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Abstract: Let R be a commutative ring with unity and 7 be a triangular algebra over R. Let a
sequence A = {8y }ne of nonlinear mappings 6, : 7 — T is a Lie triple higher derivation by local
actions satisfying the equation. Under some mild conditions on 7, we prove in this paper that every
Lie triple higher derivation by local actions on the triangular algebras is proper. As an application,
we shall give a characterization of Lie triple higher derivations by local actions on upper triangular
matrix algebras and nest algebras, respectively.

Keywords: Lie triple higher derivation; faithful bimodule; higher derivation; local action; triangular
algebras

MSC: 16W25; 15A78; 17B40; 16N60

1. Introduction

Throughout this paper, we assume that R is a commutative ring with unity and 4
is an algebra over R. Z(.A) is the center of A. Let us denote the Lie product of arbitrary
elements x,1,z € R by [x,y] = xy — yx. Suppose that an additivity (resp. nonlinear)
mapping ¢ : A — A is called a (resp. nonlinear) derivation if 6(xy) = é(x)y + xd(y) for all
x,y € Aand is said to be a (resp. nonlinear) Lie triple derivation if

S([[x,yl,2]) = [6(x), yl, 2] + [[x, 6(y)], 2] + [[x, ], 6(2)] (1).

forall x,y,z € A. If d is a derivation of A and f is an R-linear (additive) map from A
into its center, then d + f is a Lie triple derivation if and only if f annihilates all second
commutators [[x, y], z]. A Lie triple derivation of the form d + f, where d is a derivation and
f is central-valued map, will be called proper Lie triple derivation. Otherwise, a Lie triple
derivation will be called improper. Due to the renowned Herstein’s Lie-type mapping
research program, Lie triple derivation have been studied extensively both by algebraists
and analysts, see [1-13], etc.

Recently, many mathematicians have studied the structural properties of derivations
of rings or operator algebras completely determined by some elements concerning products.
This is actually to study “local behaviours” of linear (nonlinear) mappings. There is a fairly
substantial literature on so-called local mappings for operator algebras, starting with the
papers of Larson and Sourour [12,14]. Assume that § : A — A is a linear (resp. nonlinear)
mapping and G : A x A x A — Aisamap. If Q) is a proper subset of A and relation
(1) holds for any x1, xp, x3 € A with F(x1,xp,x3) € Q, then 6 is called a linear (nonlinear)
Lie triple derivation by local action of A. In the last few decades, Lie triple derivation by
local actions satisfying the Relation (1) on rings and algebras has been studied by many
authors [15-17]. Liu in [15] studied the structure of Lie triple derivations by local actions
satisfying the condition xy € Q = {0, p} in Relation (1), where p is a fixed nontrivial
projection of factor von Neumann algebra M with a dimension greater than 1. He showed
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that every Lie triple derivations by local actions is proper, i.e., every Lie triple derivation
by local actions is of the form d + f, where d being a derivation and f being central-valued
mapping. For von Neumann algebra with no central abelian projections M, Liu in [16]
obtain a similar result with [15]. In 2021, Zhao [17] considered the structure of Lie triple
derivations by local actions satisfying the condition xyz = 0 € ) = {0} in Relation (1) on
a triangular algebra. He proved that every Lie triple derivation by local actions is proper.
Motivated by the above works, we will discuss the structure form of the nonlinear Lie
triple higher derivations by local actions satisfying the condition xyz = 0 in Relation (2) on
triangular algebras.

There are many interesting generalizations of (Lie triple) derivation, one of them being
(Lie triple) higher derivation (see [18-24]). Let us first recall some basic facts related to Lie
triple higher derivations. Let N be the set of all non-negative integers and A = {4, },cnr
be a family of R-linear (resp. nonlinear) mapping on A such that éy = id 4. A is called:

(a) a (resp. nonlinear) higher derivation if

Su(xy) = Y 6i(x)5(y)

i+j=n

forall x,y € Aand for eachn € N;
(b) a (resp. nonlinear) Lie higher derivation if

Sn(lxy) = 3 [0:(x),5(y)]

i+j=n

forall x,y € Aand for eachn € N;
(c) a (resp. nonlinear) Lie triple higher derivation if

Snllxylzl) = ) [[6:(x),6;(y)], & (2)] (2)

i+j=n

forall x,y,z € Aand foreach n € N.

Assume that {d, },cn is a higher derivation on A, and {7, },c is a sequence of
nonlinear (R-linear) mappings form A to its center vanishing on [[x, y], z] with p = 0.
For each non-negative integer 1, we set

5;1 - dn + Tn.- (3)

Then, it is obvious that {J,, },cnr is a Lie triple higher derivation. A Lie triple higher
derivation A = {0, },enr of the form (3) is called proper. It is obvious that Lie higher
derivations and higher derivations are usual Lie triple derivations and derivations for
n = 1, respectively. Lie-type derivations are an active subject of research in algebras
which may not be associative or commutative (see [6]). In fact, many researchers have
made substantial contributions related to this topic, such as [14-17,21,25], etc. For example,
Zhao [17] investigated nonlinear Lie triple derivation by local actions at zero products
on triangular algebras. Let 7 = [4 ¥] be a triangular algebra over R, where A and B
are unital algebras over R, and M is a faithful (A, B)-bimodule. He studied nonlinear
mappings 6 : 7 — T that act like Lie triple derivations on certain subsets of 7

5([[x yl,2]) = [[6(x), yl, 2] + [[x,6(y)], 2] + [[x, y], 6(2)]

forall x,y,z € T with xyz = 0. He showed that, under certain conditions on a triangular
algebra 7, any such nonlinear mapping é : 7 — 7T is the sum of an additive derivation
d:T — 7T and a nonlinear central mapping 7 : 7 — 7T vanishing as [[x, y], z] with xyz = 0.
Inspired by the results above, it is natural to consider some Lie triple higher derivations by
local actions on zero products on triangular algebras.
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In this paper, we investigate the Lie triple higher derivation by local actions at zero
products on triangular algebras. Let 7 be a triangular algebra over a commutative ring
R. Under some mild conditions on 7, we prove that, if a family A = {J, },en of nonlinear
mappings on 7 satisfies the condition

sn(llxoylz)) = ) [16i(x), 6;()], 6k(2)] (4)

i+j+k=n

for all x,y € T with xyz = 0, then there exists a higher derivation D = {d, },e and a
nonlinear mapping 7, : 7 — 7 on 7 vanishing all [[x, y], z] with xyz = 0 such that

On(x) = du(x) + T (x).

Then, we immediately apply the obtained results to the background of nest algebras
and describe Lie triple higher derivations by local actions on these algebras. Our results
also generalize the existing results ([17], Theorems 2.1 and 2.2) in triangular algebra.

2. Triangular Algebras

In this section, we give some notions that will be needed in what follows.

Triangular algebras were first introduced in [26]. Here, we offer a definition of a
triangular algebra. Let R be a commutative ring with identity. Let A, B be an associative
algebras over R with idengtity 1, and 15, respectively. Let M be a faithful (A, B)-bimodule,
thatis, fora € A, aM = {0} implies a = 0 and, for b € B, Mb = {0} implies b = 0. We
denote the triangular algebra consisting of A, B, and M by

A M
T = { o ] .

Then, T is an associative and noncommutative R-algebra, the most common examples
of triangular algebras are upper matrix algebras and nest algebras (see [26,27] for details).
Furthermore, the center Z(7) of T is (see [26,28])

=[5 4]

Let us define two natural R-linear projections 74 : 7 — Aand g : T — B by

am:mb,VmEM}. (5)

a m a m
A g b —a and 7tg: 0 b — b.

It is easy to see that 74 (Z(T)) is a subalgebra of Z(A) and that 75(Z(7)) is a
subalgebra of Z(B). Furthermore, a unique algebraic isomorphism 7: 74 (Z(7T)) —
nig(Z(T)) exists such that am = mt(a) foralla € w4 (Z(7)) and for all m € M.

3. Main Theorem

This section is aimed at studying Lie triple higher derivations for a zero product on
triangular algebras. More precisely, we will give the higher version corresponding to ([17],
Theorems 2.1 and 2.2).

Theorem 1. Let T = [4 M be a triangular algebra. Suppose that a sequence A = {6, }ne of
mappings 6, : T — T is a nonlinear map

Sn(llxylzl) =} [0:(x),6(y)], ék(2)]

i+j+k=n
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forall x,y,z € T withxyz = 0. If to(Z(T)) = Z(A) and ma(Z2(T)) = Z(A), then, every
nonlinear mapping 6, is almost additive on T, that is,

On(x +y) =ou(x) =du(y) € Z(T)
forallx,y € T.

In order to prove our main results, we begin with the following theorem coming from
([17], Theorem 2.1):

Theorem 2 ([17] Theorem 2.1). Let T = [ 4 %] be a triangular algebra. Suppose that a mapping
01+ T — T is a nonlinear map satisfying

a(llxylz) =) [[6i(x),6;()], o(2)]

i+jtk=1
forall x,y,z € T with xyz = 0. Then, nonlinear mapping & is almost additive on T, that is,
Si(x +y) = i(x) = i(y) € Z(7).

For convenience, let us write Aj; = A, A»» = Band Ay, = M; then, triangular algebra
T= [é Aél] can be rewritten by 7 = |:A61 ﬁ;ﬂ

Proof. Assume that a sequence A = {4, } ,c of nonlinear mappings 6, : 7 — T is a Lie
triple higher derivation by local actions on triangular algebras 7 = [AO“ ﬁ;i } . We shall use
the method of induction for n. Forn = 1,1 : T — T is a Lie triple derivation by local
actions. According to Theorem 2, we obtain that a nonlinear Lie triple derivation 4; by local

actions satisfies the following properties:

61(0) = 0,61 (a;i + aij) — 01(aii) — 01(aij) € Z2(T);
& = o1(aij + a;) = 01(ait) + 01(ay;); 1 (aii + aii) — 61(aii) — 61 (aii) € Z(T);
01(aii + aj; +ajj) — o1(a;;) — 01(a;;) — 01(aj;) € Z(T)

foralla;; € Awithi <je {1,2}.
We assume that the result holds for all 1 < s < n, n € N. Then, nonlinear Lie triple
higher derivation {4, }/=3 satisfies the following:

05(0) = 0,0s(a;; + a;j) — ds(ai;) — ds(a;j) € Z(T);
¢ = 55(111‘]‘ =+ a:]) = 0s(a;i) + 55(11;]‘)}55(511‘1' +a;;) — ds(aj;) — 55(”1‘1’) € Z(T)}
Os(aji +aj; + ajj) — ds(a;;) — ds(aij) — s(a;;) € Z(T)

foralla;; € Awithi <je {1,2}.
Our aim is to show that the above conditions ¢ also hold for n. The proof will be
realized via a series of claims. [

Claim 1: With notations as above, we have 6,(0) = 0.
With the help of condition &;, we find that

62(0) = 6,([[0,0,0)) = ) [[6:(0),6;(0)],5(0)] = 0.
i+j+k=n
Claim 2: With notations as above, we have

() On(an +a12) —on(arn) —dn(ar2) € Z(T);
(ii) On(az +a12) — on(az2) — dn(a2) € Z(T)
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foralla;; € Awithi <je {1,2}.

In order to maintain the integrity of the proof, we give the proof of all cases. Let us
consider the case: (i,j) = (1,2).

It is clear that mp(a11 + m',)p1 = mipapr = 0 = mypm),p; for all a3y € Ajq and
mip,m}, € Aqp. Then, on the one hand, we have

n(ar1miz) = 6p([[miz, any +miy), pr]) = Y, [[6i(m12), 6j(ar1 + my,)], 6 (p1))]
i+j+k=n

and, on the other hand, we have

6n(a11miz) = 0u([[mi2, a11], p1]) + 6u([[m12, M), p1])
= ) [[6i(m1),6i(an)], 0x(p1)] + Y. [[0i(m12), 6;(miy)], 6 (p1)]

i+j+tk=n i+jTk=n
= Y [[6i(m2),6;(an) + 6;(miy)], 6 (p1)]-
i+j+k=n

By observing the two equations above and condition € forall 0 < s < n — 1, we have
0="Y [[6(m2),6n(ar1 + myp) — (6j(a11) + 6j(m3,))], 6 (p1)]
i+j+k=n

= Y. l6i(m), 6i(an +miy) — (6j(a11) + 6;(miy))], 6 (p1)]
i+j+k=n,j#n

+ [[m12, 6u(a11 + miy) — (8u(ary) + 6x(m12))], p1]
=([m12,6n(a11 + miy) — (6n(a11) + 0n(myy))], p1]
=p1(n(a11 + mip) — (6n(a11) + 0n(myy)))m1a — ma(6n(ars +mip) — (6n(ary) 4 8a(m1,))) p2

for all a11 € Ay and myp, m), € Aqp. Then, it follows from the center of algebra 7 that

p1(0n(ay 4 myp) — (0n(a11) + 6u(mip)))p1 + p2(0n(ary + mip) — (On(a11) + 6u(miy)))p2 € Z(T)

for all a17 € A11 and myp € Aqp.
In the following, we prove p1(d,(a11 + m},) — (6n(a11) + 6,(m},)))p2 = O for all
a1 € A11 and mqy € Aqp. With the help of pz(ﬂll + mlz)pl = 0 = pranp1, we have

6n(miz) = 0n([[p2yant + mial, ;1)) = ). [[6n(p2), 6u(ary + m12)], 0n(p1)]
i+j+k=n

for all 211 € Aqq and mqp € Aqz. On the other hand, we have

on(m12) = ou([[p2, m12], p1]) + 0u([lp2, a11], p1])
= Y [6i(p2), 6j(m2)], 6c(p)] + Y, [[6i(p2), 6i(a11)], 6 (p1)]

i+jt+k=n i+j+k=n
= Y [i(p2),6i(a11) + 6;(m12)], 6k (p1)]
i+j+k=n

forall a7 € Ayp and myp € A1p. With the help of the two equations above and relation ¢,
we have

0="Y_ [[6i(p2),6i(ar1 + m1z) — (8;(a11) + 6;(m12))], 6 (p1)]
i+j+k=n

= Y 6i(p2),6j(ar1 + miz) — (6(arn) + 6;(m12))], 8k (p1)]
i+j+k=n,j#n

+ [[p2, 0n(a11 + m12) — (6n(a11) + 0u(m12))], p1
=[[p2, n(ar1 +mi2) — (6n(a11) + 6n(m12))], p1]
=p1(dn(an1 +mip) — (u(an1) + 0n(m3;))) p2
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forall a1 € Ajp and mp € Ajp. In the following, we prove that the conclusion (i) holds.
For conclusion (i), taking into accounts the relations 13 (byy + m,) p1 = mipmi,p1 =
mipbyp1 = 0, by an analogous manner, one can show that the conclusion

On(bay +myy) — (u(ba) + 6u(miy)) € Z(T)

holds for all by; € Ay and myp, m), € Aqy.

Claim 3: With notations as above, we have 6, (m1p + m},) = 6,(m12) + 6,(m),) for all
My, My, € M.

Thanks to relation & for all 1 < s < nand (—miy — p1)(p2 + mj,)p1 = 0, we have

6n(mip +mly) = 6u([[—m12 — p1, p2 + my,), 1))

Y [[6i(—miz — p1),6i(p2 + min)], 6k (p1)]

i+j+k=n

Y. [[6i(=m2) + 6i(—p1),6i(p2) + 6j(m12)], 6 (p1)]

i+j+k=n

Yo [6i(=m12),6(p2)], 6(p)] + Y [[6i(—m12), 8;(miy)], 6 (p1)]

i+j+k=n i+j+k=n

+ Y [6i(=p1).6i(p2)) Sc(p)l + Y [16:(6i(—p1), 6j(mip)], 6 (p1)]

i+j+k=n i+j+k=n

= sul[[- . pal i)+ 8a( (1=, il ) + ([ i) )+ ([l pa, ), i)
= 5,1(77112) + (sn(m/12)’

that is, 5,1(71112 + I’Yl/12> = 511(71112) + 5n(m’12) for all mq,, m’lz € Aqp.
Claim 4: With notations as above, we have
(1) On (all + aln) =y (”11) + (a/n)}
(ii) On(an + ay) = dn(ax) + dn(as,)
for all a;;, a; € Aj; withi € {1,2}.
We only prove the statements (i). The statement (ii) can be proved in a similar way.
Because of relations myp1 (a1 + ail) = myppran =0 = mupla’n, we arrive at

6n((a11 4 a11)m12) = 6u([miz, p1), (ar1 +a31)]) = . Z}; [6:(m12), 6;(p1)], 6k (ar +a1q)],
i+j+k=n

on the other hand, we have

= Ou(a;min) + 6u(afymi)

Yo [16i(m2),6i(p1)] ok(ar)] + Y. [6i(m12),6i(p1)], 6k(ary)]

on((ar1 + ayy)mi2)

itjtk=n itjtk=n
= Y [[6i(m12),8;(p1)], 0 (ar1) + i (afy)).
i+j+k=n

for all aj; € Ajq1,m1p € App. On comparing the above two relations and together with
condition ¢ for all 1 < s < n, we see that

0=Y_ [[6:(m2),6;(p1)], ék(a11 + aty) — (G(anr) + 6 (ary))]
i+j+k=n

= Y. l6i(m12),6{(p1)], 6k (an + ayy) — (6(a11) + 6 (aly))]
it jrk=n kstn

+ [[m12, p1], 6n(a11 + a1y) — (8n(a11) + 0u(ayy))]
=([m12, p1,0n(a11 + ayy) — (8u(arr) + du(ayy))],

that is,

p1(0n (a1 + ayy) — (6u(a11) + 6n(ayy)))mia = mip(8n(aj; + ayy) — (On(a11) + 6u(ayy))) p2-
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It follows from the center of triangular algebra 7 and the above equation that

p1(8u(ary +ayy) — (6n(a11) + 6u(ayy)))p1 @ p2(0n(aii +ayy) — (6nlarn) + 6ulayy)))p2 € Z(T). (6)
In the following, we prove
p1(8u(ary +ayy) — (6n(a11) + 6u(ayy)))p2 =0

for all ayq,a), € Aq1.
Benefitting from (aq1 + al;) pap2 = a11p2p2 = ajyp2p2 = 0, we have

0="6u([lann + a1y, palp2]) = ), [6i(an1 + ayy), 6j(p2)], Sk (p2)]
i+j+k=n

and
0 = 6n([[a11, p2l, p2]) + éu([[a11, p2), p2))

= Y [16i(a11),6(p2)]. dk(p2)] + Y. [[6i(ah1), 6j(p2)], 6k(p2)]

i+j+k=n i+j+tk=n
= Y. [16i(a11) + 6;(a11), 6;(p2)], 6k (p2)).
i+j+k=n
By combining the above two equations with condition &, forall 1 < s < n, we can
P 0s T (e e — e +aaie), ) i)
i+j+k=n,in

+[[0n(a11 + aty) = (dn(a11) + du(an1)), P2, 2]

= [[6n(a11 + a1y) — (Ou(a11) + du(any)), p2l, p2l,
that s,

p1(0n (a1 4 ayy) — (u(an1) +dn(ay;)))pa =0 (32)

Combining Equations (6) and (7), this claim holds.

Claim 5: With notations as above, we have 6, (a11 + m12 + ban) — 8,(a11) — 9 (m12) —
5n(b22) S Z(T) for all a11 € Aqq,m1p € Aqa, a0 € Ap.

For arbitrary aj1 € Ay1,mip € Agp, a2 € A, in view of (a1 + mig + by )mi,p1 =0,

we have
8n(migbyy — ajymin) = 6u([[a11 + mao + bap, M), p1])
= Y [[6i(a11 +mz + bp2), 6;(mhy)], 6 (p1)]
i+j+k=n
and

On(mapby — ajymyp) = 6, (miobay) + 8u(—animiy)
= 0n([[[a11, m1p), p1]]) + 8n([[m12,m15], p1]) + 8u([[b22, M), p1])
= Y [[i(ann) + 6i(m12) + 6i(bx), 6;(m1y)], 6 (p1)]-
i+j+k=n

Let us set W; = 6;(ay1 + mip + bap) — (9i(a11) + 6i(m12) + 6;(bx2)). Taking into account
the above equation and inductive hypothesis & forall 1 <s < n, we have

0=} [[Widj(mpy)]d(p1)]
i+j+k=n

= Y Wi 6i(mp)], 6(p1)] + [[Wa, mip), p1] = [[Wa, mi], p1] = p1Waumiy — miyWapa,
i+j+k=n,i#n

that is, p1 Wymi, — mj,Wyp2 =0, ie.,

PiWaup1 © p2Wanp2 € Z(T). (8)
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In the following part, we prove p1 W, pp = 0. Itis clear that (a1 + m1p + b2z ) (—p1)p2 =0,
and then

6n(mip) = 6u(lary +mip+ b, —p1l,p2]) = Y. [6i(arn + miz + b22),6i(—p1)], 6(p2)]
i+j+k=n

and
Sn(mi2) = 0n([a11, —p1l, p2l) + 0n([m12, —p1], p2]) + 6n([b22, —p1l, p2])

= Y [6i(ann) + 6 (m12) + 6;(b2), 6;(—p1)], 6 (p2)).
i+j+k=n

According to the above two equations and inductive hypothesis € forall1 <s < n,
we can obtain

0="Y  [Widi(—p1)] é(p2)]
i+j+k=n

= Y. (Wi 6i(—p1)], 6c(p2)] + [[Wa, —p1l, p2]
i+j+k=n,i#n

= [[Wu, =p1l, p2]

thatis,
p1Wup2 = 0. 9)

It follows from Equations (8) and (9) that the claim holds.
Next, we give the proof of this theorem. For arbitrary x = ay; + mqy + by and
y = a}y + m}, + b),, we have

(a1 + ayy +mip + miy + by + bhy)

n(a11 +a4y) + 6n (a2 + miy) + 6u(baa + b)) + Zy

1(a11) + 0n(a11) + 6u(m12) + 8n (M1p) + 6 (b22) + (b)) + Z1 + Za + Z3
n(X) +0n(y) +Z1+ 2o+ Zs+ 24+ Zs,

on(x+y) =

)
)
)
)

which implies that 6, (x + y) — du(x) — 6, (y) € Z(T).
Based on the almost additive of 6, on 7, we give the main result in this section reading
as follows:

Theorem 3. Let T = [Aél Alz} be a triangular algebra satisfying

(1) 7TA]1 (Z(T)) = Z(A)n and 7'[A22 (Z(T)) = Z(.A)zz
(i)) Forany ayy € A1y, if [a11, A11] € Z(A)11, then ayy € Z(A) or for any ay € Ap, if
(a2, Axy] € Z(A2), then axp € Z(An).

Suppose that a sequence A = {6y }ne of mappings 6, : T — T is a nonlinear map satisfying

Sn(lleylz]) = ) [16i(x), 6;()], 6k(2)]

i+j+hk=n

forall x,y,z € T with xyz = 0. Then, for every n € N,

on(x) = xu(x) + fu(x)

for all x € T, where a sequence Y = {xu}nen of additive mapping x, : T — T is a higher
derivation, and f, : T — Z(T) is a nonlinear mapping such that f,([[x,y],z]) = 0 for any
x,y,z € T with xyz = 0.

Proof. In order to obtain this theorem, we will use an induction method for the component
index n. For n = 1, 4 is a Lie triple derivation on 7 by local action, by ([17], Theorem 2.2),
it follows that there exists an additive derivation @7 and a nonlinear center mapping f;
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satisfying f1([[x,y],z]) = 0 for any x,y,z € T with xyz = 0 such that ; (x) = dy(x) + f1(x)
for all x € T. Moreover, 61 and d; satisfy the following properties:

3 = 01(0) = 0,01(A;i) € Aji + Ajj + Z2(T),01(A12) € A1z, 01(pi) € Aa + Z(T);
di(Aii) € Aii + Ajj,d1(Ar2) € A fil[[x Y], 2]) =0

fori <je{1,2}and forany x,y,z € T with xyz = 0.

We assume that the result holds for s forall 1 < s < n, n € IN. Then, there exists an
additive derivation @, and a nonlinear center mapping fs satisfying f;([[x,y],z]) = 0 for
any x,y,z € T with xyz = 0 such that J;(x) = ds(x) + fs(x) for all x € 7. Moreover, Js
and d; satisfy the following properties:

3. — 05(0) = 0,05(Aii) C Aji + Ajj+ Z(T),05(A12) C A1z, 65(pi) € A+ Z(T);
T 4s(Ai) € Aii+ Ay ds(An) € A fo([[x ), 2]) = 0

fori <je {1,2} and for any x,y,z € T with xyz = 0.
The induction process can be realized through a series of lemmas. [

Claim 6: With notations as above, we have

(i) dn(A12) C A
(i)  p10n(p1)p1 ® p26u(p1)p2 € Z(T) and p16u(p2)p1 & p26u(p2)p2 € Z(T);
(iii) 0n(p1) € Min+ Z(T).

In fact, it is clear that mipp1p; = 0 for mip € Ajp, according to the proof of ([17],
Claim 7), we know that 61 (A1) C Aqp.

Because of mpp1p1 = 0 for myy € Ajp, with the help of condition §s forall 1 <s < n,
we have

6n(m12) = on([[m12, p1l, p11)
= Y [l6i(m2),6i(p1)], 8k(p1)]

i+j+k=n

[[6:(m12), 6;(p1)], 8k (p1)] + [[6n (m12), p1], p1] + [[m12, 6n(p1)], pa] + [[ma2, p1], 6n(p1)]
i jrk=m0<i,jk<n

= [[0n(m12), p1], p1] + [[m12,0n(p1)], p1] + [[m12, 1], 60 (p1)]
= p16n(mi2) p2 + p19u(p1)miz + 0u(p1)miz — 2mi26,(p1)
and then we can obtain that J, (m12) € Aqp. Multiplying by p; on the left side and p, on

the right side of the above equation, we can obtain that p19, (p1)m12 = m120,(p1)p2 for all
myy € Aqp. It follows from the definition of center that

P16n(p1)p1 © p2du(p1)p2 € Z(T).

Because of pymipp1 = 0, adopt the same discussion as relations
On(m12) = 64 ([[p2, m12], p1]), we can prove that p16,(p2)p1 ® p26n(p2)p2 € Z(T ) holds.
Claim 7: With notations as above, we have
(i) dn(an) € Ay + Az + Z(T), where pady(ar1)p2 € Z(An1);
(ii) (5n(a22) € Ap+Ap+ Z(T), where P16n (aZZ)Pl S Z(Azz)
foralla; € A;; withi € {1,2}.
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In fact, it is clear that axa11a12 = O forall a;; € A foralli,j € {1,2}. Then, according
to condition §s, we have

0 =0n([lazz, anl, a2]) = Y [[6i(a22),6j(a11)], 6k (a12)]
i+j+k=n

) [10i(a22), 0j(a11)], 6k (a12)] + [[0n(a22), a11], ar2] + [[a22, 0n(a11)], a12]
i+ j+k=m0<i jk<n

=[[0n(a22),a11], a12] + [[a22, 6n(a11)], a12]
=[[p16n(a22) p1, a11], a12] + [[a22, p26n(a11)p2], a12]

forall a;; € A foralli < j € {1,2}. Furthermore, we obtain

[p10n(a2)p1, a11) ® [ax, p2du(ann)p2) € Z(T)

for all a;; € Aj; for alli € {1,2}. With the help of assumption (ii), we have

[P16n(a)p1,a11] € Z(A11); (a2, p2on(a11)p2] € Z(Axn)

and then
p1ou(an)p1 € Z(An); p2du(an)p2 € Z(A2)

forall a; € A;; foralli € {1,2}. Furthermore, we have

on(a11) = p16u(ann)pr — T H(p2du(a11)p2) + p10u(ann) p2
+ 7 (p2du(a11)p2) + p2du(an1)p2 € Ann + A+ Z(T)

and
On(axn) = p2dn(ax)p2 — T(p16n(axn)p1) + p1on(ax)p2

+ p1ou(an)pr + T (p16a(an)p1) € An + Az + Z(T)
foralla;; € A;jwithi < j € {1,2}. Then, we can conclude that this claim can be established.

Now, we define mapping fnl (6111) = Til (PZ(Sn (ﬂ]l)Pz) + P25n (all)pz and fn2 (azz) =
P10n (5122)}71 + T(plén (azz)pl) for all a1 € A1 and ayp € Ay. It follows from Claim 7
that fnl : A11 — Z(AH) such that fnl([[an, bll}lcll]) = 0 for all ai, blllcll S All with
a11by1c11 = 0and fnZ Ay — Z(Azz) such that fnz([[a22, bzz], 622]) = 0forall ayy, by, €
Aoy with a5b25000 = 0. Now set

fa(x) = fur(an) + fuz(a22) = T (p26u(a11) p2) + p2du(an1) p2

71 (10)
+ p16u(an)pr + T (p16n(az)p1)

forall x = ay; +ajp +axp € T. Itis clear that f,(x) € Z(T) and f([[x,y],z]) = 0 with
xyz = 0 for all x,y,z € T. Define a new mapping

@ (x) = On(x) = fu(x) (11)

forallx € T.
Taking into account Claim 6 and Claim 7 and together with Equations (10) and (11),
we can easily obtain the following Claim 8.
Claim 8: With notations as above, we have
(1) @(0) =0, @p(a12) = dn(a12) € Arz
(2) @n(a11) € A1 + Ap and @y (ax2) € Ap + Ax,
foralla;; € A;j withi <j e {1,2}.
Claim 9: With notations as above, we have
(i) @n(a1112) = a11@u(a12) + @n(a11)a12 + Ly j=n0<ij<n di(a11)d;(a12);
(ii) @n(a12a22) = a12@n(a22) + @n(@12)a22 + Ly j=n0<ij<n di(12)d}(a22)
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foralla;; € A;j withi <j e {1,2}.

Now, we only prove the conclusion (i), The conclusion (ii) can be proved by similar
methods. It follows from a15a11p1 = 0 and the induction hypothesis §; forall1 <s <n —1
that

@n(a11a12) = Ou(ar1a12) = on([lar2, a11], p1)
= ) [[i(a12),6i(a11)], 6(p1)]
i+j+k=n
= [[0n(a12), a11], p1] + [[a12, 6n(a11)], p1] + [[a12, a11], 0u(p1)]
+ ). [[6i(a12),6;(a11)], 0k (p1)]

i+j+k=n,0<i,jk<n

= a11@n(a12) + @p(a11)a12 + Y. [[di(a12),dj(a11)], di(p1)]
i+ j+k=n0<i j k<n

= a11@y(a12) + @n(a11)a + Y. [ldi(ar2),dj(a11)], p1]
i+j=n,0<i,j<n
= a1 @n(ar2) + @p(ary)az + ) di(a11)d;(a12)
i+jk=n0<i,j<n
forall ags € Agt withs < t € {1,2}.

Adopting the same discussion as relations @, (a12a22) = 6, (a12a22) = 6n([[a22, 412, p1])
with axapp1 = 0, we can prove

@n(a1202) = a1p@y (a22) + @ (ap)an+ Y, di(ar2)dj(ax)
i+j=n,0<i,j<n

forall ags € Ag withs <t € {1,2}.
Claim 10: With notations as above, we have
(i)  @n(anay) = @n(ar1)al; +a11@x(ay;)p2 + Ligj—no<ijcn di(a11)d;(a}1);
(i) @n(baably) = @n(b2)biy + b2o@n (b)) p2 + it jmn0<ijen di(b22)d;(b3y)
for all a;;, al; € A;; withi € {1,2}.
For conclusion (i), for arbitrary aq1,4}; € A1j and aj;p € Ajpp, by conclusion (i) in
Claim 9, we have

‘Dn(allalllan) = 01111/11@;1(!112) + wn(ﬂllulll)am
+ ) d;i(a11ay;)dj(a12)

i+j=n,0<ij<n
= a11011@n (A12) + @y (a11471)a12

+ Y (Y dilan)di(ayy))dj(ar) (12)

i+j=n,0<i,j<n i1+ip=i,0<i<n
= a118, @y (a12) + @n (1141, ) a2
+ ) di(a11)d;i(a1;)dj(ar2)

i +i2+j:n,0<i1,i2,j<n

and
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@y (a118y1012) = a11@, (ay1812) + @n(a11)alyar

+ Y. di(an)d;(ayyar2)
i+j=n,0<i,j<n

= a1107,@u (A12) + A11@y (11 )12 + @u(a11)ay 012

+ Y. andi(aly)dj(ar) + Y. di(an)d(ayyar2)
i+j=n,0<i,j<n i+j=n,0<i,j<n

= a110),@u (A12) + A11@n (11 )12 + @u(a11)ay 012

+ Y andi(ay)di(an)+ ), di(en)( ), dj(ay)dj,(an)) (13)
i+j=n,0<i,j<n i+j=n,0<i,j<n J1t+j2=j0<j<n

= a1107,@u (A12) + A11@u (a1 )12 + @y (a11)ay 412

+ ), andi(ayy)dj(an) + Y di(a11)dj, (a31)dj, (a12)
i+j=n,0<i,j<n i+j1+jo=n,0<i,j1,j<n

= a110),@n (A12) + A11@u (a1 )12 + @u(a11)ay 012

+ )Y di(an)dj(ay)an + ) di(ay1)dj, (ay;)d), (a12)
i+j=n,0<i,j<n i+j1+jo=n,0<i,j1,j<n

for all a, a}, € Ay with t € {1,2}.
Combining Equation (12) with Equation (13) leads to

@n(a11ay )2 = (@n(ar1)ay; +an@n(ay) + Y, di(an)dj(aly))an
i+j=n,0<i,j<n

forall ay, a}, € Ay with t € {1,2}.
Since @, (A11) C Aq1 + A1z and Aq, is faithful as a left Aj1-module, the above relation
implies that

@u(a11ay1)p1 = {@n(a11)aly + ann@n(ayy) + Y di(a11)d;(a11)} 1 (14)
itj=n0<ij<n

for all ayq,a), € Aqs.
On the other hand, by a11p2p2 = 0 for all a1 € Aqq, we arrive at

0 = 6n([[a11, p2], p2]) = [[6n(a11), p2], p2] + [[a11,0n(p2)], P2]
+ Y. [[6i(a11), 6;(p2)], 6k (p2)]
i+j+k=n,0<i,jk<n
= [[@n(a11), p2l, p2] + [[a11, @u(p2)], p2]
+ Y. [[di(a11),d;(p2)], di(p2)]

i+j+k=n,0<i,jk<n

for all ajq,a}; € Aqy.
Since @, (A11) C A1+ A1p, @n(p2) € Agp and d;(p2) € Ajpp, the above equation
implies that

0=a@u(a)p2+an@u(p2) + Y,  di(An)dj(p2)
i+j=n,0<i,j<n
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for all a4, ‘1/11 € Aq1. On substituting 11 by 4114, in the above equation, we obtain
0 = @u(anay)p2 +anap@a(p2) + Y, di(andly)di(p2)
i+j=n,0<i,j<n

= @y (anayy)p2 + a11a3,@u(p2)

+ Y Y d;, (a11)d;, (a11))d;j(p2)

i+j=n,0<i,j<n i1+ip=1,0<iy,ip<n
= @n(an1a11)p2 + a11811@n(p2)
+ Y d;, (a11)d;, (a3)d;(p2)

i1+i2+]':n,0§i1,i2,j<n
for all aj1,a}; € Aq. Therefore, we have

p1(@u(airayy)p2 + a11a1, @ (p2)
T )3 d;, (a11)d;, (a11)d;(p2))p2 = 0 (15)

iy +in+j=n,0<iyip,j<n
Again, note that a}; pops = 0 for all a}; € Aq1, we have

0 = du([lary, P2l p2]) = Zk [[6:(a11),6;(p2)], 8k (p2)] = [[@u(a1y), p2], p2] + [[a11, @u(p2)], P2l
1+]+k=n

+ ) [[di(a}1),d;i(p2)], d(p2)]
i+ k= 0<i,jk<n

= [[@n(at1), pal, p2] + [[a11, @n(p2)], p2]
+ )3 [[di(a11), dj(p2)], di(p2)]-

i+j+k=n,0<i,jk<n

This gives us

0 = @n(ayy)p2 + ajy@n(p2) + 2 dp(ayy)dq(p2) (16)
i+j=n0<ij<n

Now left multiplying 417 in Equation (16) and combining it with Equation (15) gives

@n(anayy)p2 + Y. di(a11)d;j(a11)d;(p2) = an@y(ay;)pa-
i jk=0<i,0<]

This implies that

n
@n(anay)p2 + Y di(an) Y, dj(dhy)dj(p2) = ann@n(ay;)pa.
i= j+k=n—i0<i

Now, using the condition §;, we find that

n—1

@n(anay)pa — Y, di(An)d,_i(Aj1)p2 = a11@,(a11) p2,
i1
which gives
n—1
@u (118 p2 = an@n(ay)p2 + Y di(A11)dy—i(A) po-
i—1

Hence,

@n(ar1ay)p2 = {@u(an)ayy + an@u(ay)p2+ ), dian)d,—i(ay)}p2. (17)
i+j=n0<i,j<n
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Now, adding Equations (14) and (17), we have

@n(a11ay;) = @n(a11)ay +an@a(ay)p2+ Y, di(a)dj(ay).
i+j=n,0<ij<n

Adopting the same discussion, we have

@n(bpbhy) = @n(bo2)byy + bo@u(bio)p2+ Y, di(bx)d;(bhy)

i+j=n,0<i,j<n
for all by, b}, € Agp.
Remark 1. Now, we establish a mapping ¢, : T — Z(T ) by
8n(x) = @u(x) — @n(p1xp1) — @u(prxpa) — @n(p2xp2)

and g, ([[x,y],z]) = 0 with xyz = 0 for all x,y,z € T. Then, define a mapping xn(x) =
@y (x) — gu(x) forall x € T. It is easy to verify that

Xn(a11 + a2 + a22) = xn(a11) + xn(a12) + xn(a22)-
From the definition of x, and g,, we find that
Pn(x) = @n(x) + fu(x) = xn(x) + gn(x) + fu(x) = xu(x) + hn(x),
where hy(x) = gn(x) + fu(x) forall x € T.

Claim 11: With notations as above, we obtain that { )(n}ig is an additive higher
derivation on triangular algebras 7.

Suppose that x,y € T such that x = aj1 + a1 +ax and y = a}; + a, + a5, where
a,-]-,a € A; withi < j € {1,2}. Then,

Xn(x +y) = xn((a11 + arz + az) + (a; +ajp +a3))
= xn((a11 +ajy) + (a12 +ayp) + (a2 +a3,))
= @n(a11 +aiy) + @n(a12 + a35) + @u(az + ad)
= @n(a11) + @ (ay;) + @n(a1z) + @u(a,) + @n(a2) + @n(ay)
= Xn(an + a1z +az) + xn(aj; +aip +ay))
= xn(x) + xn(y)-

n

By Claims 4 and 5, we have

Xn(xy) = xn((a11 + a1z + axn)(a)y + ay, + ay))

= Xn (alla’ll + Llna/lz + ﬂlzﬂ/m + ﬂzzﬂ:’n)

= @n(a11)ayy +an@a(ay) + ), di(ain)dj(aly)
i+j=n0<i<n

+a@n(an)ay +an@a(ap) + ), dilan)dj(aty) (18)
i+j=n,0<i<n

+ @u(a12)ahy + a1p@u(a) + Y. diarn)d;(aj,)
i+j=n,0<i<n

+ @n(an)ay +anon(an) + ), di(axn)dj(ay).
i+j=n0<i<n
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On the other hand, we have

Xy +x0)+ Y xi()xy)

i+j=n0<i<n

= xn(ann +an +an)y+xxa(ayy +ap +a) + ), xi(0)x;(y)
i+j=n0<i<n

= (@n(a11) + @n(a12) + @plan))y+ Y. di(ain)d;(ayy)
i+j=n0<p<n

+ x(@n(a)y) + @n(aly) + @n(ay)) + Z di(a11)d;(at,) + Z di(a11)d;(ap)
i+j=n,0<i<n i+j=n,0<i<n

+ Y di(ap)di(ay)+ ). di(ap)di(ay)+ ). di(arn)di(ady)
i+j=n,0<i<n i+j=n,0<i<n i+j=n,0<p<n
+ Y dilan)di(ay)+ ), di(ax)di(aly)+ ). di(ax)di(ady).

i+j=n,0<i<n i+j=n,0<i<n i+j=n,0<p<n

Taking into account the induction hypothesis €; and claim 8-10, we calculate that
@y +xxay)+ ) dix)d(y)
i+j=n,0<i<n
= @y (an)ayy + @n(a11)a1; + @n(a12)ax + @n(a2)ay
+a11@n(a11) + 01100 (A1) + A100n(a2) + a22@0n (a3;) (19)

+ ) dilan)di(a) + Y, di(an)d(ayy)

i+j=n,0<i<n i+j=n,0<i<n
+ Y dilap)di(an)+ ), di(axn)dj(ay).
i+j=m0<i<n i+j=m0<i<n

Combining Equations (18) and (19), we obtain

xn(xy) = xn Oy +xx:(y) + Y, xi(0)xiy)

i+j=n,0<i<n

for all x,y € 7. This shows that each x satisfies the Leibniz formula of higher order on 7.

Finally, we need to prove that each 1, vanishes [[x, y], z] with xyz = Oforall x,y,z € T
Note that h, maps into Z(7), {d.}!, is an additive higher derivation of 7.
Therefore, { X} is an additive higher derivation of 7. Therefore,

fa(llx 9, 2]) = du((lx,y], 2]) = xu([[x,¥],2]) =0

with xyz = 0 for all x,y,z € T. We lastly complete the proof of the main theorem.
In particular, we have the following corollary:

orollary 1 , Theorem 2.2). Let’] = e a triangular algebra satisfyin
Corollary 1 ([17], Th 2.2). Let T = | “4" 42 | be a triangular algebra satisfying

(i) 7a, (Z2(T)) = Z2(An) and 7wa,, (Z2(T)) = Z(Az)
(i) Forany ayy € Ay, if [a11, A1) € Z( A1), then ayy € Z(Aqq) or for any axp € Ay, if
[0122, Azz] € Z(Azz), then ary € Z(Azz).

Suppose 61 : T — T is a nonlinear map satisfying

a(llvylzl) = Y [[6:i(x),6;(y)] k(2)]

i+j+k=1

forall x,y,z € T with xyz = 0. Then, there exist an additive derivation @1 of T and a nonlinear
map 1 : T — Z(T) such that
o1(x) = @1(x) + 7 (x)

forall x € T, where Ty ([[x,y],z]) for any x,y,z € T with xyz = 0.
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