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Abstract: Let R be a commutative ring with unity and T be a triangular algebra over R. Let a
sequence ∆ = {δn}n∈N of nonlinear mappings δn : T → T is a Lie triple higher derivation by local
actions satisfying the equation. Under some mild conditions on T , we prove in this paper that every
Lie triple higher derivation by local actions on the triangular algebras is proper. As an application,
we shall give a characterization of Lie triple higher derivations by local actions on upper triangular
matrix algebras and nest algebras, respectively.
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1. Introduction

Throughout this paper, we assume that R is a commutative ring with unity and A
is an algebra over R. Z(A) is the center of A. Let us denote the Lie product of arbitrary
elements x, y, z ∈ R by [x, y] = xy − yx. Suppose that an additivity (resp. nonlinear)
mapping δ : A → A is called a (resp. nonlinear) derivation if δ(xy) = δ(x)y + xδ(y) for all
x, y ∈ A and is said to be a (resp. nonlinear) Lie triple derivation if

δ([[x, y], z]) = [[δ(x), y], z] + [[x, δ(y)], z] + [[x, y], δ(z)] (1).

for all x, y, z ∈ A. If d is a derivation of A and f is an R-linear (additive) map from A
into its center, then d + f is a Lie triple derivation if and only if f annihilates all second
commutators [[x, y], z]. A Lie triple derivation of the form d + f , where d is a derivation and
f is central-valued map, will be called proper Lie triple derivation. Otherwise, a Lie triple
derivation will be called improper. Due to the renowned Herstein’s Lie-type mapping
research program, Lie triple derivation have been studied extensively both by algebraists
and analysts, see [1–13], etc.

Recently, many mathematicians have studied the structural properties of derivations
of rings or operator algebras completely determined by some elements concerning products.
This is actually to study “local behaviours” of linear (nonlinear) mappings. There is a fairly
substantial literature on so-called local mappings for operator algebras, starting with the
papers of Larson and Sourour [12,14]. Assume that θ : A → A is a linear (resp. nonlinear)
mapping and G : A×A×A → A is a map. If Ω is a proper subset of A and relation
(1) holds for any x1, x2, x3 ∈ A with F(x1, x2, x3) ∈ Ω, then θ is called a linear (nonlinear)
Lie triple derivation by local action of A. In the last few decades, Lie triple derivation by
local actions satisfying the Relation (1) on rings and algebras has been studied by many
authors [15–17]. Liu in [15] studied the structure of Lie triple derivations by local actions
satisfying the condition xy ∈ Ω = {0, p} in Relation (1), where p is a fixed nontrivial
projection of factor von Neumann algebra M with a dimension greater than 1. He showed
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that every Lie triple derivations by local actions is proper, i.e., every Lie triple derivation
by local actions is of the form d + f , where d being a derivation and f being central-valued
mapping. For von Neumann algebra with no central abelian projectionsM, Liu in [16]
obtain a similar result with [15]. In 2021, Zhao [17] considered the structure of Lie triple
derivations by local actions satisfying the condition xyz = 0 ∈ Ω = {0} in Relation (1) on
a triangular algebra. He proved that every Lie triple derivation by local actions is proper.
Motivated by the above works, we will discuss the structure form of the nonlinear Lie
triple higher derivations by local actions satisfying the condition xyz = 0 in Relation (2) on
triangular algebras.

There are many interesting generalizations of (Lie triple) derivation, one of them being
(Lie triple) higher derivation (see [18–24]). Let us first recall some basic facts related to Lie
triple higher derivations. Let N be the set of all non-negative integers and ∆ = {δn}n∈N
be a family ofR-linear (resp. nonlinear) mapping on A such that δ0 = idA. ∆ is called:

(a) a (resp. nonlinear) higher derivation if

δn(xy) = ∑
i+j=n

δi(x)δj(y)

for all x, y ∈ A and for each n ∈ N ;
(b) a (resp. nonlinear) Lie higher derivation if

δn([x, y]) = ∑
i+j=n

[δi(x), δj(y)]

for all x, y ∈ A and for each n ∈ N ;
(c) a (resp. nonlinear) Lie triple higher derivation if

δn([[x, y], z]) = ∑
i+j=n

[[δi(x), δj(y)], δj(z)] (2)

for all x, y, z ∈ A and for each n ∈ N .

Assume that {dn}n∈N is a higher derivation on A, and {τn}n∈N is a sequence of
nonlinear (R-linear) mappings form A to its center vanishing on [[x, y], z] with τ0 = 0.
For each non-negative integer n, we set

δn = dn + τn. (3)

Then, it is obvious that {δn}n∈N is a Lie triple higher derivation. A Lie triple higher
derivation ∆ = {δn}n∈N of the form (3) is called proper. It is obvious that Lie higher
derivations and higher derivations are usual Lie triple derivations and derivations for
n = 1, respectively. Lie-type derivations are an active subject of research in algebras
which may not be associative or commutative (see [6]). In fact, many researchers have
made substantial contributions related to this topic, such as [14–17,21,25], etc. For example,
Zhao [17] investigated nonlinear Lie triple derivation by local actions at zero products
on triangular algebras. Let T =

[ A M
O B

]
be a triangular algebra over R, where A and B

are unital algebras over R, and M is a faithful (A, B)-bimodule. He studied nonlinear
mappings δ : T → T that act like Lie triple derivations on certain subsets of T :

δ([[x, y], z]) = [[δ(x), y], z] + [[x, δ(y)], z] + [[x, y], δ(z)]

for all x, y, z ∈ T with xyz = 0. He showed that, under certain conditions on a triangular
algebra T , any such nonlinear mapping δ : T → T is the sum of an additive derivation
d : T → T and a nonlinear central mapping τ : T → T vanishing as [[x, y], z] with xyz = 0.
Inspired by the results above, it is natural to consider some Lie triple higher derivations by
local actions on zero products on triangular algebras.
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In this paper, we investigate the Lie triple higher derivation by local actions at zero
products on triangular algebras. Let T be a triangular algebra over a commutative ring
R. Under some mild conditions on T , we prove that, if a family ∆ = {δn}n∈N of nonlinear
mappings on T satisfies the condition

δn([[x, y], z]) = ∑
i+j+k=n

[[δi(x), δj(y)], δk(z)] (4)

for all x, y ∈ T with xyz = 0, then there exists a higher derivation D = {dn}n∈N and a
nonlinear mapping τn : T → T on T vanishing all [[x, y], z] with xyz = 0 such that

δn(x) = dn(x) + τn(x).

Then, we immediately apply the obtained results to the background of nest algebras
and describe Lie triple higher derivations by local actions on these algebras. Our results
also generalize the existing results ([17], Theorems 2.1 and 2.2) in triangular algebra.

2. Triangular Algebras

In this section, we give some notions that will be needed in what follows.
Triangular algebras were first introduced in [26]. Here, we offer a definition of a

triangular algebra. LetR be a commutative ring with identity. Let A, B be an associative
algebras overRwith idengtity 1A and 1B, respectively. Let M be a faithful (A, B)-bimodule,
that is, for a ∈ A, aM = {0} implies a = 0 and, for b ∈ B, Mb = {0} implies b = 0. We
denote the triangular algebra consisting of A, B, and M by

T =

[
A M
0 B

]
.

Then, T is an associative and noncommutativeR-algebra, the most common examples
of triangular algebras are upper matrix algebras and nest algebras (see [26,27] for details).
Furthermore, the center Z(T ) of T is (see [26,28])

Z(T ) =
{[

a 0
0 b

]
am = mb, ∀ m ∈ M

}
. (5)

Let us define two naturalR-linear projections πA : T → A and πB : T → B by

πA :
[

a m
0 b

]
7−→ a and πB :

[
a m
0 b

]
7−→ b.

It is easy to see that πA(Z(T )) is a subalgebra of Z(A) and that πB(Z(T )) is a
subalgebra of Z(B). Furthermore, a unique algebraic isomorphism τ : πA(Z(T )) −→
πB(Z(T )) exists such that am = mτ(a) for all a ∈ πA(Z(T )) and for all m ∈ M.

3. Main Theorem

This section is aimed at studying Lie triple higher derivations for a zero product on
triangular algebras. More precisely, we will give the higher version corresponding to ([17],
Theorems 2.1 and 2.2).

Theorem 1. Let T =
[ A M

O B
]

be a triangular algebra. Suppose that a sequence ∆ = {δn}n∈N of
mappings δn : T → T is a nonlinear map

δn([[x, y], z]) = ∑
i+j+k=n

[[δi(x), δj(y)], δk(z)]
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for all x, y, z ∈ T with xyz = 0. If πA(Z(T )) = Z(A) and πA(Z(T )) = Z(A), then, every
nonlinear mapping δn is almost additive on T , that is,

δn(x + y)− δn(x)− δn(y) ∈ Z(T )

for all x, y ∈ T .

In order to prove our main results, we begin with the following theorem coming from
([17], Theorem 2.1):

Theorem 2 ([17] Theorem 2.1). Let T =
[ A M

O B
]

be a triangular algebra. Suppose that a mapping
δ1 : T → T is a nonlinear map satisfying

δ1([[x, y], z]) = ∑
i+j+k=1

[[δi(x), δj(y)], δk(z)]

for all x, y, z ∈ T with xyz = 0. Then, nonlinear mapping δ1 is almost additive on T , that is,

δ1(x + y)− δ1(x)− δ1(y) ∈ Z(T ).

For convenience, let us write A11 = A, A22 = B and A12 = M; then, triangular algebra
T =

[ A M
O B

]
can be rewritten by T =

[
A11 A12
O A22

]
.

Proof. Assume that a sequence ∆ = {δn}n∈N of nonlinear mappings δn : T → T is a Lie
triple higher derivation by local actions on triangular algebras T =

[
A11 A12
O A22

]
. We shall use

the method of induction for n. For n = 1, δ1 : T → T is a Lie triple derivation by local
actions. According to Theorem 2, we obtain that a nonlinear Lie triple derivation δ1 by local
actions satisfies the following properties:

C1 =


δ1(0) = 0, δ1(aii + aij)− δ1(aii)− δ1(aij) ∈ Z(T );
δ1(aij + a′ij) = δ1(aii) + δ1(a′ij); δ1(aii + aii)− δ1(aii)− δ1(aii) ∈ Z(T );
δ1(aii + aij + ajj)− δ1(aii)− δ1(aij)− δ1(ajj) ∈ Z(T )

for all aij ∈ A with i < j ∈ {1, 2}.
We assume that the result holds for all 1 < s < n, n ∈ N. Then, nonlinear Lie triple

higher derivation {δl}l=s
l=0 satisfies the following:

Cs =


δs(0) = 0, δs(aii + aij)− δs(aii)− δs(aij) ∈ Z(T );
δs(aij + a′ij) = δs(aii) + δs(a′ij); δs(aii + aii)− δs(aii)− δs(aii) ∈ Z(T );
δs(aii + aij + ajj)− δs(aii)− δs(aij)− δs(ajj) ∈ Z(T )

for all aij ∈ A with i < j ∈ {1, 2}.
Our aim is to show that the above conditions Cs also hold for n. The proof will be

realized via a series of claims.

Claim 1: With notations as above, we have δn(0) = 0.
With the help of condition Cs, we find that

δn(0) = δn([[0, 0], 0]) = ∑
i+j+k=n

[[δi(0), δj(0)], δk(0)] = 0.

Claim 2: With notations as above, we have

(i) δn(a11 + a12)− δn(a11)− δn(a12) ∈ Z(T );
(ii) δn(a22 + a12)− δn(a22)− δn(a12) ∈ Z(T )
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for all aij ∈ A with i ≤ j ∈ {1, 2}.
In order to maintain the integrity of the proof, we give the proof of all cases. Let us

consider the case: (i, j) = (1, 2).
It is clear that m12(a11 + m′12)p1 = m12a11 p1 = 0 = m12m′12 p1 for all a11 ∈ A11 and

m12, m′12 ∈ A12. Then, on the one hand, we have

δn(a11m12) = δn([[m12, a11 + m′12], p1]) = ∑
i+j+k=n

[[δi(m12), δj(a11 + m′12)], δk(p1)]

and, on the other hand, we have

δn(a11m12) = δn([[m12, a11], p1]) + δn([[m12, m′12], p1])

= ∑
i+j+k=n

[[δi(m12), δj(a11)], δk(p1)] + ∑
i+j+k=n

[[δi(m12), δj(m′12)], δk(p1)]

= ∑
i+j+k=n

[[δi(m12), δj(a11) + δj(m′12)], δk(p1)].

By observing the two equations above and condition Cs for all 0 ≤ s ≤ n− 1, we have

0 = ∑
i+j+k=n

[[δi(m12), δn(a11 + m′12)− (δj(a11) + δj(m′12))], δk(p1)]

= ∑
i+j+k=n,j 6=n

[[δi(m12), δj(a11 + m′12)− (δj(a11) + δj(m′12))], δk(p1)]

+ [[m12, δn(a11 + m′12)− (δn(a11) + δn(m′12))], p1]

=[[m12, δn(a11 + m′12)− (δn(a11) + δn(m′12))], p1]

=p1(δn(a11 + m′12)− (δn(a11) + δn(m′12)))m12 −m12(δn(a11 + m′12)− (δn(a11) + δn(m′12)))p2

for all a11 ∈ A11 and m12, m′12 ∈ A12. Then, it follows from the center of algebra T that

p1(δn(a11 + m′12)− (δn(a11) + δn(m′12)))p1 + p2(δn(a11 + m′12)− (δn(a11) + δn(m′12)))p2 ∈ Z(T )

for all a11 ∈ A11 and m12 ∈ A12.
In the following, we prove p1(δn(a11 + m′12) − (δn(a11) + δn(m′12)))p2 = 0 for all

a11 ∈ A11 and m12 ∈ A12. With the help of p2(a11 + m12)p1 = 0 = p2a11 p1, we have

δn(m12) = δn([[p2, a11 + m12], p1]) = ∑
i+j+k=n

[[δn(p2), δn(a11 + m12)], δn(p1)]

for all a11 ∈ A11 and m12 ∈ A12. On the other hand, we have

δn(m12) = δn([[p2, m12], p1]) + δn([[p2, a11], p1])

= ∑
i+j+k=n

[[δi(p2), δj(m12)], δk(p1)] + ∑
i+j+k=n

[[δi(p2), δj(a11)], δk(p1)]

= ∑
i+j+k=n

[[δi(p2), δj(a11) + δj(m12)], δk(p1)]

for all a11 ∈ A11 and m12 ∈ A12. With the help of the two equations above and relation Cs,
we have

0 = ∑
i+j+k=n

[[δi(p2), δj(a11 + m12)− (δj(a11) + δj(m12))], δk(p1)]

= ∑
i+j+k=n,j 6=n

[[δi(p2), δj(a11 + m12)− (δj(a11) + δj(m12))], δk(p1)]

+ [[p2, δn(a11 + m12)− (δn(a11) + δn(m12))], p1]

=[[p2, δn(a11 + m12)− (δn(a11) + δn(m12))], p1]

=p1(δn(a11 + m′12)− (δn(a11) + δn(m′12)))p2
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for all a11 ∈ A11 and m12 ∈ A12. In the following, we prove that the conclusion (i) holds.
For conclusion (ii), taking into accounts the relations m12(b22 + m′12)p1 = m12m′12 p1 =

m12b22 p1 = 0, by an analogous manner, one can show that the conclusion

δn(b22 + m′12)− (δn(b22) + δn(m′12)) ∈ Z(T )

holds for all b22 ∈ A22 and m12, m′12 ∈ A12.
Claim 3: With notations as above, we have δn(m12 + m′12) = δn(m12) + δn(m′12) for all

m12, m′12 ∈ M12.
Thanks to relation Cs for all 1 ≤ s < n and (−m12 − p1)(p2 + m′12)p1 = 0, we have

δn(m12 + m′12) = δn([[−m12 − p1, p2 + m′12], p1])

= ∑
i+j+k=n

[[δi(−m12 − p1), δj(p2 + m′12)], δk(p1)]

= ∑
i+j+k=n

[[δi(−m12) + δi(−p1), δj(p2) + δj(m′12)], δk(p1)]

= ∑
i+j+k=n

[[δi(−m12), δj(p2)], δk(p1)] + ∑
i+j+k=n

[[δi(−m12), δj(m′12)], δk(p1)]

+ ∑
i+j+k=n

[[δi(−p1), δj(p2)], δk(p1)] + ∑
i+j+k=n

[[δi(δi(−p1), δj(m′12)], δk(p1)]

= δn([[−m12, p2], p1]) + δn([[−m12, m′12], p1]) + δn([[−p2, p1], p1]) + δn([[−p1, m12], p1])

= δn(m12) + δn(m′12),

that is, δn(m12 + m′12) = δn(m12) + δn(m′12) for all m12, m′12 ∈ A12.
Claim 4: With notations as above, we have

(i) δn(a11 + a′11) = δn(a11) + δn(a′11);
(ii) δn(a22 + a′22) = δn(a22) + δn(a′22)

for all aii, a′ii ∈ Aii with i ∈ {1, 2}.
We only prove the statements (i). The statement (ii) can be proved in a similar way.

Because of relations m12 p1(a11 + a′11) = m12 p1a11 = 0 = m12 p1a′11, we arrive at

δn((a11 + a′11)m12) = δn([m12, p1], (a11 + a′11)]) = ∑
i+j+k=n

[δi(m12), δj(p1)], δk(a1 + a′11)],

on the other hand, we have

δn((a11 + a′11)m12) = δn(aiim12) + δn(a′11m12)

= ∑
i+j+k=n

[[δi(m12), δj(p1)], δk(a11)] + ∑
i+j+k=n

[δi(m12), δj(p1)], δk(a′11)]

= ∑
i+j+k=n

[[δi(m12), δj(p1)], δk(a11) + δk(a′11)].

for all a11 ∈ A11, m12 ∈ A12. On comparing the above two relations and together with
condition Cs for all 1 ≤ s < n, we see that

0 = ∑
i+j+k=n

[[δi(m12), δj(p1)], δk(a11 + a′11)− (δk(a11) + δk(a′11))]

= ∑
i+j+k=n,k 6=n

[[δi(m12), δj(p1)], δk(a11 + a′11)− (δk(a11) + δk(a′11))]

+ [[m12, p1], δn(a11 + a′11)− (δn(a11) + δn(a′11))]

=[[m12, p1], δn(a11 + a′11)− (δn(a11) + δn(a′11))],

that is,

p1(δn(a11 + a′11)− (δn(a11) + δn(a′11)))m12 = m12(δn(aii + a′11)− (δn(a11) + δn(a′11)))p2.
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It follows from the center of triangular algebra T and the above equation that

p1(δn(a11 + a′11)− (δn(a11) + δn(a′11)))p1 ⊕ p2(δn(aii + a′11)− (δn(a11) + δn(a′11)))p2 ∈ Z(T ). (6)

In the following, we prove

p1(δn(a11 + a′11)− (δn(a11) + δn(a′11)))p2 = 0

for all a11, a′11 ∈ A11.
Benefitting from (a11 + a′11)p2 p2 = a11 p2 p2 = a′11 p2 p2 = 0, we have

0 = δn([[a11 + a′11, p2], p2]) = ∑
i+j+k=n

[[δi(a11 + a′11), δj(p2)], δk(p2)]

and
0 = δn([[a11, p2], p2]) + δn([[a′11, p2], p2])

= ∑
i+j+k=n

[[δi(a11), δj(p2)], δk(p2)] + ∑
i+j+k=n

[[δi(a′11), δj(p2)], δk(p2)]

= ∑
i+j+k=n

[[δi(a11) + δi(a′11), δj(p2)], δk(p2)].

By combining the above two equations with condition Cs for all 1 ≤ s < n, we can
obtain

0 = ∑
i+j+k=n,i 6=n

[[δi(a11 + a′11)− (δi(a11) + δi(a′11)), δj(p2)], δk(p2)]

+ [[δn(a11 + a′11)− (δn(a11) + δn(a′11)), p2], p2]

= [[δn(a11 + a′11)− (δn(a11) + δn(a′11)), p2], p2],

that is,
p1(δn(a11 + a′11)− (δn(a11) + δn(a′11)))p2 = 0 (3.2)

Combining Equations (6) and (7), this claim holds.
Claim 5: With notations as above, we have δn(a11 + m12 + b22)− δn(a11)− δn(m12)−

δn(b22) ∈ Z(T ) for all a11 ∈ A11, m12 ∈ A12, a22 ∈ A22.
For arbitrary a11 ∈ A11, m12 ∈ A12, a22 ∈ A22, in view of (a11 + m12 + b22)m′12 p1 = 0,

we have

δn(m12b22 − a11m12) = δn([[a11 + m12 + b22, m′12], p1])

= ∑
i+j+k=n

[[δi(a11 + m12 + b22), δj(m′12)], δk(p1)]

and

δn(m12b22 − a11m12) = δn(m12b22) + δn(−a11m12)

= δn([[[a11, m′12], p1]]) + δn([[m12, m′12], p1]) + δn([[b22, m′12], p1])

= ∑
i+j+k=n

[[δi(a11) + δi(m12) + δi(b22), δj(m′12)], δk(p1)].

Let us set Wi = δi(a11 + m12 + b22)− (δi(a11) + δi(m12) + δi(b22)). Taking into account
the above equation and inductive hypothesis Cs for all 1 ≤ s ≤ n, we have

0 = ∑
i+j+k=n

[[Wi, δj(m′12)], δk(p1)]

= ∑
i+j+k=n,i 6=n

[[Wi, δj(m′12)], δk(p1)] + [[Wn, m′12], p1] = [[Wn, m′12], p1] = p1Wnm′12 −m′12Wn p2,

that is, p1Wnm′12 −m′12Wn p2 = 0, i.e.,

p1Wn p1 ⊕ p2Wn p2 ∈ Z(T ). (8)
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In the following part, we prove p1Wn p2 = 0. It is clear that (a11 + m12 + b22)(−p1)p2 = 0,
and then

δn(m12) = δn([a11 + m12 + b22,−p1], p2]) = ∑
i+j+k=n

[δi(a11 + m12 + b22), δj(−p1)], δk(p2)]

and
δn(m12) = δn([a11,−p1], p2]) + δn([m12,−p1], p2]) + δn([b22,−p1], p2])

= ∑
i+j+k=n

[[δi(a11) + δi(m12) + δi(b22), δj(−p1)], δk(p2)].

According to the above two equations and inductive hypothesis Cs for all 1 ≤ s ≤ n,
we can obtain

0 = ∑
i+j+k=n

[[Wi, δj(−p1)], δk(p2)]

= ∑
i+j+k=n,i 6=n

[[Wi, δj(−p1)], δk(p2)] + [[Wn,−p1], p2]

= [[Wn,−p1], p2]

that is,
p1Wn p2 = 0. (9)

It follows from Equations (8) and (9) that the claim holds.
Next, we give the proof of this theorem. For arbitrary x = a11 + m12 + b22 and

y = a′11 + m′12 + b′22, we have

δn(x + y) = δn(a11 + a′11 + m12 + m′12 + b22 + b′22)

= δn(a11 + a′11) + δn(m12 + m′12) + δn(b22 + b′22) + Z1

= δn(a11) + δn(a′11) + δn(m12) + δn(m′12) + δn(b22) + δn(b′22) + Z1 + Z2 + Z3

= δn(x) + δn(y) + Z1 + Z2 + Z3 + Z4 + Z5,

which implies that δn(x + y)− δn(x)− δn(y) ∈ Z(T ).
Based on the almost additive of δn on T , we give the main result in this section reading

as follows:

Theorem 3. Let T =
[

A11 A12
O A22

]
be a triangular algebra satisfying

(i) πA11(Z(T )) = Z(A)11 and πA22(Z(T )) = Z(A)22
(ii) For any a11 ∈ A11, if [a11, A11] ∈ Z(A)11, then a11 ∈ Z(A) or for any a22 ∈ A22, if

[a22, A22] ∈ Z(A22), then a22 ∈ Z(A22).

Suppose that a sequence ∆ = {δn}n∈N of mappings δn : T → T is a nonlinear map satisfying

δn([[x, y], z]) = ∑
i+j+k=n

[[δi(x), δj(y)], δk(z)]

for all x, y, z ∈ T with xyz = 0. Then, for every n ∈ N,

δn(x) = χn(x) + fn(x)

for all x ∈ T , where a sequence Υ = {χn}n∈N of additive mapping χn : T → T is a higher
derivation, and fn : T → Z(T ) is a nonlinear mapping such that fn([[x, y], z]) = 0 for any
x, y, z ∈ T with xyz = 0.

Proof. In order to obtain this theorem, we will use an induction method for the component
index n. For n = 1, δ1 is a Lie triple derivation on T by local action, by ([17], Theorem 2.2),
it follows that there exists an additive derivation v1 and a nonlinear center mapping f1



Axioms 2022, 11, 328 9 of 16

satisfying f1([[x, y], z]) = 0 for any x, y, z ∈ T with xyz = 0 such that δ1(x) = d1(x) + f1(x)
for all x ∈ T . Moreover, δ1 and d1 satisfy the following properties:

F1 =

{
δ1(0) = 0, δ1(Aii) ⊆ Aii + Aij +Z(T ), δ1(A12) ⊆ A12, δ1(pi) ⊆ A12 +Z(T );
d1(Aii) ⊆ Aii + Aij, d1(A12) ⊆ A12; f1([[x, y], z]) = 0

for i ≤ j ∈ {1, 2} and for any x, y, z ∈ T with xyz = 0.
We assume that the result holds for s for all 1 < s < n, n ∈ N. Then, there exists an

additive derivation vs and a nonlinear center mapping fs satisfying fs([[x, y], z]) = 0 for
any x, y, z ∈ T with xyz = 0 such that δs(x) = ds(x) + fs(x) for all x ∈ T . Moreover, δs
and ds satisfy the following properties:

Fs =

{
δs(0) = 0, δs(Aii) ⊆ Aii + Aij +Z(T ), δs(A12) ⊆ A12, δs(pi) ⊆ A12 +Z(T );
ds(Aii) ⊆ Aii + Aij, ds(A12) ⊆ A12; fs([[x, y], z]) = 0

for i ≤ j ∈ {1, 2} and for any x, y, z ∈ T with xyz = 0.
The induction process can be realized through a series of lemmas.

Claim 6: With notations as above, we have

(i) δn(A12) ⊆ A12;
(ii) p1δn(p1)p1 ⊕ p2δn(p1)p2 ∈ Z(T ) and p1δn(p2)p1 ⊕ p2δn(p2)p2 ∈ Z(T );
(iii) δn(p1) ∈ M12 +Z(T ).

In fact, it is clear that m12 p1 p1 = 0 for m12 ∈ A12, according to the proof of ([17],
Claim 7), we know that δ1(A12) ⊆ A12.

Because of m12 p1 p1 = 0 for m12 ∈ A12, with the help of condition Fs for all 1 < s < n,
we have

δn(m12) = δn([[m12, p1], p1])

= ∑
i+j+k=n

[[δi(m12), δj(p1)], δk(p1)]

= ∑
i+j+k=n,0≤i,j,k<n

[[δi(m12), δj(p1)], δk(p1)] + [[δn(m12), p1], p1] + [[m12, δn(p1)], p1] + [[m12, p1], δn(p1)]

= [[δn(m12), p1], p1] + [[m12, δn(p1)], p1] + [[m12, p1], δn(p1)]

= p1δn(m12)p2 + p1δn(p1)m12 + δn(p1)m12 − 2m12δn(p1)

and then we can obtain that δn(m12) ∈ A12. Multiplying by p1 on the left side and p2 on
the right side of the above equation, we can obtain that p1δn(p1)m12 = m12δn(p1)p2 for all
m12 ∈ A12. It follows from the definition of center that

p1δn(p1)p1 ⊕ p2δn(p1)p2 ∈ Z(T ).

Because of p2m12 p1 = 0, adopt the same discussion as relations
δn(m12) = δn([[p2, m12], p1]), we can prove that p1δn(p2)p1 ⊕ p2δn(p2)p2 ∈ Z(T ) holds.

Claim 7: With notations as above, we have

(i) δn(a11) ∈ A11 + A12 +Z(T ), where p2δn(a11)p2 ∈ Z(A11);
(ii) δn(a22) ∈ A22 + A12 +Z(T ), where p1δn(a22)p1 ∈ Z(A22)

for all aii ∈ Aii with i ∈ {1, 2}.
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In fact, it is clear that a22a11a12 = 0 for all aij ∈ Aij for all i, j ∈ {1, 2}. Then, according
to condition Fs, we have

0 =δn([[a22, a11], a12]) = ∑
i+j+k=n

[[δi(a22), δj(a11)], δk(a12)]

= ∑
i+j+k=n,0≤i,j,k<n

[[δi(a22), δj(a11)], δk(a12)] + [[δn(a22), a11], a12] + [[a22, δn(a11)], a12]

=[[δn(a22), a11], a12] + [[a22, δn(a11)], a12]

=[[p1δn(a22)p1, a11], a12] + [[a22, p2δn(a11)p2], a12]

for all aij ∈ Aij for all i ≤ j ∈ {1, 2}. Furthermore, we obtain

[p1δn(a22)p1, a11]⊕ [a22, p2δn(a11)p2] ∈ Z(T )

for all aii ∈ Aii for all i ∈ {1, 2}. With the help of assumption (ii), we have

[p1δn(a22)p1, a11] ∈ Z(A11); [a22, p2δn(a11)p2] ∈ Z(A22)

and then
p1δn(a22)p1 ∈ Z(A11); p2δn(a11)p2 ∈ Z(A22)

for all aii ∈ Aii for all i ∈ {1, 2}. Furthermore, we have

δn(a11) = p1δn(a11)p1 − τ−1(p2δn(a11)p2) + p1δn(a11)p2

+ τ−1(p2δn(a11)p2) + p2δn(a11)p2 ∈ A11 + A12 +Z(T )

and
δn(a22) = p2δn(a22)p2 − τ(p1δn(a22)p1) + p1δn(a22)p2

+ p1δn(a22)p1 + τ−1(p1δn(a22)p1) ∈ A22 + A12 +Z(T )

for all aij ∈ Aij with i ≤ j ∈ {1, 2}. Then, we can conclude that this claim can be established.
Now, we define mapping fn1(a11) = τ−1(p2δn(a11)p2) + p2δn(a11)p2 and fn2(a22) =

p1δn(a22)p1 + τ(p1δn(a22)p1) for all a11 ∈ A11 and a22 ∈ A22. It follows from Claim 7
that fn1 : A11 → Z(A11) such that fn1([[a11, b11], c11]) = 0 for all a11, b11, c11 ∈ A11 with
a11b11c11 = 0 and fn2 : A22 → Z(A22) such that fn2([[a22, b22], c22]) = 0 for all a22, b22, c22 ∈
A22 with a22b22c22 = 0. Now set

fn(x) = fn1(a11) + fn2(a22) = τ−1(p2δn(a11)p2) + p2δn(a11)p2

+ p1δn(a22)p1 + τ−1(p1δn(a22)p1)
(10)

for all x = a11 + a12 + a22 ∈ T . It is clear that fn(x) ∈ Z(T ) and fn([[x, y], z]) = 0 with
xyz = 0 for all x, y, z ∈ T . Define a new mapping

vn(x) = δn(x)− fn(x) (11)

for all x ∈ T .
Taking into account Claim 6 and Claim 7 and together with Equations (10) and (11),

we can easily obtain the following Claim 8.
Claim 8: With notations as above, we have

(1) vn(0) = 0, vn(a12) = δn(a12) ∈ A12
(2) vn(a11) ∈ A11 + A12 and vn(a22) ∈ A22 + A12,

for all aij ∈ Aij with i ≤ j ∈ {1, 2}.
Claim 9: With notations as above, we have

(i) vn(a11a12) = a11vn(a12) + vn(a11)a12 + ∑i+j=n,0<i,j<n di(a11)dj(a12);
(ii) vn(a12a22) = a12vn(a22) + vn(a12)a22 + ∑i+j=n,0<i,j<n di(a12)dj(a22)
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for all aij ∈ Aij with i ≤ j ∈ {1, 2}.
Now, we only prove the conclusion (i), The conclusion (ii) can be proved by similar

methods. It follows from a12a11 p1 = 0 and the induction hypothesis Fs for all 1 ≤ s ≤ n− 1
that

vn(a11a12) = δn(a11a12) = δn([[a12, a11], p1])

= ∑
i+j+k=n

[[δi(a12), δj(a11)], δk(p1)]

= [[δn(a12), a11], p1] + [[a12, δn(a11)], p1] + [[a12, a11], δn(p1)]

+ ∑
i+j+k=n,0≤i,j,k<n

[[δi(a12), δj(a11)], δk(p1)]

= a11vn(a12) + vn(a11)a12 + ∑
i+j+k=n,0≤i,j,k<n

[[di(a12), dj(a11)], dk(p1)]

= a11vn(a12) + vn(a11)a12 + ∑
i+j=n,0<i,j<n

[[di(a12), dj(a11)], p1]

= a11vn(a12) + vn(a11)a12 + ∑
i+jk=n,0<i,j<n

dj(a11)di(a12)

for all ast ∈ Ast with s ≤ t ∈ {1, 2}.
Adopting the same discussion as relations vn(a12a22) = δn(a12a22) = δn([[a22, a12], p1])

with a22a12 p1 = 0, we can prove

vn(a12a22) = a12vn(a22) + vn(a12)a22 + ∑
i+j=n,0<i,j<n

di(a12)dj(a22)

for all ast ∈ Ast with s ≤ t ∈ {1, 2}.
Claim 10: With notations as above, we have

(i) vn(a11a′11) = vn(a11)a′11 + a11vn(a′11)p2 + ∑i+j=n,0<i,j<n di(a11)dj(a′11);
(ii) vn(b22b′22) = vn(b22)b′22 + b22vn(b′22)p2 + ∑i+j=n,0<i,j<n di(b22)dj(b′22)

for all aii, a′ii ∈ Aii with i ∈ {1, 2}.
For conclusion (i), for arbitrary a11, a′11 ∈ A11 and a12 ∈ A12, by conclusion (i) in

Claim 9, we have

vn(a11a′11a12) = a11a′11vn(a12) + vn(a11a′11)a12

+ ∑
i+j=n,0<i,j<n

di(a11a′11)dj(a12)

= a11a′11vn(a12) + vn(a11a′11)a12

+ ∑
i+j=n,0<i,j<n

( ∑
i1+i2=i,0<i<n

di(a11)di(a′11))dj(a12)

= a11a′11vn(a12) + vn(a11a′11)a12

+ ∑
i1+i2+j=n,0<i1,i2,j<n

di(a11)di(a′11)dj(a12)

(12)

and
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vn(a11a′11a12) = a11vn(a′11a12) + vn(a11)a′11a12

+ ∑
i+j=n,0<i,j<n

di(a11)dj(a′11a12)

= a11a′11vn(a12) + a11vn(a′11)a12 + vn(a11)a′11a12

+ ∑
i+j=n,0<i,j<n

a11di(a′11)dj(a12) + ∑
i+j=n,0<i,j<n

di(a11)dj(a′11a12)

= a11a′11vn(a12) + a11vn(a′11)a12 + vn(a11)a′11a12

+ ∑
i+j=n,0<i,j<n

a11di(a′11)dj(a12) + ∑
i+j=n,0<i,j<n

di(a11)( ∑
j1+j2=j,0<j<n

dj1(a′11)dj2(a12))

= a11a′11vn(a12) + a11vn(a′11)a12 + vn(a11)a′11a12

+ ∑
i+j=n,0<i,j<n

a11di(a′11)dj(a12) + ∑
i+j1+j2=n,0<i,j1,j2<n

di(a11)dj1(a′11)dj2(a12)

= a11a′11vn(a12) + a11vn(a′11)a12 + vn(a11)a′11a12

+ ∑
i+j=n,0<i,j<n

di(a11)dj(a′11)a12 + ∑
i+j1+j2=n,0<i,j1,j2<n

di(a11)dj1(a′11)dj2(a12)

(13)

for all att, a′tt ∈ Att with t ∈ {1, 2}.
Combining Equation (12) with Equation (13) leads to

vn(a11a′11)a12 = (vn(a11)a′11 + a11vn(a′11) + ∑
i+j=n,0<i,j<n

di(a11)dj(a′11))a12

for all att, a′tt ∈ Att with t ∈ {1, 2}.
Since vn(A11) ⊆ A11 + A12 and A12 is faithful as a left A11-module, the above relation

implies that

vn(a11a′11)p1 = {vn(a11)a′11 + a11vn(a′11) + ∑
i+j=n,0<i,j<n

di(a11)dj(a′11)}p1 (14)

for all a11, a′11 ∈ A11.
On the other hand, by a11 p2 p2 = 0 for all a11 ∈ A11, we arrive at

0 = δn([[a11, p2], p2]) = [[δn(a11), p2], p2] + [[a11, δn(p2)], p2]

+ ∑
i+j+k=n,0≤i,j,k<n

[[δi(a11), δj(p2)], δk(p2)]

= [[vn(a11), p2], p2] + [[a11, vn(p2)], p2]

+ ∑
i+j+k=n,0≤i,j,k<n

[[di(a11), dj(p2)], dk(p2)]

for all a11, a′11 ∈ A11.
Since vn(A11) ⊆ A11 + A12, vn(p2) ∈ A12 and di(p2) ∈ A12, the above equation

implies that
0 = vn(a11)p2 + a11vn(p2) + ∑

i+j=n,0≤i,j<n
di(A11)dj(p2)
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for all a11, a′11 ∈ A11. On substituting a11 by a11a′11 in the above equation, we obtain

0 = vn(a11a′11)p2 + a11a′11vn(p2) + ∑
i+j=n,0≤i,j<n

di(a11a′11)dj(p2)

= vn(a11a′11)p2 + a11a′11vn(p2)

+ ∑
i+j=n,0≤i,j<n

( ∑
i1+i2=i,0≤i1,i2<n

di1(a11)di2(a′11))dj(p2)

= vn(a11a′11)p2 + a11a′11vn(p2)

+ ∑
i1+i2+j=n,0≤i1,i2,j<n

di1(a11)di2(a′11)dj(p2)

for all a11, a′11 ∈ A11. Therefore, we have

p1(vn(a11a′11)p2 + a11a′11vn(p2)

+ ∑
i1+i2+j=n,0≤i1,i2,j<n

di1(a11)di2(a′11)dj(p2))p2 = 0 (15)

Again, note that a′11 p2 p2 = 0 for all a′11 ∈ A11, we have

0 = δn([[a′11, p2], p2]) = ∑
i+j+k=n

[[δi(a′11), δj(p2)], δk(p2)] = [[vn(a′11), p2], p2] + [[a′11, vn(p2)], p2]

+ ∑
i+j+k=n,0≤i,j,k<n

[[di(a′11), dj(p2)], dk(p2)]

= [[vn(a′11), p2], p2] + [[a′11, vn(p2)], p2]

+ ∑
i+j+k=n,0≤i,j,k<n

[[di(a′11), dj(p2)], dk(p2)].

This gives us

0 = vn(a′11)p2 + a′11vn(p2) + ∑
i+j=n,0≤i,j<n

dp(a′11)dq(p2) (16)

Now left multiplying a11 in Equation (16) and combining it with Equation (15) gives

vn(a11a′11)p2 + ∑
i+j+k=n,0≤i,0<j

di(a11)dj(a′11)dj(p2) = a11vn(a′11)p2.

This implies that

vn(a11a′11)p2 +
n

∑
i=1

di(a11) ∑
j+k=n−i,0≤i

dj(a′11)dj(p2) = a11vn(a′11)p2.

Now, using the condition Fs, we find that

vn(a11a′11)p2 −
n−1

∑
i=1

di(A11)dn−i(A′11)p2 = a11vn(a′11)p2,

which gives

vn(a11a′11)p2 = a11vn(a′11)p2 +
n−1

∑
i=1

di(A11)dn−i(A′11)p2.

Hence,

vn(a11a′11)p2 = {vn(a11)a′11 + a11vn(a′11)p2 + ∑
i+j=n,0<i,j<n

di(a11)dn−i(a′11)}p2. (17)
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Now, adding Equations (14) and (17), we have

vn(a11a′11) = vn(a11)a′11 + a11vn(a′11)p2 + ∑
i+j=n,0<i,j<n

di(a11)dj(a′11).

Adopting the same discussion, we have

vn(b22b′22) = vn(b22)b′22 + b22vn(b′22)p2 + ∑
i+j=n,0<i,j<n

di(b22)dj(b′22)

for all b22, b′22 ∈ A22.

Remark 1. Now, we establish a mapping gn : T → Z(T ) by

gn(x) = vn(x)−vn(p1xp1)−vn(p1xp2)−vn(p2xp2)

and gn([[x, y], z]) = 0 with xyz = 0 for all x, y, z ∈ T . Then, define a mapping χn(x) =
vn(x)− gn(x) for all x ∈ T . It is easy to verify that

χn(a11 + a12 + a22) = χn(a11) + χn(a12) + χn(a22).

From the definition of χn and gn, we find that

ϕn(x) = vn(x) + fn(x) = χn(x) + gn(x) + fn(x) = χn(x) + hn(x),

where hn(x) = gn(x) + fn(x) for all x ∈ T .

Claim 11: With notations as above, we obtain that {χn}i=n
i=0 is an additive higher

derivation on triangular algebras T .
Suppose that x, y ∈ T such that x = a11 + a12 + a22 and y = a′11 + a′12 + a′22 where

aij, a′ij ∈ Aij with i 6 j ∈ {1, 2}. Then,

χn(x + y) = χn((a11 + a12 + a22) + (a′11 + a′12 + a′22))

= χn((a11 + a′11) + (a12 + a′12) + (a22 + a′22))

= vn(a11 + a′11) + vn(a12 + a′12) + vn(a22 + a′22)

= vn(a11) + vn(a′11) + vn(a12) + vn(a′12) + vn(a22) + vn(a′22)

= χn(a11 + a12 + a22) + χn(a′11 + a′12 + a′22))

= χn(x) + χn(y).

By Claims 4 and 5, we have

χn(xy) = χn((a11 + a12 + a22)(a′11 + a′12 + a′22))

= χn(a11a′11 + a11a′12 + a12a′22 + a22a′22)

= vn(a11)a′11 + a11vn(a′11) + ∑
i+j=n,0<i<n

di(a11)dj(a′11)

+ vn(a11)a′12 + a11vn(a′12) + ∑
i+j=n,0<i<n

di(a11)dj(a′12)

+ vn(a12)a′22 + a12vn(a′22) + ∑
i+j=n,0<i<n

di(a12)dj(a′22)

+ vn(a22)a′22 + a22vn(a′22) + ∑
i+j=n,0<i<n

di(a22)dj(a′22).

(18)
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On the other hand, we have

χn(x)y + xχn(y) + ∑
i+j=n,0<i<n

χi(x)χj(y)

= χn(a11 + a12 + a22)y + xχn(a′11 + a′12 + a′22) + ∑
i+j=n,0<i<n

χi(x)χj(y)

= (vn(a11) + vn(a12) + vn(a22))y + ∑
i+j=n,0<p<n

di(a11)di(a′11)

+ x(vn(a′11) + vn(a′12) + vn(a′22)) + ∑
i+j=n,0<i<n

di(a11)di(a′12) + ∑
i+j=n,0<i<n

di(a11)di(a′22)

+ ∑
i+j=n,0<i<n

di(a12)di(a′11) + ∑
i+j=n,0<i<n

di(a12)di(a′12) + ∑
i+j=n,0<p<n

di(a12)di(a′22)

+ ∑
i+j=n,0<i<n

di(a22)di(a′11) + ∑
i+j=n,0<i<n

di(a22)di(a′12) + ∑
i+j=n,0<p<n

di(a22)di(a′22).

Taking into account the induction hypothesis Cs and claim 8–10, we calculate that

χn(x)y + xχn(y) + ∑
i+j=n,0<i<n

di(x)dj(y)

= vn(a11)a′11 + vn(a11)a′12 + vn(a12)a′22 + vn(a22)a′22

+ a11vn(a′11) + a11vn(a′12) + a12vn(a′22) + a22vn(a′22)

+ ∑
i+j=n,0<i<n

di(a11)dj(a′11) + ∑
i+j=n,0<i<n

di(a11)dj(a′12)

+ ∑
i+j=n,0<i<n

di(a12)dj(a′22) + ∑
i+j=n,0<i<n

di(a22)dj(a′22).

(19)

Combining Equations (18) and (19), we obtain

χn(xy) = χn(x)y + xχn(y) + ∑
i+j=n,0<i<n

χi(x)χj(y)

for all x, y ∈ T . This shows that each χn satisfies the Leibniz formula of higher order on T .
Finally, we need to prove that each hn vanishes [[x, y], z] with xyz = 0 for all x, y, z ∈ T .

Note that hn maps into Z(T ), {dn}n
i=0 is an additive higher derivation of T .

Therefore, {χn}n
i=0 is an additive higher derivation of T . Therefore,

fn([[x, y], z]) = δn([[x, y], z])− χn([[x, y], z]) = 0

with xyz = 0 for all x, y, z ∈ T . We lastly complete the proof of the main theorem.
In particular, we have the following corollary:

Corollary 1 ([17], Theorem 2.2). Let T =
[

A11 A12
O A22

]
be a triangular algebra satisfying

(i) πA11(Z(T )) = Z(A11) and πA22(Z(T )) = Z(A22)
(ii) For any a11 ∈ A11, if [a11, A11] ∈ Z(A11), then a11 ∈ Z(A11) or for any a22 ∈ A22, if

[a22, A22] ∈ Z(A22), then a22 ∈ Z(A22).

Suppose δ1 : T → T is a nonlinear map satisfying

δ1([[x, y], z]) = ∑
i+j+k=1

[[δi(x), δj(y)], δk(z)]

for all x, y, z ∈ T with xyz = 0. Then, there exist an additive derivation v1 of T and a nonlinear
map τ1 : T → Z(T ) such that

δ1(x) = v1(x) + τ1(x)

for all x ∈ T , where τ1([[x, y], z]) for any x, y, z ∈ T with xyz = 0.
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