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1. Introduction

The theory of nonlinear waves is still a young sciences, although research in this
direction was carried out even in the 19th century, mainly in connection with the problems
of gas and hydrodynamics. For example, the works of J. Scott Russell [1] who was the first
to observe solutions on the surfaces of a liquid, date back to 1830-1840. Nonlinear wave
pgenomena have been the subject of research by such outstanding scientists as Poison,
Stokes, Airy, Rayleigh, Boussinesq and Riemann. However, as a unified science, the theory
of nonlinear waves developed in the late 1960s and early 1970s, which were the years of its
rapid development.

This type of problem appears in several mathematical models which describe wave
phenomena in areas such as fluid dynamics and electromagnetism. Many authors such as H.
Brésiz, ]. Mawhin, K. C. Chang and others, have developed topological tools, index theory
and variational methods to obtain a classical existence results for the one-dimensional
problem with various non-linearities. One can review the associated results in [2-5] and
the references therein.

A fractional derivative is a non-local characteristic of a function: it depends not only
on the behavior of the function in the vicinity of the point x under consideration, but also
on the values it takes over the entire interval (a, x). This non-locality means that the change
in the particle flux density depends not only on its values in the vicinity of the point under
consideration, but also on its values at distant points in space. We mention some related
results on the impulsive equation in [6-10] and these models have not been sufficiently
studies, despite their versability and practical importance.
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To begin with, let x € R",n; € Nk = 1,...,n7. Let v = v(x,t), we consider the
following problem

CDfo+ — A = f(txv0m00), t€]=[01], t#t

9rv(x, ty+) = 0wu(ty—,x) + Ik(x, ty, v(x, ty)), "
v(x, tet) = 0(te—,x) + Li(x, ti, 0(x, £)),

v(x,0) = hi(x,0(x,0)), v(x,1)=hy(x,0v(x1)),

where f,hy, hy, Iy, Ly, k € {0,., 11} satisfy the conditions (Hyp1)-(Hyp4) stated in the next
section.

Our aim is to investigate the problem (1) for existence and nonuniqueness of classical
solutions. To prove our main results, firstly we reduce the problem (1) to suitable integral
equation. Then, we define two operators so that any fixed point of their sum is a solution
of the problem (1). In the end, we use some recent fixed point theorems to prove that the
sum of the defined two operators has at least one and at least two fixed points in suitable
defined spaces. To our knowledge, there is no any research on existence of solutions for the
problem (1).

The paper is organized as follows. In Section 2, we give the main assumptions and we
state the main results in the paper. In Section 3, we give some preliminary results needed
for the proof of our main results. In Section 4, we prove existence of at least one classical
solution for the problem (1). In Section 5, we prove existence of at least two classical
solutions for the problem (1). In Section 6, we give an illustrative example. A conclusion is
provided in Section 7.

2. Main Results

(Hyp1) CDt o4 is the Caputo fractional derivative with respect to t, B € (1,2], 0 = ¢y <
b<...<twm <ty =1Jo=[0t], 1= (ttl ... Jm = (tn,1].
(HypZ) Ik/ Lk S C([O, T] X Rn+1),

(b x,0(x, )| < age(x, i) [o(x, £) [P,

ILe(x, t,o(x, t) | <0 age(x, ) [o(x, £) [P,

a1, agx € C(J x R™), 0 < ayg, ap < Bon | x R, for some positive constant B, sy,
sor > 0.

(Hyp3) hy,hy € Cz(RnJ’_l),

|71 (x, 0(x,0))]

IN

b11(x)[o(x,0)[,

|72 (x,0(x, 1)) b1z (x)|o(x, 1)[,

bi1, b1z € C(R™), 0 < by1,b1p < BonR”, 51,5, > 0.
Hypd) feC(JxR"xR xR xR"),

IN

=1 i=1

r
[f(t,x,0,u,w)| Z( x, t)|o|Fi + b; (x, t)|u|T + Zcﬂ x,t) |w1|’ﬂ>

(X t) e xR, v,u e R, we R, aj,b]',C]‘,' S C(] XR”), B < llj,b]',C]‘,’ < 0on
]x]R”,p]-,r]-i,qj>O,i€{1,...,n},j€{1,...,r},r€N.
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Here vy = (vy,...,0x,), 00(tk—,x) = lim o, dv(x, ty+) = lLm 00, v(tp—,x) =
t—t— E=r b+

lim v, v(x, tx+) = lim 0. Forl,s € NU {0}, define

t—}tk— t—>tk+

PC(]) = PC%())
= {g:J=>R, geCO\HL,
Jg(ti+), g(tji—) and g(tj—) = g(t)),

jed{l,...,m}},

PCl(]) = {g:] =R, gePC'(]), gel(\{t}L),

3gW(tj—), 8" (tj+) and W (t—) =gV,

jed{l,...,nm}},

and

PCI(],C*(RM) = {v:0(,x) € PCY()),

oft,-) eC°(R"), te]h
In PC?(J,C?(R™)), we define the norm

o] = max{ max sup o],
JELOL oM} (b €[t 1) xRY

- max sup |o¢v],
JEOLmi} (x )€t tiq | xR

~ max sup |90,
]E{O,l,.‘.,”] } (X,t)G [tj,tj+1] xRn

~ max sup |vx, |,
IO} (pcindy xR

~ max sup oy |, i€{1,...,n}},
JELOL i} (et 41] xRY

as long as it exists. Here PC?(J,C?(R")) is a Banach space.
We are now in position to state the main results.

Theorem 1. Let (Hypl)—(Hyp4) hold. Then, the problem (1) has a solution in PC?(],C?(R™)).

Theorem 2. Let (Hypl)—(Hyp4) hold. Then, the problem (1) has at least two solutions in

PC*(],C*(R")).

3. Preliminary

Here, as in [6], we introduce some preliminary tools and results which will be used to
prove our main results. The fixed point theorem for sum of two operators will be used to

prove the existence of at least one solution to the problem (1).
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Theorem 3. Let € be a Banach space. For € € (0,1) and 0 < B we define
X ={xe&:|x|| <B}

Let Tx = —ex,x € X,and S : X — & is continuous, (I — S)(X) resides in a compact subset of
& and

(xe:x=AI=S)x |x|=B}=0, VAG(O,D. %)

Then, there exists a x* € X so that
Tx* + Sx™ = x*.

Here yX = {ux:x € X'}, Vu eR.

Proof. Define
—Llx if x| < Be

(&)
r —Ex = 5
HTch\ if [|x|]| > Be.

Then, r (— % (I—- S)) : X — X is continuous and compact. Then, owing to the Schauder
fixed point theorem, there exists x* € A" such that

r(—i([ - S)x*> = x¥,

where —1(I — S)x* ¢ X. Thus

H(I—S)x*

and

x B — S =7 _1 —9)x*
= Ta—se (e“ 5) >

and hence, ||x*|| = B. This contradicts with (2). Therefore, —1 (I — S)x* € X and

€

xt = r(—i(I—S)x*) = —%(I— S)x*,

X

or
—ex™ 4+ Sx* = x¥,

or
Tx* + Sx™ = x*.

The proof is now completed. O

Let X be a real Banach space.

Definition 1. We say that a mapping K : X — X is completely continuous, if K is continuous
and maps bounded sets into relatively compact sets.

The concept of contraction of the set [ is linked to that of the Kuratowski measure of
non-compactness which we recall for completeness.
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Definition 2. Let QO y be the class of all bounded sets of X. The Kuratowski measure of noncom-
pactness « : Qyp — [0,00) is defined, for j =1,...,m, by

m
=1

where diam(@;) = sup{||x —y|lx : x,y € @;} is the diameter of @;.

For more related detail on the properties for measure of noncompactness, we refer
to [11].

Definition 3 ([12]). We say that the mapping KC : X — X is I-set contraction, if IC is continuous,
bounded and there exists a positive constant I > 0. t.

a(K(@)) < la(@),
for all bounded set @ C X. We say that he mapping K is strict set contraction if | < 1.

Remark 1. If K : X — X is a completely continuous mapping, then it is 0-set contraction
(see [13]).

Definition 4. Let X and @ be real Banach spaces. We say that the mapping K : X — @ is
expansive if there exists a constant h > 1 such that

IKx = Kylle = hllx—yllx,  Yxyed.

Definition 5. We say that the closed, convex set P in X is cone if

1. axeP, Ya >0, Vx e P,
2. x,—x € P implies x = 0.

Denote P* = P\{0}.

Lemma 1 ([12]). Let X be a closed convex subset of a Banach space £ and v C X a bounded open
subset with 0 € U. For 0 < & small enough, we assume that K : U — X is a strict k-set contraction
satisfying
Kx & {x, Ax},Vx € oUd and A > 1 +e¢.
Then,
(KU, X)=1.

Proof. We consider the homotopic functional # : [0,1] x U — X given by

tKCx
H(t,x) = ol

The operator H is continuous and uniformly continuous in f for each x, and the mapping
H(t,.) is a strict set contraction for each 0 < t < 1. In addition, (¢, .) has no fixed point
on olf. On the other hand:

° If t = 0, there exists some x¢ € dlf such that xg = 0, contradicting xp € U.

° If t € (0,1], there exists some xg € P NolU such that 5%1 tKCxy = xg; then, Kxg = 1—J[exo

with 1# > 1+ ¢, contradicting our assumption. From the invariance under homotopy
and the normalization properties of the index, we have

1
e+1

i(—— KU X)=i(0,U,X) =1.
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Now, we have to prove that
LU, X) = i (—— K, U, X).
e+1
We have .
€+11Cx7éx,Vx€aLl. ©)]

Then, there exists a positive conatant y such that

1
<|lx— — .
v < ||x €+11Cx||, Vx e ol

In other side, we have elﬁ}Cx — Kxase — 0, for x € U. So for ¢ small enough

1
TS |lKx — —— Kx||, Vx € aU.
2 e+1
Let us now define a convex functional G : [0,1] x & — X by

1
tx)=tK 1—t)—Kx.
g(t,x) x+ ( )£ Tk
which is continuous and uniformly continuous in f for each x, and the mapping G(t,.) is a
strict set contraction for each 0 < t < 1 and it has no fixed point on dl{. For anny x € i,
we have

lx =Gt x| = ||x—f/§5x—(1—t)g+%/Cxlll
> x = g x| = HIKx — 77 K]
> y—3>71

Then, from the invariance property by homotopy of the index, our claim follows. O

Proposition 1 ([12]). Let P be a cone in a Banach space E. Let also, U be a bounded open subset
of P with 0 € U. Assume that T : O C P — & is an expansive mapping with constant 1 < h,
S:U — Eisal-set contraction withh —1 > 1 > 0,and S(U) C (I — T )(Q). If there exists a
positive constatnt € such that

Sx#{(I-T)(x), (I-T)Ax)} forallx e U NQ and A > 1+,

then, the fixed point index
i (T+SUNQ,P) =1

Proof. The mapping (I —7)~!S : U — P is a strict set contraction and it is readily seen
that the next condition is verified

(I-T)Sx & {x,Ax},Vx €l and A>1+e.

It is then followed owing to the definition of ix and Lemma 1. O

We will use the following result in order to prove existence of at least two nonnegative
solutions to (1).

Theorem 4. Let P be a cone of a Banach space £; Q) a subset of P and Uy, Uy and Us three open
bounded subsets of P such that Uy C Uy C Uz and 0 € Uy. Assume that T : Q — P is an
expansive mapping with constant h > 1, S : Uz — & is a k-set contraction with 0 < k < h —1
and S(U3) C (I —T)(Q). Suppose that (U \U1) N Q # @, (Us \Uz) NQ # @, and there
exists vy € P* such that the following conditions hold:

(i) Sx # (I —T)(x — Avg), forall A > 0and x € oUy N (Q + Avg),
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(ii) There exists 0 < € such that Sx # (I — T )(Ax), V1+e <A, x € dUp and Ax € Q,
(i) Sx # (I —T)(x — Avg), YO < Aand x € oUs N (Q + Avy).

Then, the operator T + S has at least two non-zero fixed points x1,xy € P such that
X1 € U, NQ and x, € (Ug \Uz) nao

or
x1 € (U \Uy) NQand x; € (ﬁg\ﬁz) naQ

Proof. Let Sx = (I — T )x for x € ot N (), then we obtain a fixed point x; € o, NQ of T +
S.Let Sx # (I — T)x,Vx € ol N Q). Let us assume that 7 x + Sx # x on old; N Q and x #
Tx + Sx on oldz N 2, otherwise the conclusion has been proved. By [14] [Proposition 2.11
and Proposition 2.16] and Proposition 1, we have

i (T+S,UINQP) =i (T+S,UNQ,P)=0and ix (T +5,UprNQ,P) =1.
The property of the additivity for the index yields
is (T+S, (U \U)NQ,P) =T1and i (T +S,(Us \U2) NQ,P) = —

Then, using the existence property of the index, 7 + S has at least two fixed points x; €
(Z/{z\ul) NQand x; € (U3 \UZ) NaQ. O

In [15], it is proved that the problem
Dfyo(t) = filt), te], t#b, ke{l...m},
do(tet) = do(te—) + k(o(t)), t € (0,1),
o(tet) = o(t—) + Le(v(k)), # € (0,1),

0(0) = h(v(0)), °(1)=ha(0(1)),
where f1 € C(]), h1, hy € C(R), has a solution of the form

cr(t,o(t)t+h (v fo fi(s)ds, te]o,

cr(t,o(t)t+hy(v ft s)P~1f1(s)ds

+ Z 0] ﬁ (= )P T fi(s)ds + Z(t—f)f(v(fj))

J=

k
+ 2 r ft (k=8P 2 fi(s)ds + ¥ Lio(ty), teE

j=1
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where

b o) = o) (o)~ 5 = [ (=3P (o)
1\t = 2 1 = F(IB) oy ] 1

L Lol - X gy 9

=1 =1 -
=) (1=t)I(o(t)), te].
=

4. Proof of Theorem 1

For convenience, we set X = PC?(],C?(R")). Forv = v(x,t) € X and (x,t) € ] x R",
we define the operator

—v+c(t,x,v) + h(x,v(x,0))
—i—%ﬁ) fot(t —35)P71(f(,,5,0(.,5),00(.,8),vx(.,8)) + Axv(.,s))ds,
—v+c(t x,v) +h(x,0(x,0))
157 i (= )P (f(5,0(,8), (), 0x(.,9)) + By, 5))ds

k :
50— +j§1 %ﬁ) ftj-],l(t]' —5)P1(f(,5,0(.,5),00(,5),0x(.,8)) + Axv(.,5))ds

k
+ 'Zl(t — t]-)I]-(x, t]-,v(x, t]))
=

k _t .
tL w5 = PN (Fs,0(,5),910(,5),0x(,5)) + Ayo(.,5) )ds

+]‘§1 L]‘(x, t]‘,Z)(x,t]‘)), te g,
where
c(t,x,v) = hy(x,v(x,1))—hi(x,v(x,0))
nill/tj (t; —s)ﬁ_l(f(.,s,v(.,s),atv(.,s),vx(.,s)) + Ayo(.,s))ds
j=1 F(ﬁ) ti1 !
- Zl; Li(x,tj,0(x,t)))
j=1

—Ji r(lﬁ__tjl) /tjtjl (t]- — s)ﬁ_l(f(.,s,v(.,s),atv(.,s),vx(.,s)) + Ayo(.,8))ds
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Note that if v € X satisfying
510 =0,

then v is a solution to the problem (1). Set

m—1
Bl - B +281+51 +2Bl+52 ) Z (Bl+$1j 4 Bl+52j)
j=1

m+3  m+l = apitl | g+l L N it
+<r(ﬁ+1)+r(ﬁ)><z<6 +BIiT +Y B >+n6>.

j=1 i=1
Lemma 2. Let (Hypl)-(Hyp4) hold. Forv € X, ||v|| < B, we have
|S10] < By

Proof. We have

| Ay

n
Y Oxjx,
j=1

n
S Z |ij'x]"
j=1

< nB,
and
n
If(t,x,0,00,05) < Z(a]-(x,t)|v|7’f+bj(x,t)|vqf
j=1
n
—I—Zcﬁ(x,t)|vx,-|”i)
i=1
r n
< (Bpf“ + BT+ Y B'ﬁ“>,
j=1 i=1
and
[I(x t,o(x b)) | <0 ane(x, B [o(x, b ) [
< B,
and
ILi(x, tr, 0(x, )| <0 agk(x ) [o(x, ) [
S B]+Szk,
and

|h(x,0(x,0))] < by(x)|o(x,0)

IN

1+s
Bits,
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and

and

le(t, %, 0)]|

<

IN

[ha(x,0(x, 1)) < bra(x)[o(x, 1)

< Bl+52’

= |ha(x,0(x,1)) = hi(x,0(x,0))
e = 9P (s, 0005), 00(,5), 40 )) + el )
= TB) Sy TR o
_]-:211 Li(x,tj,v(x,t))
moo1— ¢ tj -
L O (s 9, 000 5) 0l )+ e )
— nzll(l — t]')Ij(x, t]’/ ?J(X, t]))
j=

[h2(x,0(x,1))] + |11 (x,0(x, 0))]

ny+1 1 t

+ 2 m/j (tj—s)ﬁ_l(\f(.,s,v(.,s),atv(.,s),vx(.,s))| + |Axv(.,8)|)ds

j=1 ti1

1
+ Z ILi(x, t;,0(x,t)))|
j=1

n 1—i'j

—1—12 m /tjtjl(t]- — s)ﬁfl(|f(.,s,v(.,s),8tv(.,s),vx(.,s))| + |Axv(., 8)])ds

+ ia — )| (x, t;,0(x, 1))
=

-1
Bl+$1 + Bl+52 + mz (Bl“rS]j + Bl+52j>
j=1

m+1 m - pi+1 qi+1 - rii+1
+(F([3+1)+F(ﬁ)><z<8 +BIT + Y B >+n8>.

j=1 i=1
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Hence,

1S19|

and

|S10] =

= ‘—v+c(t,x,v)+h1(X,U(X,0))
+r(1ﬁ)/0t(ts)ﬁ_l(f(.,s,v(.,s),atv(.,s),vx(.,s)) + Ay0(,5))ds
< ol +e(t x,0)| + | (x,0(x,0))]
+L/t<tf VL (1F(5,0(,9),00(.,5), 0x(5))| + [ Axo(,5)|)d
T8 Jo s f(.,s0v(,s),00(,s),vx(.,s x0(.,§)|)as

IN

IN

np+1 11 : pj+1 gi+1 - rii+1
B+<r(ﬁ+1)+r(ﬁ)><z<8 +BIT+ ) B >+n6>

j=1 i=1

n
+Bl+$1 + BlJrSz + Zl(Bl+51] + Bl*FSzj) 4 Bl+$1
j=1

1 r n
o Britt 4+ Bt 4 Y Bt | 4 uB
RSy (E( X

—1
B +281+S] + Bl+52 + mz (Bl+51j + Bl+s2j)
j=1

ny +2 n = apitl | gl L N it
+<F(ﬁ+1)+F(ﬁ)><]§<B RS )”B)

By,
’ —v+c(t,x,v) + h(x,0(x,0))
+I’(1‘B) t:(t—s)ﬁ L(f(.,s,0(.,8),0:0(.,8),0x(.,8)) + Ayo(.,s))ds

+ Z(t — t]-)I]-(x, t]‘, ’U(X, t]))

j=1

k _f. 't
+ Z r(tﬁ_tjm /tjl(tj — s)ﬁ_l(f(.,s,v(.,s),atv(.,s),vx(.,s)) + Ayo(.,8))ds

j=1

k

+ Z Lj(x, tj,v(x, t]))
j=1
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< ol + le(t, x,0)| + |1 (x,v(x,0))|
1 t
G /tk(f = P (1f(5,0(,5),800(,5), 03 ) | + [B50(., ) )ds
+ Z PG 1 005021009, 0D+ xw(5) s
k
+ Zi(t — )1 (x, tj,0(x, )]
=
koot—t g1
+ 2 1) /t-_1<tj —s)P(If (s, v(.,8),010(.,8),vx(.,8))| + |[Axv(.,8)|)ds
+2|L (x, t;,0(x, t}))]
< B+ Bl+s1 + BTS2 i mil (BH_SU + Bl+52j)

j=1

ny+2 g : pi+l gi+1 - rji+1
+(r(ﬁ+1)+r(ﬁ)><z<6 +BIT+) B >+n6>

j=1 i=1

r n
+r(51+ 1) (2 (BW HET L Brﬁﬂ) ! nB)

j=1 i=1

_’_L i Bpj+1+8qj+l+i67ﬁ+l +nB
6\ &

i=1

k k
4 2 BB1+51]' + Z Bl+52j
j=1 j=1

m—1
= B+20't 2B 40 Y (B 4 gl
=1

14 n
+(rr(l[1—3—:_?i) n1+1) (Z(Bpi+1+3qj+l+25rﬁﬂ> +nB>

i=1

= B.
This is completes the proof. O
Let us suppose that A € R} and g to be continuous function on R", where
(Hyp5) g > 0on R"™\{UL{x; = 0}},
2(0,x0,...,xp) =...=g(x1,...,x,-1,0) =0, xieR, je {1,...,n},

and
n

2. S"H(l + |xj] +x]2)

]_

X

; g(}/)dy‘ <A,




Axioms 2022, 11,721

13 of 21

where . “ .
= , dy=dy,...dy;.
L= [y =dya.dn,

We define for v € X, the operator
t 2 x_n 5
S0 = [ (=51 [ T](x;—v)%s(0)S10(s,y)dyds.
i=1

Lemma 3. Suppose (Hypl)—-(Hyp5). If v € X satisfying
52?) = 0, (4)
then v satisfies the problem (1).

Proof. Differentiating three times in ¢ and three times in xj, ..., x, the equation (4), we
obtain

g(x)S1v =0, (xt) €]x (R”\{O{xi = 0}}),

i=1

whereupon
n
S1v=0, (xt)€e]x (R”\{U{xi = 0}})
i=1
Since S1v € C(J x R"), we have

0 = S]U(t,O,XQ,...,xn)

= lim Syo(t,xq,x2,...,%n),
x1—0

0 = S10(tx1,x,...,0)

= lim S10(t,x1,%2,...,%0), X1,...,xn €R, te€].
x,;—0

Therefore, we obtain
Slv =0.

Hence, we then conclude that v satisfies (1). The proof is now completed. O

Lemma 4. Let assumptions (Hypl)—(Hyp5) hold. If v € X and ||v|| < B, then

||Sav]| < AB;.
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Proof. We have

and

|So0] =

IN

IN

IN

IN

IN

|at520|

IN

IN

IN

IN

IN

|att520|

/Ot /Ox ﬁ(t — S)Z(X]‘ — Sj)zg(tllS)Slv(tlls)detl
=

/Ot
/Ox ﬁ(xj - sj)zg(tl,s)ds

t
B /
0 i

n t X
B4" 2/‘/ t1,5)d
1 ]-lefo Og(ls)s

dh

/Ox ﬁ(t —5)2(x; — 5))°g(t1,5)|S10(t1, 5)|ds
-

dt

dt

n t X
2818”H(1+ |x;] +x]2)/0 ‘/0 g(ty,s)ds|dty

j=1

AB;,

‘2/0 /ox]l}(t =) (% —5,)7g(t1,5)S10(t1, 8)dsdhy

2 /0 t
/Ox ﬁ(x]- — sj)zg(tl,s)ds

t
28, /

n t X
2814"Hx]2/ ‘/ g(t,s)ds
i1 oo

dty

/Ox TT0 —9)(x; — 58 (t1,5)|Sr0(t1,5)|ds
=1

dt

dty

n t X
2618”H(1+|xj|+x]2)/0 ‘/0 g(ty,s)ds

=1

dt

ABy,

t opx 1

= ‘2/0/0H(xj—sj)zg(tl,s)slv(tl,s)dsdtl

j=1
t
2,
0
t
28, [
0

n t X
2814"]’[x]?/ ‘/ g(t1,s)ds

IN

dtq

x n
) 1T = 5% (b, S10(0,9)lds
j=1

IN

dt

/Oxﬁ(xj - sj)zg(tl,s)ds
j=1

IN

dt

IN

n ’ t X
2818”H(1+ |xj —I—x]»)/o ’/0 g(t1,8)ds|dt

j=1

IN

ABy,
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and
|0x;Sp0]| = (£ —)*(xj — 5;)* (xx — sx)g(t1,5)S10(ty, )dsdty
= 1J#k
1’[
< (£ —5)2(x; — 57)% |k — selg(t1,5)[S10(t1, 5) |ds|dty
= 1]#
t X n 5
< 231/ / IT (xj—sp)?xx — silg(ts,s)ds|dty
0 170 j1j#k
n t x
< 814”Hx]2|xk|/ ‘/ g(t1,s)ds|dty
n 5 t "X
< 818"H(1+|xj|+xj)/ ’/ g(ty,s)ds|dty
p 0o |Jo
< AB;, ked{l,...,n},
and
|0xS20] = (t=5)(xj — 5))°g(t1,5)S10(t1, 5)dsdty
= 1]#k
n
< H (t—5)2(x; — 57)°g(t1,5)[S10(ty, ) |ds|dty
j=Lj#k
n
< 281/ / 1_[ x —S tl/ )dS dtl
0 j=1j#k
n t x
< B T2 [ ‘ [ st )aslas
iz T Jo o
n - 2 ! *
< ; :
< B8 E(1+|X]+X])/O ‘/0 g(tl,s)ds dty
< ABl, kE{l,...,I’l}.
Thus,
|Saull < AB;.
The proof is now completed. [J
Moreover, we suppose that
(Hyp6) € € (0,1), Aand B satisfy e31(1+ .A) < 1and AB; < 1.
Let @ denote the set of all equi-continuous families in X" with respect to the norm || - ||. Let

also, @ = @ be the closure of @, & = @ U {1, hp},
w={veaw:|v| <B}.
Note that @ is a compact set in X'. For v € X', we define

Tv = —ev,

Sv = v+ev+eSyv.
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For v € @, by Lemma 4, we obtain

[(I=8)oll = [lev—eS
< elof| + €| Sao]l
< eBy+evB;
= eBi(1+A)
< B.

Thus, S : @ — £ is continuous and (I — S)(@) resides in a compact subset of £. Now,
suppose that there is a v € € so that ||v|| = B and

v=AI-S)v,

or .
1= (I—S)v=—ev—e€Syy,

(/1\ + e)v = —€557,

for some A € (0,1). Hence, ||Sy0|| < AB; < B,
€

or

1 1
b < (3 +e)B=(F+e) ol =elsl <eb,

which is a contradiction. Hence by Theorem 3, it follows that the operator 7 + S has a fixed
point v* € @. Therefore

v* = To*+ So*

= —ev" + 0" +ev* +€Sy0%,

whereupon
0= 520* .

Owing to the Lemma 3, we can easily conclude that v is a solution to (1), which completes
the proof.

5. Proof of the Second Result: Theorem 2
In this section, we suppose the following additional condition.

(Hyp?7) Let0 < m be alarge enough and B, A, L, r, Ry be positive constants such that

2
Ri>L>r, 0<e, +1)L<R,
5m

gl

ABp <

Let _
P={veX:v>0 on JxR"}
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With P we will denote the set of all equi-continuous families in P.Forve X , define the
operators

Tio(t) = (1+me)v(t)7e%,
Ssv(t) = —€Syu(t) —mev(t) — e%,

t € [0,0). Note that any fixed point v € & of the operator 77 + S3 is a solution to the BVP
(1). Define

Uy = Pr={veP:|v| <r},
U = Pr={veP:|o| <L},

U3 = PRl = {ZJ epP: H'UH < Rl}/

A L
Ry = R{+=By+—,
2 1+ . l+5m
Q = Pr,={veP:|v| <R}
1. Forovq,vp € O, we have

7101 = Thoa|| = (1 + me) o1 — 02,

whereupon 77 : O — & be an expansive operator with the constant 1 < 1+ me = h.
2. Forwv € Pg,, we obtain

N

L
e||S2v|| + me||v|| + e—

Issel -

IN

L
S(.AB1 + mRq + 10)

Therefore, S3 (le) is uniformly bounded. Since S5 : le — X is continuous, we have
that S3(Pg, ) is equi-continuous. Consequently, S3 : Pr, — A’ is a 0-set contraction.
3. Letv, € PRl- Set

1
Uy =01+ —S01 + —.
m 5m

Note that S,v7 + % >0on ] x R". Wehave v, > 0on | x R" and

1 L
< ~ s =
o2l < ol + mH 201 || + 5m

A L

S R1 + *Bl + —

m 5m

= Ro.
Therefore, v, € () and
L
—emuvy = —emvy — €Spv1 — €

0 °10
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or

L
I— = — —_—
( J1)v2 emuy +810

5301.

Consequently, S3(Pg,) C (I —T71)(Q).
4. Assume that Voo € P* there exist A > 0 and x € 0P, N (2 + Avg) or x € 9P, N (Q+
Avg) such that
S3x = (I = T1)(x — Avg).

Then L
—€Syx — mex — €0 = —me(x — Avg) + €10’
or
L
—Syx = Amvg + 5
Hence,

L L
S = ||A = —.
Isaxl = oo + £ > £

which makes a contradiction.
5. Suppose that Ve; > 0 small enough there exist a x; € 9P and A; > 1 + €7 such that
Axq € 5121 and
S3x1 = (I —T1)(AMx1). &)

In particular, for e; > %, we have x; € 0P, Axq € le, A1 > 14 €1 and (5) holds.
Since x1 € 9P and A1x1 € Pg,, then

2
< +1>L < ML= )\1”3(1” < Rj.

5m
Moreover,
—€Sox1 — mex —e£ = —Aymex —l—e£
2X1 1 0 1 1 10
or
L
Sox1 + 5 = (/\1 - 1)71’13(1.
From here,
L L
253>‘&xr+5H—(Ar—UmHM|—(kr—UmL
and
2 1>
5m ="

which is a contradiction.

Therefore, all conditions of Theorem 2 hold. Hence, the BVP (1) has at least two solutions
v1 and v, so that
[o1]] = L < [lo2]| < Ry,

or
r<[lo1f] <L <[[o2f| < Ry.

6. Illustrative Example

In this example, we try to illustrate the aim of our main results. For this end, let m = 2,
n=1,

s1=5=0, syu=sy=2 ke{l,2}, pp=3 gq1=0 r1=0,
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Ry=B=10, L=5 r=4 m=10", A=-—, e=

Then

1
ABy = 15 < B, eBi(1+4) <1,

i.e., (Hyp6) holds, and

2 L
r<L<Ry, €>0 Ry >(—+1]|L, AB; < —.
5m 5

i.e., (Hyp7) holds. Let

145112452 st1y/2
h(s) =log T a2 I(s) = arctan 1= S€ R, s# 41
Then
, 224/2510(1 — s%2)
h (S) == 7
(1 —s11v/2 +52) (1 + s11y/2 + s22)
114/2510(1 + 520)
! _
I'(s) = 17 80 , seR, s#+£1.
Therefore

—co < lim (1454 5%)h(s) < oo,

s—+oo

—c0 < lim (145+5%)I(s) < oo.
s—Foo

Hence, there exists C; > so that

1 1 +511\@+522 1 s11y/2
— | < Cy

lo arctan
142 B1 g\ ars2 02 1—s22

(1+s+52)3<

s € R. We have hrflzl I(s) = 7 and as in [16] (pp. 707, Integral 79), we have
s—

dz 1 o 1—1—2\5—1—22Jr arctan zv/2
Tr28 42 P1-z/2+22 22 1—2z2
Let
Q(s) = 5" seR
(T4 (145 +52)27 ’
and

g1(x) = Q(x1) ... Q(xy).
Then, there exists a positive constant C > 0 such that
n 5 X
2.8" H(l + [x] + x]») ‘ /0 1(y)dy

j=1

<C.

Let A
g() = Za1(x).
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Then
n 5 X
2 8”1—{(1 + |xj] +x/~) ’ /O g(y)dy| < A,
]:
i.e., (Hyp7) holds. Then, for x € R, the next problem
5 3
‘Djy U — Oxx T te[01],
2
o(t], x) = o(t,x) + L)
2
o) = el + ERE
2
wolt,x) = dlh,x)+ P,
2
do(tf,x) = dltyx) + GAE
v(x,0) = H%’
v(x,1) = ﬁ,

is fulfilled all conditions of Theorems 1 and 2.

7. Conclusions

In this paper, we investigate a class of fractional impulsive wave equation. We reduce
the considered problem to a suitable integral equation. Then, we define two operators and
show that any fixed point of their sum is a solution of the considered problem. After this,
we apply recent fixed point theorems and we show that the considered problem has at least
one and at least two classical solutions. The proposed approach can be applied for other
classes impulsive partial differential equations.
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