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Abstract: This paper investigates the properties of the ¢-skew-Hermitian solution to the system
of quaternion matrix equations involving ¢-skew-Hermicity with four unknowns A;X;(A;)y +
BiXi+1(Bi)g = Ci, (1=1,2,3), AyX4(A4)p = C4. We present the general ¢-skew-Hermitian solution
to this system. Moreover, we derive the B(¢)-signature bounds of the ¢-skew-Hermitian solution
X1 in terms of the coefficient matrices. We also give some necessary and sufficient conditions for
the system to have B(¢)-positive semidefinite, B(¢)-positive definite, B(¢)-negative semidefinite and
B(¢)-negative definite solutions.
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1. Introduction

The quaternion matrix can be used in quantum mechanics [1], color image processing
(e.g., [2-4]), and signal processing [5], etc. Some researchers have studied the solvability
conditions and solutions to some quaternion matrix equations (e.g., [6-9]).

Hermitian solutions to quaternion matrix equations have been discussed in many
papers. Rodman investigated the definitions of ¢-Hermitian, ¢-skew-Hermitian quaternion
matrices (Definition 3.6.1 in [10]) and presented a decomposition of ¢-skew-Hermitian
quaternion matrix (see Lemma 1). Since then, some researchers have considered the
applications of ¢(-skew)-Hermitian quaternion matrices in various aspects. Aghamollaei
and Rahjoo [11] established the numerical ranges with respect to nonstandard involutions
on quaternionic. Rahjoo et al. [12] studied the numerical ranges with respect to nonstandard
involutions. He et al. [13] considered two systems of quaternion matrix equations

A1X —YBy = Cy, B
{ MZ—YBy=Cy LT
and
A1X —YB; =Cy, B
{ A)Y —ZBy = Gy, Z=2y.

Wang and Jiang [14] derived the ranks of the skew-Hermitian solution to a classical
quaternion matrix equation with two unknowns. The y-Hermitian quaternion matrix
decompositions have applications in signal processing and linear modeling (e.g., [15-18]).
Moreover, He [19] has been investigated the structure, properties and applications of a simul-
taneous decomposition for quaternion matrices involving ¢-skew-Hermitian. He et al. [20]
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presented some solvability conditions to a system of quaternion matrix equations involving
¢-skew-Hermicity

A1X1(A1)p + B1X2(B1)g = Cy,

A2X3(A2)p + B2X3(Bz)g = Ca,

A3X3(A3)p + B3X4(B3)g = Cs,
AyXy4(Ag)p = Cy,

Xi = —(Xi)g, M

where A; € HFi*ti, B; € HFi*ti+1, C; € HPi*Pi, and C; are ¢-skew-Hermitian matrices. As
we know, the solution of the system (1) has not been studied. On the other hand, a special
case of the system (1)

A1X1(Ar)g = C; 2

can be used in statistics and vibration theory (e.g., [21,22]). The matrix Equation (2) can
be used to consider an inverse problem arising in structural modification of the dynamic
behaviour (e.g., [23,24]). We conjecture that the main system (1) will also play an important
role in the statistics, vibration theory and dynamic behaviour. Inspired by the Hermitian
solutions to quaternion matrix equations have widely applications in system and control
theory, we consider the expression and properties of the solution to the system (1) in
this paper.

The remainder of this paper is organized as follows. In Section 2, we review some
definitions and introduce some notations. In Section 3, we provide the general solution to
the system (1). In Section 4, we give the B(¢)-signature bounds of the solution X; to the
system (1) and give some necessary and sufficient conditions for the system (1) to have B(¢)-
positive semidefinite, f(¢)-positive definite, B(¢)-negative semidefinite and B(¢p)-negative
definite solutions.

2. Preliminaries

In this section, we review some definitions.
Let R denote the fields of the real numbers. Let H be a four dimensional vector space
over R with an ordered basis (1,1,j, k) [25]. Note that i, j, k satisfies

==Kk =-1,
ij=—ji=k, jk=-kj=1i ki=—-ik =j.

A real quaternion simply called quaternion is a vector x = ag + ayi + aj + azk € H
with real coefficients ag, a1, a5, as.
The definition of nonstandard involution is giving as follows.

Definition 1 (Non-standard Involution [10]). Let ¢ be an anti-endomorphism of H. Assume
that ¢ does not map Hl into zero. Then, ¢ is one-to-one and onto H. Thus, ¢ is an anti-automorphism.
Moreover, ¢ is real linear and can be represented as a 4 x 4 real matrix with respect to the basis
{1,i,j,k}. Then, ¢ is a non-standard involution if and only if

10
=0 1)
where T is a 3 x 3 real orthogonal symmetric matrix with eigenvalues 1,1, —1.

Rodman [10] considered some properties of nonstandard involution. Next, we review
the definition of ¢-skew-Hermitian.

Definition 2 (¢-skew-Hermitian [10]). A € H"*" is said to be -skew-Hermitian if A = —(A)g,
where ¢ is a nonstandard involution.
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The canonical form of a ¢-skew-Hermitian matrix is presented in [10]. First, we review
the definition of ¢-congruent.

Definition 3 (¢-congruent [10]). The quaternion matrices A, B € H"*" are ¢p-congruent if
A = SBSy, where S is an invertible quaternion matrix and ¢ is a nonstandard involution.

Lemma 1 ([10]). Let ¢ be a nonstandard involution. For every ¢-skew-Hermitian matrix A €
H" %" there exists an invertible matrix S € H"*" such that

0 0 0
SASpy=| 0 B, 0 |, B=pB¢), ®
0 0 —BI

where the unit ¢-skew-Hermitian quaternion p is fixed and denoted by B(¢). Moreover, the integers
p and q are uniquely determined by A (for a fixed B(¢)).

According to Lemma 1, the definition of B(¢)-signature of a ¢-skew-Hermitian quater-
nion matrix A is provided.

Definition 4 (B(¢)-signature [10]). We say that the ordered triple of nonnegative integers

(Iny (A),In-(A),Ing(A)) := (p,q,n —p —9q)

is the B(¢)-signature of a ¢p-skew-Hermitian quaternion matrix A, as in Lemma 1. The matrix A is
said to be B(¢)-positive definite, B(¢)-positive semidefinite, if In, (A) = n,In4 (A) +1Ing(A) = n,
respectively. Analogously, B(¢)-negative definite and B(¢p)-negative semidefinite p-skew-Hermitian
quaternion matrices are defined.

3. The General ¢-Skew-Hermitian Solution to the System (1)

In this section, we provide the general ¢-skew-Hermitian solution to the system (1).
Using the results of Lemma 1 in [20], there exist nonsingular matrices T; € H'i*!,
P; € HPi*Pi, (i =1,2,3), Ty € H'+*!, Py € HP+*P+ such that

PAT = Sa,, PiBiTii1 = Sy, PaAsTy=S,,.

Therefore, the system (1) is equivalent to the following system:

Sulil(sal)(p + Sbf(z(sblﬁp = D ]
Sar X2(Sa,)¢ + Sb, X3(Sp, )¢ = k] @)
Sa3X3(Sﬂ3)¢ + Sb3X4<Sb3)‘P = D

(

S 4
Sa4X4(Sa4)4’ = Dk])’

where X; = —(X;)¢, D() pc;(P, )4,, Sq; and Sy, have the following form
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The above idea and symbols are presented in [20].

In order to give the general ¢-skew-Hermitian solution to the system (1), we need to
obtain the general ¢-skew-Hermitian solution to the system (4). The following theorem

gives the general ¢-skew-Hermitian solution to the system (1).

Theorem 1. Assume that the system (1) is consistent. The general ¢p-skew-Hermitian solution to

the system (1) can be expressed as

where
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~N N o

Proof. According to the idea of [20], we assume X1, Xo, X3, X4 have the following form:

Pl-Cl-(13i)¢, (i =1,2,3,4) are defined in [20], and the remaining X

~

i)

(

ki —
Xl(jis, Xl(fn)14 are arbitrary matrices over H with appropriate sizes.

where D
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T

N N (X(Z)) X<2)

Xo = —(Xp)p = 12 /¢ 22
_(Xg,zl)sﬁ —(Xé,zl)g)¢

Xy oo Xy

®) (3)

- - —(X X

X3 = —(X3)p = (X129 22
~(Xine —(Xin)e

Xy o X

R R —(X(4)) X(4)

Xy =—(X4)p = 2 2

Putting X4, Xo, X5, X4 into the Equation (4) yields
(Di(]'l))14x14 = (0", DjY),
(D )20x20 = (D, DY, DY),

o)

(D1gas = (D, DS, DY),

Xy} Xj3 s X Xj
~(xie  XxE x5 Xy b
~(xi)y  —xy,  xP X3 Xg)
—(Xi9)p  —(X39)e —(Xso')g —(Xp9 e Xgg
—xfe iy —xe (XD — (e
~(xe (e —(xihe —(X5e (X
0 0 0 0 0
where
Xjy +Xx{7 X{y + X7 X{y + X7 Xy
—(XG + X)Xy + X X33 + X5 Xy
—(xy X () +x2) xE) X Xy,
—(x) X -0 X))y~ X)), X X
—(X + XD —(X xR (X +XE)y —(x)
—(Xjg X1 )e  —(G) + X5y —(Xig + X))y —(Xgg
p®_ |~y ~(X37)y ~(Xi)g ~(Xi)e
1 (2) (2) (2) 2
_(X17 )47 _(X27 )</> _(X37 )rp _(X )
~(X3)g — (X)) —(X5)g —(
~ (x5 —(x5))y — (X)) ~(x39)
(2) (2) (2)
*(Xl,w)fp *(X2,10)4> *(X3,10)<P —(
~(X{3)y ~(X3)y ~(Xh)y ~(
*(Xfl)z)fp *(Xé,zl)z)(? *(Xé,zl)zh *(
0 0 0

OO O O O O ©o o

(10)

(11)

(12)

. (13)
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B J(FZ)X i e X X® X ) x4 xt
X5 19 + x3) 300 T x® 2,11 ('2)3 X 2
x@ Y CI X2 x4+ x x? 4 x®
7 +x8) (2X59) 410 T X 311 X('zl)3 X9 X%,21)4 * X1,1)0
ng) +x® X79) +x® x? i Xﬁ)l %’213 + ng) 214 X5
_(X(z) 66 x@ 57 x@ 510 X('z) X, ) x0O) x2) %310
94 xB 2+ x5 710 T x® 511 13 7 Xao 08 + X5,
_(X(z) 67 ) X(z) 67 X(Z) 58 X(’z) X(2) Xy ) i ('31)0
p® si0 T x®) 99 T x®) 810 T x©3) 711 X 513 s+ Xy
y = (X(2) 68 )47 —(X(Z) 77 X(2) 68 X(Z) 713 T X(g) X(Z) ’
o D, et OO e e
(Xgps + <0 —(Xéz) ) x2 ¢ o) X 1)1 813 + Xég) 734 - X§3)
~(Xi+ X0 o =X e x2 Xy Xy + %55 Xt X2
~(x® Ee— (X8 e —(XJ5) 011)¢ X Xions + 3 Xy + )
815 T x® 914 T x3 1013 T x® 1111 13 T Xgo 3 X3
—(x? B (x8 )= (X1 B, —(x? X x® 0
8,16 + Xé3) ) 9,15 + X§3) ) 10,14 + X(B) 11 13>¢ X(Z) 11,13 14 XS 1)0
_(X(z) 12 ¢—(X52) n X(él)l </>—(X%5 N 5(3,310)47()((23 1313 + ® Xﬁ)
§17)9 )+ X)) - logs X8 )y &14)4;—( x@ % x@ 14
_(X(3) _(X(z) ¢ (Xlo 4 ('3)1 ¢ (Xl ) 1314 T X(3) 13,14 + X(3) p
6,13)¢ 9.17)¢ 16 T Xg12)p— " o (X 0o Xy %)’
—(x¥ —(x?) —(x? 12)e—(X1116) 1315 T x3) 1414 T x©)
614)9 7,13)9 017 — e ¢—(X<23 911)9( x(2) 10,10
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6.15)¢ 714)9 813)¢ 117)¢ —(X(Z) 9,12)¢—(X(23 1011)¢
—(x¥ —(x$®) —(x¥ 0 1347) 1416 + x0G)
6169 7,15)9 8,14)9 _(x3) ¢ v 10,12)¢
0 *(X(3) —(X(B) 0 (X5713) (X )
7,16) 8.15) 13/¢ 1417)¢
0 ¢ —(X('s) 4 0 —(x®) —(X(33
8.16)¢ I 10,13)¢
2 0 0 (X ) ) _(X(3)
Lis x\3) 0 (x$) ~(x0
X5 + ) x4+ x0) 5 - (8'15)¢
X(2)5 2,11 X(’zl)6 X1,12 X(z) (Xlo)l 6)
315 1 x©) 2161 x3) 1,17 x3) 0 4
x2) 3,11 <@ 2,12 x2) 113
s+ X0 @ 4 x o x0 x)
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x2 1011 @ 912 x@ 0 814 x3) X% 0
1505 + X (3) 1416 T x3) 13,17 x 3 0 8,15 (é%l)6
_ (X(z) 11,11 X(z) 10,12 X(ZS 9,13 XS 1 0
1516 T x®) 1516 T %) 1417 X(g’) x3) 0 ,16
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5.11) 10,19) Gl —(x8) e —(x1) 415)9 (3)
9 9)¢ e (X h (X X
—(x —(xW (x s T X0 (HUNED ¢ 15,1
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X§31>7 + Xg) Xﬁ)s + Xi 1)0 Xi,w Xﬁ)l X1,1)2 0
Xh+x  x+xll x x o X o
X X5 Xye o0 0 0

X +X  xOe+xf x8 xf o X, o
Xeo X xTs+xBe x50 x{ X o
x x® X3, 0 0 0

Xé31)7 + X&%) Xéi)s + Xéjll)o Xé,31)9 Xéfll)l Xéjll)z 0
X+ X5 X +Xeh Xow  Xen  Xeh O
Dy = o iy @) <3>Xﬁ') e ng 7 b
X317 + X79 X318 T X710 %1319 X711 X712 0
xPprxE xerx xe o xB x o
Xg?w Xg,)ls ngw 0 0 0
XS)U + Xg;) XS?B + Xéﬁ)o XS519 Xéfll)l Xéjll)2 0
—(Xj7hs + Xé41)0)4> Xg?m + X%?lo ng X%,)ll X%?lz 0
- (X137))19)¢ - (Xg)w ><P Xg?w 0 0 0
~Gpde O 0 Xy X, o

- (Xéjll)z)¢ - (X%?lz)qJ 0 - (Xﬁ?u)q) Xg?lz 0

0 0 0 0 0 0

Observe that the matrices (10)-(13) are all defined in [20].
It follows from (10)—(13) that the general ¢-skew-Hermitian solution to the system (4)
is provided in the form (7)—(9). O

Example 1. Given a system (1). We consider the general ¢-skew-Hermitian solution to this system,
where ¢p(a) = a)* = —ja*j for a € H. The quaternion matrices A;, B;, (i=1, 2, 3), A4 are given:

i 0 14k ji 2 0
A1:<0 j—k j+k), A2:(3k 0 i+j),

1 0 k 54j 6 0

i 0 0 0 i+j 0

A3: 0 i+j 2i |, A4: k 0 1+]—
2i+k k O 2j 0 i+ 3k

1+i 3 0 0 %j 0 k i+j
Bi=| 0 i+k j—k]|, By=]|3i 1—, 0 02 0 |
j 0 24k 5k itk 3j 0 5k

The ¢-skew-Hermitian matrices C;, (i = 1,2,3,4) are given:

4 6+ 11i + 3 —9 4+ 8i + 16j + 23k
Ci=|( —6-11i+3; 18] —24 —10i — 12j + 2k
9 —8i+16j —23k 24+ 10i — 12j — 2k 15§

—6 —2i+20j — 3k 45j —36 — 50i 4 62j + 39k

15 6+2i+20j+3k  —10—10i+3j — 14k
(@)
104+ 10i + 3j + 14k 36 + 50i + 62j — 39k 43j
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4 —2-3i4+j —12-—4j—4k
C3—(2+3i+j —14j 6+18i—4j),
12— 4j+ 4k —6—18i — 4 39j

—2j —2 4 2i +2j 4+ 4i 44k
Cy= ( 2 — 2i+2j 9% 63i2j5k).
—4—4i—4k 6+ 3i—2j+5k 12§

According to Theorem 1, the following ¢-skew-Hermitian matrices satisfy the system

j 247k 3i+j-k
Xp=—(X)p=| —2-7k 5 itk |,
“Bit+j+k —i—k 3

2j 142 0
Xp=—(Xa)g= | -1-2i —j 2j+3k]|,

0  2j—-3k 3

j j 2i j i+j+2k k
X3=—(X3)¢= ] 3] j+3k , X4:—(X4)¢= —i+i—2k —j 0].

—2i j—3k —5j —k 0 2j

4. The B(¢)-Signature Bounds of the Solution X; to the System (1)

In this section, we investigate the property of the solution X to the system (1).
Firstly, we consider the B(¢)-signature bounds of the ¢-skew-Hermitian solution X; to
the system (1). The following Lemmas provide the B(¢)-signature bounds and minimum
rank of block matrices.

Lemma 2 ([19]). Let M be a ¢-skew-Hermitian block matrix

M= (jhp g)' .

where A € H"*™ and B = —By € H"*™ are given, X € H"*" is a variable ¢-skew-Hermitian
matrix. Then,

. /A
Xri@%(% Ing (M) =n+1Inyg(B), Xlglr;(d) Ing (M) = r(B> In+(B).

Lemma 3 ([26-29]). Let N be a block matrix

A B
N:<D Y), (15)

where A, B and D are given quaternion matrices, Y € H"*"™ is a variable matrix. Then,

m)}nr(N) =r(A B) +r(g) —r(A).

The following Theorem derives the B(¢)-signature bounds of the solution X; to the
system (1).

Theorem 2. Assume that the system (1) has a ¢-skew-Hermitian solution (X1, Xa, X3, X4) €
Hir<h x Hi2*t2 x Hfs*ts x Hi4>t, We denote

S={X1=—(X1)p € H""" | A;X;(A;)¢ + BiXiz1(Bi)g = Ci, (i =1,2,3), AsX4(As)p = Cs}.
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cococoFop
(@)
w

Then, we can obtain

By 0 0
maXlHi(X1)—t1—r(A1)—r<A2 B, 0)_7 Bs A3 O

0 A; B

—Cy Ay 0 0 0 0 0
(Ag)p 0 (Bz)yp O 0 0 0
A, B; 0 0 0 By C; A3 0 0 0
—H’( 0 A2 By 0) +h’1i 0 0 (A3)¢ 0 (32)4) 0 0 , (16)
0 0 As Bs 0 0 0 B, —-C A 0
0 0 0 0 (Ay 0 (B
o 0 0 0 0 B C
(B,) A 0 (fzc)qb A o
minlng (X;) = r( ! 4’) —r 0 (By)g | +r 2 2
G B, G (A2)p 0 (B1)y
0 B
As 0 0 0 (B3)g O 0 0 0
C: Aj 0 0 0
0 (Ba)y 0 0 (A3)g 0 (By)y O O
—r BZ —C2 Az 0 +7r 3¢ 29
0 B, -C A, 0
0 0 B ( 2)¢ (Br)e
o 0 0 B G
0 0 0 0 —Cy Ay 0 0 0 0 0
0 0 0 0 (Ag)g 0 (Bs)y O O 0 0
As 0 0 0 0 By C3 As 0 0 0
0 (Bz>¢ 0 0 +Iny 0 0 (A3)¢ 0 (B2)¢ 0 0 (17)
B, —-C, Ay 0 0 0 0 B -G A 0
0 (A2)g 0 (Bi)g 0 0 0 0 (A)y 0 (B
0 0 B 0 0 0 0 0 B

Proof. According to Theorem 1, the ¢-skew-Hermitian solution X; can be written as
X = Tl}?l(fl)tp/

we have o R
Iny (Xy) = Int(T1Xq(Th)g) = Inx(X1).
X1€S8

Thus, in order to study the p(¢)-signature bounds of X; under S, we just have to
consider the B(¢)-signature bounds of X;. Assume X; = ()A(F), }A(iz) ), where
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n na 3
1 2 3 4 1 2 3 4 1 2 3
m Dy -pf + by -pfY by Dy +Df -xj DY - D + D
| -0 0@+ —xif), DY 0P +0f X ol - +DY
s —(Dyy —D +D)y -0 -DF +DY), DY - D + D§3>
1 1 2 3 1 2 3
g1 _ M4 7(D54) - D§4) + X§4))4> *(D§4) - D£4) + X§4))¢ *(D§4) - D§4) + X§4))¢
— (DY - D))y (DY) ~ DP), ~(0{) - D), '
ne (D¢ = Xi)g — (DY = Xy ~(Dg = X))y
7 ~ (D7) ~ (D) ~(D§))y
b= T, ~(X{g)y — (x4 —(x{g)y
ny ns Ng ny t1 — Tay
2 1 2 1 1
m (DP-D@+xy  oP-p® DP-xP DP X
P I I B
I .
1 3 1 2 1 2 1 1
}?52) _ 4 DA(M) - D£4) + X( ) Dzis) - DAES) zis) - Xzis) D£7) Xzis)
1 2 1 2 1 2 1 1
s -0y -p@), b -pl b -xF b xy
e ~(Dy - X))y —(DY —xF, DY -x% DY xy
ny ~ (D7) -0y, -y, DY XY
ty — 7o, ~(X)g ~ (X))o —(xE)e  —XPe X

We treat matrix )A(l as a block matrix, using the Lemma 2 and Lemma 3 to get the
B(¢)-signature bounds of the ¢-skew-Hermitian matrix X;, which is equivalent to the (¢)-
signature bounds of the ¢-skew-Hermitian solution X;. The specific steps are as follows.

Step 1. We treat the variable ¢-skew-Hermitian matrix Xs(;é)
X in (14). According to Lemma 2, we derive

of )Ail as the matrix block

m(a;dni(Xl) =1t — 14 +In(¥1), m(ilr)dni(}?l) =r(¥) —In:(¥y),
X88 X88

assume ¥ = (Y1), ¥(2)) ¥, = (‘5[’51), ‘I’EZ)),where
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y(2) —

nz
n
na
n3
Ny
ns
ne

£

nz
n
13
ng
ny
ns
ng

tl - rﬂ]

nz ny np
DY) — (D) (DY)
piy) by -pf+pf-pf b D+ - x{3
Dy —(Dy) - Dy + Dy - x{3)y DY - DY + DY) - x5
py -y -pF+pg), -0 -DF +DY),
Dy ~(0f) ~DF +x{))y  —(D) - D + Xy '
Dy (D - D))y — (DY — DRy
D —~(Dig = X9y (D5 = X3y
— 1y \ (X} (i) (%)
n3 Ny ns ng
—(D))y L -0y —(DG)
pi -p+pf DY -pP+x) D -pf D - x
piy -pf +pf) by -pf +x§) DY -pf DY -x{
py -pf+pf) D -pf+x) b -pf DY - xF
~(0Y - D +x)y DY -DF +x{y D -DF Dl - xiF
~(D -0y -y -DE)y DY -DY DY - x{
—(DY Xy (D -x@)y (Dl - Xy DL — X&)
(X5 (X))o (X&)o (X))o
ny ny np
ny (DY) — (D) (DY)
m| Dy DY -pf+Dy-pfy Dy -Df + Dy - X}
n | DY) —(DG ~ D + DY) - x5y DY - DY+ DY) — X
= | DY -0 -0@+03), (D8 -DE + DY),
n | DY - -D +x3)y  —(DY - DY + X))y
ns | DY) (D - D))y (DY — DRy
ns \ DY ~ (D) — XDy — (DY — X5
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ns ny ns ne
ny ~(D§)g ~(DY)) (0% —(DY)
1 2 3 1 2 3 1 2 1 2
m | DY -pF+Dy Dy -DP+x{y Dby -bDZF D - xP

| o0 end DR D@ ex oW -pE Dl X
W | ol oo end Dl D@ ex ol opE bl X
R L RS
O R I
I P I

Then, we treat the matrix ¥ as a block matrix. According to Lemma 3, we have

(D) %1 (1) y(1) (1) 3 (1) (1) r(¥) =r(%).
(X78 ’X18 'XZS 7238 'X48 7258 'X68 )

Thus, we can obtain

max  Ing(Xp) =t — 1 +Ing(Fy), min  Ing(X;) = Ing (¥7).

1 1

XY x{Y)

Xy Xy

1 1

(1) Xéfls) 1) Xé%
Xgg » X%%; Xgg's X%%
= e

= )

X68 X68

Step 2. We treating the variable ¢-skew-Hermitian matrix Déé) - Xé? of ¥; as the
matrix block X in (14). According to Lemma 2, we provide

max Iny(¥q) =ng+Int(¥3), min Ing(¥q) =r(¥2) — In:(¥3),

1 2 1 2
Dig X Die ~Xeq.

assume ¥, = (‘I’gl), ‘I’éz)), Y3 = (‘Pgl), ‘I’:(,,z)), where

ny ny 13
ny (DY) — (D) (DY)
m| Dy DY -bf+py-pfy Dy -Df + Dy - Xy
n | DY) —(D)y - D + DY) - x1)y DY — DY)+ DY) - x)
%= | DF  —0f)-D@+DY),  ~(DF - DE + DY), :
ns | DY) —(Dly — D)y ~(D) - D))y
m | Dy =D -DEF +x7)y (DY - DF + X))y

1 1 2 1 2
ng \ D ~(Dly — Xy — (DY — X5
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ns ns Ny
~ (D)) ~(DF)g ~ (D7)
piy -py +py by -pE DY - D +x{
piy -p +pf) by -pE DY - + x5
py -pf +py by -pf DY) - DY +x{)
— (DY — DY)y ply -pP  —(D{ - DE),
~(0f) - D +x§), D -DEF DY - DE + X
e\ —(DY = x§)y  —(DF) - xE)s (Dl - x@)y
ny ny L)
ny (DY — (D) — (DR
m | Dy DY -D+Dpy-pfy DY - DY +Df - X7
) _ 1 Dy —(Dp - DR+ DY)~ X))y Dy Dy Dy - x|
| DY —(DE -DF +D3), (DY - DF +DR),
ns | DY —(Dy — D)y ~(DY ~ DRy
n \Dy -0 -DF +x7)y  —(DY - D + X))y
n3 ns in
nz — (DY) —(DY))g —(D))
m| Dy -pi+0y D -bDE DY - D +x
m| DY -DP+Df) D -DF DY -DY +x{
ny| DY -DY +Dy DY - DY) - DY+ X

| o b, ool o bl
1 2)

w \ (DY D@ X3, D bR D -+

Then, we treat the matrix ¥; as a block matrix. According to Lemma 3, we derive

(1)
Dy D(l)
pb 77
17 pw
pb 17
. 2{ pW
Y A NIA C LU A C L Dy | = D%Z)
(Dig' —Xis /Dyg — X5 D3g —X36 D3 —X55 Dyg —Xss ) Dé;) %Z)
p Dsy;
47 p
) 47
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Thus, we can provide

max Int (Y1) = ne +In+(¥3),
1 2
Dip~ iy
N R A
Dy~ Xeg. Déé) - Xéé)
1 2
Dip ~ X
D46 - X46
1
Dy (1)
1) D,
Dy, (1)
(1) D17
D5, D(l)
mi(r}) 2 Int (Y1) =Ine(¥3) +7 Dé;) -r D%T)
Dyg — Xy Déé) &
pl) _ x) ) Ds;
W@ | o) o0 Dy Dy
Des —Xg6 /| D3’ — X3¢ D(l) d
pl) _ x® 7
(CORG)
D46 - X46

Step 3. Using Lemma 2, Lemma 3 and the similar methods in Step 1 and Step 2 (the
specific proof process please see Appendix A), we establish

maxlni(}A(l) =t; — 1 + 1+ ng+n

(1) (1 1) (1)
it _<1(>D57))€’5) 7 7 7, e,
+Ing D5, Dss = Dss —(D35' — D35')g —(Di5' = Di5')g (18)
D(l) D(l) _ D(Z) D(l) _ D(Z) + D(S) _(D(l) _ D(z) + D(3)) ’
SO R A M M S, o N Sl
D)7 Dys —Dj5 Dyy —Dy3 +Dyy Dy —Dyy’ + Dy — Dy
0
D 1 1 1
Dz17) D;7) D§7) 7(Dé7))¢ D(l) 7(D(1))
117 D<1) D(l) D(l) _D(z) 717 1 57 ‘/72
D§7) H) %Z) ?%) %5’) Dé7) Dé5) - Dé5)
i L. — (1) Dy, Dy;" Dy5 = D5 (1) (1) (2)
minlng (X1) =7| D —r N+ { 3 2| —7|D D\ —D
317 D< ) D( ) D( ) _ D( ) 117 l% 1g
pW 37 37 3 3 pb pl) _p)
57 pb pd) p) _ D( ) 37 35 35
of | on) on pnoos) ol ol -of
Dé;) Dy Dy’ Dy —Dys
(1) (1) (1)
D — (D, —(D
O A e, Dy (DY) — (D)
D57 Dgz' — D5 —(D35' — D35')g (1) (1) (2) (1) (2)
O 5 _ @ HO @, HB Ds; Dgy —Dgy —(D3s — D)
7 D3, D3y =Dz Dz —Dgz' + D3 [ =7 1) ) 2 O @) 3)3)
1) ) @ HO ) G D3;' D35 — D357 D3z — D3z + D3,
D§7 Dy5' = Dj5' Dy3° — Dy3" + Dy (1) (1) (2) (1) (2) (3)
0 ) _p@ 0 _ 5O, 0 Dy D5 —=Dj5 Diz’ —Dijz + Dy
Dy, Dys —Dy5 Dy’ = Doy’ + Dy
O A T . e
D Dz’ — D — (D, — D — (D’ — D
T IR R D(1(> L) 35D)<¢3) D<5) e 155?3) - (1)
D o b oh oBiod o o ol ol
Di; Dy5 =Di5 Dy’ =Dy +Dg30 Dy —Dip + Dy’ — Dy
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Step 4. The ranks and B(¢)-signature of matrices in (4.5) and (4.6) can be represented
by the following expression

(1
Dy P
Dy 0
D(l) D17
(B1> 2{ Aj 0 A, D(l)
r ¢ =r(By) +r D§7) ;1[0 (Bi)g | =71 +7(B1) +r %{) ,
C] Bl D
D(l) B C1 37
57 pW
pb 57
i Dy
D
67
s A
Bp 0 0 b ool
| G A2 0| (A2}, (B As) | Dy Dip'—Dyl |
(A2)g 0 (B1)y By 0 B pd) pll _p?
0 B C 1 1 2)
- % BB
D47 D45 _D45
(1) (1)
As, 0 0 0 Dq) —1()957 )4;
0 (B2)y O 0 Az 0 B A Dé7 Dé5_Dé5)
rl B —-C A 0 =r| B Ap —|—1’(02 B2>—|-7‘ Dg) D%)—D%) ,
0 (A2)p 0O (B1)g 0 B ! p p)_ p@)
0o 0 B G (OIS
D377 Dy — Dy
(B3)p O 0 0 0 p —(D(l)) —(D(l))
¢ ¢
oA 000 45 0 By A 0 bl bl p® (ol ~p2),
Ve Bl D0 [l ) (0 B om)er| bl o bl ol b® b |,
2 T2 2 0 B 0 0 B 0 HD)_ @2 1) 52 [0
0 0 (A2)p 0 (By)g Di; Dy —Dj5 Dy —Dy3 + Dy
o 0 0 B G Dy D -Df DY - DY+ D5
A, 0 0 0 0 0
0 By O 0 0 0
B C3 Az 0 0 0
r| 0 (Az)g 0 (By)y O 0
0 0 B -C A, 0
0 0 0 (A2)p 0 (Bi)g
o 0 0 0 B C
1 1 1
By A; 0 ae 00 D% <1(>Dé7))(43) " é7%)
3 Az
=r|{ 0 By Ay|+r By A; 0 +r Dy, Dss — Dss — (D35’ — D35')g ,
0 By A p) pl_p2 p) _p@  HE)
0 0 B 0 0 B 37 35 35 33 33 33
Vo \of) oo ol o <o}
—Cy Ay 0 0 0 0 0
(A)p 0 (Bi)y O 0 0 0
0 Bs Cs Ajz 0 0 0
11‘1:|: 0 0 (A3)¢ 0 (Bz)(/) 0 0
0 0 0 B, —-C A 0
0 0 0 0 (A)y 0 (B
O 0 O 0 0 B C
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A0 0 D (D), (D), ~(D17)y
S0d S A e B e L SR e S
0 0 B) \oh b o b b iod o o on b
! Dl7 D15 _D15 D13 _D13 +D13 Dll _Dll +D11 _Dll

Ay B 0 0 B 0 0
nzzr(il 13)” 0 Ay, B, 0 —r(%l il é))—r A, B, 0|,
2 bz 0 0 A; Bs 2 "2 0 As; Bs

B A By 0\ _ (B 0
n4_r(Bl)+r<0 Az Bz> "4 By T<A2 Bz)'

ng =r(A; B1) —r(By), ra, = 1(A1).

The above results indicate that the p(¢)-signature bounds of the ¢-skew-Hermitian
matrix X; can be expressed as

A NN
maxlny (X;) =t —r(A;) —r[ A, By 0| —r 303
0 A; B 0 By 4
507 0 0 B
-Cc, A, 0O 0 0 0 0
(Ag)g 0 (B3)g O 0 0 0
Ay B 0 0 0 B3 C3 Az 0 0 0
+r| O A2 Bz 0 +11’1i 0 0 (A3)¢ 0 (Bz)¢ 0 0 ,
0 0 Az Bj 0 0 0 B, —-C A 0
0 0 0 (A2)g 0 (B1)g
0 0 0 0 By G

Ay 0
(2§ &) § 4

Az 0 0 0

0 (B)y 0O O
—r Bz *Cg Az 0

0 (A2)g 0 (B1)g

0 0 Bq C

0

0 (g 0 (Ba)y 0 0
0 0 By GC3 Ay 0
0
0

ccocoFopx
=
S
<
> o
o oo
oo o
o oo

—r (A3)g 0 (Bz)p O +Ing| 0 0 (As)p 0 (B2)y O
0 B, —-C A 0 0 0 B, —-C A
0 0 (A2)g 0 (B1)y 0 0 0 0 (A2)g 0 (B1)y
0 0 0 By C 0 0 0 0 0 By C

In conclusion, Theorem 2 is proved. O

Based on Theorem 2, we derive some necessary and sufficient conditions for the
system (1) to have B(¢)-positive definite, f(¢)-positive semidefinite, B(¢)-negative definite
and B(¢)-negative semidefinite solutions.

Theorem 3. Assume that the system (1) has a ¢-skew-Hermitian solution (X1, Xo, X3, X4) €
Hih x Hf2* 2 x HB3*Es x H4*4. We can derive the following conclusions.
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(a) There is a B(¢)-positive definite solution X if and only if

—Cy Ay 0 0 0 0 0
(As)p 0 (Bs)p O 0O 0 0
0 Bj Cs3 Az 0 0 0
11’14r 0 0 (A3)¢ 0 (Bz)q; 0 0
0 0 0 B, —-C A 0
0 0 0 0 (A)y 0 (Bi)y
0 0

B 0 O B A 0 A1 By 0 O
:1’(A1) +r{Ay By 0| +r 03 B23 Ay —r|{ 0 A By 0].

0 A; Bs

(b) There is a B(¢p)-negative definite solution Xy if and only if

—C4 Ay 0O 0 0 0 0
(Ag)p 0 (B3)g O 0O 0 0
0 By C A3 0 0 0
In-| 0 0 (A3)p O (Ba)p O O
0 0 0 B -G A 0
0 0 0 0 (A)y 0 (B)y
0 0 0 0 0 B C

B 0 0 24/? 8 Ay B; 0 0
IT’(A1>+T’ Ay By 0 +r 03 33 A —rl 0 A, By 0.
2 2
0 A; Bs 0 0 B

(¢) There is a B(¢p)-positive semidefinite solution Xy if and only if

—Cy Ay O 0 0 0 0
(A)g 0 (B3)g O 0 0 0
0 B C3 A3 0 0 0
h’l+ 0 0 (A3)¢ 0 (BZ)(P 0 0
0 0 0 B, —-C A, 0
0 0 0 0 (A2)p 0 (Bi)g
0 0 0 0 0 B G

Aj 0 0

Ay
0 0
Ay 0 0 (32)4; 0 0 B3 Cs Asz
= 1’( 0 (B1)¢) +r| By —Cz A2 0 +r| O (A3)¢ 0 (BZ)¢
0 0
0 0
0 0

—~
jos]
(e8]
~—
<
o
o O O
S O O O

By G 0 (A2)p 0 (By)g
0 0 Bq C1

(By)y 0 0 0
(Ba)y 0 0 Cs As 0 0
_r((Bl)q)) | G A2 0 || (As)p O (Ba)g 0
Ci (A2)y O (By)g 0 B, -C A 0
0 B G 0 0 (A2)g 0 (Bi)g

0 0 0 B (G
(d) There is a p(¢p)-negative semidefinite solution X if and only if
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C, A, 0O 0 0 0 0
(As)p O (Bs)y O O 0 0
0 Bj Cy Az 0 0 0
In_| 0 0 (As)g 0 (By)y O 0
0 0 0 B, —-C A 0
0 0 0 0 (A2)g 0 (Bi)y
o 0 o0 0 0 B C
Ay 0 0 0 0
Az 0 0 0 0 (Bs)p O 0 0
Ay 0 0 (Ba)g O O B, C3 A3 0 0
=r[ 0 (B1)¢ +r| Bp —-C A 0 +r] O (A3)¢ 0 (Bz)(p 0
By (G 0 (A2)g 0 (B1)y 0 0 B -G A
0o 0 B 0 0 0 (A)y O
O 0 0 0 B
(Bs)g O O 0 0
(B)y O 0 GG Ay 0 0 0
_r((31)¢)_r ~C A 0 | [(A3)y 0 (B)y 0 0
Ci (A2)g 0 (B1)g 0 B -G A 0
0 B G 0 0 (A2)g 0 (Bi)y
0 0 0 B C
(e) All the solutions X1 are B(¢)-positive definite if and only if
(Ba)g O 0
Aj 0
(Bl)<p> -G Ay 0
r —-r|{ 0O (B +r
< G B (Cl)¢ (A2)g 0 (Br)g
oo 0 B G
4 0 0 o (Bs)p 0 0 0 0
Cy  Aj 0 0 0
0 (Ba)y 0 0 (A3)g 0 (By)y O 0
—r Bz —C2 Az 0 +r 3¢ 29
0 B, -G A 0
0 (A2)p O (Bi)g
vt 0o 0 0 B (G
Ay 0 0 0 0 0 —Cy Ay 0 0 0 0
0 By 0 0 0 0 (A)p O (Bs)y O 0 0
B, C A3 0 0 0 0 By C3 A3 0 0
—r[ 0 (A3)p O (B)g O 0 |+In| 0 0 (As)y O (B)y O
0 0 B, —C A 0 0 0 0 B, —-C A
0 0 0 (Ay O (B 0 0 0 0 (A O
0 0 0 0 By C 0 0 0 0 0 By

(f) All the solutions Xy are B(¢p)-negative definite if and only if

(B2)g
A, 0

, (B1)g _, . -G
() (3 ) oo\

0 0
Ay 0
0 (By)g
B G

OO O oo
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A0 0 0 (B3)p O 0 0 0
Cs Az 0 0 0
0 (Ba)y 0 0 (A3)g 0 (By)y O O
—r B2 —C2 Az 0 +7r 3)¢ 2)¢
0 B, —C A 0
0 (A2)p 0 (Bi)g
! ! 0 0 0 B (G
Ay 0 0 0 0 0 —Cy Ay 0 0 0 0 0
0 B3y O 0 0 0 (Ag)p O (Bs)p O 0O 0 0
By C3 A 0 0 0 0 By C3 Ay 0 0 0
—r| O (A3)¢ 0 (32)47 0 0 +Ing 0 0 (A3)¢ 0 (B2>¢ 0 0 = 1.
0 0 B, —-C A, 0 0 0 0 B, —-C A, 0
0 0 0 (A2)p 0 (Bi)g 0 0 0 0 (A2)p 0 (Bi)g
0 0 0 0 B G 0 0 0 0 0 B G

(g) All the solutions Xy are B(¢)-positive semidefinite if and only if

—Cy A4 0 0 0 0
(Ag)p O (Bs)p O O 0

0 Cs Az 0 0
14+ 1In_

o O O oo

o o oo

B 0 0 ’24/?8 Ay B 0 0
=r(A) +r| Ay By 0| +r| 3 3 —rl 0 A, B, 0].

0 A; Bs 8302‘;12 0 0 A; B

(h) All the solutions Xy are B(¢)-negative semidefinite if and only if

—Cy Ay 0 0 0 0 0
(A4)¢ 0 (B3)<P 0 0 0 0
0 B3 Cs Aj 0 0 0
t1 + Iny 0 0 (A3)¢ 0 (Bz)('p 0 0
0 0 0 B, —C A 0
0 0 0 0 (4 0 (B
0 0 0 0 0 By Cq

As 0 0

B 0 0 B A 0 Ay B 0 0

:I’(A1>+7’ Az By 0 +7r 03 B3 A —r| O A2 By 0].
0 A; Bs 2 2 0 0 A; B

0 0 B

Proof. According to Theorem 2, the system (1) has a B(¢)-positive definite solution Xj if
and only if
maxIng (X7) = £.

It follows from Theorem 2 that

B 0 0 ‘];‘412 8
maxIn(Xy) =t —r(A)) —r| A2 B, 0| —r S
0 By A
0 A; By

0 0 B
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—Cy Ay 0 0 0 0 0

(Ag)g 0 (B3)y O 0 0 0

Ay Bi 0 O 0 Bs Cs As 0 0 0
+rl 0 Ay By O |+Int 0 0 (A3)¢ 0 (B2)¢ 0 0 = 1.

0 0 Az B3 0 0 0 B, -G A 0

0 0 0 0 (A)y 0 (Bi)y

0 0 0 0 0 By C1

Then, we can obtain that there is a S(¢)-positive definite solution X if and only if

—C, Ay O 0 0 0 0
(As)g 0 (B3)y O 0 0 0
0 By C3 A3 0 0 0
11’1+ 0 0 (A3)¢ 0 (32)4] 0 0
0 0 0 B, -C A, 0
0 0 0 0 (A)g 0 (Bi)g
0 0 0 0 0 B (G

B 0 0 44 0 0 Ay B 0 0

By A; 0
=r(A)+r[Ay By 0|+ 03 B23 a7 0 A, B, 0
0 A; Bs 0 0 As; Bs

0 0 B

Hence, we can prove the statements (a). In a similar way, we can obtain (b)-(h). O

5. Conclusions

We have provided the general solution to the system (1). Furthermore, we have given
the B(¢)-signature bounds of the ¢-skew-Hermitian solution to the system (1). Finally,
we have presented some necessary and sufficient conditions for the system (1) to have
B(¢)-positive definite, B(¢)-positive semidefinite, B(¢)-negative definite and B(¢)-negative
semidefinite solutions.
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Appendix A. The Specific Proof Process for Theorem Step 3
Step 3 (1). Treating the variable ¢-skew-Hermitian matrix Dﬁ) -D ﬁ) +X ﬁ) of ¥s is

the matrix block X in (14), using Lemma 2 we have

max  Ini(¥3) = ng +1Ing (¥s), min Iny (¥3) = r(¥y) — Ing(¥s),

1 2 3 a 2) | (3
Dz(14) - Dz(m) +X§4) D44) *DL;) +Xz(m)

where
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nz ns ny ns np
ny (DY) —(DG)y —(D)g —(DZ)g — (DY)
ns | DY DY - DY ~(Dy - D)y — (DY - D))y ~(D§) ~ D)y
g, _ ™| Dy D =D D -pp b -pR Dy DD b - b b - x|
ny | DY %?fé? —~ (DY - DY + D)y Py -pF +Dy  —(DY - DY + DY),
n | DY DY -DY (D) - Dy + D) —x3)y DY -DF+DY DY -DY + DY - x§
n \Dy D -DF (o) DY +x)y -0 -DF +x), (DY - D +xP)y
nz ns nq ns np
ny (DY —(DY)y — (D) — (D)) —(DZ)y
ns | DY) DY) - DY ~ (D - DY)y — (DY — D§)y — (DY — D))y
¥s=m | DY Dy -pF DY -bf+pf-pY Dy -pF+Df D -DY +Df - xi)
n| DY DY -DP  —dy -pF+DY), DY -DF+DE (DY - DY + DY),
1) 1) 2) 4) 1) 2) 4)

1 1
] D§7 D§5 - D£5 _(Dgz) - D£2) + Dgz) - X§2 )tP Dés - D£3) + Dés) Déz) - D( + Déz) - Xéz

Then, we treat the matrix ¥4 as a block matrix, using Lemma 3 we have

(1) )
D —(Dsy)g pH  _plm
pll p _p@ 77 ~(Ds7)g
57 55 55 pd pl) _pE)
. Dy Dy - DY 0 pb_pi
0 o B pe, ey T TS ) e | 77| Dy Dis — Dy
(Dyy —Diy + X3y Dy =D3y + X34/, Doy =Dy +X5,) %{) %?) %g) Dé;) D_%) _ Dg)
b oh_ph) \ob i ol
Dy Dy5 =Dy
Thus, we can get
max Ing (¥3) = ng + Ine (¥s),
1) (2) (3
S (o
DD+, D:(%4) - D§4) + X§4)

1 1 2
Dy Dg) - D ph) p) p@
D(l) D(l) _ D(Z) 57 55 55
min Ins (¥3) =Ins(¥s) +r| 7 157 s | —r| pl) pll _pl2

(1) (2) () D D’ — D

Dy, - D}y + X3} 37 35 35 pb  pl) _p2)
pM_p@,x® | 1) 2) 3) ph pl_p) 37, U35 35
s Py +X4 0| Doy — Doy’ + X3y 27 25 25 Db D(l) D
(1) (2) 3) pb  pl) _pE) 27 25

D,, — Dy, + X5, 47 45 45

Step 3 (2). Treating the variable ¢-skew-Hermitian matrix Dg) - Dg) + Dg) - Xg)
of Y5 is the matrix block X in (14), using Lemma 2 we have

, max . Ing (¥s5) = np + Ins (Fy), ) énin 5 Int (¥s5) = r(¥e) — Inx(¥7),
Dy —DF+Df - x{}) DY) -D§ +DG -x{3)

where
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ny

15

= s

n

np

= In4 (T7) +r

References

ny ns n3 n
1 1 1 1
Dy (D) ~(D§))y ~(D}7)y
1 1 2 2 1 2
é7) Dé5) - Dé5) (D( ) D§5))¢ _(D£5) - Dis))¢
1 1 2 1 2 3 1
o o ol ool ol oo, |
1 1 2 1 2 3 1 2 4
D§7) D§5) - D§5) D§3) - D§3) + DiB) D§1) - D§1) + Dgl) - D%l)
1 1 2 1 2 3 1 2 3 4
D§7) D§5) - D§5) D§3) - D§3) + Dés) _(Dgz) - Diz) + Diz) - ng))(P
ny ns n3 nq
ny (DY) (D) —(D§)y —(D)y
1 1 2 1 2 1 2
¥, — s Dé7) Dés) - Dés) _(D§5) - D§5))¢ _(D§5) - DgS))¢
1 1 2 1 2 3 1 2 3
n3 D§7) Dés) - D§5) D§3) - Dz(;s) + D( ) —(D§3) - D§3) + D§3))¢
1 1 2 1 3 1 2 3 4
o) D0 o ~pZ+0) oy~ +Df) - off
Then, we treat the matrix ¥ as a block matrix, using Lemma 3 we have
D%; _(1()Dé;) )Eg) —(E)Dg) >(€2)
D5{ D5% - Dsg —1(D35 _2D35 )4;
o o min o r(Ye) = () 4 p{) pl) —p¥ p)_p? 4 pk
Dj, —Djy +D3y =Xy, Dg) D%) o D%) Dg) o D%) + Dg)
1 i 2 1 bl 3
D§7) Dés) - D§5) Dés) - D£3) + Dés)
Ot S
| %% PH Tl TR e
i S - S
Dj; Djs5 —Dj5 Dj3’ —Dg3’ + Dy
Thus, we can get
max Iny (¥s5) = np + Ine (¥y),
DY) -p{)+pf) - x§y) ol -DF +pf - XY
min Ini (¥s)
DY) —pi)+Df) -x{7 by - DY+ - x{)
) _pW
A AR Dy —(DY)y —(DY))y
7 Dss — Dss _(D35 D35 )¢ (1) (1) (2) (1) (2)
0 _p® p “p@ pk) Ds;' Dss' =Dz —(D3s — D3g')p
D35’ = D35’ D3y’ — D3y + Dy R N (1) (2) (1) (2) (3)
1) 2 ) B, 0) Dy D35’ — D35 D33’ — Dgg” + Dy
Dyjs —Djs Dj3 — Dy + Dyy pl) plll _p@ pl_p@ , pi)
D%) Dés) D%) _ Déa) +D(3) 17 15 15 13 13

According to Step 3 (1) and Step 3 (2), the results in the paper (Step 3) can be obtained.
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