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1. Introduction

In 1992, Matthews [1] initiated the idea of non-zero self-distance by introducing the
notion of the partial metric as a part of the study of the denotational semantics of data flow
programming languages in a topological model in computer sciences and also extended
Banach'’s contraction principle [2] in such space. Subsequently, many authors have begun
to report its topological properties and obtained many fixed-point theorems in this space
(for more details and references, we refer to [3-8]). On the other hand, in 1950, Nakano [9]
introduced the concept of the modular in connection with the theory of order spaces,
which was later developed by Musielak and Orlicz [10], Khamsi [11] and Kozlowski [12] as
modular function space.

In 2006, Chistyakov [13] introduced the notion of the metric modular on an arbitrary
set and the corresponding modular space, which is more general than a metric space, and,
based on this, he further studied Lipschitz continuity and a class of superposition (or Ne-
mytskii) operators on modular metric space (see also [14,15]). Recently, Hosseinzadeh and
Parvaneh [16] introduced the notion of partial modular metric spaces as a generalization
partial metric space and gave some fixed-point results.

In this paper, we refine the concept of the partial modular metric to eliminate the
occurrence of discrepancies in the non-zero self-distance and triangular inequality and
prove a common fixed-point theorem for four self-mappings with a suitable example.
As an application of our result, the existence of a solution for a system of Volterra integral
equations is discussed.

2. Preliminaries

In this section, we recall some definitions and properties to use in our result.
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Definition 1 ([1]). Let X # @. A function p : X x X — [0,00) is called a partial metric on X if
it satisfies:

(p1):0 < p(x,y), Vx,y € Xand p(x,y) = p(x,x) = p(y,y) = x =y,
(p2) :p(x,x) < pxy), Yx,y € X;

(p3) :p(xy) = p(y,x), Vx,y € X;

(pa) :p(x,y) < p(x,2) + p(z,y) — p(z,2), Vx,y,z € X.

X,
Then, the pair (X, p) is called a partial metric space.

Obviously, if p(x,y) = 0, then, from (p;) and (p2), we have x = y, but the converse
may not be true. Moreover, if (X, p) is a partial metric space, then the function d? : X x X —
[0, c0) defined by

4’ (x,y) = 2p(x,y) = p(x,x) = p(y, y)

is a metric on X.

Example 1 ([1]). Let X # @ and ¢ > 0. Define p(x,y) = |x — y| + ¢; the p is a partial metric on
X and the corresponding metric is dp(x,y) = 2|x —y|, Vx,y € X.

Every partial metric p on X generates a Ty topology 7, on X with a base, which is
defined by the family of open p— balls {By(x,€) : x € X, € > 0}, where B,(x,€) = {u :
p(x,u) < p(x,x) +€}, Vx € Xand e > 0.

Definition 2 ([13-15]). Let X # @. A function w : (0,+00) x X x X — [0, 00), defined by
w(A, x,y) = wa(x,y), is called a modular metric on X if it satisfies the following:

(1) rwr(x,y) =0<=x=y, VA>0;

(w2) twir(x,y) = wr(y,x), Vx,y € Xand VA > 0;

(w3) s wWagpu(x,y) < wa(x,z) +wu(z,y) Vx,y,z € Xand YA, u > 0.

If in lieu of (w7 ), we write
(wy) : wy(x,x) =0, VA >0,

and then w is called the pseudomodular metric on X. Note that the function A — w) €
[0, 00) is non-decreasing. Indeed, Vx,y € X and VA, > such that 0 < u < A; from (wy)
and (w3), we obtain

wr(x,y) < wrs(x, %) + wu(x,) = wulx,).

Moreover, we say that w is convex if it satisfies the axioms (w1 ), (w2 ) of Definition 2
and the following;:

(wq) @ wru(x,y) < Aiyw)\(x,z) + %ﬂwy(z,y), Vx,y,z € X and VA, > 0.

Now, we define the following definition, a general form of convex modular metric on
X.

Definition 3. A modular metric w defined on a non-empty set X is said to be a weak convex
modular if it satisfies the axioms (w1), (wy) of Definition 2 such that there exists a function
a: (0,00) x (0,00) — (0,1) satisfying the following:

(wy) + wrrp(x,y) < a(A, p)wr(x,z) + (1 — (A, p))wu(z,y),
Vx,y,z € X and VA, u > 0.

Obviously, every convex modular metric is a weak convex modular metric but the
converse may not be true. Moreover, every (weak) convex modular metric is a modular
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metric but the converse may not be true. In fact, by setting & = %ﬂu then0 < a < 1and
0<l—a= ﬁ < 1,50 (wy) and (wy ) infer directly the axiom (w3) of Definition 2.
Let X # @ be an arbitrary set. For given xg € X, we define

Xw(xg) ={x e X: lim wy(xg,x) =0}
A—+o00

and
Xi(xp) ={x e X:3IA=A(x) >0, wy(xp,x) < oo}

Then, the two sets X,, and X7, are called modular spaces centered at xp. It is obvious
that X, C X,. If xo € X is an arbitrary, then X,,(xg) and X, (x¢) are written as X, and X},
If w is a modular metric on X, then the modular space X,, is a metric space equipped with
a non-trivial metric given by

dw(x,y) =inf{A : w)(x,y) <A}, Vx,y € Xe.

Further, if w is a convex modular on X, then X,, = X{,, and this common space can be
equipped with a metric df, defined by

di(x,y) =inf{A : wy(x,y) <1}, Vx,y € Xp.

If a modular metric w on X is finite and wy (x,y) = wu(x,y) Vx,y € X and VA, u > 0,
then d(x,y) = w)(x,y) is a metric on X.

Example 2 ([17]). Let (X, d) be a metric space. Define w) (x,y) = %, Vx,y € Xand VA > 0.
Then, w is a modular metric on X. Moreover, w is convex and hence it is a weak convex modular
metric on X.

Lemma 1 ([14]). Let w be a modular metric on a set X, given a sequence {xy},en in X, and
x € Xy. Then, dy(xy,x) — 0as n — oo if and only if w) (xn,x) — 0asn — oo, VA > 0. A
similar assertion holds for Cauchy sequences.

Example 3. Define wy(x,y) = w, c>0Vx,y € Xand VA > 0. Obviously, w satisfies
the axioms (w1), (w2) and (w3) of Definition 2. Therefore, w is a modular metric but not a convex
modular metric on X.

In fact, VA, u > 0, and we have

gf(/\+ﬂ)
Watp (X, y) < [lx —z[ + [z —yl]
et e Mx—¢ et e Mz —y|
M c eMi c
A et

e
:e)\Ty(U)\(x,Z) + Wﬂ)ﬂ(z,y)

A .
Note that 0 < ﬁ < Efﬂl <land0 < /\FT;: < ef—iﬂ < 1. Thus, w is not a convex modular

metric on X.

Definition 4 ([16]). Let X # @ and w? : (0, +00) x X x X — [0, 00) be a function defined by
wP (A, x,y) = wK(x, ), which is called a partial modular metric on X if it satisfies the following
axioms:

(wWh) : wh (x,x) < wh(x,y), Vx,y € Xand VA > 0;
(wh) wi(x,y) = wz(y,x), Vx,y € Xand VA > 0;
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p p P p
(@) + @h,, () < wf(x,2) +wh(zy) — AENTACGEIGEN vy € X and

YA, u > 0.

As in Definition 1, the self-distance in Definition 4 of a partial modular metric need
not be restricted to zero, i.e., wi(x,x) = 0. Note thatif x = y =z, VA, u > 0, then, from
(wZ ), it follows that wi (x,x) = 0. In order to avoid this limitation, we modify the axioms

(w}) and (w}) in Definition 4 and restate them as follows.

Definition 5. Let X # @ and wP : (0,400) x X x X — [0,00) be a function defined by
wP (A, x,y) = wh (x,y), which is called a partial modular metric on X if it retains the axioms (w})
and (w}) of Definition 4 with the following:

(wf/) s wh(x,x) = wﬁ(x,x) and W (x,x) = Wl (x,y) = W\ (y,y) = x=y, VA, u>0;

(wf;/) :w/’{ﬂl(x,y) < wﬁ(x,z) —|—wﬁ(z,y) — wﬁ(z,z), Vx,y € X and VA, u > 0.

Obviously, if wi(x,y) = 0, then, from (wf,) and (wh), we have x = y, but the converse
may not be true. It is not difficult to see that a partial modular metric w? on X is a modular

metric but the converse may not be true. If a partial modular metric w” on X possesses

a finite value and is independent of the parameter A > 0 that is w! (x,y) = wi(x,y),

VA, 1 > 0, then p(x,y) = w) (x,y) is a partial metric on X.

Definition 6. A partial modular metric w? on X is said to be convex if, in addition to the axioms
(wf,), (wh) and (w?), it satisfies the following:

A A
Py Wb < WP P wF
( 5) . )Ler(x/y) = )\ F’l /\(x/y) /\ ]’l (Z/?/) )\ ]’l /\(Z/Z)r

Vx,y,z € X and VA, u > 0.

Definition 7. A partial modular metric wP on X is said to be weakly convex if it satisfies the

axioms (wf,), (wh), (wh) and the following:

(wg) = why, (xy) < a(dww)(xy) + (1 - ad,m)wp(zy) — a(A, p)w)(z,2),
Vx,y,z € X and VA, u > 0, where a : (0,00) x (0,00) — (0,1) is a function.
Now, we define the following definitions as in the modular metric:

Definition 8. Let w? be a partial modular metric on a set X. For given xg € X, we define

Xor(xg) ={xeX: /\ETOO wh (xg,x) = c},

for some ¢ > 0 and
Xip(xg) = {x € X:3A = A(x) >0, wh(xg,x) < oo}

Then, two sets X» and X7, are called partial modular spaces centered at xo. It is obvious
that X» C X p. We write Xop = Xp (X0) and X* = X7, (x0), if xo € X is arbitrary.
Remark 1. For every x,y € X, the function A — wﬁ € [0,00) is non-increasing. Indeed,
VxeXand0 < p < A, from (wf,) and (wZ,), and we obtain

W%, y) < @l (xx) + wh(x,y) - wh_(x,%) = wh(x,y)
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Lemma 2. Let w? be a partial modular metric on a non-empty set X. Define

Wi (x,y) = 2! (x,y) — W (x,x) — W (y,).

Then, w*® is a modular metric on X.

Proof. Obviously, w® holds (w;) of Definition 2. For (w1) and (w3), we have
(w1) : If x =y, then w5 (x,y) =0, VA > 0. Suppose wj (x,y) =0, VA > 0, then

20} (x,y) = W} (%, x) + W} (1, y).

From (w}) of Definition 5, we obtain

20k (x,x) <208 (x,y) = W (x,x) + Wl (y,y) = wf(x,x) <@ (1)

Similarly, we obtain

205 (1Y) < 20} (v, y) = wi(x,2) +Wi(y,y) = wf(yy) < w)(xx).
Consequently, we obtain

wh(x,y) = W (x,x) = Wi (v, ).

Thus, by the second part of (w?,) of Definition 5, x = .

(w3) : From (wf,) of Definition 5, we obtain
14

wi_w(x,x) = w/\(x,x) and wiﬂl(y,y) = wK(y,y),Vx,y € Xand VA, u > 0.
Now, by (WZ/) of Definition 5, we have
w;t+]/l(x’ .1/) = 2wK+y(xl ]/) - wi-"_;‘ (x/ x) - CUK_,’_}‘ (]// ]/)
= szer(x’y) - “’K(xrx) - wz (y1y>
< Z(wf(x,z) —l—wﬁ(z,y) — a)K(z,z))) — wﬁ(x,x) — wﬁ(y,y)
= (sz(x,z) — wK(x,x) — wK(z,z)) + (Zw,’j(z,y) — wK(Z,z)) — wﬁ (y,y))
=w; (x,2) + wy(z,y).

Thus, w* satisfies the axioms (w1), (w;) and (ws3) of Definition 2 and hence «® is a
modular metric. [

Remark 2. (i) Let w® be a modular metric induced by partial modular metric wP on a non-empty
set X, and then X shall denote the modular space with respect to modular metric w®.
(ii) Let w be a modular metric on X and ¢ > 0; then,

wh(x,y) = w(xy) +c

defines a partial modular metric on X and the corresponding modular metric is w3 (x,y) =
2wy (x,y) or wi(x,y) = Z(wi(x,y) — ¢). Moreover, wP is (weakly) convex if w is a (weakly)
convex modular metric with ¢ = 0 on X.

Example 4. Let X = R. Define a function wi :(0,00) x X x X — [0, 00) by
wh(xy) =eMx—yl+ec

where ¢ > 0, A > 0and Vx,y € X. Then, w? is a partial modular metric on X.
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Example 5. Let (X, d) be a metric space and a function wP be defined by

wi(x,y) = %, Vx,y € X, and VA >0

where ¢ > 0. We see that limy ., wf{(x,y) =0, Vx,y € X. However, w? is not a partial
modular metric on X. Indeed, by the first part of (wf,) of Definition 5, w' (x, x) # wﬁ(x, x), Vx €
Xand VA, u > 0,A # p.

Example 6. Let X = R. Define
wh (x,y) = e Mx—y|+ |x| + |y|, Vx,y € X and VA > 0.

Then, w? is a partial modular metric on X. It is obvious that (wf/), (wh) and (wh) of
Definition 5 hold. For (‘UZ/)' YA, u > 0and Vx,y,z € X, we have

Wl () = e — |+ [x] + |y

< e ([x 2|+ 2= y]) + |x] + Iyl
(= =z + fx]) + (=) z = y| + [y
(7 x =zl + [xl +12l) + (7= =yl + 2| + lyl) —2Iz]

= wh(x,z) + wﬁ(z,y) —wh(z,2).

IN

Thus, w? is a partial modular metric on X.

Example 7. Let X # @ be a set. Defmew)\(x y) = lx— y' +c,c>0, Vx,y € Xand VA > 0.
It is obvious that (wl,) (wh) and (w}) of Definition 5 hold Now, we show that w? is a partial
modular metric and but not (weakly) convex on X.

For (wf;,), Vx,y,z € Xand VA, u > 0, we have

Ix—y\
/\+y

wK—&-y (x’ 3/) =

< )L—I— (|x—z|+|z—y|>+c
(|x)\z| +c)+(|z_yy|+c) —cC

= wh(x,2) + wh(z,y) — wh(z,2).

IN

Then, w? is a partial modular metric on X. On the other hand, VA, u > 0and Vx.y,z € X,
and we have

1
wﬁ—&-y(x’y) S )\

<
“r ) et (5

H p
A_’_ywy(z,y).

|xfz|+|zfy|)+c

= 7}{9%( z) +
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To show that w? is not convex on X, VA, u > 0, taking x =4,y =1,z = 2, then
Ay Hoop Ay p
(mw;\(x/z) + mwy(zfy) - mwy(zzz)> - WAW(XIV)
3 A 3
o <A+y+c_)\+yc> N (/\+y+c)

A
——A+Vc<0.

This shows that wP is not convex and, hence, it is not a weakly convex partial modular metric
on X.

Example 8. Let w? be a partial modular metric on a non-empty set X. Define wi(x,y) =

%, Vx,y € X and VA > 0. Then, w? is convex and hence it is a weakly convex partial

modular metric on X.

Example 9. For any non-empty set X, define ¥ (x,y) = e Awy(x,y), Vx,y € X and VA > 0.
Then, w? is weakly convex but is not a convex partial modular metric on X.

Definition 9. Let w? be a partial modular metric on a non-empty set X and {x, } be a sequence in
a partial modular space X,p; then,
(i) {xn} is said to be convergent to a point x € X,p, if and only if, for every € > 0, there exists

ng € NU{0} such that
|w§(xn,x) — wK(x,x)| <eg,

Vn > ng and VA > 0. We write limy, 1 oo wﬁ(xn,x) = wﬁ(x,x), VA > 0;

(ii) asequence {xy} is a Cauchy in Xop if iy, m—s 400 Wk (X, Xm) = ¢, YA > 0, for some ¢ > 0.
In this case, lim;,—, 1 wi(xn, Xp) = limy— 400 wﬁ(xm, Xm) = c. Thus, if {x, } is a Cauchy
sequence in X, then ¢ = 0;

(iii) a partial modular space X ,p is said to be complete if every Cauchy sequence converges to a
point x € X such that

: p _ P
nln%l_l;r}roow/\(xn,xm) = w) (x,x), YA > 0.

Remark 3. (i) If {x,} is a Cauchy sequence in Xys, i.e., limy,m— 400 w3 (X, Xm) = 0, then

: 14 — 1 P — T P
A R ) = Jim o 0) = i o).

(ii) If {xn} is a Cauchy sequence in X, that converges to some point x € X, then

lim o (xp,xm) = lm wF (x4, x,) = &F (x, x).

n,m——4oo )‘( d m) n——+o0o /\( ad n) /\( ’ )

(iii) A sequence {x,} in X,» is a Cauchy sequence if it is a Cauchy sequence in Xs, i.e.,
limys, i 100 W3 (X0, Xm) = 0.

Lemma 3. Let wP be a partial modular on X and {x, } be a sequence in X,p. Then,

(i) {xn} is a Cauchy sequence in X,p if it is a Cauchy sequence in the modular space X s induced
by partial modular metric w?;

(ii) a partial modular space X,,p is complete if and only if the modular space X s induced by w?
is complete. Furthermore,

nlirilm w3 (x5, x) =0 <= ,}EIC}O[Z“’K(X”'X) — wK(xn,xn) —wh(xx)] =0
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or

: _ : p — 1 p — P
nlgrc}o w3 (X, x) =0 <= nLHEm w (xp, x) = ngrfm w) (xn, xn) = wy(x,x), YA > 0.
Definition 10 ([18]). A continuous function F : [0,00) x [0,00) — R is called a C— class
function if, for any s, t € R, the following conditions hold:
(i) F(s,t) <s;
(ii) F(s,t) =simpliess =0ort =0.

Example 10 ([18]). The following are examples of the C—class function:
(i) F(s,t) =as, a € (0,1);

(il) F(s,t) = 357, 7 € (0,00);

(iii) F(s,t) = B 0> 1,

Definition 11 ([19]). A control function ¢ : [0,00) — [0, 00) is called an altering distance if the
following conditions hold:

(i) ¢ is non-decreasing and continuous;
(ii) ¥(t) = 0ifand only if t = 0.
We denote by Y the set of all altering distance functions.

Example 11 ([20]). The following examples are the altering distance functions:

(i) 9(t)=e"+pt—1;
(ii) ¥(t) = at®> +In(Bt + 1), where «,p > 0.

Definition 12 ([18]). A control function ¢ : [0,00) — [0, 00) is called an ultra-altering distance
if the following conditions hold:

(i) @ is continuous;
(ii) ¢(t) >0, t > 0and ¢(0) > 0.

D denotes the set of all ultra-altering distance functions.

Definition 13 ([21]). A triplet (¢, ¢, F), where p € ¥, ¢ € ® and F € C is monotonically
increasing if

Vx,y € [0,00), x <y = F(¢(x),¢(x)) < F(¢¥), ¢¥))-

Further, we say that the triplet (1, ¢, F) is strictly monotonically increasing if

Vx,y € [0,00) x <y = F(¥(x), ¢(x)) < F(@(y), ¢(¥))-

Example 12 ([21]). Consider a C— class function F(s,t) = s — t. Define ¢, ¢ : [0,00) — [0, 00)
by p(x) = v/ and

x?, x>1.

w(x):{ﬁ, 0<x<1;

Obviously, the triplet (¢, ¢, F) is monotonically increasing.

Definition 14 ([22]). Let P and Q be two self-mappings on a non-empty set X; then, they are said
to be weakly compatible if they commute at their coincidence points, i.e., P Qx = QPx, for some
xeX.

Definition 15 ([23]). Let X # @ and P, Q : X — X be two self-mappings. If u = Px = Qx,
forsome x € X, then x is called a coincidence point of P and Q, and u is called a point of coincidence
(briefly, poc) of P and Q.
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Lemma 4 ([23]). If P and Q are weakly compatible self-mappings on a non-empty set X, and if P
and Q have a unique point of coincidence u = Px = Qx, then u is the unique common fixed-point
P and Q.

3. Main Results

Let w? be a partial modular metric on a non-empty set X and X,» be a partial modular
space. Suppose that P, Q, R, S : X,» — X,» are four self-mappings such that

PXwP - QXwP and RX(UF’ - SX(UP' (1)

Let xyp € X,» be any point. By virtue of (1), the two sequences {x, } and {y, } in X»
are defined as follows:

You = Pxoy = Qxou 41 and You i1 = Rxony1 = Sxony2, V1 € NU{0}. @)

Inspired by Chandok et al. [4], we are ready to prove the following lemma, which
plays a crucial role in the subsequent results.

Lemma 5. Let w? be a partial modular metric on a non-empty set X and X ,p be a partial modular
space. Suppose that P, Q, R, S : X» — Xp are four self-mappings satisfying the condition (1).
Ifthereexist p € ¥, ¢ € @ and F & C such that the triplet (1, ¢, F) is a monotonically increasing
function satisfying the following:

P(wh (Px, Ry)) < F(p(M(x,y)), o(M(x,y))), ®)
where
M(x,y) = max{wK(Sx, Qy),wK(Sx, Px),wK(Qy,Ry),

1
5[wg)\(Qy, Px) +wh, (Sx, Ry)]},

VA > 0and Vx,y € Xp. Then, the sequence {y, } defined by (2) is a Cauchy sequence in Xp.
Proof. From (2), we recall that
You = Pxgy = Qx2p41 and You 41 = Rxzpy1 = Sxoug2, YV € NU{0}.

Using (3), we obtain

(Wi (2m Y2ns1)) = $(@) (P20, Ran1)) 4)
< f(lp(M(JQn/ x2n+1))/ ?(M(xZn/ x2n+1)))/
where
M (xon, x2n41) = max{wh (Sxan, Qxay1), wh (Sxan, Pxon), wh (Qxzyi1, Rx2n11), (5)
1
3 [wh, (Qxous1, Pxon) + why (Sxon, Rxop41)]}
= max{w! (Yan—1,Yon), W\ Y2n—-1,Y2n), @k (Yon, Yan+1),

1
3 [w’ng(]/Zn/ Yon) + wg;\ (y2n-1,Y2n4+1)]}-
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and by (wf,) and (wz,), we have

1
E[cugA(jk/znljr/zn) + Wy, (Yon-1,Y2n+1)] ©)
< [(UK(:VZn/ yzn) + wK(yanlzyZn) + wi(y2n1y2n+l) - wz(yZn/ yZn)]

(! (Yan-1,Y20) + @h (Von, y2ns1)]-

Using (5), (6) and the monotonicity of the triplet (¢, ¢, F), (4) becomes
Y(wh (Yan, Yant1)) < F((max{w} (yan—1,y20), @k (yan, y2ns1)}), @)

(P(max{wﬁ (;‘/anlr]ﬁn)rwﬁ(y2n>/y2n+l)}))r

From the above inequality, the following cases arise:
Case (I): Suppose wh (yan—1,Y2n) < @) (Y21, Y2n+1); then, from (7) and by the strict
monotonicity of (¢, ¢, ), we obtain

(! (yan, Yons1)) <F (0 (y2n, yani1), @(@h (Yan, Yons1)))

<P(wh (Yon, Yon+1))-

Therefore, (UK (Yan, Yont1) < wi(yz,z, Yon+1)- This is a contradiction.
Case (II): Suppose wf\ (Yon, Yan+1) < wK (Y2n—1,Y2n); then, from (7), we obtain

(@] (y2n,y2ns1)) SF(@(wh (Van-1,v20)), 9(@h (y2n—1,y21))- 8

Since ¢ is a non-increasing function, then, from (8), we have

Y(wh (Yo, yan1)) <P(@h (Yan—1,v21)) = W (Y2, y2n1)) < @ (Yan—1,y20).

This shows that {wi(yz,q, Yon+1)} is @ non-increasing sequence of non-negative real
numbers. Thus, there exists € > 0 such that

~ p _
JHm wy (Von, Yont1) = €, VA > 0.

Taking the limit as 7 — +o0 in (8), we obtain

p(e) < F(y(le) ple) < yle) = F(y(e) p(e)) = v(e),
so P(e) =0or ¢(e) = 0and hence e =0, i.e.,

lim ) (yon, y2nt1) =0, VA > 0. )

n——+o0

Now, we show that {y, } is a Cauchy sequence in X,». By Lemma 3, it is sufficient to
prove that a subsequence {y7, } of {y,} is a Cauchy sequence in Xs.
From (w}) of Definition 4, we have

0 < Wk (yan, y2n) < @) (Yo, Yant1), YA >0,

so from (9), it follows that
lim wi(yzy,,yz,q) =0. (10)

n——+oo

Similarly, limy— 4o a;f\’ (Yan+1,Y2n+1) =0, YA > 0.
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If possible, let {y2, } be not a Cauchy in X,s, and then there exists § > 0 such that,
for each even +ve integer k, we can find subsequence {y,,(x) } and {y,(x) } of {y2.} with
2n(k) > 2m(k) > k such that

@3 (Yam(k), Yan(k)) > 0, VA > 0. (11)

Now, we choose 2n(k) corresponding to 2m (k) such that it is the smallest even integer
with 2n(k) > 2m(k) and satisfies Inequality (11). Hence,

W3 (Yam(k) Yanky-1) <6, YA > 0. (12)

By triangular inequality (w3) and (12), we have

WA (Yam(k) Y2n() < @3 Yo (k) Yan(ky-1) + @3 Yan()-1: Yan(r))|
<o+ ws% (Y2n(k)-1-Y2n(k))- (13)
On the other hand, by Lemma 2, YA > 0, we have
W3 (Yan(e) -1 Y2n(e)) = 2908 Wan(e) -1 Yan (k) — @ Wan(e)—1, Y2n(k)-1) (14)
— WX Won(ky Yan(i))-

Letting k — 400 on (14), then from (9) and (10) , VA > 0, we have

lim wf\(yZn(k)fl’jhn(k)) =0, VA > 0. (15)

k—+c0

From (13), using (11) and (15), we have
§ < lim @} (Yam(k) Yan()) <0, YA > 0.

This implies
lim @} (Yom (k) Yon(k)) = 9- (16)

k—+o0

Again, using the triangular inequality (w3), we have

IA
g

W3 (Yan(k)r Yam(k)) Yon(k): Y2n(e)-1) + @3 Vank)—1, Yam(x))

—~ o~

N> @ o> @

S
A
2
S
A
1

Yon(k) Y2n(e)-1) + @3 Yank)—1, Yom(k)—1)

+ 8

ws% (Yam(k) 1, Yam(k))- (17)
Furthermore, we have

wf\(]/Zn(k)—lr ]/Zm(k)—l) < w

+ @ Yam) Yam(y-1)

[N

(Y2n(k)-1-Y2n(r)) + ws% (Yan(k) Yam(x)) (18)

Letting the limit as k — +co in (17) and (18), using (15) and (16), we obtain
Jim W3 (Yan(k) -1/ Yom()-1) = O-
Further, we have

WA Wan() 11 Yam(y) < @03 Wan(k) 41 Yan()) + @ (Yan(r) Yam(e))- (19)

N
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However,

W (Yan(ky Yam(k) < WA Wan(k) Yan(k)+1) + O3 Yank)+1 Yam(k))- (20)

Taking the limit on (19) and (20) as k — +o0 and using (15) and (16), we obtain

im w3 (Yan(k)+1, Yam(k)) = O- (21)

k—r o0
Since VA > 0, we have
W3 Yan(k) Yam(k) = R0h Wan(e) Yam() — @h Wan(i) Yon())
- wi (y2m(k)/ yZm(k)] :
Taking the limit on the above equation as k — +oo, and then using (9) and (16), we

obtain

. 1)
Em w! (Yan(e) Yom(k) = 5 =d (say) (22)

k—+o0

Similarly, we obtain

. 1) . )
Hm ! (o), Yam(k)—1) = 5 =dand lim W Van()+1: Yam)) = )

k—+oo k—+o0
Now, from (3), we obtain
P(Wh Yam) Yan(e)11)) = (@h (Pxayi), RXon(i)41)) (24)
< Fp(M (X2 k)r X20(k)+1)) (M (Xam(iy X2n(k) 1))
where
M (X Xan (i) 1) = Max{ ! (S (k) QX2 (1)+1)s W (SXop(k)s PXayu (i) )
wh (QXon(k)+1, R¥ou() 1),
1
E[ng(szn(k)H/Pme(k)) + wg/\(stm(k)/RXZrl(k)-i-l)]}
= max{ @} (Yam()—1, Y2n(k) ) h Yam()—1, Yom(e))»
WK (yZn(k)/yZn(k)+1)/

1
5 [}, (Yan(k) Yam(x)) + why Yamk) -1 Yan(k)+1)]}

and by (wZ ), we have

1
5 [w}, (Yan(k)r Yom(x)) + wh) (Yam(k)=1, Yank)+1)]

1 1
= Eng (Yan(k) Yam(i)) + 5 (R Yamr)—1, Yame)) + @k Yom(k) Yan(i)+1)
— &} (Yam(ky Yame)))-

Taking the limit as k — 400 on (24), and then using (9), (10), (20), (22) and (23), we
obtain

p(d) < F(p(d), 9(d)) < 9(d) = F(p(d), ¢(d)) = ¢(d),

which implies ¢(d) = 0 or ¢(d) = 0; then, d = 0. This is a contradiction. Therefore, {y, }
is a Cauchy sequence in the modular space X,s and hence the sequence {y, } is a Cauchy
sequence in X,». O
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Theorem 1. Suppose P, Q,R,S : X,»r — Xyr to be four self-mappings defined on a complete
partial modular space satisfying (1) and (3). Then, poc(P,S) # @ and poc(Q, R) # @. Further,
if the pairs (P, S) and (Q, R) are weakly compatible in X, then P, Q, R and S have a unique
common fixed point in X,p.

Proof. By Lemma 5, {y,} is a Cauchy sequence in the partial modular space X,». Since
Xr is complete, {y, } converges in X,,». Then, there exists z € X, such that

; p — 1 p — P
nl_1)r}rloow/\(yn,z) = nl_l)r}rloow/\(yn,xn) = w)(z,z), VA > 0.

By Lemma 3 and from (9), we obtain

lim ! (yn,z) =0 and w)(z,z) =0, VA > 0. (25)

n— 400

Since X,r is complete, the subsequences {Px2, }, { Ox2y41}, {Rx2p41} and {Sx2,42},
Vn € NU{0} converge to z € X,,». Now, we show that poc(P,S) # @ and poc(Q,R) # @.
Since {Sxp,42} converges to z € X, there exists u € X,,» such that z = Su. We claim
that Pu = Su. Using (3), we obtain

Y(wWh (P, yani1)) =9(wh (Pu, Rxgni1)) (26)
<F(pM(u, x2n41)), p(M (1, X2011))),
where
M(u,x241) = max{w! (Su, Qxopi1), wh (Su, Pu), wh (Qxani1, Rxani),
S8 (Qua1, Pu) + (S, R}

= max{w}(z,yon), W} (z, Pu), ! (yan, yons1),
2 by (o ) + oy (2, 2001)])
and
“’gA(yZn/P”) < wi(yanz) + wK(Z,Pu) — w/’i(z,z).

Taking the limit as n — +c0 on (26), and then using (9), (25) and (27), and by the
definition of (¢, ¢, F), we obtain

P(wh(Pu,z)) < lim F(p(M(,x2141)), 9(M (1, X211))),

n—+o0
where
1
: _ p . p
nl_l)l}_loo M(u, x2411) = max{w)(z, Pu), 5 nl_l)l}_loo wy, (Yon, Pu)}
and
ngTw ng(yZH, Pu) < nl_i}rfoo[wﬁ (yon, z) + wﬁ (z,Pu) — w/’{(z,z)] (27)

§w§(z, Pu).
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Therefore,

P(w)(Pu,z)) < Hm F(Y(M (1, x2541)), 9(M (1, X2011)))

n——+o0

< lim F(p(wh(z, Pu)), ¢(wh(z, Pu)))

n—-+oo

Sl[J(wK(Z, Pu)).
It follows that
F(@(wh(z,Pu)), p(wh(z,Pu))) =p(wh(z,Pu)),

so p(wh (z, Pu)) = 0 or ¢(w!(z, Pu)); then, w) (z, Pu) = 0 and hence Pu = Su =z, i.e.,
poc(P,S) # @.

Since PX»r C QX and u € poc(P,S), i.e, Pu = Su = z, then there exists
v € QX » such that Pu = Qv = z. Now, we show that Rv = Qu. For this, from (3), we
obtain

P(wh(z, Ro)) = p(w] (Pu, Rv)) < F(p(M(u,0)), p(M(u,0))), (28)
where
Mu,v) = max{w! (Su, Qv), wk (Su, Pu), ! (Qv, Rv),
S}, (0, Pu) + why (S, Ro)])
= max{wﬁ(z,z),wK(z,z),wK(z,Rv),

Swh(z,2) + @y (5 Ro)]}.

Then, (28) becomes
p(wh(z,Ro)) < F(p(w)(z, Rv)), p(w} (z,Rv))) < p(w] (2, Ro)).
Therefore,
F(p(wh (2, Ro)), ¢(w] (2, R0))) = p(w} (2, Rv)),

yielding ¢(w} (z, Rv)) = 0 or ¢(w} (z, Rv)) = 0; then, w} (z, Rv) = 0 and hence Rv = z =
Qu. Thus, poc(R, Q) # @.

Since (P,S) and (R, Q) are weakly compatible, then Pz = PSu = SPu = Sz and
Rz = RQuv = QRv = Qz. Now, we claim that the pairs (P, S) and (R, Q) have a unique
common point of coincidence. Suppose, if possible, that there exist r,7* € X,», ¥ # r* such
that Pz = Sz =rand Rz = Qz = r*.

From (3), we obtain

P(wh(r,1)) = Y(w}(Pz,Rz)) < F(p(M(z,2)), 9(M(z,2)))
where
M(z,z) = max{wK(SZ, Qz),wK(SZ, Pz),wK(Qz, Rz),
Wb (Qz, P2) + why (52, Ra)]}
= max{w (r,r*), W) (r, 1), (r*, 1),

Swhy (%) + @l ()]
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From the above inequality, we obtain

Py (7)) < Flp(wi (1), (@) (1)) < (i (7))

It follows that

Fp(w) (1), (@) (r",1))) = p(w) (", 1))

giving y(w?, (r*,7)) = 0 or ¢(wh (r*,7)) = 0. Then, w! (r*,7) = 0 and hence r = r*. Thisis a

contradiction. Therefore, by Lemma 4, the pairs (P, S) and (R, Q) have a unique common
fixed point in X,,». O

Example 13. Let X = [0, 00) and define ¥ (x,y) = e~*|x —y| + |x| + |y|; then, wP is a partial
modular metric on X. Moreover, we can verify that X » is a complete partial modular space. Let
P,O,R,S : Xyr — Xr be self-mappings defined by

Px = %x, Qx = %x, Sx =xand Rx = %x, Vx € Xr.

Clearly, PX v C QX and RXp» C SXp. Moreover, the pairs (P,S) and (Q,R) are
weakly compatible. Setting y(r) = @(r) = kr and F (s, t) = k?s, where k = 1. Then, the triplet
(¥, ¢, F) is monotonically increasing. Now, Vx,y € X and YA > 0, and we have

_ 1 1 1

w) (Px,Ry) = e A|§x—6y|+|§x\+|6y|
Sl 001 1
= 5 (e M= vl + Il +151)

1/ _
= 5 (e7MISx — Qyl +ISx| + | Q)

IN

% M(x,y).
Therefore,

P(wf (Px, Ry)) = ki (Px, Ry) < K*M(x,y)
< FpM(x,y)), o(M(x,y))), Vx,y € X,p and VYA > 0.

Thus, all the conditions of Theorem 1 are satisfied and 0 is the unique fixed point of P, Q, R
and S in Xp.

The following theorem is the direct consequence of Theorem 1, which is a counterpart
of Banach'’s contraction in metric space.

Theorem 2. Let wP be a partial modular metric on a non-empty set X and X » be a complete
partial modular metric space. Suppose P : X » — Xop to be a self-mapping satisfying

Wk (Px, Py) < kawh(x,y), V x,y € Xy and VA >0,
where 0 < k < 1; then, P has a unique fixed point in X,p.

4. Application

In this section, inspired by Pant et al. [6], we establish the existence of a solution of a
system of Volterra-type integral equations.
Consider a set of Volterra-type integral equations

t
x(H) = q(t) + /0 K;(t s, x())ds, 29)
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wheret € [0,k] =1 C R, K;: [0,k] x [0,k] xR — R,i={1,2,3,4} and g : [0,k] — R are
continuous functions.

Let X = C(I,R) be the space of real continuous functions defined on I. Define w” on
X by

WRey) = max [e M (t) = y()] + [x(0)] + y(®)l], ¥A >0,

Then, X,» is a complete modular space. Suppose H; : X,» — X,» to be a self-mapping
defined by

t
Hix(t) = q(t) —I—/ KCi(t, s, x(t))ds,Vx € X,p and Vt € I,i = {1,2,3,4}.
0

Clearly, x(t) is a solution of (29) if and only if it is a common fixed point of H; for
i=1{1,2,34)}.

Theorem 3. Under the above conditions, assume that the following hypotheses hold:
(hy): For any x € Xp, there exist u,v € Xp such that

’Hlx = 7‘[31/{, Hzx = 7'[411,‘
(hy): Forany t € I, there exist u,v € X,,p such that
HiHau(t) = HaHyu(t), if Hau(t) = Hau(t)

and
HoHso(t) = HaHov(t), if Haov(t) = Hav(t);

(h3): There exists a continuous function f : I x I — R™ such that

[Kr(t5, () = Ka(t,5,y(s)| <f(t8)[[Hax(s) — Hay(s)| + e ([ Hax(s)]
+ [Hay(s)]) = 26M([Hax(s)] + [ May(s)])]

VY A>0andVx,y € X, wheret,s € I;
t
(ha): maxeepoy fo f(t8)ds < '3
Then, the system (29) of integral equations has a unique common solution in X ,p.

Proof. From (hy), H1Xwr € HaXr and HoXp C HaXeor-
From (hy), the pairs (H1, H4) and (H2, H3) are weakly compatible. Now, from (h3),
we have

R (M, Hay) = max e [Hax(t) — Hay(0)] + [Hax(t) |+ [Hay(0)]

< max e Kt 5,7()) = Kalt,s, () lds + [#ax(8)| + [May ()]

t
<e™ max / f(t,s)ds{|7—l4x — Hoy| + (| Hax| + |Hay|)
te[0,k] JO

— 26N ([Hax| + [Hayl) | + (1Hax] + [Hay)

11 _

<5 [ Hax = Hay| + [Hax| + [Hay]
1

S%M(x,y),



Axioms 2022, 11, 62 17 of 18

where

M(x,y) =max {CUK(HALX, Hay), wi(?-ux, Hqx), wi (Hay, H3y),

wg/\(’Hzx, Hix) + ng(H4x, Hzy) }
> .

Setting 1(t) = ¢(t) = t and F (s, t) = 1t, then the triplet (¢, ¢, F) is monotonically
increasing. Therefore,

wh (Hax, Hay) < F(p(M(x, 1), p(M(x,1))), Vx,y € Xop and VA > 0.

Thus, all the conditions of Theorem 1 are satisfied, and hence the system (29) has a
unique solution in X,,p. O

5. Conclusions

We propose a refinement of the notion of the partial modular metric to eliminate the
occurrence of discrepancies in the non-zero self-distance and triangular inequality. Using
the altering distance functions, a common fixed-point theorem for four self-mappings via
the C— class function is proven in such space. In addition, we apply our results to establish
the existence of a solution for a system of Volterra integral equations as an application.
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