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Abstract: Let G = (V, E) be a connected graph with |V| = n and |E| = m. A bijection f : V(G) U
E(G) — {1,2,--- ,n + m} is called local antimagic total labeling if, for any two adjacent vertices u
and v, wi(u) # wi(v), where wi(u) = f(u) + Loep(w) f(e), and E(u) is the set of edges incident to
u. Thus, any local antimagic total labeling induces a proper coloring of G, where the vertex x in G
is assigned the color w;(x). The local antimagic total chromatic number, denoted by x;,:(G), is the
minimum number of colors taken over all colorings induced by local antimagic total labelings of G.
In this paper, we present the local antimagic total chromatic numbers of some wheel-related graphs,
such as the fan graph F,, the bowknot graph By, the Dutch windmill graph D}, the analogous
Dutch graph AD] and the flower graph .7,.

Keywords: local antimagic total labeling; local antimagic total chromatic number; wheel-related
graphs

1. Introduction

Let G = (V,E) be a connected simple graph with n vertices and m edges. In 2017,
Arumugam et al. [1] and Bensmail et al. [2] independently introduced the notation of
local antimagic labeling of graphs. A bijection f : E(G) — {1,2,--- ,m} is called a local
antimagic labeling of G if any two adjacent vertices u and v in G satisfy w(u) # w(v), where
w(u) = Lecpu) f(e), and E(u) is the set of edges incident to u. It is clear that assigning
w(x) to x for each x € V(G) naturally induces a proper vertex coloring of G, which is
called a local antimagic coloring of G. A graph G is called local antimagic if G has a local
antimagic labeling. The local antimagic chromatic number [1] of G, denoted by x;,(G), is
the minimum number of colors taken over all colorings of G induced by local antimagic
labelings of G.

Arumugam et al. [1] presented the local antimagic chromatic numbers of some families
of graphs, such as star S, path P, cycle C;;, wheel W, friendship graph F;, complete
graph K;;, complete bipartite graph K3 ,, and the join graph G V K, where G is a graph of
order n > 4 and K; is the complement graph of the complete graph K,. Meanwhile, many
researchers have studied the local antimagic chromatic numbers of classes of many graphs.
In [3], Lau et al. gave counterexamples to the lower bound of x;,(G V K;) that was obtained
in [1]. Another counterexample was independently found by Shaebani [4]. Lau et al. gave
affirmative solutions on Problem 3.3 of [1] and settled Theorem 2.15 of [1]. Moreover, they
also completely determined the local antimagic chromatic number of a complete bipartite
graph. In [5], Lau et al. presented some sufficient conditions for x;,(H) < x;,(G), where H
is obtained from G by deleting or adding a certain edge. They then determined the exact
values of the local antimagic chromatic numbers of many cycle-related join graphs. Nazula
et al. [6] determined the local antimagic chromatic number of unicyclic graphs. Premalatha
et al. [7] determined the local antimagic chromatic number of the corona product of two
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graphs, such as paths with null graphs. In [8], Baca et al. estimated that for the bounds of
the local antimagic chromatic number for disjoint union of multiple copies of a graph, there
are trees and graphs with vertices of even degrees and with chromatic index 3. From the
results proved by Haslegrave [9], Baca et al. obtained that the local antimagic chromatic
numbers of disjoint union of arbitrary graphs are finite if and only if none of these graphs
contain an isolated edge as a subgraph.

Recently, Putri et al. [10] extended this notion by labeling the vertices and edges of
a graph G to establish a vertex coloring. The local antimagic total labeling on a graph G
is defined to be an assignment f : V(G) UE(G) — {1,2,---,|V(G)| + |E(G)|} so that
the weights of any two adjacent vertices u and v are distinct, that is, wi(u) # wi(v),
where wi(u) = f(u) + Lecpu) f(e). Analogous to the local antimagic labeling, any local
antimagic total labeling induces a proper vertex coloring of G, where the vertex x in G is
assigned the color wy(x). The local antimagic total chromatic number of G, denoted by x;4:(G),
is the minimum number of colors taken over all colorings induced by local antimagic
total labelings of G. Clearly, x;,(G) > x14(G) > x(G) for any graph G. Putri et al. [10]
presented the local antimagic total chromatic numbers of some families tree, such as star,
double star, banana tree graph, centipede graph, and the amalgamation of the star graph.
In [11], Kurniawati et al. determined the exact values of local antimagic total chromatic
numbers of graphs G ©® K, when G is the star, path, cycle and friendship graphs. Moreover,
Kurniawati et al. [12] determined the exact value of graphs G ® mKj, when G is the star,
path, cycle and friendship graphs.

In this paper, we present the local antimagic total chromatic numbers of some wheel-
related graphs, such as the fan graph F,, the bowknot graph B, ;, the Dutch windmill
graph D}, the analogous Dutch windmill graph AD} and the flower graph .%.

2. Main Results

In this section, we compute the local antimagic total chromatic numbers of some
wheel-related graphs. In [1], Arumugam et al. presented the exact value of x;,(W,) with
three cases: (i) x;,(Wn) = 4 forn = 1 (mod 4), (ii) x;,(Wn) = 4 for n = 3 (mod 4)
and (iil) x;,(Wy) = 3 for n = 2 (mod 4). However, they only presented the range of
Xia(Wy) for n = 0 (mod 4). Then Lau et al. [3] gave the exact value of x;,(W,) that
X1a(Wy) = 3 forn = 0 (mod 4). In [5], Lau et al. corrected three errors of the local
antimagic labeling for # = 1 (mod 4) and one error of the local antimagic labeling for
n =3 (mod 4). Arumugam et al. and Lau et al. completely determined the exact value of
the local antimagic chromatic number of the wheel in the following lemma.

Lemma 1 ([1,3]). For the wheel W, of order n + 1, we have

3, for even n,
X1a(Wn) = { 4, for odd n.

Lemma 2 ([10]). For any graph G, we have x;,;(G) > x(G).

The fan graph F, of order n + 1 is obtained by deleting a rim edge of the wheel W,
where the central vertex of Wj, is also the central vertex of F,. The fan graph Fs is shown
in Figure 1. In fact, Slamin et al. [13] in 2018 and Amalia et al. [14] in 2021 presented the
exact value of the local antimagic total chromatic number of the fan graph. However, the
following local antimagic total labeling of the fan graph in Theorem 1 is different from that
of these authors.
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Figure 1. The fan graph F;.

Theorem 1. For the fan graph F, and n > 4, then x5t (Fn) = 3.

Proof. Let V(F,) = {c}U{u;|]1 <i < n}and E(F,) = {cu;|]1 < i < n}U{uu; 1|1 <
i < n— 1} be vertex set and edge set of the fan graph, respectively. Then we obtain
|V(F,)| =n+1and |E(F,)| = 2n — 1. Itis clear that x;,;(F,) > x(Fx) = 3. Inorder to prove
that x7,¢(Fx) = 3, it suffices to prove that x4 (Fy) < 3, which means that we should obtain
a local antimagic total labeling using three distinct colors. Define f : V(F,) U E(F,) —
{1,2,---,3n}. Let f(c) = 3n, and label the edges u;u; 1 forisuch that1 <i <n-—1
as follows: ‘

n— %, for odd i,

fuinizr) = { i

5 for even i.

Then label the remaining edges and vertices of graph F,. Let us discuss two cases
for n.
Case 1. For odd n.

2n+i’Tl, foroddiand 1 <i<mn,
fleu;) = 5"2_34-%, foreveni, and 1 <i <,
1 for i = n.
f(u)_{?,zné’ foroddiand 1 <i<mn,
! 2n— %, foreveniand 1 <i<n.

From the above labelings, we have

9”2_3, foroddiand 1 <i<mn,

wi(u;) = { 11n—3

>, foreveniand 1 <i<n.
2
wi(c) = on”t5n ;5".

Thus f is a local antimagic total labeling using three colors, and we obtain ;4 (F,) < 3.
Case 2. For even n.

5”2’1—%, foroddiand 1 <i<mn,

fleuj) =< 3n—1-— %, foreveniand 1 <i<n,
3n—1, fori=n.

f(u-):{ n—f—i;l,‘ foroddiand 1<i<wm,

! 3”2_24—%, foreveniand 1 <i < n.

From the above labelings, we have

wi () = #, foroddiand 1 <i<mn,
= %, foreveniand 1 <i<n.
wi(c) = 5n2;-5n'
Thus f is a local antimagic total labeling using three colors, and we obtain ;4 (F,) < 3.
The proof is complete. [
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All figures in this paper, the red front represents the local antimagic total labeling of
edges and vertices of graph; other colors represent the sum of weights of vertex and the
edges incident with the vertex in the local antimagic total labeling of graphs. Different
colors are selected to clearly see the number of different colors of vertices in the figure.

Example 1. The local antimagic total labelings of the fan graph Fo and Fg are shown in
Figures 2 and 3.

( \ @, (o O O— &,
30 84 bo3gus T 4gue 20 3o 6 4que 3 39 5 4gs 4 390

Figure 2. The local antimagic total labeling of Fy.

©, O 0

® ] 3
W T W L 34060 Hu 2 ueS Hucd w4 puy
Figure 3. The local antimagic total labeling of Fg.

The bowknot graph, denoted by By, ., is the graph by gluing two central vertices of double fan
graphs E,. Obviously, the bowknot graph B,, ,, is obtained from the wheel Wy, by deleting two edges
every n — 1 edges on the rim of the wheel, and shown in Figure 4. It has 2n + 1 vertices and 4n — 2
edges.

Figure 4. The bowknot graph Bs 5.

Theorem 2. For the bowknot graph By, , (n > 5), we have x4 (Bnn) = 3.

Proof. Let V(By,,) = {c} U{u;,vi|1 < i < n} be the vertex set of graph B, ,, and let
E(Buu) ={cuj,cvi|l < i < n}U{uuji1,00i41]1 < i < n—1} be the edge set of By, .
Since K3 is an induced subgraph of By, we have Xj;(Buyn) > x(Bnn) = 3. Define

f:V(Bun) UE(Byn) — {1,2,---,6n — 1} and consider the following two cases.
Case 1. If nn is odd.
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Firstly, label the edges of By, , as follows:

Flugttie) = i ifiisoddand 1 <i<n-—1,
i+l 2n —1i, ifiisevenand 1 <i<n-—1.
F(oivieg) = i+1, ifiisoddand1<i<n-1,
iPitl 2n—1—1i, ifiisevenand1<i<mn-—1.
4n — 3, ifi=1,
Flew;) = 2n—4 41 if3<i<n-—1andiisodd,
! 3n—5-+1, if1<i<n-—1andiis even.
4n — 4, ifi =n.
3n—4, ifi=1,
Fleo) = 2n—3+1 if3<i<mn-—1andiisodd,
! 3n—4+41, if1<i<n-—1andiis even.
4n —2, if i =n.

Secondly, label the vertices of B, , by

s ={ o}
6n—1,
f(Ui): 5n—1-—1i
6n—1-—1i,
f(c) =5n-2.

Accordingly, we have

the following way:

if 1 <i<mnandiisodd,
if 1 <i<mnandiis even.
ifi=1,

if 3<i<mnandiisodd,
if 1 <i<mnandiis even.

wi(u)) =wi(v;) =9n—3, ifiisoddand1<i<mn,
wi(u;) = w(v;) =1ln—6, ifiisevenand 1 <i<n,

wi(c) = 6n* +2n — 2.

It is clear that f is a local antimagic
and Xy, (Bpnn) < 3 for odd n.
Case 2. If n is even.
Label the edges of By, as follows:
i

fluiuiyr) = { oy — i

f(viviyr) = { ;:il i
4n — 3,
3n—5+41i,

Flew) =4 3y _asi
2n —3+1,
4n —2,
3n—1,

f(ev;) =< 3n—3+1,
2n —2+1,
n —1,

total labeling of B, ,, using three distinct colors

ifiisoddand 1 <i<n-—1,
ifiisevenand 1 <i<n-—1.
ifiisoddand1<i<n-—1,
ifiisevenand 1 <i<n-—1.
ifi=1,

if 3<i<b5andiisodd,

if 7<i<mnandiis odd,

if 1 <i<mnandiis even.
ifi=1,

ifi =23,

if 5<i<mnandiisodd,

if 1 <i<nandiiseven.
ifi=n.
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Then, give the exact values of the vertices of By, ,:

6n—1, ifi=1,

Sn+1—i if3<i<5andiisodd,
flu;)) =< bn—i if 7<i<mnandiis odd,
6n—2—1i, if 1 <i<mnandiis even,
6n—2, ifi =n.

6n —3, ifi=1,

5n—3, ifi =23,

flv;))=<¢ 5n—1—i if5<i<nandiisodd,
6n—3—i, if 1 <i<mnandiiseven,
5n -5, if i =n.

flc)=3n+1.

From above labelings under f, we obtain

wi(uj) = w(v;)) =10n —3, ifiisoddand 1 <i<mn,
wi(u;) = wi(v;) =10n—6, ifiisevenand 1 <i<n,
wi(c) = 6n> +n—1.

Clearly, f is a local antimagic total labeling of B, ,, using three distinct colors and
X1at(Bnn) < 3. Hence, we obtain x;,;(Bn,n) = 3 for n > 2, and the proof is completed. [

Example 2. Let n = 5 and n = 6. We have the local antimagic total labelings of the bowknot
graph Bss and B g in Figures 5 and 6.

Figure 6. The local antimagic total labeling of Bg .
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The Dutch windmill graph, denoted by D} (n > 2), is a graph of order 3n + 1 and size 4n
by gluing a common vertex of n cycles C4. A example of the Dutch windmill graph is shown in
Figure 7. Note that the Dutch windmill graph D} is obtained from the wheel W3, by deleting
one edge continuously every 2 edges on the rim of the wheel Ws,, and then delete the middle
spoke edge of each vane in the resulting graph. Let V(D}) = {c} U {u;,v;, w;|1 < i < n} and
E(D}) = {cu;, cv;, wiu;, w;ivi|1 < i < n} be the vertex and edge sets of graph D}, respectively.

Figure 7. The Dutch graph Di.
Theorem 3. For the Dutch windmill graph D, we have

2, ifn<7
ny _ Y =7
Xiat(Dy) = { 3, otherwises.

Proof. Obviously, the lower bound of the local antiamgic total chromatic number for graph
Dj is two since x,(D}) > x(D}) = 2. Then we consider the upper bound of x;,:(D} ).

Define f : V(D}) UE(D}) — {1,2,--- ,7n 4 1}. Let ¢ be the sum of the weights of
the vertex ¢ and the edges incident with the vertex ¢ and let ¢ be the sum of the weights
of the vertices w; for 1 < i < n. If we use the minimum weights, label the vertex ¢ and
the edges incident with the vertex ¢, then o > 1424 --- +2n 41, and if we use the
maximum weights, label the edges w;u;, w;v; and the vertices w; for 1 < i < n, then
< (4n+2)+ (4n+3)+---+7n+1. Suppose that there is a local antiamgic total labeling
using two distinct colors labeling the graph DJ; thus, the color of the vertex c is same as
the vertices w; for 1 <i < n. It means 0 < % andson < 7. When o < %, there possibly is
obtained a local antimagic total labeling f using two distinct colors such that the vertex ¢
and the vertices w; have the same color for n < 7. However, when o > %, there must exist
three different colors. Consider two cases as follows:

Casel. Forn > 7.

According to the parity of 1, there are two subcases to confirm the exact values of the
local antimagic total labeling.

Subcase 1. If n is odd.

Label the edges and vertices of the graph D} by the following way:

fleu;) =1, for1<i<mn,
3”2—_1—21', for 1 <i <[22,

fleo) =q 2t —2i,  for ] <i<2[n] — |52,
7'%’1; 2i. for 2[ 117 — L1”T73J <i<n.
e g for1 <i< 2

flwin;) = { @ +1i, for "%1 <i §2n.
7n+1-2i, forl<i<":l,

flww;) = ¢ 8n+1-2i, for L <i<n,

n+1, fori =n.
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Then
fle) =5n+1,
5n+1—2i, forl<i<11
fui) = 2
YTl en+1-2i, for M <i<n.
2n+2+4i, forl<i< izl [obly
n—+2+4i, for n-zi-l _ [”T'H"I <i< n;ll
flo) =< 2+4i, for 151 < i< n=3 4 [uily)
2—n+4i, fortpl MR <i<n,
2n +2, for i = n.
Flw;) = 3n+1+i, for1<i<n-—1,
Yo+, fori=n,

From the above vertex weights, we have

wi(uj) = wi(v;) = %, for1 <i<n,
wi(w;) = 31”27”, forl1 <i<n,
wi(c) =2n® +6n+ 1.

Therefore, f is a local antimagic total labeling of the graph D} using three distinct
colors and so x4 (D)) = 3 for odd n.
Subcase 2. If 1 is even.

Label the edges and vertices of the graph D} by the following way:

fleu;) =1, forl1 <i<umn,
f(cvy)) =n+i, forl1<i<n,
flww;)) =4n+1-2i, forl<i<nmn,
f(w-u'):{ 5n+2, fori=1,

P n+1+i, for2<i<n.

Then

flc) =5n+1,
f(v)) =5n+2+i, for1<i<mn,

Flu) = 5n, fori=1,
Vol 4n+2-2i, for2<i<m,
5n—1, fori=1,
f(wi)_{4n—2+i, for2 <i<n.
For the vertex weights under the labeling f, we have
wi(u;) = wi(v;) = 10n + 3,

wi(w;) = 14n,
wi(c) =2n% +6n+1.

forl1 <i<mn,
forl <i<mn,

The above arguments indicate that f is a local antimagic total labeling of D} with three
colors, and so x;,+(D}) < 3 for even n.
Case 2. Forn <7.

Present the detailed local antimagic total labeling for each # when n < 7. The following
figure is shown the local antimagic total labeling for n = 7 in Figure 8.
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120

Figure 8. The local antimagic total labeling of D7.

The exact value of each edge and vertex of the local antimagic total labelings for n < 6
are given in Tables 1-5.

When n = 2, we obtain that w; (u;) = w(v;) =
Similarly, when n = 3, we obtain that w;(1;) = w;
i=1,2,3. When n = 4, we obtain that wt(u ) = wy
1 <i < 4. Therefore Xlut(D@ = Xlat(D )= Xlat(D

22 and wi(w;) = wy(c) =25fori =1,2.
( ) —34andwt(w) t(c) — 37 for
(v;) = 39 and w;(w;) = wi(c) = 56 for
):

Table 1. Di.
The Weights of Local Antimagic Total Labeling of D3
i 1 2
f(cu;) 1
f(cvy) 2
fw;u;) 10 12
f(wiv;) 6
f(u;) 11 7
f(v;) 14 13
f(w;) 9 8
f(e) 15
Table 2. D3.
The Weights of Local Antimagic Total Labeling of DZ
i 1 2 3
f(cuy) 1 2 3
f(cv;) 6 4 5
fw;u;) 19 17 18
f(wiv;) 7 8 9
f(u;) 14 15 13
f(v;) 21 22 20
f(w;) 11 12 10

f(c) 16
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Table 3. Di.
The Weights of Local Antimagic Total Labeling of D}
i 1 2 3 4
f(cu;) 2 4 14
f(cvy) 5 1 8 3
f (wiu;) 12 11 7 10
f(wjv;) 15 17 22 20
f(uy) 25 24 18 23
f(v;) 19 21 9 16
f(w;) 29 28 27 26
f(e) 13
Table 4. Dj.
The Weights of Local Antimagic Total Labeling of D]
i 1 2 3 4 5
f(cuy) 1 2 3 4
f(cv;) 10 8 6 9
f(wiu;) 30 31 27 28 29
f(wjv;) 34 32 35 33 36
f(u;) 24 22 25 23 21
f(v) 11 15 14 13 12
f(w;) 17 18 19 20 16
f(c) 26
Table 5. D§.
The Weights of Local Antimagic Total Labeling of D§
i 1 2 3 4 5 6
f(cu;) 3 6 2 5 4
f(cv;) 12 8 11 9 10 7
f (wiu;) 26 27 28 29 31 36
f(wjv;) 41 42 40 43 39 35
f(u;) 38 34 37 33 32 30
f(v;) 14 17 16 15 18 25
f(w;) 24 22 23 19 21 20
f(o) 13

When n =5, wi(u;) = wi(v;) = 55 and wi(w;) = wi(c) = 81 for 1 < i < 5. Similarly,
when n = 6, wi(u;) = wi(v;) = 67 and wi(w;) = wi(c) = 91 for 1 < i < 6. Therefore
Xlat(Dz) = Xlat(DZ) =2

In conclusion, the local antimagic total chromatic number of the graph D} is x;,:(D}) =
2 forn < 7,and x4 (D}) = 3 for n > 7, respectively. The proof is done. [
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Example 3. The local antimagic total labelings of the graph D} and D% are shown in Figures 9 and 10.

Figure 10. The local antimagic total labeling of D§.

The analogous Dutch windmill graph, denoted by AD}, is obtained from the Dutch
windmill graph D} by adding edges cw; for eachi € 1,2,...,n. The graph AD} has 3n + 1
vertices and 51 edges. It can be seen that the analogous Dutch windmill graph AD} can be
viewed as from the wheel W3, by deleting one edge continuously every 2 edges on the rim
of the wheel. The analogous Dutch windmill graph ADj is shown in Figure 11.

Figure 11. The analogous Dutch windmill graph AD}.

Theorem 4. For the analogous Dutch windmill graph, AD}, we have x:(AD}) = 3.
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Proof. The lower bound of the local antimagic total chromatic number of graph AD}
is 3 since K3 is an induced subgraph of graph AD} and x;,;(AD}) > x(AD}). Define
f:V(AD})UE(AD}) — {1,2,--- ,8n + 1}. We discuss two cases for the exact value of
each vertex and edge as follows.

Case 1. If n is odd.

For n = 1, the local antimagic total labeling of the graph AD] is shown in Figure 12.

Figure 12. The local antimagic total labeling of ADi.

Label the edges of AD} by the following way:

n—1 : n+1

+i, forl<i<ii=

_ 2 ’ > 5y

f(cu’)_{z—’”z'l, for 32 <i<n

Sntl g, for1<i< A

> i, for1<i< =,

f(cvl) { 5112-&-1_1‘, fOfL—HSiSn
flcw;)) =8n+1—1i, forl<i<m.
f(wju;) =5n+1, for1<i<n.
flww;)) =7n+1—1i, for1 <i<n.

Then label the vertices of AD} as follows:
flc)=8n+1,

f(w;) =3n+1i, for1 <i<mn,

Flug) = 5Sn+2-2i, forl<i<l,

! 6n+2 —2i, for”TJ“q’Szgn.

[ 2n+2i, for1<i< i,

f(vl)_{ n+2i, for 13 <i<n.

For the vertex weights under the labeling f, we have

wi(u;) = wi(v;) = 2453, for1<i<n,
wi(w;) =23n+2, for1<i<mn,
wt((:) _ 19n2+219n+2.

The above arguments indicate that f is a local antimagic labeling of AD} with three
colors, and so xj,t(AD}) < 3 for odd n.

Case 2. If n is even.

We give the following exact values of edges of ADj:

i forl1 <i<mn,
flew;) = { 2n, for i = n.
f(cvy) =2n—1, for1<i<mn,
flew;)) =8n+1—i, forl<i<m,
f(wiu;) = 6n+1i, for1<i<mn,
flww;))=6n+1—1i, forl<i<mn,
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Then label the vertices as follows:

We obtain that,

flc)=8n+1,

flw) =2n+1+1, for1<i<n,

f(u‘):{5n+1_2i’ forl1 <i<mn,
! 2n+1, for i = n.

f(v;) =3n+2i, for1 <i<n.

wi(u;) = wi(v;) =11ln+1, forl1 <i<mn,
wi(w;) =22n+ 3, forl1 <i<mn,

wi(c) = wrﬁr#

It is clear that f is a local antimagic total labeling of AD} using three colors and so
Xiat(AD]) < 3 for even n. The proof is complete. [

Example 4. The local antimagic total labelings of the graph AD3 and ADS are shown in
Figures 13 and 14.

Figure 14. The local antimagic total labeling of ADS.
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The flower graph ., of order 2n + 1 is a graph obtained by adjoining firstly a pendant
edge to each vertex on the rim of the wheel graph Wj;, then joining every pendant vertex
to the central vertex of W, by an edge. The flower graph .%5 is shown in Figure 15. Then
we respectively obtain the lower and upper bounds of the local antimagic vertex total
chromatic number of the flower graph .%;,.

Figure 15. The flower graph .%s.
Theorem 5. For the flower graph %y, we have

4 < x1(Fn) <5, for odd n,
3 < x1at(Fn) <4, foreven n.

Proof. Xju0t(Fn) > x(Fn) =4 for odd n and x40 (Fn) > x(Fn) = 3 for even n since W,
is the induced subgraph of graph .%#,. Then give the upper bound of the local antimigic
total chromatic number of the flower graph.

The flower graph %, has 2n + 1 vertices and 4n edges. The vertex set of 7, is
V(Zn) = {ui]l <i < n}U{v|1l <i < n}U{c} and the edge set of .7, is E(%,) =
{ujui 11 <i<n}pU{cu;]l <i<n}U{uvl <i<n}U{cv;|]1 <i<n}, wheretheedge
Uptly 41 is the edge u,u1. Let f be the local antimagic labeling of the graph W), defined in
Lemma 1 such that the vertices are assigned four distinct colors for odd # and three colors
for even n.

Define a bijection g : V(.%,) UE(%#,) — {1,2,---,6n + 1}. Firstly, label the edges
of the subgraph W, of the .%; such that g(e) = f(e), where e € W,,. Secondly, label the
remaining edges and vertices of .%, using {2n +1,--- ,6n + 1} since the wheel has 2n
edges. Let us discuss two cases for n.

Case 1. If n is odd.
By Lemma 1, for n = 1 (mod 4), the vertex weights of graph W,, are, respectively,
1) = 2 w(;) = U2 for odd iand i # 1, w(u;) = 2L for even i and

w(u

w(c) = M Forn =3 (mod 4), the vertex weights of graph W,, are, respectively,
(u
7’l

w(uy) = 2n+2 w(u;) = 222 for odd iand i # 1, w(u;) = 2 for even i and w(c) =
Grabn Then

glc)=6n+1,

Q(cv;) =4n+1-2i, for1<i<mn,

( ) = 5n—1+41, foroddiand 1 <i<mn,
gt 4n —1+1, foreveniand 1 <i < n.

g(vl)—{2n+1+i’ foroddiand 1 <i<mn,
! 3n+1+1, foreveniand 1 <i < n.
g(u-)—{5n+2_i' foroddiand 1 <i<mn,

! 6n-+2—i, foreveniand 1 <i < n.

Conclude the vertex weights under labeling g for each vertex of the graph .%, as
follows:
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Forn =1 (mod 4),

wi(c) = 18n2+425n+5,

wt(vi) =11ln+1,
51n+17

Wt(ui) — 49n2—11
45n+15

4 s
Forn =3 (mod 4),

wt(c> 9n? +13n+2

wi(v;) = 11n +1,
49n+13

wi(u;) = 5172&-11
12n + 3,

for1 <i<n.
foroddiand 2 <i<mn,
foreveniand 1 <i<n,
fori=1.

forl <i<n.
foroddiand 2 <i<mn,
foreveniand 1 <i <mn,
fori=1.

It is clear that g is a local antimagic total labeling of the graph %, using five colors,

and 80 Xjqt(Fn) < 5.
Case 2. If n is even.

By Lemma 1, for n = 2 (mod 4), the vertex weights of graph W), are, respectively,

w(u;) = 24 for odd i and w(u;) = 12+ for even i and w(c) =

(mod 4), the vertex weights of graph W, are, respectively,

11n+4

i#£1,w(u;) =

c)=5n+1,
Uu; =2n+2i,

{ dn +1,
v;

4n 41,

for eveniand w(c) =

8(

8 (u;)

g(uv;) =4n+1-2i,

8O = snt 144,
5n+1+1,

stew) ={ Gt ]

(3”“) . Forn =14

w(u;) = 9”+8 for odd i and

M Then

for1 <i<mn,
for1 <i<mn,
foroddiand1<i<mn,
foreveniand 1 <i<n.
foroddiand 1 <i<mn,
foreveniand 1 <i<mn.

Accordingly, we obtain the vertex weights under labeling ¢ for each vertex of the

graph .#,.
Forn =2 (mod 4),

wt(x) 1312 +13n+2

wi(v;) = 13n—|—2

33n+10
7
wi(u;) = { 35n4+10
4 7
Forn =4 (mod 4),
M

wt(x)
wi(v;) = 13n +2

33n+12
D\ — 7
wi(u;) = { 35n+8
4 7

forl1 <i<mn.

foroddiand 1 <i<mn,
foreveniand 1 <i<mn.

forl1 <i<mn.

foroddiand 1 <i<mn,
foreveniand 1 <i<mn.

Therefore g is a local antimagic total labeling of graph .%, with four colors and

Xiat(:Fn) < 4. The proof is done. [

Example 5. The local antimagic total labelings of the graph %9 and %11 are shown in Figures 16 and 17.
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Figure 17. The local antimagic total labeling of .%1;.

Example 6. The local antimagic total labelings of the graph o and 1, are shown in Figures 18 and 19.

Figure 18. The local antimagic total labeling of ..
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Figure 19. The local antimagic total labeling of .%1;.

3. Conclusions

Note that the difference of the local antimagic chromatic coloring and the local an-
timagic total chromatic coloring is that the former is assigning weighted values for the
edge set of graph G, which induces a proper vertex coloring of G; the latter is assigning the
vertex and edge set of graph G simultaneously, which also induces a proper vertex coloring
of G.

For a graph G with independent vertices, the determination of the local antimagic
chromatic number is easier than that of the local antimagic total chromatic number. In fact,
the weighted values of independent edges in the local antimagic coloring of G must be
different, but may be the same in the local antimagic total chromatic coloring of G. In this
paper, we consider the local antimagic total chromatic colorings of wheel-related graphs
which have no independent edges, and present the local antimagic total chromatic numbers
of the fan graph F,, the bowknot graph B, ,;, the Dutch windmill graph Dy, the analogous
Dutch graph AD] and the flower graph .%;,.
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