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Abstract: In this paper, we define the quasi-density of subsets of the set of natural numbers and show
several of the properties of this density. The quasi-density d,(A) of the set A C N is dependent on
the sequence p = (py). Different sequences (p;), for the same set A, will yield new and distinct

densities. If the sequence (p;;) does not differ from the sequence (1) in its order of magnitude, i.e.,
pﬂ
n
sequences that do not satisfy this condition are more interesting. In the next part, we deal with the

lgn = 1, then the resulting quasi-density is very close to the asymptotic density. The results for
n—oo

necessary and sufficient conditions so that the quasi-statistical convergence will be equivalent to the
matrix summability method for a special class of triangular matrices with real coefficients.

Keywords: statistical convergence; quasi-statistical convergence; asymptotic density; quasi-density;
the matrix summability method

1. Introduction

The notion of asymptotic density for a subset of the set of natural numbers is known.
It determines the size of the given subset compared to the set N.

Let A C N. We define A(n) = |k € A, k < n|, i.e., as the number of elements of set A
smaller than 7.

Then

d(A) = lim inf A

n—»00 n

d(A) = lim supM
n—00 n

is the lower and upper asymptotic density of the set A C N, respectively.

Ifd(A) = d(A), then there exists lgrl Aln) d(A) that is called the asymptotic density
n—oo

n
of set A. It is evident that if for some set A there exists d(A), then 0 < d(A) <1 (see [1]).
A different method for defining the density is based on the matrix method of limiting
sequences of ones and zeros (see [2,3]).

Let
1 o o0 --- 0 0
1/2 /2 Q0 --- 0O 0
C= :
1/n 1/n 1/n 1/n 0

be a regular (Cesaro) matrix (see [4]) defined as follows:

C= (an)/
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where
Cpk = 1/n fork <n

e =0 fork >n mk=1,2 ...

Then, we define the asymptotic density of the set A C N by the relation

d(A) = lim Y cukexa(k),
p

where x 4 (k) is the characteristic function of set A C N (see [5,6]),

1, ifke A
XA(k)_{ 0, ifk ¢ A.

Agnew in [2] defined the sufficient condition for a matrix so that at least one sequence
of ones and zeros to be limitable (summable) by the matrix.

Let A = (a,x) be an infinite matrix with real elements. The requirements of summabil-
ity are:
@ Yiqlawl SM<oo,Vn=1,2,...

b lim max |a,;| = 0.
( ) Tl—>°°1§k§n| nk|

Let A = (a,;) be an infinite matrix with real elements. We say that the sequence

x = (x¢) is A—limitable to the number seR (A — limx = s), if 12‘(1 Yo AnkXg = S.
n—oo

If the implication limx; =s = A —limx; = s holds true, we say that the matrix A
is regular [2].

The necessary and sufficient condition for the matrix A = (a,;) to be regular is
(@ FIK>0Vn=1,2,... 232 ]an| <K
(b) Vk=1,2,... limay, =0

n—o0

©  lim Y2, ay =1 (see [6)).

Example 1. If T = (t,) is a reqular matrix, then we can use it to define the density d(A.)
(see [5,6]). Let the matrix T = (t,y), where

-..

=

=)
I

for k<n 41,02 ..
for k>n

—~
=
X
I
o;n\»w

and s, = Z}’Zl %, then
6(A) = ,}g{}olgtnk'm(k)
is the logarithmic density of the set A.

Let the matrix T = (t,), where

by = 28 for k<mn, k|n
t}’lk:O forkgn,k'fn /n/k:1/2/-"
tie =0 for k>n

and ¢ is the Euler function, then
dr(A) = ,}g{}ok:l Bk X (K)

is the Schoenberg density of the set A.
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In this paper we define the quasi-density using a matrix, whose members satisfy
special conditions.

In the next section, we will present the connection between statistical convergence and
the matrix method of summability of the sequence of real numbers.

We say that x = (x,) converges statistically to the number L € R, if

Ve > 0:d(Ng) =0, where d(N;) = {keN : |x; — L| > €}.

Numerous writers extended this convergence by substituting a different density for
the asymptotic density (or by a function with suitable properties, respectively) (see [7-11]).

We will endeavor to characterize the quasi-statistical convergence by using the matrix
method.

In the paper [12] the authors defined the quasi-statistical convergence as:

Let p = (pn) be a sequence of positive real numbers with the properties:
(@  limp, = +oo
(b) lim sup%" < +o0.

n—oo

The quasi-density of the set A C N for the sequence p = (py) is
.1
dp(A) = ,}glgoﬁl{keA/ k<n}|

if such a limit exists.

If py = n, then d,(A) is the asymptotic density of set A.

We say that the sequence x = (x;) converges quasi-statistically (given the sequence
p = (pn)) to the number L € R (stq,, — limx; = L), if Ve > 0 the set E; has a quasi-density
equal to zero (tj. dy(Ee) = 0), where E. = {keN, |x; — L| > ¢}.

If we define p, = n, n =1,2,..., then the quasi-statistical convergence is identical to
the statistical convergence.

If the sequence x = (x,) quasi-statistically converges to the number L, then it con-
verges statistically as well. However, the reverse does not hold [12].

If lirrlrl> g}f% > 0, then if the sequence x = (x;) statistically converges to the number L,

then it converges quasi-statistically as well (see [12]).

2. The Quasi-Density

Let p = (pn) be a sequence of positive real numbers that satisfies the following
properties:
@ Jimpn= te

(b) lim sup%” < +o0.

n—o0
We will call such a sequence permissible.
The lower quasi-density of the set A C N for a permissible sequence p = (p,) is

d,(A) = lirg'mfpl|{keA, k<n),
n (o) n

if such a limit exists.
The upper quasi-density of the set A C N for a permissible sequence p = (py) is

n—00 n

7,(A) = lim suppl|{keA, k<ny|,

if such a limit exists.
In case dy(A) = dp(A), then there exists a quasi-density of set A and we denote it as

dy(A) = nlggoﬁ{keA, k < n}l.
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Example 2. Sequences that satisfy these properties (a permissible sequences) are, for example,
(pn) = (logn),Zy, (pn) = (ma+d);Ly, « € R, d € R, (pu) = (n*),21, a € (0,1).

If the permissible sequence satisfies the following property, we can define the quasi-
density of the set A using a matrix.
Let p = (pn) be a permissible sequence, let in addition lirrlg infl" =h, h € RT, h # 0.

We will create a matrix B = (b,) as follows:

Vp,, k<mn
bnk:{ /P: _ , Le.,

0, k>n
/p o o0 --- 0 0
/pa Ypp 0 - 0 0
B= : : : : : :
1/Pn 1/pn 1/Pn e 1/}7;1 0

The matrix defined in this way does meet the Angew’s conditions.
It is true that

()
ank:1/}7n+1/pn+-~-+l/pu :n'l/Pn :1/p”/” S 1/h

k=1
and
nh_r)l;ﬁrgkax |byk| = hm 1/pn = 0, because hm Py = 00,
Then, we can define the quasi-density of the set A C N as follows:
Let x 4 (k)be the characteristic function of set A.
Then,
dp(A) =liminf ) bye-xa (k)
T k=1
and

dp(A) = lim sup Z bk x (k)

n—oo -1

are the lower and upper quasi-density of set A, respectively.
In case dy(A) = dp(A), then there exists a quasi-density of set A and we denote it as

dp(A) = dp(A) = dp(A) = lim Y22, bue-xa (k).
We will now state several properties of a quasi-density.

Proposition 1. LetA C N be a finite set. Then, d,(A) = 0 for every permissible sequence
p=(pn)-

Proof of Proposition 1. If A is a finite set, then

dp(A) = hm—|{keA k<n} < hmﬂ =0.

n—o00 n—oo p

The quasi-density of the set of all natural numbers N is dependent on the sequence

(pn). O

Proposition 2. Let (py,) be a permissible sequence
@) Iflimsup?s =T #0, then d,(N) = + (if lim sup2* = 1, then d,(N) = 1).

n—o0 n—o0
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(b) If limsupZ: =0, then d,(N) = oo.

n—oo

Proof of Proposition 2. (a) Suppose that lim supZ2 = T # 0. Then

n—o0

dy(N) = limsup ¥ b,y-¢(N) = lim sup-- = .

n—co  (—p n—oo  Pn T

(b) Similarly

dy(N) = lim sup Z bk xx(N) = lim supi = lim sup - = oo.

n—co  (—q n—oo  Pn n—oo -

Note: Let exists a finite lim %”
n—oo
: n 1
(@) In the case of nlgrolo% =L #0,thend,(N) = 1.
(b) In the case of nh_r)Iolo%” =0, thend,(N) = co.

() In the case of nlgrolop—” =1,thend,(N) = 1.

n

We see that, generally, forany A C N: 0 < d,(A) < dp(A) < +oo, i.e., quasi-density
does not behave like any of the densities studied up to now.

If the sequence p = (p,) is such a permissible sequence, for which there exists a finite
and non-zero limit nlgrolo Pr_ we can determine the relation between the asymptotic density

and the quasi-density of a set.

Proposition 3. Let A C N be such a set, for which its asymptotic density is d(A) = m, me0, 1.
Let there exists a non-zero li_r>n Bro— L. Then, there also exists a quasi-density of setA and
n—oo

dy(A) = %m holds true.
Proof of Proposition 3. When we use the definition of quasi-density we get the following.

Pn n—eopy n

n—o0

=

O

Corollary 1. Let p = (p,) be any arithmetic sequence of the type

pn=na+d, n=1,2,..., xeR", deR.

Let A C N be such a set that its asymptotic density d(A) = m, meR.
Then, d,(A) = 2.

4

Proof of Corollary 1. For an arithmetic sequence the following applies:

Pn

. . ona+d
lim *— = lim =«
n—oo 1 n—ro00 n

From the previous theorem we obtain d,(A) = %m g

Example 3. Let A = {1%, 22, ..., n?,...}. It is evident that d(A) = 0.
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We define the sequence p = (p,) by:

2n, n =2k _
pn—{g’ vk 1 k=1,2,...

This sequence satisfies the requirements of the definition. The quasi-density of set
A=1{12, 2%, ..., n?% ...} given the sequence p is

n
dy(A) = fim AL VP

n—oo pl’l n—o0 p}’l

Quasi-density of set B = {1,2,...,n,...} = N given the sequence p does not exist, be-
cause

dp(B) = lim inf N U] e g
X n—oo Pn n—oo py
a,(8) = lim sup N0 iy gup 1
n—oo pi’l n—o00 pn 2

Example 4. Let p, = logn, n = 2,3,.... It is evident that a sequence (p,) defined as such is

permisible, because lim logn = oo and hm logn _ ¢,
— 00

Quasi-densities of the sets A = {12, 22, ..., n?,...} and B= {1,2,...,n,...} givena
sequence defined as preceding (p,) exists and is identical: d,(A) = o0 a d,(B) = co.

The asymptotic densities of these sets are not the same, because d(A) = 0and d(B) =1
We can say the following corollary:

Corollary 2. If lim supZ* = 0, then there is a set C C N such that it exists d(C), but it does not

n—o0
exist d, (C).

Proposition 4. Let the following hold true for sequences p = (pn)

0< 11m1nfp— < hmsupp— =T<oo

n—eo n n—oo
Then, for any sequence A C N, 0 < d,(A) < dy(A) and d,(A) < + is valid.

Proof of Proposition 4.

< <
L n—»00 pn n—00 pn n
< < _
n—00 Pn n n—oo Pn
In addition to that d,(A) = hrnn_)soljp;;1 U(Ez‘lnﬁ <ldA)<iO

It is sufficient to realize that for every set A C N there exists a d(A) and d(A) (an
asymptotic density d(A) does not have to exist).

Corollary 3. If there exists an asymptotic density d(A) of set A C N, the the quasi-density d,(A)
of this set exists if and only if yllgr;o% =L # 0and dy(A)e<0, +> holds true.

In the next example, we will assume that lgn Br—L 0.
n—oo
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Proposition 5. Let A, B C N be a non-empty set for which their quasi-densities are d,(A) and
dy(B). Let dy : Py — (0, 00) be a function. Then

(@) If AC Bthendy(A) <dy(B).

(b) dp(ANB) <dy(A)+dy(B), dp(ANB) < dp(A) +dp(B).

(© If ANB =@ thend,(AUB) = d,(A) +dy(B).

Proof of Proposition 5. (a) Let A C B. Then, for every n € N the following holds true
|{keA, k <n}| < |{keB, k < n}|.

Then , .
—{keA, k <n}| < —|{keB, k < n}|.
Pn Pn

Transitioning to the limit, we obtain

.1 .1 .
nlgroloa\{keA, k<n}| < nlgroloa\{keB, k <n}l| ie., dy(A) <dy(B).
(b) It is evident that |[{ke AU B, k < n}| < |{keA, k <n}|+ [{keB, k < n}|.
From that we obtain the following:

d,(AUB) = lim inf~ | {ke(AUB), k < n}| < lim suppln{ke(A UB), k< n}| <

— n—oo Py n—0o

< lim sup—(|{keA, k < n} | +|{keB, k< n} |) <

n—oo  Pn
< lim sup——| {keA, k < n}| + lim sup— | {keB, k < n}| = d,(A) + dy(B) =
n—oo  Pn n—seco Pn

=dy(A)+dy(B).
(c) ANB =2 = [{keAUB,k < n}| = [{keA, k <n}|+ |[{keB, k < n}|

o 1 o1
dy(AUB) <dy(A)+dy(B) = hrrlgg)lfaerA, k <mn}| +111£rl)glfa|{k€B, k<n} <

< liminf— |{ke(AUB), k < n}| = d,(AUB).

n—o0 pi’l —_

Now, we will show that quasi-densities have the almost Darboux property.

Definition 1. We say that the density d(A) has the almost Darboux property, if for every real
number t €< 0, d(N)) the exists such a set A C N, for which its density is d(A) = t.

Theorem 1. For every real number t € 0, 00) there exists such a set A C N and a permissible
sequence p = (py), that d,(A) = t.

Proof of Theorem 1. If t = 0, then we can choose A to be any finite set (Proposition 1).
Lett € (0,00), and let us choose any m € (0, 1].
For these chosen immutable numbers, we define a sequence p = (p,) = (% ~n):l°:1.
This sequence is permissible, because
. . m . Pn _ . fmo_m
lim p, = lim —-n = +ocalimsup— = lim — = — < +oco.

n—»o00 n—oo f nooo N n—oo 1 t
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An asymptotic density has the almost Darboux property:

For every m € (0, 1) exists such a set A C N for which its asymptotic density is
d(A) =m.

Let A be such a subset of natural numbers, such that its asymptotic density is m and
the sequence (py) = (%n)"_,. Then,
|{keA k<n }

t
= —m=1
n%oo n m

o1
dp(A):nlgroloaerA,kgnﬂ hm—|{k€A k<n}| =
O

Theorem 2. Let A C N be such a subset of natural numbers, for which its asymptotic density
d(A) = 0. Let p = (pn) be a permissible sequence that satisfies the condition limsup£: = T # 0.

n—o00

Then, d,(A) = 0.

Proof of Theorem 2. Let d(A) = 0 and lim sup2” = T # 0. The upper quasi-density of

n—o0
this set in regard to the sequence p = (py) is

- ke A k< ke A k< ke A k< 1
0<dp(A) =1lim supu = lim sup— n ke ksn < lim sup— im supu =—-0=0.
n—00 Pn n—oco Pn n n—oo Pn  n—oo n T
g

3. The Quasi-Statistical Convergence and the Matrix Transformation

In the final part of this paper, we will focus on the quasi-statistical convergence of
sequences of real numbers.

We will show the equivalence between this convergence and a matrix transformation
of the same sequence.

Let p = (pn) be a permissible sequence. By 7, we will denote the class of matrices
with non-negative real members

B=(by) mk=12,...

for which the following conditions are true:

@ Yioqibu=1
(b) If D is a subset of natural numbers for which d,(D) = 0, then nlgr(}o Ykep buk = 0.

It is evident that if a matrix belong to the class 7;7, then it is regular. However, the
reverse does not hold.

Example 5. Let p = (pn) = (2n+1); ;. Let the set D = {12,22,3?,...}. According to
Proposition 3, the quasi-density of this set in regard to sequence p is

where L = hm = lim =
—00 n—oo n

Let us define the matrix C = (c,) as follows:

c1 =1, Clk—OfOI'k>1
Cuk = 2klognforkeéD k<n
klognforkED k<n
cuk = 0 for k > n.

Cnk =
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This matrix is the lower triangular regular, but do not belong to the class 7, because

Y bnkzloglnz<1+;+...+111> > zl?fgnn =%+>Oforn—>oo.
k < n?

ke D

That is, if the matrix belongs to the class 7;,, so it is regular, the reverse is not true.

Lemma 1. If the bounded sequence x = (xy) is not quasi-statistically convergent, then there exist
real numbers A < u such that neither of the sets {n € N, x, < A} and {n € N, x,, > p} has
quasi-density zero.

Proof of Lemma 1. The proof is the same as the proof of the Lemma in [6].

We will now utter a theorem that connects quasi-statistically convergent the sequences
of real number and a matrix transformation of the same sequence using matrices from the
class 7. O

Theorem 3. The bounded sequence x = (xy) of real numbers is quasi-statistically convergent to
L € R (stq — limxy = L) if and only if it is summable to L € R for each matrix B = (b,) € Tp.

Proof of Theorem 3. Let sty — limxy = L, L € Rand B = (by) € 7.
As B is regular there exista K € Rsuch that Vin =1,2,... Y27 1 |buk| < K.
Itis sufficient to show that lim a, = 0 where a, = Yoo by (xx — L).
n—oo
Fore >0putB(e) = {k € N, |x, — L| > ¢}.
By the assumption we have d,,(B(g)) = 0 we have klizr;r(l) YkeB(e)|buk| = 0.
€B(e

As the sequence x = (x) is bounded, there exist M > 0 such that Vk = 1,2,... :
|xk — L‘ < M.
Let e > 0. Then

|an| < ZkeB(ﬁ)w”k"'xk — L[+ ZkgB(L)wnkak —LI <

2K

€ 3
S MY en(go) |0kl + 55 Likgnige) |0kl S MY iep(g) okl + 5

By the condition (b) there exists an integer 1y such that for all n > g :

Y (bl < o
nk VR
keB(ﬁ) M

Together we obtain nlglgo a, = 0.

Conversely, suppose that sty — limx; = L does not apply. We show that it exists a
matrix B* = (b, *) € Tp such that B — limx; = L does not apply too.

If stq — limx; = L’ # L then from the first part of proof it follows that B — limx;, = L'
for any B € T,. Thus we way assume that x = (xy) is not quasi-statistically convergent and
by the above Lema there exist A and jt (A < p) such that either theset U = {k € N : x;, < A}
nor V = {k € N: x4 > u} has quasi-density zero.

Itisclear that UNV = @. LetU, =UNA{1, 2, ..., ntand V,, =V N{L, 2, ..., n}.
Therefore, there exists an ¢ > 0 and subsets U’ = {u}py C Uand V' = {o }0, C V
such for each k € N: uik|{n € N:n <u}| >eand %Hn eEN:n<uy}| >e
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Now define the matrix B* = (b,;*) in the following way

0 k>n
. T k<nAmgunv
bk =y A kel Aneuw
I‘}nl keV, AneV

Check that B* = (b,*) € T,. Obviously, B* is a lower triangular nonnegative matrix.
Condition (a) is clear from the definition of B*, Y _; b, * = 1 for each n.

Condition (b) for this matrix:

Let for theset C C N : d,(C) = 0.

Then,
Z keC buk :Z keC E?Ck(c):z kecC f'ﬁ'%k(c)'
ngUu'uv’ ngUu'uv’ ngu'uv’

For n — o we have

. pn xk(C) _ . p
md  jec G P < lim sup =y (C) = 0

ng ' uv’

We proved that B* = (b,;*) belongs to 7.
Next, we will show B* — limx; does not exist.
Forn e U': Y2, by X = Yreu, ‘L}—n'-xk <Al=Aandforn e V': Y52 byt xp =

Ykev, oy Xk > prl=p. 0

4. Conclusions

In this paper we define the lower quasi-density d,,(A), the upper quasi-density d,(A)
and the quasi-density d,(A) of subsets of natural numbers, which we use to define the
quasi-statistical convergence of sequences.

We proved some of the properties of quasi-densities (e.g., the quasi-density of a
finite subset of natural numbers is zero and has the almost Darboux property). Given a
permissible sequence, for which nlgx;lo Br — L 3 0 there is a relation between the asymptotic

and quasi-densities of set A, we have d,(A) = @.

The final section pertains to the quasi-statistical converge. We showed that the
bounded sequence of real numbers is quasi-statistically convergent to L € R if and only if
it is summable to L € R for each matrix B = (bpy) € 7.

One of the most important applications of quasi-densities is connecting the quasi-
statistical convergence with the summability method and by doing so generalize the
term convergence.
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