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Abstract: We consider an equation with exponential nonlinearity under the Dirichlet boundary
condition. For a one- or two-dimensional domain, a global solution has been obtained. In this
paper, to extend the result to a higher dimensional case, we concentrate on the radial solutions in an
annulus. First, we construct a time-local solution with an abstract theory of differential equations.
Next, we show that decreasing energy exists in this problem. Finally, we establish a global solution
for the sufficiently small initial value and parameter by Sobolev embedding and Poincaré inequalities
together with some technical estimates. Moreover, when we take the smaller parameter, we prove
that the global solution tends to zero as time goes to infinity.
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1. Introduction

In [1,2], we considered the following parabolic equation:

ur = Au+Ae* - 1)
u(x,t) =0
u(x,0) = up(x)

xeQ, te(0,Ty),
x €9Q, t €(0,Ty,), 1)
xe )

and the corresponding elliptic equation:

Av+ A —-1)=0 x€Q, o)
v(x) =0 x € 90},

where A > 0, () is a bounded domain in R” with a smooth boundary dQ) for n € N, and T,
denotes the maximal existing time of the local solution for an initial function ug. In [2], the
author established a unique global solution for a sufficiently small A > 0 and uy € H}(Q),
with n = 1,2. In fact, we have following theorems:

Theorem 1 (Theorem 2 in [2]). Let Q C R2 be a bounded domain with a smooth boundary oQ).
Forany A > 0and ug € H}(Q) satisfying

2|0
(C%M+ L')/\M luolFy < 47(logdm —1), 3)

there exists a unique global solution for (1) satisfying
u € C([0,+00); H}(Q2)) NC((0, +00); L*(QY)),

where y is the first eigenvalue of —A in Q) with the Dirichlet boundary condition, |Q)| is the measure
of QinR", and Crpg > 0is a constant which depends only on Q2 coming from the Trudinger—-Moser
inequality. Moreover, there is some A > 0 such that for any A < Ay, we have ||u(-, t)|| H 0as
t — +o0.
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Theorem 2 (Theorem 3 in [2]). Let Q = (0,1). If we replace (3) with
2( 2ct 4 )/\2 + luolly < elog2,

then the conclusion of Theorem 1 is still true, where Cs > 0 is an embedding constant which
depends only on Q) coming from H} (Q)) C C(Q).

To prove the results, first of all, we derive the energy inequality from the Lyapunov
function. Next, we apply the Sobolev embedding theorem for n = 1 and the Trudinger—
Moser inequality for n = 2. Thus, it is not easy to extend this result for n > 3. In this paper,
we assume that the domain is an annulus

1
Agz{xeRn|a<|x|<afor0<a<1andn>2}

and concentrate on the radial solutions u(r) = u(|x|) for r = |x|. Then, problems (1) and
(2) are reduced to

=

t = Upr + 7”7 + ( ) re (a/“_l)r te (0/ Tuo)r
{ u(at) =u(a',t) =0 t € (0,Ty,), )
u(r,0) = ug(r) re(aa)

and
{ o + o, —i—)t(e ~1)=0 re(aal),
v(a) = v( hy=o,

respectively. In [3], the author considered the radial solutions of the Keller-Segel model
in an annulus. First, they derived an inequality similar to Lemma 6 in this paper. The
difference is the boundary condition. They imposed the Neumann boundary condition
in [3]. Next, they established a global solution by the Lyapunov function and the Sobolev
embedding theorem.

Note that any interval « < s < B for 0 < a < B is transformed intoa < r < a~!
through the relations r = (ap) 125 and a = /2 B~1/2. Hence, the problem on any interval
is equivalent to that on (a,a~1). Henceforward, we denote I = (a,a™!) and |I| =a~! —a.
We denote the H} space in relation to r with H = H}(a,a™!) that is equipped with

1
2
g = ( fnlar)”

Nowadays, it seems that there are not enough studies that concern (1) and (2). If (3 is
a unit ball, the authors of [1] studied the bifurcation diagram of the positive solution of (2)
and computed the bound for the Morse index globally, not locally, around a bifurcation
point. If the solution was positive and radially symmetric, they established the existence
of a singular solution, the multiple existence of the regular solution, and the bound for its
Morse index. In [2], they dealt with the bifurcation diagram of the solution for (2), which
was not always positive, for n = 1, and proved that nontrivial solutions bifurcate from
trivial solutions and compute the Morse index locally around each bifurcation point. They
found blow-up criteria and proved the existence of a global solution for (1) for a sufficiently
small initial value and parameter. The aim of this paper is therefore to make a few remarks
regarding the solution for (1) for a higher dimensional case. We introduce the main theorem
on the global existence of the solution for (4) for a small initial value and parameter. We also
construct the global solution with the Lyapunov function. We present similar statements to
Theorems 1 and 2.
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Theorem 3. Let n € Nand n > 2. For any A > 0and uy € H satisfying

1 (/1) 2 _
nz{<a> —a”} (62\1\e+ |I\>)\2+ ||u0||%{ < 2ea®"V1og?2, (5)
there exists a unique global solution for (4) that satisfies

u € C((0,400); HNH*(I)) NC([0, +00); H) N C((0, +00); L(I)).

Moreover, there is some Ay > 0 such that for any A € (0,A1) and ug € H satisfying (5),
we have
[u( D)l — 0

ast — +oo.

We would now like to remark on the corresponding nonlocal problems. In [4,5], the
nonlocal problems corresponding to (1) and (2) were formulated as

u

ut:Au—o—% £

1) xe]=(0,1),t>0,

fle“dx -
ux(0,t) = uyx(1,¢) =0 >0, (6)
u(x,0) = up(x) xe],
Jyu(x, t)dx =0 t>0

and

Av—f—)z‘(j}s:m‘—l) =0 x€],

0x(0) = vx(1) =0, @)
Jio(x)dx =0,

respectively. To introduce the result, we thus define

X:{ueHl(]H/]udx:O}

HY () = {u € HA()) | ux(0) = u:(1) = 0},

respectively. In a one-dimensional case, the situation in (6) seems to be different from
that in (1). Owing to a nonlocal term, and with the use of the Lyapunov function and the
Sobolev embedding theorem, we can derive a uniform estimate of the norm of u in H!(J)
independently for A > 0. It is an open problem to obtain an a priori estimate for n > 2.
Then, we can prove that (6) admits a unique global solution in X.

and

Theorem 4 (Theorem 3 in [4]). For ug € X, (6) admits a unique global solution u = u(x,t),
such that
weC([0,+0);X), we L2<(0,+oo);L2(])).

Forany T > 0, we have
ue LZ((O, T);Hﬁ,(])).

Finally, we would like to remark on a bifurcation diagram of the solution set of (2)
and (7). First, we note that v(x) = 0is always a solution for all A > 0. Then, we argue for the
bifurcation problem with the use of the abstract theory in [6]. However, it is complicated to
investigate an eigenvalue problem for a general domain (). Hence, in [1,2,4,5], the authors
obtained the results of the elliptic properties such as the structure of the solution set and
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the monotonicity of the Morse index for a one-dimensional or radial case. In fact, there
exists A, with
D<M << <A<+ T 4o

such that two continua S;; of a solution for (2) and (7) bifurcate from (A,v) = (Ay,0).
Moreover, we can compute the Morse index on a trivial solution (A, v) = (A,0) for any
A >0and (A,v) € S that are sufficiently close to (A, 0). For details, see Proposition 2 in
[2] and Theorem 2 in [4], respectively.

This paper is composed of 3 sections. In Section 2, we recall the definitions, notations,
and known results. In Section 3, we first transform (4) in order to construct a local solution.
Next, using the Lyapunov function and the Sobolev embedding theorem, we obtain the
necessary estimate of the result of the proof of the global existence for Theorem 3.

2. Preliminary

We recall the definitions, notations, and known results. By defining the norm of ‘H
with [[ul[5, = [Jur|[, for u € H, where || - ||, is the standard L” norm over I defined by

Jull, = (ﬂu|w0

[[u]| o = ess suplu(r)],
rel

for p € [1,4+o0) and

we then introduce the Sobolev embedding and Poincaré inequalities.

Lemma 1. We have the following inequalities:

1
o </ Wl foruen,

wu_waH foru € H.

Lemma 2. We have the following inequality:

/1 M ldr < 2L1”|21 /l.{(u,r"q)r}zdr forueH N H2(I).

Proof. For a constant function, the conclusion is obvious. Assume that u is not a constant
function. By Lemma 1, we have

/qur”*1 dr = —/u(urr” 1) dr

< \//uzdr\//{urrnl )} dr
< |I|\//u2dr\//{urr”1 )} dr
<

\/2|;|17—1\//1u%rn1 dr\//l{(urr”l)r}zdr,

which completes the proof of the lemma. [
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Next, we introduce a technical lemma that plays an important role in deriving the
necessary estimate for the global existence of the solution.

Lemma 3 (Lemma 6 in [2]). Let A, B, x > 0. Assume that Axe < 1 holds. We define
f(t) = Ae™ + B —t

fort > 0. If
B < —%bg Ane (8)

holds, then there exist t1 € (0, tg) and ty € (to, +00) such that f(t) > 0is equivalent to0 < t < t
ort > tp, where ty, t1 and t satisfy to = —(1/a)log Aa and f'(ty) = f(t) = f(t2) = 0.

3. Global Solution
First of all, we transform (4) through the relation

w(r, t) = r%(”_l)u(r, £)

and obtain
wy = Wy — p(r)w + Ao (r) (e"fl(”w — 1) rel, te(0,Ty),
w(a, t) = w(a 1) =0 t € (0,Ty), ©)
w(r,0) = wo(r) = o(r)up(r) rel,
where .
p=p(r) = W and c=o0(r)= pa(n=1),

For wy € H, we transform (9) into the integral equation

w(t) = e Muwy + /Ot eiA(tfs){ —p(r)w(s) + Ao(r) (6071(7)10(5) - 1) } ds,

where we extend A = —d?/dr? to be a self-adjoint positive operator in L?(I) with the
domain D(A) = H N H?(I) and write the semi-group generated by A as e~ . We prove
the local existence and uniqueness of the solution by the theories of an abstract evolution
equation according to Theorem 4.1 in [7]. Thus, by omitting the details, we can establish a
time-local solution w = w(r, t). Hence, we have the following time-local solution:

u € C((0, Ty ); HN HA(I)) N C([0, Ty ); H) NCH((0, Ty ); LA(I))-

We then introduce a decreasing energy, which plays an important role in deriving the
necessary estimate for the global solution.

Lemma 4. Forug € Hand t € [0, Ty,),

Ly(u(t)) = % I(u,)2r”_1 dr — A/I.(e” —u)r"Ldr

is a decreasing energy in t € [0, Ty,) for (4).

Proof. The conclusion follows from

d

SLa(u(t) = - ./I(ut)zr”_l dr < 0.
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Proof of Theorem 3. By Lemma 4, we have

La(u(t)) < Ly(uo)

forall t € [0, Ty, ), which yields

1
5 /(Ltr)zr’“1 dr < A/e“r"fl dr — )&/ur’“1 dr + Ly (ug). (10)
I I I
We then estimate each term of (10) in the following way:

Lemma 5 (Estimate of (10)). We have

a”_1||u]|%{ < /(ur)zr”_1 dr.
i

Lemma 6 (Estimate of (10)). Let

n
k=+/2|Ile and l:<c11> —a".

We have )
- U W P
A/e“r” Var < o lezz " .
I -2 T2
Proof. We have
A/e“r”_l dr < Aek‘%\luﬂoo/r”_l dr
I I
<« Ly aRrgzlull
o
< Ly il
o
N 4 LA B S W 1oL
Vah—1 n
2
Lon—1, 25 |l P o
S gt e
according to Young’s inequality and Lemma 1. O
Lemma 7 (Estimate of (10)). We have
1 I2|1]
n—1 n—1 2 2
’/\/Iur dr| < 2" ||uHH+W/\ .
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Proof. We have

‘)\/Iur”_ldr < /\||u|\ooa
<y L 2
T L
< el g2

according to Young’s inequality and Lemma 1. O

Lemma 8 (Estimate of (10)). We have

1 2
La(uo) < %HUOHH'

Proof. The lemma follows fromr < a lande’ —p >0forp € R. O

We now go back to the proof of the theorem. Substituting the results of Lemmas 5, 6, 7, and 8
into (10), we have

ALIRTATY 212 2 2
2 k 2
e = el Gl

Hence, we have

Julfy < Ael*lic 1B,

where 1 .
A=2 == —
TR T e
and )
o a % 2 2 2
We note that .
Axe = = < 1
we 5 <

and that (5) is equivalent to (8). Hence, we can apply Lemma 3 to f(||u ||%_[) > 0. Since

22(n=1) 1 1 1
||u0H%-[ < TB < _EIOgAD(E = Z(to — ‘x> < tO

holds, we have
2
[u())ll3 <t

as long as the local solution exists. Hence, a global solution exists in H.
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Finally, we deal with the convergence problem. According to Lemmas 1 and 2, we have

%%/qur”_l dr
= —/Iut (r”’lur>rdr
- /1{ (r”_lur)r + Ar”_l(e” — 1)}1’”1*1 (r”_lu,)rdr

- i) F s f{ () -0

2
< gt /I{ (r”_lur) } dr+)\/lr"_1e”u$dr
o r
2n-2
< (Aeﬁlum _ 2“”’;2 ) / 2 dr
I
2n—2
< AeV T 207 7 w2 dr
)

owing to ||u||,; < +/f1. Thus, let

If A < Aq, we have
/1
/u%r”f1 dr < exp {—Ze 7t (A — /\)t} /{(uo)r}zr’"*1 dr =0
I I

as t — +oco, which completes the proof of the theorem. [

Remark 1. In [8], the authors extended the Trudinger—Moser inequality to the case of radially
symmetric functions. Similarly in [3], the Trudinger—Moser inequality was formulated for radially
symmetric functions in an annulus. The advantage of these is that the inequality holds for any
constant because an interval does not contain 0. In our paper, we proved Lemma 6 in a manner
similar to the inequality in [3]. As a result, the global existence of radially symmetric solutions was
proved. The method may be applied to the global existence of radially symmetric solutions for (6)
withn > 2.
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