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Abstract: New results concerning fuzzy differential subordination theory are obtained in this paper
using the operator denoted by D;*L", previously introduced by applying the Riemann-Liouville
fractional integral to the convex combination of well-known Ruscheweyh and Sildgean differential
operators. A new fuzzy subclass DL (,&, A) is defined and studied involving the operator D; *L".
Fuzzy differential subordinations are obtained considering functions from class DL/ (5, «, ) and the
fuzzy best dominants are also given. Using particular functions interesting corollaries are obtained
and an example shows how the obtained results can be applied.
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1. Introduction

The concept of fuzzy set, introduced by Lotfi A. Zadeh in 1965 [1], has opened the
way for a new theory called fuzzy set theory. It has developed intensely, nowadays having
applications in many branches of science and technology.

The fuzzy set concept was applied for developing new directions of study in many
mathematical theories. In geometric function theory, it was used for introducing the new
concepts of fuzzy subordination [2] and fuzzy differential subordinations [3] as generaliza-
tions of the classical notion of differential subordination due to Miller and Mocanu [4,5].
The main aspects regarding the theory of differential subordination can be found in [6].
Steps in the evolution of the theory of fuzzy differential subordination can be followed
in [7].

The general context of the study presented in this paper contains notions familiar to
geometric function theory merged with fuzzy set theory. We first present the main classes of
analytic functions involved and the definitions regarding fuzzy differential subordination
theory.

U = {z € C: |z| < 1} represents the unit disc of the complex plane and H(U) the
space of holomorphic functions in U.

Consider A = {f € H(U) : f(z) = z+az®>+..., z € U}, and H[a,m] = {f €
HU): f(z) =a+anz™ +ap 12" +..., z€ U}, fora € Cand m € N.

We remember the usual definitions needed for fuzzy differential subordination:

Definition 1 ([8]). A fuzzy subset of X is a pair (M, Fy), with M = {x € X : 0 < Fy(x) <1}
the support of the fuzzy set and Fyy : X — [0, 1] the membership function of the fuzzy set. It is
denoted M = supp(M, Fr).

1,ifx e M,

Remark 1. When M C X, we have Fpq(x) = { 0ifx ¢ M
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Evidently Fp(x) =0, x € X, and Fx(x) =1, x € X.

Definition 2 ([2]). Let D C Cand let zy € D be a fixed point. We take the functions f,g € H(D).
The function f is said to be fuzzy subordinate to g and we write f <r g, if there exists a function
F:C — [0,1] such that f(zo) = g(z0) and Ffp)f(z) < Fyp)§(2z), z € D.

Remark 2. (1) If g is univalent, then f <r g if and only if f(z ) 8(zo) and f( ) C g(D).
(2) Such a function F : C — [0, 1] can be consider F(z) = 1+ F( )= 1+‘Z

(3) If D = U the conditions become f(0) = g(0) and f(U) C ( ), which is equivalent to
the classical definition of subordination.

Definition 3 ([3]). Consider h an univalent function in U and ¢ : C3 x U — C, such that
h(0) = ¢(a,0;0) = a. When the fuzzy differential subordination

Fycsxuy$(p(2),2p'(2),2%p" (2);2) < Byuyh(z), z €U, 1)

is satisfied for an analytic function p in U, such that p(0) = a, then p is called a fuzzy solution
of the fuzzy differential subordination. A fuzzy dominant of the fuzzy solutions of the fuzzy
differential subordination is an univalent function q for which F,;p(z) < Fya)q(z), z € U, for
all p satisfying (1). The fuzzy best dominant of (1) is a fuzzy dominant g, such that F5 1y (z) <
Fyn4(2), z € U, for all fuzzy dominants q of (1).

Lemma 1 ([6]). Consider h € A. IfRe(Z:,H(S) + 1) > — 2, z € U, then 1 fo t)dt is a convex
function, z € U.

Lemma 2 ([9]). Consider a convex function h with h(0) = a, and v
When p € Hla,m], ¥ : C> x U — C, ¢(p(2),zp'(z);z ) = }r
function in U and

€ C* such that Re vy > 0.
"(z) + p(z) is an analytic

1
Fycrean (3290 +5(()) < Fh(a), z€ U,
then
Fp(U)P(Z) < Fyu8(z) < Bh(z), ze€l,
with the convex function g(z fo tﬁfldt, z € U as the fuzzy best dominant.
Lemma 3 ([9]). Consider a convex function g in U and define h(z) = mazg'(z) + g(z),z € U,

withm € Nand o > 0.
Ifp(z) = g(0) + pmz™ + pms1z2™ 1 + ..., z € U, is a holomorphic function in U and

Eyu (p(2) +azp'(2)) < Byuyh(z), zel,

then we obtain the sharp result

Fp(u)p(z) < Fg(u)g(z), ze U.

The original results exposed in this paper are obtained using the well-known
Ruscheweyh and Saldgean differential operators combined with Riemann-Liouville frac-
tional integral. The resulting operator was introduced in [10], where it was used for obtain-
ing results involving classical differential subordination theory. The necessary definitions
are reminded:
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Definition 4 (Ruscheweyh [11]). The Ruscheweyh operator R" is introduced by R" : A — A,
Rf(z) = f(2),
R'f(z) = zf'(2),
(n+ DR f(z) = .flll.z”f(Z) +2(R"f(2)),
forfe AneN,zel.
Remark 3. For a function f(z) = z + Z°° 5 ]zj € A, the Ruscheweyh operator can be written

using the following form R" f(z) = z + Z] 2 %;g]r)(])“jzj/ z € U, where I denotes the gamma
function.

Definition 5 (Sdldgean [12]). The Saligean operator S™ is introduced by S™ : A — A,
$%f(z) = f(a),
S'f(z) = zf'(2),
S f(@m) = z(S"f(2),
forfe AneN, zel.

Remark 4. For a function f(z) =z + Yits ajzj € A, the Siligean operator can be written using
the following form S"f(z) = z + 132, j'ajz, z € U.

Definition 6 ([13]). Define the linear operator L} : A — A, given by
LIf(z) = aS"f(z) + (1 - )R*f(2), z € U,
wherew > 0, n € N.
Remark 5. For a function f(z) =z + Z;O—z ajzf € A, the defined operator can be written using
the following form L f(z) = z + 125 [oc] +(1- zx)%}a]zj, z € U

We also remind the definition of Riemann-Liouville fractional integral:

Definition 7 ([14]). The Riemann—Liouville fractional integral of order A applied to an analytic
function f is defined by
1 (t)

_ _ . f
D) = 1 / e

with A > 0.

In [10] we defined the Riemann-Liouville fractional integral applied to the operator
L} as follows:

Definition 8 ([10]). The Riemann-Liouville fractional integral applied to the differential operator
L} f is introduced by

DILISE) = i | e

— A

1 z t 0 " r(n+]) ‘ z L
I'(A) /0 (z— t)lf/\ e Z (a] - D‘)F(n—l—l)l“(j)>a1/o (z— t)lf)‘ dt,

j=2
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whereaw > 0, A > 0andn € N,

Remark 6. For a function f(z) =z + Z}"’:Z a]-zj € A, the Riemann—Liouville fractional integral
of L f has the following form

gy L e [T+ (I—a)iT(m+j) ] i
P "l (Z)_r(2+A)Z 2 T(+A+1)  Tm+DIG+A+1)]7"

=2
and D;ALEf(z) € H[0, A +1].

The results exposed in this paper follow a line of research concerned with fuzzy
differential subordinations which is popular nowadays, namely introducing new operators
and using them for defining and studying new fuzzy classes of functions.

Fuzzy differential subordinations involving Ruscheweyh and Sildgean differential
operators were obtained in many studies, such as [15]. New operators introduced using
fractional integral and applied in fuzzy differential subordination theory were studied
in [16] where Riemann-Liouville fractional integral is applied for Gaussian hypergeometric
function and in [17] where Riemann-Liouville fractional integral is combined with confluent
hypergeometric function.

Motivated by the nice results obtained in fuzzy differential subordination theory using
Ruscheweyh and Saldgean differential operators and fractional integral applied to different
known operators, the study presented in this paper uses the previously defined operator
D; ML given in Definition 8 applied for obtaining new fuzzy differential subordinations.
In the next section, a new fuzzy class will be defined and studied in order to obtain fuzzy
differential subordinations inspired by recently published studies concerned with the same
topic seen in [18-20].

The main results contained in Section 2 of the paper, begin with the definition of a new
fuzzy class DL (6,a, A) for which the operator D;*L! given in Definition 8 is used. The
property of this class to be convex is proved and certain fuzzy differential subordinations
involving functions from the class and the operator D; *L! are obtained. The fuzzy best
dominants are given for the considered fuzzy differential subordinations in theorems
which generate interesting corollaries when specific functions with remarkable geometric
properties are used as fuzzy best dominants. An example is also shown in order to prove
the applicability of the new results.

2. Main Results

The usage of the operator D; *L! seen in Definition 8 defines a new fuzzy subclass of
analytic functions as follows:

Definition 9. The class DL (5, &, ) is composed of all functions f € A with the property

/
—Arn
Forigyyu (D f@)) > 6, ze U,
wheren € N,6 € 10,1),«a >0,A > 0.
We begin studying this subclass of functions:

Theorem 1. DL; (5, &, A) is a convex set.

Proof. Taking the functions

fr(z) =z + a]-sz, k=1,2, zel,
j=2
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belonging to the class DL;; (6,a, 1), we have to prove that the function

h(z) = 1f(z) + 12f2(2)
belongs to the class DLnf(é, o, A)withyy, 72 >0, 11+ 712 = 1.

We have h’( )= (1fi +72f2) (2) = Tlf{(z) +72f5(2), z € U, and /
(D7 LiR(z)) = (DFALE (111 +72£2)(2)) = 1 (D7 LEA(2)) + 12 (D L fa(2))

and we can write ) .
Foormy w (D= 13h(z)) = Fortmpmp) W (DAL (nfi +72/2)(2)) =
Arn / “Arn /
Fior i) )(Wl(D MLiA@) + 12D Lif2(2)) ) -
F(WlDz/\L"fl) (u ><71( M Lif(2) >+F(72D;ALﬁfz),<u> (72(D;ALZfZ(Z))/)
2 =
ooz (Pe HA2)

)/(u)(D;ALgfl(z)) +F(
5 :
Having f1, fo € DL (5,a,A) we get 6 < F

, (D Lifr) () (
F(D;ALgfz)/(u)(D;ALgfz(Z)) <1,zelU.

F
(DA

DMLfi(2)) < 1landd <

Foporpn Y (P BRA@) +F oy v (D LA (E))
In these conditions § < (G fl) 5 (o t) W < 1 and

D_Ath)/(u)(Dz_’\Lzh(z))/ < 1, equivalently with h € DL} (5,4,1A) and

DL] (6,a,A) is a convex set. [

we get 6 < F(

We give fuzzy differential subordinations obtained for the operator D; L.

Theorem 2. Considering a convex function g in U and defining h(z) = g(z) + 528’ (z), with

¢ >0,z € U, when f € DLy (3,a,A) and G(z) = &5 [ 1°f()dt, z € U, then
F D*)\Ln ! < F h u 2
(D;)‘L{}f)'(u) ;' Laf(z)) < h(U) (z), zel, )

implies the sharp result
—Arn !
F(D;/\LZG)/(U) (DZ L“G(z)> < Fyu8(z), z€ U.
Proof. Differentiating relation
z
21G(2) = (c 4 2) / € £ ()t
0
considering z as variable, we get (¢ + 1)G(z) 4+ zG/(z) = (¢ +2)f(z) and
/
(c+1)DILEG(z) +2(D LIG(2)) = (c+2)D Lif(2), z€ U,

and differentiating it again with respect to z, we obtain

(D;’\LZG(Z)), z(D;)‘LgG(z))N ( AL (2 )) e u.

c+2

and the inequality (2) representing the fuzzy differential subordination can be written

1 Aen " Aen ! 1
Fp-apsc (H—ZZ(DZ ALaG(Z)) + (DZ AL‘XG(z)) ) < Fyu) <C+zzg/(z) —|—g(z)>.
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Denoted
—Arn !
p(z) = (DZ LNG(z)) , zel,

where p € H[1,n], we obtain

1
Fyuy (C+2ZP’(Z) + P(Z)) < Fu) <

Applying Lemma 3, we get

1 /
C+zzg (z) +g(z)>, z e U.

F D;ALZG(ZD/ < Fug(z), zel,

(D:L1G) () (
and g is the best dominant. [

We give an inclusion result for the class DL (5, «, A):

Theorem 3. Tuking h(z) = #ﬂ:l)z and G(z) = Cjﬁ Jo tf(Hdt, z € U, with § € [0,1),

c>0neN,a>0A>0,then

G[DL{ (5, a, /\)} C DLY (6%, 0, ), 3)

1 get+1

where * =26 —1+2(2+¢c)(1-9) [y 71

dt.

Proof. Making the same steps such as in the proof of Theorem 2, taking account the
hypothesis of Theorem 3 and that (z) = 1+(20-1)z ;

1+z
1
Fpw (c t2°

with p(z) = (D;*L1G(z)), z € U.

is a convex function, we obtain

ﬁwm@0Sh@mm

Applying Lemma 2, we get
—Arn !
Foreyw (D:126(2)) < Fyu8(2) < Fuyunh(2),
where
Z ohe _ _ L e
g(z) = 2—;C/ t%flmdt:(Zé—l)_Fz(c—i_z)S 5)/ t it
nzn Jo 1+¢ nz ¥ 0 t+1

Since the function g is convex and g(U) is symmetric with respect to the real axis, we
can write
Fp-apnguy (DZ_ALZG(Z)) > H‘UT}Fg( w8(z) = Fyaung(l) 4)

|z

and 0* =g(1) =26 -1+ 2(2“,)1(175) 01 LN tll ~dt, that give the inclusion (3). O

Theorem 4. Tuking a convex function g with the property g(0) = 0, define h(z) = g(z) +zg'(z),
ze U When f € A,neN,a >0, A >0, and the fuzzy differential subordination holds

Fioogpyan (DL @) < Fh(), ze U, ©)
then we get the sharp result

D;'Lif(2)
s = Shwsl), zell
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Proof. Considering p(z) = L“ﬂz) € H[0,A], we can write zp(z) = D;*L'f(z),z € U,

and differentiating it we get zp’(z ( )+ p(z) = (DZ_ALQf(z)),, zeU.
The inequality (5) can be written as following

Fy (29 (2) + p(2)) < Fyuyh(2) = Fyu)(28'(2) + 8(2)), z€ U,

and applying Lemma 3, we get the sharp result

. DALf(E) _

(D;ALgf)/( ) - g(u)g(z), z e U.
O
Example 1. Consider
—2z
8(2) =13
a convex function in U and we obtain that g(0) =0, ¢'(z) = (1jr§)2' Define
—2z 2z —222 — 4z

hD) =8+ 238G = T~ T T ray

Takewx =2,n=1, f(z) =z+ 22,z € U, and after a short computation we obtain

Lif(z) = z +27°

and
N 1 2 Lif(t) 1 2 t42f?
DA f(z) = / 2 dt = / dt
IO o T T @
- # 1+A L 24+A
T+ trtais)”
and differentiating it
“A7l 1 A 4
(D:13f()) TTr” Tt

Applying Theorem 4 we get the following fuzzy differential subordination

1 4 —272 — 4z
z z <r —,
T+ N TR+ A F 112

ze U,

induce the following fuzzy differential subordination

1 A 4 144 -2z
, ze .
T2+ ). "Te+ N Figz =€

Theorem 5. Tnking a holomorphic function h, such that h(0) = 0 and Re (1 + ZZ,,;S;)) > -1,

ze U, when f € A,n €N, a >0, > 0, and the fuzzy differential subordination holds

—Arn !
Fporgpy (D Lif(@) < Fwh(z),  zell, ©)
then .
AL f(z
F /\L”f( )%f() < Fq(ll)q(z)’ zel,

where the fuzzy best dominant q(z) = 1 foz h(t)dt is convex.
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I (z)

z) = % fOZ h(t)dt is a convex function and it is a solution of the differential equation
defining the fuzzy differential subordination (6) zq'(z) + q(z) = h(z), therefore it is the
fuzzy best dominant.

Differentiating zp(z) = D;*L!'f(z), we get (D;AL;‘f(z)), =zp'(z) + p(z),z € U,
and (6) can be written

Proof. Considering Re (1 + Zh”(z)) > —1,z € U, and using Lemma 1, we deduce that

Fp(ll) (ZPI(Z) + p(Z)) < Fh(u)h(z), z € U.

Applying Lemma 3, we get
D 'Luf(z) _
Footurn = Buq(z), ze U
O
Corollary 1. Taking the convex function in U, h(z) = %, with § € [0,1), when f € A
and the fuzzy differential subordination holds
Flosiu) w) ( SLif(a )> < Buh(z), z€ U, )
then AL ()
LR f(z
F, )‘L"f(u)% < Fuw4(z),z €U,
In(z+1)

where the fuzzy best dominant q(z) =26 — 1+ 2(1 — ) ,z € U, is convex.

. 1+(26—1)z . —2(1-6 4(1-9
Proof. Taking h(z) = HTZ)' we obtain 1(0) = 1, h'(z) = (1( +2) ! and W'(z) = (§+Z)3)'

zh'" (z) _ 1—pcosf—ipsinf\ __ 1—p? 1
therefore Re( e T 1) Re(lﬂ) = Re<1+pco59+ipsin9 = Tpcos0p? = 0>—3.
—Arn
— Dz Lzaf(z)l the

Following the same steps like in the proof of Theorem 5 with p(z)
fuzzy differential subordination (7) can be written

Fpapn e (zp'(2) + p(2)) < Fyuyh(z), zelU.

Applying Lemma 2 for m = 1 and 7y = 1, we obtain

DMLy f(z)
Fpoagran = = B (2),
where
(z) = 1 /‘Zh( )dt = /z mdt —
12 =7. 0 z Jo t+1 -
20-6) = 1, In(z+1)
261+ /O it =2-1421-0 7, zeu
O
Example 2. Consider
-2z
hz) = 1+z
and we obtain that h(0) = 0, ' (z) = (112)2 and W' (z) = (1:}2)3.

Taking account that

Re 1+zh”(z) _ Re 1-z _ Re 1—pcosb —ipsin®
I (z) 1+z 1+ pcosf +ipsind
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1-p? 1
= >0>—,
1+ 2pcosf + p? 2
h is a convex function in U.
Tukingaw =2,n =1, f(z) =z + 22 ze U, asin Example 1, we have

Lif(z) =z +27°

and
1 4
~A7l _ 1+A 2+4A
D:"LfE) = oy Tra+s)”
and differentiating it
—Arl (S S 4
(D:Lif(2) = TA+1). T(At2)
Additionally, we get

1 [z =2t 2In(1+z)
= - dt: _2.
1(2) z/o 1+t z

Applying Theorem 5 we get the following fuzzy differential subordination

1
T(1+A)

4 14 2z

2rn:  Figp el

A
Z+1"

induce the following fuzzy differential subordination

L 14 4 opa . 2In(1+2)
_— =2 .
F(2+/\)Z +F(3+/\)Z <F o ,zel

Theorem 6. Tuking a convex function g with the property g(0) = 0 and defining h(z) = zg'(z) +
g(z),ze U, when f € A,neN,a >0,A > 0, and the fuzzy differential subordination

/
2Dt f(2)

holds, then we obtain the sharp result

zD; LT f(z)

ot A )

< Fyug(z), zel.

DI LIV f(2)
D LEf(z)

(dﬁ%@ " With thi . , .
ie) ) . With this notation, inequality (8) can be written as

Proof. Considering p(z) = and differentiating it we get zp/(z) + p(z) =

Eyu) (20’ (2) + p(2)) < Fyuyh(z) = Fyuy (28'(2) +8(2)), ze U.
Applying Lemma 3, we get

F DLyt f(2)

DLW DAL f(z) < Fwelz), zel

O

Example 3. Consider
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and
—272 _ 4z

h(z) = 8(2) +28'(2) = 1127

as given in Example 1.
Takinga =2,n =1, f(z) = z + 2%,z € U, as in Example 1, we get

Lif(z) = z +22°

and
[3f(z) = z +22°

and applying Riemann—Liouville fractional integral of order A we have

D) = rrrg? = D)

Applying Theorem 6 we get the following fuzzy differential subordination

—272 4
1<y Ty,
(1+42z2)

induce the following fuzzy differential subordination

Z
z<f—1+2, z € U.

Theorem 7. Tnking a convex function g with the property g(0) = 0 and defining h(z) =
Azg'(z) + g(z),z € U, a > 0,A,8 > 0, when f € A and the fuzzy differential subordina-

tion
D Lif(z)
FD;ALZf(U) z

holds, then we obtain the sharp result

o—1

(DzALgf(Z))j < Byaph(z), zel, ©)

D *Lif(z)
FDZALZf(U)< - za ) < Fou)8(z), zel.

. DALIf(2)\° . e .
Proof. Considering p(z) = (%) € H[0,Ad], and differentiating it we obtain

zp/(2) 25([)2_)%'%)6 ( AL (2 )> (DZ_/\LZZJC(Z))b

z
1

:s(”"f = ))‘S (DL (2)) ~ op(2),

z

1

A 51
and 1zp/(z) + p(z) = (7’32“;‘]((2)) (D;/‘Lgf(z))/,z e u.

Inequality (9) can be written

1
Fpu) (5217’(2) + p(z)) < Fuuyh(z) = Fuy (M2¢'(2) +g(2)), z€ UL
Applying Lemma 3 for & = % and m = A6, we get

DAL f(z
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O
Example 4. Consider
(2) = —2z
§E =142
and 5
—2z° —4z
hz) = ¢(z) +2z¢'(z) = ——
(z) = 8(2) +28'(2) 112

as given in Example 1.
Takinga =2,n =1, f(z) =z + 722,z € U, as in Example 1, we obtain

LYf(z) =z + 222
and

1 4
Df)LLl — 1+A 2+A
= LfC) = Tt

and differentiating it

(D;AL%f(z))/ = F(A1+ 1)zA + F(A4+ 2)ZA+1

Applying Theorem 7 we get the following fuzzy differential subordination

1 4 0\ 1 4 1 —272 — 4z
T zeu,
(r(Hz)Z TThita)” ra+a). te+n. ) Ay S

induce the following fuzzy differential subordination

1, 4 5\ -2z
(F(AJrZ)Z +F(/\+3)Z <;1+Z,ZGLI.

Theorem 8. Considering a holomorphic function h, such that h(0) = 0 and Re (1 + Z:;é?) >
—%, z e U, when f € A,a >0, A,6 > 0, and the fuzzy differential subordination

DML f(2)
Foopap\\ =

holds, then

o—1 ,
(D'Lif (=) ) <EBuh(z), zel, (0

D Lif(z)\’
FDZAfo(w(Zz’X) < ha@), zet

where the fuzzy best dominant q(z) = 1 o h(t)dt is convex.

. DAL f(2)\° . . .
Proof. Considering p(z) = (%) € H[0,Ad], after differentiating it and making an
easy computation, we get

6—1

W) (D:*Lif(2), ze,

z

57@) ) = (

and inequality (10) can be written

1
Fyu) (52;?’(2) + p(z)) < Fuyh(z), ze U
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Applying Lemma 2, we obtain

DAL f(2)\°
FD?‘LZf(”)( - za ) < Fuyq(z), zeU.

Taking into account that Re (1 + Z,f;é?) > —1,z € U, applying Lemma 1 we obtain

thatq(z) = % foz h(t)dt is a convex function and it is a solution of the differential equation
of the fuzzy differential subordination (10) zq'(z) 4+ q(z) = h(z), thus it is the fuzzy best
dominant. [

Example 5. Considering
—2z

T 1+z
as in Example 2, a convex function which satisfy conditions from Theorem 8, and taking a = 2,
n=1,f(z) =z+z2% z € U, we obtain

h(z)

Lif(z) = z +27°

and
1 4
A7l _ 1+A 247
D-"LfG) = tory® T rata)”
and differentiating it
—A71 (R 4
(D:*1f@) = TA+D)” " Tht2)”
Additionally, we get
17 =2t 2In(1+2z)
0= =T 2

Applying Theorem 8 we get the following fuzzy differential subordination

[ 4 1\ L 4 1 2z
(F(A+2)Z TTre)” sy Tteen: ) Figz ieW

induce the following fuzzy differential subordination

1 4 15\ 2In(1+432)
S TE .
(r(/\+2)z TThira)” SFT nzel

Theorem 9. Considering a convex function g with the property g(0) = i and defining h(z) =
28 (z) + g(z),z€ U, A > 0,0 > 0,n € N, when f € A and the fuzzy differential subordination

D;Asz@)(D;Asz(Zz))”
[CREEN

holds, then we obtain the sharp result

F, 1-

SMLif(U) Fyuh(z), z€el,

D Lif(z)

—_— < Fg(u)g(z), z € U.
2(Dr Lif(2))

FD;ALZf(U)
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Proof. Differentiating p(z) = Mﬂz), we obtain zp/'(z) + p(z) = 1-

2(DMLEf(2))

—Arn —Arn "
D; ' Lif(2)(D; La/fQZ)) zel
[(D*Lf(2)]
Using this notation, the fuzzy differential subordination can be written

Eyu) (20’ (2) +p(2)) < Byuyh(z) = Fyuy (28'(2) +8(2)), ze U,

and applying Lemma 3, we obtain the sharp result

D Lif(z)

F T, N/
7 2(D 13 (2))

CALEF(U) < Fang(z), zel.

O

3. Conclusions

Applying the theory of fuzzy differential subordination, we studied a subclass of
analytic function DL} (6,a, A) newly introduced regarding the operator D; *L". Several
interesting properties are obtained for the defining subclass DL (6,a,A). New fuzzy
differential subordinations are obtained for D;*L. To show how the results would be
applied it is give an example. The operator D;*L! introduced in Definition 8 and the
subclass DLf,T (6,a,A) introduced in Definition 9 can be objects in other future studies.
Other subclasses of analytic functions can be introduced regarding this operator and some
properties for these subclasses can be investigated regarding coefficient estimates, closure
theorems, distortion theorems, neighborhoods, and the radii of starlikeness, convexity, or
close-to-convexity.

The dual theory of fuzzy differential superordination introduced in [21] could be used
for obtaining similar results involving the operator D;*L!" and the class L (5, &, A) which
could be combined with the results presented here for sandwich-type theorems, as seen
in [17].
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