ) (jaj1)=0,.-...3
which is the same as (13) for Iy = I, = 2. Indeed, in this case A;, = (—1)%, A = (—1)h,

(b, —1,1; —1) = (1,1) = 3 and hence the common term of the eigenvector from (13) has the form

/\]2)\]1 — (_1)i2j2+i1j1’

I’ 1

(i2i1)

which coincides with the common term of the vector a,>"’. The eigenvalues obtained in (14) also
coincide with those found in [24] for n = 2.

Example 4. For the matrix Ay)(a) from Example 2, we have A;, = = A2, A = (=1)", where

)\]2 )\h

2 ll) (j2rj1)=0,..,(2,1) (13), we obtain

A =exp (i ( ). Therefore, according to the formula a;, ; ) = (

a(0,0) == (1, 1, 1, 1, 1,1), a(olo) - (1,_1, 1,_1, 1,_1), a(lro) == (1, 1,/\,/\,;,/-\),
agyy = (1, =LA, —A A —A), apg) = (1L1,A,A,A,0), apy) = (1L,-1,4,-1,1,-A),
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and, using the formula A =a-a(,,; (14), we calculate

ip,i1)
A(O,O) =ap+aj) +ax+az+ag+as, /\(0,1) =ap—ay+ax —asz +aq — as,

)\(1,0) =ap+a+ )\((12 + 113) + }\(a4 + a5), /\(1/1) =aqg—4ay + /\(112 — 113) + /_\(114 — 115),
)\(2,0) =ap+a+ 7\((12 + az) + Aag + as), /\(2/1) =ag—day + /_\(az —a3) + Alag — as).

3. The Problem S,

To consider Problem S;, we need the following statement.

Lemma 1. ([10], Lemma 3.1) Let S be an orthogonal matrix, then the operator Isu(x) = u(Sx)
and the Laplace operator A satisfy the equality Alsu(x) = IsAu(x) for u € C?(Q). The operator

n —
A = Y. xjuy,(x) and operator Is also satisfy the equality Alsu(x) = IsAu(x) for u € C1(Q).
i=1

Corollary 5. Equation (1) generates a matrix equation which is equivalent to it

Ay (a)AU(x) +AU(x) =0, (15)

o N\T
— L gh
where U(x) = (u(S2 S x)) (tp50) =0, L1} and A € R.

Proof. Let the function u(x) be a solution to equation (1). Let us denote
(lh—1];—1)

o(x)= ) a
(iZ/il):O

)u(S;ZS?x).

i, i1

. T
and V(x) = (z;( Spsht x)) )00y 1) The function v(x) generates equality (4). Let

us apply the Laplace operator A to (4). Since the matrices of the form S;ZSQ1 are orthogonal,
by Lemma 1, we obtain

T
= (Isfzsh Av(x))
(j2,j1)=0,...,(I,=1,1; =1) 271 (j2j1)=0,...,(I,=1,1; -1)

T

AV (x) = <AIS,2425§10(x)> !

(I,—-1,h-1)
= 15122 Sfll (l g_o a(lg,ll) IS’ZZ 5711 Au(x)
= (j2,j1)=0,..,(Ib 1,11 -1)

T

(b—1,h-1)

B Z Ui i) 15£2+i2 mod Iy gy +ig mod Iy Au(x)

= ]

e (j2,1)=0,...,(I,—1,1 —1)

T
(b—=111-1)

= ( 2 akelegzsllcl AM(X))

(kz k1) =0 (ka k1) =0,....(l—111 1)
(lzflrllil) k k T
= Y. akejAu(S2Si'x) = Ap(a)Al(x).
(ka k1)=0 (k1) =0,....(l—111 1)

In the transformations made, the replacement of the summation index j @ i = k was
used. Hence, using the equality AU(S];ZSII] x) + )\M(Slzcz Slqu) = 0 (see (1)), which implies
that AV (x) + AU(x) = 0, we easily obtain (15). Finally, note that the first equation in (15)
is the same as (1). This completes the proof. O
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Using Lemma 1, we are going to state the existence of the eigenvalues of Problem S,.

Theorem 4. Assume that the non-zero function u(x) is an eigenfunction of Problem Sy, and A is
its eigenvalue corresponding to u(x). The function

w(x) = U(x) - a

ipi1)”

221%)) (=0, (15— 1) T Blizin)
such that A, ;) 7 01is a solution to the boundary value problem

and a;, ;) is an eigenvector of the matrix A ) (a)

Aw(x) +pw(x) =0, x € Q, (16)

w(x) =0, x € 0Q), (17)

where = A/ Ay )-

Proof. Let us take u(x) a non-zero eigenfunction of Problem S, and the corresponding

eigenvalue A. In accordance with Corollary 5, equality (15) holds. If we multiply this
equality by the vector a scalarly, then we obtain

in,i)

A(Z) (a)AU(x) . a(izli]) + /\U(x) : a( = O,

i2/i1)
where we find
A(U(x) : A(Tz)(a)a(izlil)) + )\U(x) “ipiy) T 0.

T

Since, due to Corollary 4, the vector a is also an eigenvector of the matrix A(2),

and /_\(

ip,i1)
ir,ip) 18 its eigenvalue, then we have

AinipyAw(x) + Aw(x) = 0

i,i1)

and, since A = 7\( 1, we obtain

iZIil)
0= Ay i) (Aw(x) + pw(x)),

where, because A(;, ; # 0, we obtain the equality (16)

Aw(x) +pw(x) =0, xe€Q.

Lastly, because u(x) = 0, for x € 9Q), and x € 9Q) = SéZS]fx € 0}, then we have
U(x) = 0 for x € 9Q). Therefore, we obtain w(x) = U(x) - a(;, ;) = 0, for x € 9Q. This
completes the proof. [

Let us prove the assertion converse to Theorem 4. It provides an opportunity to find
solutions to the main Problem S,.

Theorem 5. Assume that the non-zero function u(x) is a solution of the boundary value problem
(16) and (17) for some yp > 0

Aw(x) +pw(x) =0, x € Q, w(x) =0, x € 90,
then the function u;, ; \(x) determined from the equality
Uiy i) (X) = W(X) - ag, iy), (18)
where

C T
_ /2 )1
W(x) = (w(sz 51 x>> (j2j1) =0 (=11 —1)
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and the vector a;, ;,\ from (13) is an eigenvector of the matrix A ) (a) with an eigenvalue A ;, ;\ #
0, which is a solution to Problem S; for A = ;t/\(

i)’
Proof. Let w(x) # 0 be a solution to the problem (16) and (17). Consider the vector

W(x) = ( (512511 ))

and compose the function
(721)=0,..., (=11 =1)

u(iz,il)(x) = W(x) ' a(iz,il)/

where x € Q). It is not difficult to see that, according to Corollary 4, we have in ()

(12 11)(5]28]1 )_ W(szsh )

Aiy,i7)
T T
_ (w(s]22+k25]11+k1x)> . ( sziﬁ)
(kZIkl):0/---/(12_1rll_1) 2 1 (kZ/kl):Of'“r(lZ_llll_1)
(b-11-1) ok itk P (b—11-1) ) .
_ J2 K2 oJ1 Tk 2 K1 __ my iy my—=J2 yMi1—]1
= ), w(SEESITOAA = ) w8 x)A AL
(k2,k1)=0 (my,m1)=0

(lb—=1,1;-1) L
= ( ) w(ST%TW)AZ%T))\izh)\ilh = AZAIW(x) - agiy iy )-

(mz,ml):O

Therefore, again by Corollary 4,

o o J2 ]1
u(lz,ll)(x) *( (1211)(5 51 ))(]2]1) (=111 1)

_ 23 = U a
W( ) (12 11) (Alz)\ll) (]2 ]]):0’.“,(127111171) - u(lzﬂl)(x)a(lzﬂl)‘

Here, we used the substitution of indexes j @ k = m < k = m © j. Thus,

AUy (¥) = Bt iy ) (X))

and therefore because, by Lemma 1,
AW(x) = (Aw(shS) ).
27 (i) =0, (1211 1)

J2 ]1 = —
( Heo (5351 )>(]2,]'1):0 ----- (l-1h-1) HW ),

we obtain

(2) (@) AU y,i0) (%) = Dt (V) A ) ()i ) = Bty (X) Ay (a)ay,
= (AW(x) - (i) ) A iy 1) 81z, i0) = —HW(X) - A1) A iy 1) 81 1)
= WM iy i) M (i i) ()i 1) = —PA (i) Ui i) (3)-
Considering the first component of this equality, we obtain

(l—11—1)

Z a(jszl)A”(izri1)(S]225]11 x) = w\(lzll) (ZZ/il)(x)’ xeQ,
(j2,j1)=0

which means that the function u;, ; ) (x) satisfies the equation (1).
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Let us make sure that the boundary conditions (2) are met. Since x € 0Q2 = 512‘2 S]f x €
dQ), then, for x € 9(), we have

pcit )L
H(iyi) (%) = W) 2, = (w(SE8]1x)) =0.

cay o =0-
(1) =0, (=11 —1) 202 A

i21i1 )
Thus, the function u;, ;) (x) is a solution to Problem S,. This completes the proof. [

Example 5. Consider the problem (1) and (2) with Iy = 3,1 = 2 and a = (ag, a1, a2, a3, a4, as).
Let us use Theorem 5. To do this, take the eigenvectors of the matrix A y)(a) in the form (13) from
Example 4. Let y be an eigenvalue of the boundary value problem (16) and (17) and w,(x) be a
corresponding eigenfunction. Then, the eigenfunctions of the problem (1) and (2) corresponding to
p can be taken in the form u;, ;i \(x) = W(x) - a, ;) (18):

u(g,0) (%) = wy(x) + wy(S1x) + wy(S2x) + wy(S251x) + wy,(S3x) + wy (S351%),
) (%) = wyu(x) — wy(S1x) + wy(S2x) — wyu(S251x) + Wy (S3x) — wu(S351%),
U(1,0) () = wy(x) + wy(S1%) + Awy (Sax) + Awy(S251x) + Awy, (S3x) + Aw, (S351%),
u(1,1) (%) = wy(x) — wy(S1%) + Awy(Sax) — Awy(S251x) + Awy, (S3x) — Aw, (S351%),
U(20) () = wy(x) + wy(S1%) + Awy (Sax) + Awy(S251x) + Awy, (S3x) + Awy (S351%),
U(20) () = wy(x) — wy(S1%) + Awy(Sax) — Awy(S251x) + Awy,(S3x) — Aw, (S3S1x).

If we use the eigenvalues of the matrix Ay)(a) from (13), then the eigenvalues of the problem
(1) and (2) corresponding to the eigenfunctions written above look like p(;, ;) = W_‘(iz,il) =
yA(_iZ/_il):
H0,0) = W\(o,o)r Hoa) = 147\(0,1)/ H(1,0) = HA2,0)/
Hap = V/\(2,1)r Hi2,0) = .”)‘(1,0)/ Hia) = .u)‘(l,l)'

Next, we need to expand a given polynomial into a sum of “generalized parity
polynomials. Let H(x) be some function defined on Q). Let us denote

1 (=Llh-1) o
Faig IO = b MAH(SS), req (19)
Jj2,1)=0

Lemma 2. The function F, ; \[H](x) has the “generalized parity” property

F(izlil) [H] (Slz(zslqu) = }‘:(22}‘:(1] F(iz,il) [H](x) (20)

and the following equality

F

F(kz,k1) [F(iz,il) [HH (x) = {0 ) e e Z i

(ia,i1) # (ka,k1).

holds true. In addition, the function H(x) can be expanded in the form

(21)

(b—1,h1-1)
Hx)= Y Fi, iy [H](x), xe€Q. (22)
(izril)zo
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Proof. It is not hard to see that

ka ck1 1 (a1 J2a i1 ka+j2 ck1+j1
JH(S2S'%) = 7 )0 AQAGH(S 28 x)

E.
( hh (J2.j1)=0 s

i, i
1 (=L =1) my—ky y my—k My oM ko 4 —k k k
=0 ), ADTUALTTUH(SS M x) = AN T [H] (x) = AP A By i [H] (%),

l2h (mp,m1)=0 B

where, as in Theorem 2, the replacement of the index k @ j = m is done. Therefore, equality
(20) holds true.
Consider now the equality (22). It is easy to see that

(b-1}-1) L RCE TS
1
F(iZIil)[H](x):E )3 )3 /\izAilH(SZSlx)
(i2,i1)=0 (i2,i1)=0  (j2,j1)=0
(b—1,1-1) oo 1 (b=151-1) |
= X H(szzsjfx)ﬁ )3 AEA? (23)
(j2,1)=0 21 (i,i7)=0

Let us transform the inner sum from the right side of (23). Let (j2,j1) # 0, then,
for example, j» # 0 which means A, # 1. Taking into account that AZ = 1, by a simple
combinatorial identity, we find

(-lh-1) o (b-lh) -1 L1 A] 1541

2371 _ A2l — "R i
D o S O E
(i,i1)=0 (i2i1)=0

If (j2,j1) = 0, then Aj;, =1, A;, = 1and so

(1271/11 71)
Y A{pﬁ L.
(iZIil)ZO

Therefore, the expression on the right side of (23) is equal to H(S3S%x) = H(x). This

proves the equality (22).
Now, let us prove (21). It is not hard to see that, using (20) and (22), we can write

Fiiy k) [F(in, i) [H] (%)

1 By J2 40 2 ql (o=t J2 401 37277
1 1 1 1
- Il Z Aszle(izfﬁ)[H] (52 Sl x) = I Z /\ /\kl/\zz)\zl (ia, il)[H](x)
1 (25— 2l S
(j2,j1)=0 (j2,j1)=0
1 (b=Lh-1) ‘ ' 1 (b=Lh-1) L
by By 1
= F () oy (Mo )2 (A iy V! = By [H) () (‘Z)) . MMy —jr-
J2.1)= J2:1)=

Since, by virtue of (24), the formula

7(12712'1571)/\1'2 PURED R CREVES CALVE
bh 550 LRI 0 (kp k) # (i)

holds true, then (21) follows from the last equality. Here, the equalities Ay, 7\1'2 =ApAi, =
Ak,—i, are taken into account. The lemma is proved. [

Example 6. Let [, = Iy = 2, S1x = (—x1,%2), Sox = (x1, —x2). Taking into account that
A, = (=1)2, Ay, = (=1)", we obtain
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Fio0) [H](x) = 7 (H(x1,x2) + H(=x1,%2) + H(x1, —x2) + H(=x1, —x2)),
F(o,l)[H](x)
Fa,0)[H](x) =

Fa)[H](x) =

H(x1,x2) — H(—x1,x2) + H(x1, —x2) —

|
T Y S TS

e N e

—X1, =X2 ),
H(x1,%2) + H(—x1,%2) — H(x1, —x2) — H(—x1, —x2)),
H(X1, xz) — H(—X1, xz) — H(Xl, —Xz) + H —X1, —X2 )

Let the function H(x) be even in x1. Then, its components F;, ; \[H] of generalized parity
(0,1) and (1,1) are zero.
Consider homogeneous harmonic polynomial Hy,(x1,x7) of degree m and let (r, ¢) be the

polar coordinates of x = (x1,x7). Then, there exist «, p € R such that

17, 11

Hp(x) = aRe(x1 +ixp)™ 4+ BIm(x1 +ixp)™ = r"(a cos me + Bsinmg)
and hence

Hy(—x1,x2) = aRe(—x1 +ixp)" + BIm(—x1 +ixp)™ = (—r)" (a cosme — Bsinmg),
Hy(x1, —x2) = aRe(xg —ixg)" + BIm(x1 —ixp)™ = 1" (a cosme — Bsinmg),
Hpy(—x1,—x2) = (—r)"(a cosme + Bsinme).

The operator F, ; [-] extracts the following components of the harmonic polynomial Hy, (x):

1+ (=)™ 1—(=1)™
Fio,0)[Hm](x) = zxrm% cosme, Foq)[Hm](x) = zxrm% cos me,
— (=)™ 1+(-1)" .
FooHal(0) = g 2= inmg,  Foy[Hul () = pr D sin g,
Thus, for m € Ny,
Fioo) [Han](x) = ™" cos2ung, FulHanl () = B sinome,
F(O,l) [H2m+1] (X) = “er—&-l COS(ZTH + 1)(P, F(l,O) [H2m+1] (x) = ‘Bi’zm+1 sm(Zm + 1)4),
and the rest of the components vanish
Fio,1)[Ham] (x) = Fr1,0)[Ham](x) =0, Fo0)[Hom+1](x) = Fi1,1)[Ham+1](x) = 0.
4. Finding Solutions to Problem S,
Let us rewrite the result of Theorem 5 in a more convenient form.
Theorem 6. Solutions to the boundary value problem (1) and (2) can be represented as
(lb—1,1;-1)
ﬁ(iz,il)(x) = F(iz,il)[wﬂ(x)/ /\;t,(iz,il) =H 2 “(jz,h)/\{;)‘ﬁ (26)

(j2j1)=0

where the operator F(;, ; \[-] is defined in (19), the function wy,(x) is a solution to the boundary

value problem (16) and (17)
Aw(x) +pw(x) =0, x € Q; w(x) =0, x € 90

for some p € R Eigenfunctions 1, ;) (x) for (ia,i1) =0,...,(la — 1,11 — 1) and fixed p are
orthogonal in Ly (Q)).
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The functions 1;, ;) (x) are a part of the function wy, (x) in the sense that
(1271r1171)
(izril):O

Proof. Denote i, ;,)(x) = ﬁ”(izﬂi) (x). Itis clear that 71 ;, ;) (x) is also an eigenfunction

of the problem (1) and (2). It is not hard to see that (18) implies

. 1
”(iz,il)(x) = E”(iz,il)(x) = EWH(X) " A(iy,i7)

_ 1 2ci )" AN
bl (wy(Sz 51 x)>(jz,j1):0,...,(1271,1171) ( 2 il)(12111)201~--/(12*1,11*1)

1 (=Lh-1) e i
Il (j Z) 0 wy(sz 51 x)AiZ/\il - P(iz,il)[wﬂ](x)'
J2:1)=
which proves the first formula from (26).

The eigenvalues of the problem (1) and (2) corresponding to eigenfunction 7, ; ) (x),
by Theorem 5 and (14) from Corollary 4 can be taken in the form

(=15 -1) o
— X — 223
Mutini) = Wiy = # X g Aghy.
(j2:j1)=0
We now prove that the functions #;, ;) (x) and i, ;\(x) for (iz,i1) # (j2,j1) are
orthogonal in Ly(Q). Indeed, if (i — jo,i1 — j1) # O, then either i; — jo» # 0 mod I or

iy —j1 # Omod ;. Let, for example, iy — j» # 0 and hence A;, ;, # 1. Then, using
Lemma 4.1 from [10], we obtain the following equality for ¢ € C(Q))

[ sS04z = [ g(@)ee.

Therefore, by the Equality (20) from Lemma 2, we have

I i (i) (1) = [ Fiy i 0] (00 Fg o ()

- /Q F(iz’il) [w”] (Szx)F(erjl) [wﬂ] (S2x) dx

= Ziz)\fz /Q F(izfil)[wﬂ](x)ﬁ(]éz]'l)[wﬂ](x) dx = /\iz—fz /Q ﬁ(izril)(x)

=

(]'2,]'1) (x) dx. (28)

Since A;, j, # 1, then this immediately implies the orthogonality

/Q ﬁ(izlil)(x)

Finally, the equality (27) is a consequence of the equality (22) from Lemma 2 for
H = wy. The theorem is proved. [l

=

() (X) dx = 0.

Corollary 6. If H(x) is a harmonic polynomial with real coefficients, then the harmonic polynomials
Fiiyipy [H](x), (i2,i1) = 0,..., (o — 1,1y — 1) are orthogonal and linearly independent.
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Proof. Indeed, let (ip,i1) # (j2,j1), which is possible, for example, for i; # j; whence
Ai,—j, # 1. By analogy with (28) and according to Lemma 4.1 from [10], we obtain

/BQ F(izzil)[H]( (th x) ds _/ Flz i) H](S2x) (th)[HKszx) ds

= A Fiiy,ipy [H](x) Fj, iy [H] (x) ds = A,y /ao Fiiy i) [H](x) Fjy iy [H] (x) ds,

where, because A;,_j, # 1, we obtain the orthogonality of F;, ; [H](x) and F

d(Q), and hence their linear independence. The corollary is proved. O

]2]1)[H}(x) on

Corollary 7. The matrix E(a) = consisting of the eigenvectors of

(206 (jaj1) =0, (1211 ~1)
the matrix A y)(a) is orthogonal and symmetric.

Proof. Let a(j j1) and a(;, ;) be two different columns of the matrix E(a). Then, using the
equality Aj,A;, = Aj, 4, we write
- K ki \ T sky ki) T
i B = (A28 (Raab)
A1) * Aizsin) (JZ 71 ) (kyk) =0, (l =11 -1) N\ 2700 ) (ky k) =0,... (I~ 1,1, —1)
(l,—1];-1) (l,—1,];-1) (l,—1];-1)
_ kyskiskasks s Nk s Nk k k
- Z /\jzz)thl)t ZA ' Z (Afz)‘i2> Z(Ajl)\il) b= Z A]; 12/\]11 i1
(ko k1)=0 (ko k1)=0 (ko k1)=0
-1 -1
ky k
B Z /\jzfiz 2 ]11*11
ko= 1=

If (jo, 1) # (io,i1), then (jo — i, j1 — i1) # 0, which means that one of the equalities
jo —1iz # 0or j; — i1 # 0holds true. Therefore, either A; # lorAj_; # 1, which means
that, similarly to (24), we obtain a(;, ;) - a(;, ;) = 0.

The symmetry of the matrix E(a) follows from the equalities

22— iy

T
ET(a) = (AZA]

Vi1 ) (i2,i1)=0,...,(I,—=1,1;=1)

( i 1)(]2r]1) 0, (l2—1,11 1)

j2 i _ (yinyi B
(Aé)\zl)(izril)zo/---z(lz—l,ll—1) - (Ajg/\ji) (i2,i1)=0,...,(=1,h1—=1) — E(a).
(j2j1)=0,...,(Ia—1,; - 1) (j2j1)=0,...,(l,—1,1—1)

The corollary is proved. O

Note that the matrix of eigenvectors in the case of multiple involution and for
I; = ... =1, = 2 has a similar property [24].

Now, we can explore the completeness of the eigenfunctions of Problem S;.

Let H,, be the space of homogeneous harmonic polynomials of degree m. By Lemma 2,
it can be split into a sum of l/; orthogonal on Q) subspaces F;, ;) [Hm], (i2,i1) =0,..., (I —

1,5 — 1) of homogeneous harmonic polynomials of parity (ip,i1). Let {H,(,?’il)'k ck =
1,2,. )} be a complete in F;, ; ) [Hm] system of orthogonal on Q2 polynomials.

12 11

Theorem 7. Let the numbers A;, ;) defined in (14) be all not zero. Then, the system of eigenfunc-
tions of the Dirichlet problem (1) and (2) is complete in Ly (CY) and has the form

1 i
uﬂrm,(iz'il)/k(x) W]mﬂl/z 1(v/Hx])Hp (o 1)k(x)’ (29)
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wherem € Ny, (ia,i1) =0,..., (b = 1,1 =1),k=1,...,m, ), Ju(t) is the Bessel function of
the first kind, and /i is a root of the Bessel function ]m+n /2-1(t). The eigenvalues of Problem S,

are numbers A, ;, i), defined in (26)

(L—1,1;-1)

B 25
w(inig) = H Z (j, ]1)}\12)\11
(j2.j1)=0

A

Proof. By Theorem 6, to find eigenfunctions of the problem (1) and (2), it is necessary to
find the function w),(x)—a solution to the problem (16) and (17) and then write out the
function #;, ;) (x) = F, i) [wyu](x). A maximal system of eigenfunctions of the problem
(16) and (17) have the form (see, for example, [27,28])

1 .
Wym,j(x) = W]mw/zfl(\/ﬁm)mn(x), (30)

where {H,Jn(x) Hj= 1,...,hm}, hyp = 2m+"2 2(m+" 3) (n > 2) is the maximal system of
linearly independent homogeneous harmonic polynomials of degree 1, and /4 is a root of
the Bessel function [, ,/2—1(t). Then, since |S,S1x| = |x|, then

1 (=Lh-1)
u(iz,il)(x) = F(iz,il)[w]/l,m,j] (x) —_
Ll 550
1 (12_1,11—1) o 1 o | .
= — Z /\]2)\]1 _ ]m—i—n/Z—l \/ﬁ|s]225]11x| Hln S]zzsjllx
Lh (j2,j1)=0 2 |S]225111x|m+n/271 ( ) ( )

Nty (55110)

i’

1 .
=W]’”*”/Z—l(\/ﬁ|x|)F(i2,i1)[H£n](x). (31)

Since F{;, i, [H,]n] C Fiy,iy)[Hm], then choose in the space F;, ;) [Hn] a complete system
of polynomials {H,Siz’”) tk=1,2,...,mg, 11)} orthogonal on d(), to which correspond
=0
12/11) 4

)(x) is missing (see Example 6) and therefore

some polynomials from #,,. Note that, for some value of m, it is possible m

(i2i1

that is, for such m, the component H,,

(i, iy = 0. Choosing in th(g 1jesulting expression for #;, ; ) (x) instead of F;, ; [H),](x) the
12,11

harmonic polynomials Hy;, )’k(x) and adding indices, indicating the dependence of the
eigenfunction 1 ;, ; ) (x) on y, m and k, we have (29).

Since, in formula (29), HS? Il)k(x)

m, the functions u

are homogeneous harmonic polynomials of degree

1m,(iniy),k (X) have the form (30) and hence are eigenfunctions of problem

(16) and (17). The reverse is also true. Each homogeneous harmonic polynomial H,]11 (x)
by the formula (22) can be represented as a linear combination of harmonic polynomials
of the form H,(#’”)( ), and those are linear combinations of the polynomials Hy, (f211), k(x)
and hence any function from (30) is a linear combination of functions of the form (29).
The eigenvalues of the problem (1) and (2), in accordance with Theorem (6), are found
from (26).

Let us study the orthogonality of the functions u,, ,, ( (x). The equality holds true

in,iq),k

/Q Wyiymy (in)i1) ey (x)ﬂﬂzlmzl(]'szl),kz (x) dx

1 . o
= /0 0T w1721 (VIP) Ty 0721 (\/H2p) dp - /m Hy2 R (@) B () dse = 0.
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Consider the right side of the obtained equality. For pi; # pp and my = my, due to
the properties of the Bessel functions (orthogonality in L,((0,1);t)), the first factor is zero.
If my # my, by the property of harmonic polynomials, the second factor from the right side
is zero. If y1y = pp, my = my, then, for (i, 1) # (j2,j1), the second factor from the right side
is zero by Corollary 6. Finally, if (ip,i1) = (j2,j1) and k; # ky, then the second factor is zero
(i2/i1) k

().

in accordance with the scheme for constructing polynomials H,,
By Lemma 2 from ([29], p. 33), the obtained system (29) of functions is complete

in Lr(Q) = Ly((0,1) x 9Q) because the system { Jy1n/2-1(/7P) : Jmin/2—1(y/f) = 0} is
orthogonal and complete in L((0,1); t) for each m, and the system {H (i21).6) (g)} is or-
thogonal and complete in L, (0Q)) for different m, (i3, 11) and k. The theorem is proved. [J

Example 7. Letn = 2,1, = 1] =2, S1x = (—x1,x2), Sox = (x1, —x2) then Problem S, has
the form

apAu(xq, x2) + ag Au(—x1, x2) + apAu(xy, —x2) + azAu(—x1, —x2) + Au(x) =0, x € Q,
u(x) =0, x € 9Q).

Using Example 6, we find the eigenfunctions of the problem (1) and (2). In the polar coordinate
system, the eigenfunctions of the problem (16) and (17) are determined according to the equality
(30) in the form

w%mlo(x) = Jm(\/Hr) cosme, wﬂ,mll(x) = Jm(\/pr)sinmge, m € Ny,
where /i is a root of the Bessel function [y (t)
o0 o\F
]Zo J+ m) (2) '

Using (31), we have

Wy, (i) (X) = T (V/BIX]) Eiy i) [Hom] (/1))

In the written formula, the dependence of the eigenfunction u,, ,, (;, i\ (x) on the index k is not
indicated because, in accordance with Example 6, the dimension of the space F, ;) [Hum] is equal to
1. According to (25) and taking into account (26), we write

12, 1]

Uy 2m,(0,0)(X) = Jam (\/pir) cos(2meg), = p(ap +a; +az +az),
Uy 2m+1,(01)(X) = Jami1(y/pr) cos((2m + 1) @), = u(ap —ay +az —az),
Uy 2mg1,(1,0) () = Jam+1(V/pr) sin((2m + 1)), = p(ap + a1 —az —az),

Uy om,(1,1)(X) = Jam (y/pir) sin(2mg), = p(ap — a1 — az +az),

where m € Ny, \/Ji is a root of the Bessel function ]y, (t) and A,
obtained system of eigenfunctions is complete in L (Q2).
Let n = 3. Then, the maximal system of homogeneous harmonic polynomials of degree m

in (30) {Hf;;o(x), H{;’Zl(x) :j=0,...,m} has the form [27]

y # 0. It is clear that the

12 11

,0 i . ; Al i . .
Hy (x1,%2,x3) = anfj(x) Re(x; +ixp)/, Hpy (x1,%2,x3) = Gfﬂ,]-(x)lm(ﬁﬁ +ixz)!, (32)
where 0 < j < mand

i i /2] k (x1+x2)k X3 2k
Gin(¥) = G (31, %2, %3) = k;o(_l) (k) 127 + 2k) 11 (m — 2k)1°
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The system (32) has 2m + 1 members for every m because Hé’l(x) = 0. In the spherical
coordinate system (r, ¢, 0), we can write it in a more compact way

0 j . i1 j ..
HJ, (x1,%2,x3) = rmenij(r, ¢,0)cosjp, Hly (x1,x,x3) = rmGinij(r, @,0)sin jo,

where /2]
. m/2 in2k+i g m—2k g
i _ _\k_ sin cos
G (1 9,6) = k:ZO( U G+ 20uim — 201

since cos = x3/|x|, sinf = \/x3 + x3/|x| and cos ¢ = x1//x% + x3. In this case, the dimen-
sion of the space F;, ; ) [Hum] is greater than 1. Note that the operator F;, ; \[-] acts only on the
second multiplier of polynomials in (32). For example, in the space F)[Hm], one can choose the

following basic polynomials {HZO(r, ¢,0):k=0,...,[m/2]}, which means

005 (X) = 1 i1 2 (V) GH oy (r, 9,0) cos(2kg), k=0,...,[m/2].
The remaining eigenfunctions are obtained similarly.

5. Conclusions

The results obtained allow one to find explicitly, using the formula (29), the eigen-
functions and eigenvalues of the boundary value problem (1) and (2) for the nonlocal
differential equation with double involution. The completeness of the system of eigenfunc-
tions make it possible to use the Fourier method to construct solutions of initial-boundary
value problems for nonlocal parabolic and hyperbolic equations.

Possible applications of the obtained results can be found in the modeling of optical
systems, since differential equations with involution are an important part of the general
theory of functional differential equations, which has numerous applications in optics.
Applications of equations with involution in modeling optical systems are given, for ex-
ample, in [30,31]. In particular, in [30], mathematical models important for applications in
nonlinear optics are considered in the form of nonlinear functional-differential equations
of a parabolic type with feedback and transformation of spatial variables, which is speci-
fied by the involution operator. The following parabolic functional differential equation
is considered

ou
§+u =uAu+K(1+ycosQu), 11 <r<rp t>0,u>0,
which describes the dynamics of the phase modulation of a light wave, in an optical system
with an involution operator Q such that Q' = I.

With the above in mind, as further research steps on the topic of the presented
article, we are going to investigate nonlocal initial-boundary value problems with in-
volution for parabolic equations. In addition, we are going to study nonlocal bound-
ary value problems in the case of multiple involution of arbitrary orders, generalizing
the results obtained in [24], and also consider similar boundary value problems for a
nonlocal biharmonic equation.
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