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1. Introduction and Preliminaries

Let A signify the class of functions of the following form:
f@) =8+ ) anl" (1)
n=2

which are analytic in the open unit disc &l = {¢ : |¢| < 1} and normalized as f(0) = 0 and
f'(0) = 1. Furthermore, let & represent the class of all functions in 2 that are univalent in
L. Some of the imperative and well-investigated subclasses of the univalent function class
G include (for example) the class &*(9) of starlike functions of order § in i and the class
£(0) of convex functions of order § (0 < 6 < 1) in 4L It is known that if f € &, then there
exists inverse function f~! because normalization is defined in some neighborhood of the
origin. In some cases, f ~!can be defined in the entire $(. Clearly, ! is also univalent. For
this reason, class Y. is defined as follows.

It is well known that every function f € & has an inverse f~! defined by the following:

FHfE@) =¢ (Eew
and f(f'(w)) =w (Jw| <ro(f);ro(f) >1/4)

where the following is the case.

F(w) = g(w) = w— ayw?® + (243 — a3)w® — (5a5 — 5aaz +ag)w* + - - - . ()
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A function f(&) € 2 is said to be bi-univalent in  if both f(&) and f~!(¢&) are
univalent in i[. Let > denote the class of bi-univalent functions in 4 given by (1). Note that
the following functions:

A@ =15 A@=jlogits A0 = -logl-0)
with their corresponding inverses
20w 1 w_ 1
fllw) == Al =5y A=

are elements of X (see [1-3]). Certain subclasses of X are explicitly bi-starlike functions
of order (0 < 6 < 1) denoted by &5 (4) and bi-convex function of order J designated by
£y (0) familiarized by Brannan and Taha [1]. For each f € &5.(6) and f € Ry (J), non-sharp
estimates on the first two Taylor-Maclaurin coefficients |a;| and |a3| were established [1,2],
but the problem to find the general coefficient bounds on the following Taylor-Maclaurin
coefficients:

|2, (ne N\{1,2}; N:={1,2,3,---})

is still an open problem (see [1-5]). Several researchers (see [6-11]) have introduced and
explored some inspiring subclasses ¥. and they have initiated non-sharp estimates |a;| and
|as|. For two functions f; and f, € 2, we say that function f; is subordinate to f; if there
exists a Schwarz function w that is holomorphic in { with property w(0) = 0; |w(¢)| < 1
and satisfying f1(¢) = f2(w(¢)) This subordination is symbolically written as f; (&) <
f2(&). Lately, Ma and Minda [12]-unified subclasses of starlike and convex functions are
subordinate to a general superordinate function. For this purpose, they considered an
analytic function 20 with positive real parts in the unit disk 4,20(0) = 1,20'(0) > 0, and
20 maps 4l onto a region starlike with respect to 1 and is symmetric with respect to the real
axis. In the consequence, it is assumed that 20 is an analytic function with positive real part
in the unit disk 4, with 20(0) = 1,20°(0) > 0, and 20(4l) is symmetric with respect to the
real axis. Such functions are of the following form.

W(E) =1+m&+m&+my+---, (mg>0). 3)

The study of operators plays a central role in geometric function theory and its cor-
related fields. In the recent years, there has been an collective importance in problems
concerning the evaluations of various differential and integral operators. For our study,
we recall the Erdély—Kober type ([13] Ch. 5; also see [14-17]) for the integral operator
definition, which shall be used throughout the paper as stated below.

Erdély—Kober Fractional-Order Derivative
Letx > 0,¢, T € Cbesuch that 3(t — ¢) > 0, an Erdély—Kober type integral operator:

WA A

be defined for (7t — ¢) > 0 and %i(g) > —« by the following.

1
T—c—1,0-1 »
B F(G F(T — 0/ (1 =)t f(t")dt, x> 0. @)
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Forx > 0,R(t —¢) > 0, R(0) > —«x and f € A of the form (1), we have the following:

T B I(t+x)T(c+nx) .,
W) = c+2 Pt cns UG ©)
= ¢+ ZYg’ nang" (G € W) (6)
where the following is the case.
() — LT+ K6+ nx)
Yt (n) = I'(¢+x)T (T4 nx) @)

andT'(n+1) =nl
Note that the following is the case.

(@) = £(©0)

Remark 1. By fixing the parameters ¢, T, 0 as mentioned below, the operator 33" includes various
operators studied in the literature as cited below:

1. Forg=p;T=a+ pandx =1, weobtain the operator Qi f(¢)(« > 0; p > 1) studied by
Jung et al. [18];

2. For¢g=a—1t=p—1andx =1, weobtain the operator £, 5f ({)(«; B € C € Zy; Zg =
{0; —1; —2; - - - } studied by Carlson and Shafer [19];

3. Forg=p—1,T = land x = 1, we obtain the operator J, (o > 0;1 > 1) studied by
Choi et al. [20];

4.  For¢=wa;T = 0and x = 1, we obtain the operator D“(a > 1) studied by Ruscheweyh [21];

5.  Forg=1;T =nand y =1, we obtain the operator J,,(n > Ny) studied in [22,23];

6. For¢ = ;T =B+ 1andx = 1; we obtain the integral operator g1 which studied by
Bernardi [24];

7. For¢=1,7T =2andx =1, we obtain the integral operator J, 1 = J studied by Libera [25]
and Livingston [26].

The motivation of our present investigation stems from (by Silverman and Silvia [27]
(also see [28])) the seminal paper on bi-univalent functions by Srivastava et al. [8] and
by the recent works by many authors (for example Deniz [7], Huo Tang et al. [6], EI-
Deeb et al. [29-31], and Murugusundaramoorthy and Janani [32]). In the present paper,
we introduce two new subclasses of the function class X of complex order ¢ € C\{0},
involving the linear operator J3" given in Definition 1. We find estimates on the coefficients
|az| and |as]| for functions f € &%, (8, £). Several related classes are also considered, and
connections to earlier known results are provided Moreover we obtain the Fekete-Szeg6
inequalities for f € 6 (%, 0) and f € ﬁ o (8, 0).

Definition 1. Let f € X beassumed by (1) and f € 6 o (8, £), if the subsequent conditions holds:

1(EOFf(@) | [1+e\EOFfE)"
”19( W) *( 2 ) W) 1)”” ©
and G/ 4 2 (~C
1 (w0 g(@) (146" 235 g(w))"
Hﬁ( 357 g (w) +( 2 ) 37 ¢ (w) _1><m(w)' ©)

where 8 € C\{0}; ¢ € (—m, 7t]; &, w € Yand g is given by (2).

Definition 2. Let f € X be assumed by (1) and f € 85 5,(8,0), if the subsequent conditions
are satisfied:
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(@A@Y + (5 )@ @)
145 ) —1| <) (10)
and _
6T w)) M 2 %T "y
141 ([wm ) }5;37 (9 5(w)") 1) ), an

where 9 € C\{0};¢ € (—m, t|; &, w € hand g is given by (2).

Remark 2. For a function f({) € X specified by (1) and for ¢ = 7, interpret that G%fm(ﬂ, 0) =
6%% (9) satisfies the ensuing conditions :

AR ()

where & € C\{0}; ¢, w € Uand g is given by (2).

Remark 3. A function f(§) € X specified by (1) and for £ = 7, we interpret that &5 5, (8,0) =
ﬁ%;ﬂ(ﬁ) satisfies the ensuing conditions correspondingly:

A < S <

where 9 € C\{0}; ¢, w € Uand g is given by (2).

Remark 4. For a function f(¢) € L given by (1) and for & = 1, we note that 6%’%(19, l) =
6%% (£) and satisfies the following conditions, respectively:

COETFE) | (146 2OEFE)
<ﬁ%@)+< 2) ) ><w@

and the following is the case.

(mw&ww+<“¢ﬁw%€“mw><mm>

g (w)

Moreover, ﬁgz’;n(z‘}, 0) = &Y 5, (€) and it satisfies the following conditions:

COETF@) + (15 ) 2T F @)Y
(@)

) < W(S)

and the following is the case:

(wm&ww+@?ﬁﬁm%www

(5 3@) )<ww”

where { € (—m,7t|;&,w € Uand g is given by (2).
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2. Coefficient Estimates for f € 6%’;3(19,3) and f € ﬁ%’fm(ﬂ,f)

For notational simplicity, in the sequel we let the following be the case:

k>0,R(t—¢) >0, R(g)>-« and I f(%)

and it is provided by (5):
2k)
Y, = Y%T (T + K) (g + 12
2= Y8 @) = R or(r 20 {12)
ot I'(t+x)T(c+ 3x)
Y3 =Yx'(3) = T(¢+x)T(T + 3x) (13)
and the following.
te (—m, m.

For deriving our main results, we need the following lemma.

Lemma 1. Ref. [33] states that if h € B, then |ci| < 2 for each k, where P is the family of all
functions h analytic in A for which R(h(&)) > 0 and the following is the case.

h(@) =1+l +ced®+-- for& el

Define the functions p(&) and g(&) by the following:

p(g) = ?EZEQ =1+ p1&+ 28 +

and the following.
 1+o(w)
9(w) : 1—ov(w)

It follows that the following is the case:

=1+ qw+ quw?® + - --

_ 2
u(g) = 2524_1 ; P16 + <@2p21>§2+
and ) -
o) = 103 = o (=)o

Then, p(¢) and g(w) are analytic in $ with p(0) = 1 = g(0).
Since u,v : 4 — 4, the functions p(¢) and g(w) have a positive real part in 4, and
lpil < 2and |g;| < 2 for each i.

Theorem 1. Let f given by (1) be in the class 6%’53(19,6), ¢ € C\{0} and ¢ € (—m, rt]. Then,
we have the following:

|012| < : |1j9|m1\/ml : (14)
\/|19[(5 +36i0) Y3 — (2+ i) Y3]mZ + (2 4 ¢i)2(m; — my) Y3|

and the following.
8] |¢]my

24 eif)2YZ |54 3ei|Y3

las| < (15)
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Proof. It follows from (8) and (9) that we have the following:

COOF©) , [1+et CZW
1+19< TG +< 5 ) 2Ty 1> W(u (16)
and ; . .
1 (0§ g@) | (146" (25 g(w)
Hﬁ( 3 g(w) +< 2 ) ﬁiTg ) 1) we 17
where
w(”(?))Z%mmlﬁ-F (;ml(@Z_ )+ m2@1)€2+ (18)
and
W(o(w)) = tmaro+ [ Smaa— 0+ Tt |2 4 (19)
olw —2m1q1w 2m1 qz2 5 4m2q1 w .

For a given f(z) of form (1), a computation shows the following:

!
Z}c(ij) =14aYsz+ (2Y3a3 — a%Y%)ZZ + (3[14Y4 + ﬂng - 3(13(12Y2Y3)23 +
" (2
z z 2
f/(Z) = 2612Y22 + (6H3Y3 - 4a2Y ) + -
Using these in the left hand side of (16) and (17), a simple computation produces
the following:
LOEEAE) (146" PEF(6)" Loy it
1+ — + — —1] =1+ =(2+¢€")Yaag
g ( wre \ 2z ) % gte)
1 , .
+5](5+3¢")Ya0s = (2+€)Y3a3] * + - -
and
1 (w(@ W)  (1+e") w3 g(w))" 1 Z
T+ ~ + ~ -1)=1- *(24‘61 )Yzazw
0 ( I g (w) 2 T g(w) ¢

1 ‘ 4 |
5 (1265 +3¢)Ys = (2+ €)¥3)a3 — (5.4 3¢ Yaas Juw? = - -

Thus, by equating the coefficients of ¢ and ¢2 in (16) and (17), we obtain the following:

1 . 1
(24 €") Yo, = ~mypy, (20)
9 2
1 , - 1 P21
3 [(5 +3e)Ysa; — (2 + elé)Y%”%] = Eml(@z - 71) + mei (21)
1, 1
- 5(24‘6 )Yoay = Smid, (22)
and
1 it it\\21 2 it 1 g, 1 5
3 ([2(5 +3e'")Y3 — (2 +¢")Y3]a; — (5 + 3e )Y3ﬂ3) = Eml(qz - ?) + 7 m21 (23)

From (20) and (22), we obtain the following:

P1=—q (24)
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and
8(2+¢)Y3a3 = #’mi(p]+a7)
g - Cmilor+al) (25)
2 8(2 + ei’)2Y2

Now, by adding (21) and (23) and then using (25), we obtain the following.

2 - 8*m3 (2 + q2) 26)
2 (4{0[(5+3¢i")Y3 — (2 +e*)YZm? + (2 + ¢i/)2(m; — my)YZ})'

Applying Lemma (1) to the coefficients @, and qp, we have the following.

|112| < |l9|m1\/ml
V1815 +3e) Y3 — 2+ ¢i) Y3Im? + (2 + )2 (my — mg) V3]

Next, in order to find the bound on |a3]|, by subtracting (21) from (23) and using (24),
we obtain the following.

4 (5+ 3¢'t) m;
Ef\@(% - a%) = 7(@2 —q2)

om1(pr — q2)
2 142 — 92
= — 27
TR Y51 30y, @7
Substituting the value of a3 given by (25), we obtain the following.

_ 9mi(pf +ai) | dm(p2 — o)
8(2+¢€)2YZ  4(5+43¢')Y3"

Applying Lemma 1 once again to the coefficients 1, 2, q1 and qp, we obtain the
following.
|8[*m? |9|my
12+ €12Y2 |54 3ei|Y3

laz| <
O

Theorem 2. Let f given by (1) be in the following class: ﬁ%’,gn(ﬁ, 0),0 € C\{0}and ¢ € (—m, m].
Then, we have the following:

|Ll2| < : |l9l|m1\/ mg : (28)
V/I813(5 +3e)Ya — 4(2 + eif)Y3]m? +4(2 + eif)2(my — my) Y|

and "
|8]“m7 |8my

A2+ e'2Y2 " 35+ 3 [Y5’

las| < (29)

Proof. By Definition 2,the argument inequalities in (10) and (11) can be equivalently
written as follows:

6T / 14e¢\ 2 (~6,T "
1+1(m‘ FOY + () 20OF @) _1)

. = 20(u(2)) 30)
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and

¢ (3% g(w))’

and proceeding as in the proof of Theorem 1, we can arrive at the following relations:

(B + (55 )@ @)
1+ -
(OEF @)

8
1 . )
+50B(G+ 3¢!)Yza3 — 4(2 + ) Y3a3])2 + - - -

~CT ¢, T I
1+1<[ (3% g(w ( ) Ok g(w))"] _1) = W(v(w)), 31)

— l) =1+ %(2 + EiZ)Yzazg

and

~G/T / 1+l ). 2/~GT s
(muxﬂm>+(z)fuxam>1_qzﬂ_§a+ﬂwﬂw

+=[3(5+3¢') (202 — a3)Y3 — 4(2 + ) Y3a3|w? + - - - .

From (30) and (31), equating the coefficients of ¢ and ¢?, we obtain the following:

2 . 1
S22+ Yoa, = -mypy, (32)
9 2
1 it itvy2 21 1 pi. 1 2
5[3(5 +3e')Yza3 —4(2+ €)Yy = Eml(m - 7) + 1 m201 (33)
and
2 1
— < (2+e)Yoa, = smyqy, (34)
I’ 2
1 i (2 itny221 1 G, 1 5
@[3(5 +36")(2a3 —a3)Y3 —4(2 +¢")Yaa3] = Smy (a2 — 5) + ymaqy. (35)

From (32) and (34), we obtain the following:

P1=—0m (36)

and
32(2+¢")*Y3a3 = 8°m7 (7 + a7)- (37)

If we add (33) and (35) and substitute value p% + q%, we obtain the following.

82 m3 (o) + q2)
4[8[3(5 + 3¢t) Y3 — 4(2 + ) Y2Im? + 4(2 4 €i£)2(m; — my)Y3]’

a3 = (38)

Applying Lemma 1 to the coefficients g, and q;, we have the desired inequality given
in (28).
Next, if we subtract (33) from (35), we easily observe the following.

12 (5 + 3et) m;
I S CE R 3)Ys = - (2~ 1)
04 —
4 = m; (9 : a2) + a2

12(5 4 3¢i’) Y3
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Upon relieving the value of a3 given in (37), the above equation leads to the following.

_ dmy(pp—q) | ’mi(p7 +ai)
T 12(543e)Ys | 32(2+eil)2Y2

Applying Lemma (1) once again to the coefficients g1, g2, q1, and qp, we obtain the
preferred coefficient provided in (29). O

Fixing ¢ = 7 in Theorems (1) and (2), we can state the coefficient estimates for the
functions in subclasses 6%;1](19) and ﬁ;fm(ﬁ), defined in Remark (2).

Corollary 1. Let f assumed as (1) be in the class 6%21](19) Then, the following is the case.

o] < |¢|my /my d |as] < |19|2m%+ |¢|my
ar| S > 5 > an as| < Y2 7Y .
V1812Y3 = Y3)m? + (my —my)Y3 5 3

Corollary 2. Let f assumed as (1) be in class R%Tm(ﬁ) Then, we have the following.

#|my/my 8’m3? |0
|€l2| S | ‘ml mg and \ﬂ3\ S | 4|YI;11 =+ | 6|;nl
\/2181(3Y3 —2Y3)m? + 4(mg —m»)Y3 > 3

Fixing ¢ = 1 in Theorems (1) and (2), we can state the coefficient estimates for the
functions in the subclasses G%Em(ﬁ ) and R%Em (¢) defined in Remark (4).

Corollary 3. Let f supposed by (1) be in class G%fm(é) Then, we have the following:

laa| < mj,/mj
VII(5+3¢)Ys — (24 ) Y3Im? + (2 + ei)2 (my —my) Y|

and the following is the case.

m% mq

- + - .
12+ €122 |54 3ei|Y3

laz| <

Corollary 4. Let f supposed by (1) be in class R%gn(ﬁ) Then, we have the following:
laa| < mj,/mg

VIB(5+3¢1)Ys — 4(2 + ) Y3Im? + 4(2 + ¢ )2 (my — my) Y|

and

m% mq

- + - .
42+ e’2Y2 " 3|5+ 3e’| Y3

laz| <

3. Fekete-Szeg6 Inequality

In this section, we discuss the Fekete-Szeg6 results [34] due toZaprawa [35] for func-
tions f € G%Zn(ﬂ,ﬁ) and f € ﬁgz’fm(z?,f).

Theorem 3. Let f assumed by (1) be in class 6%’;11(19,6) and o € R. Then, we have the following:

dm dm
a5 — o |< Biaetyy U <| ¢(e) |§0m.
~ 4ol 190 = gy
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where the following is obtained.
o0) = (1 - 0)¢°mj
O T Ab[(5+3¢) Y5 — (2 + ) Y2m? + (2+ e')2(my — mp) Y2}
Proof. From (26) and (27), we have the following:
- (1-)#*mi(p2 +a2) dmy (g2 — q2)

(4{8[(5+3¢)Ys — 2+ ) Y2lm? + (2 + €)2(m; —mp)Y3})  4(5+3¢i!)Y;3

_ ( l9m1 ( 19m1
= ¢Q)+m]@2+{¢@)*m 92

where the following is the case.

(1—0)#*m]

(P(Q) = 4{19[(5 + 3ei£)Y3 _ (2 4 eif)Y%]m% -+ (2 + eiﬂ)Z(ml — mz)Y%}

Thus, by applying Lemma 1, we obtain the following.

om om
|0 oa | < § PR 0S|¢(e)|sﬂm
4ol 1ol = gz

In particular, by fixing ¢ = 1, we obtain the following.

1%
| az — a5 |< e S
|5+ 3e'[Y3

O

Theorem 4. Let f given by (1) be in class ﬁgz’;n(ﬁ, 0) and X € R. Then, we have the following:

ﬂml 19m1
T Aot )| >

where

(1—N)8’m3
[93(5 +3e'*) Y5 — 4(2 + ) Y3m] + 4(2 +¢if)2(mq — m2)Y3]

P00 =

Proof. From (27) and (38), we have the following.

b RE — (1—R)#?mi (e + ) dmy (92 — d2)
’ 2 4[8[3(5+3¢i)Yz — 4(2+ ¢)Y2Im2 + 4(2 + ¢i)2(m; —my)YZ]  12(5+3eif) Y3
19m1 19m1
= N) 4o N L N
o)+ 12(5+3er/)y3] 2+ {4’( ) B3, ™

where the following is the case.

(1—N)¢’m3
O35+ 367)Ys — (2 + e ) V3Jm? + 4(2 + e )2 (my — ma) V3]

N =
o) = 5
Thus, by Lemma 1, we obtain the following.

2 9
|113—Na%|< m’ 0§|¢(N)|§ﬁﬁ
~ 4oL oM = Gy
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In particular, by taking X = 1, we obtain the following.

%
a3 — a3 |< st
3‘5+3€Z£|Y3

O

4. Conclusions

By fixing 20({) as listed below, one can determine new results as in Theorems 1-4 for
the subclasses introduced in this paper by suitably fixing m; and my:
1. For the class of strongly starlike functions, function 20 is given by 20(&) = (%) "o
1+ 2af +2a222 + -+ (0 < « < 1), which gives m; = 2x and m, = 242, (see [36]);
2. On the other hand, if we take 25(2) = “[=20¢ = 14201 g)z +2(1 - p)& +
(0< B <1),thenm; =my =2(1— p), (see [36]);

3. ForW(¢) = % (-1 < B < A <1), weobtain class G*(A, B) (see [37]);

2
For2(&) =1+ % (log iﬁ) , which was considered and studied in [38];

For 20(¢) = /1 + ¢, the class is denoted by &7, , which was considered and studied
in [39] further in discussed [40];

6. For20(¢) =&+ /1+ &2, the class is denoted by &; ( see [41]);

7. W) =1+ %5 + %CZ, then such class denoted by & was introduced in [42] and
further studied by [43];

8.  For 2(¢) = ¢%, class & was defined and studied in [44,45];

9. For(¢) = cosh({), the class is denoted by &7, (see [46]);

10.  For () = 14 sin({), the class is denoted by &7, | (see [47]); for details and further
investigation, (see [48]).

In the current paper, we mainly obtain the upper bounds of the initial Taylors coeffi-
cients of bi-starlike and bi-convex functions of complex order involving Erdély-Kober-type
integral operators in the open unit. Furthermore, we find the Fekete-Szeg6 inequalities
for the function in these classes. Several consequences of the results are also pointed out
as examples. Moreover, we note that by assuming 20 with some particular functions as
illustrated above, one can determine new results for the subclasses introduced in this
paper. Moreover, by fixing ¢/ = 0 and ¢ = 77 in the above Theorems, we can easily state
the results for various subclasses of X illustrated in Remarks 2—4. By appropriately fixing
the parameters in Theorems 3 and 4, we can deduce the Fekete-Szeg6 functional for these
function classes. Moreover, motivating further research on the subject-matter of this, we
have chosen to draw the attention of the concerned readers toward a significantly large
number of interrelated publications(see [49-52]) and developments in the area of Geometric
Function Theory of Complex Analysis. In conclusion, we choose to reiterate an important
observation, which was offered in the recently published survey-cum-expository article by
Srivastava ([49], p. 340), who pointed out the fact that the results for the above-mentioned
or new §— analogues can easily (and possibly or unimportantly) be interpreted into the
equivalent results for the so-called (p; 9) — analogues (with 0 < || < p < 1) by smearing
some recognizable parametric and argument variations with the additional parameter p
being redundant.
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