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Abstract: In this paper, appropriate LP bounds for particular classes of parabolic Marcinkiewicz
integrals along surfaces of revolution on product spaces are obtained. These bounds allow us to
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their respective classes. In this work, several previously known results on Marcinkiewicz integrals
are fundamentally improved and extended.
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1. Introduction

In this article, we assume that d > 2 and S?~! are the unit sphere in the d-dimensional
Euclidean space R? equipped with the normalized Lebesgue surface measure do = do, ().

Let {vcj}?zl be fixed numbers belong to the closed interval [1,00), and let Q : R¥ x

d
R; — R be a mapping given by Q(v,x) = ¥, 0]2 k2%, where v = (vy,...,v4) € RY. For
j=1
any fixed v € R¥, one can easily check that Q(v, x) is the decreasing function in x > 0.
Accordingly, the equation (v, ) = 1 has a unique solution represented by x(v) = «. Fabes
and Riviére [1] proved that x(v) is metric in RY, and called (R?, «) the mixed homogeneity

space related to {«; }?:1.

For x > 0, let Dy be referred to as the diagonal d x d matrix
Dy = diag(x*1,x*2, ... k™).

For the space (Rd, k), we consider the following transformation:
U] = k™ cOS W1 ...COSW,j_pCOS Wi_1,
Uy = k™2 COSwW1 ...COSWy_oSiNWy_1,

v, , = k%1 cos wy sinwy,

v, = k™ sin wy.

Therefore, dv = k* 1] (w)dxdo(w), where k* 1] (w) is the Jacobian of the transforms,

d d
v=)Ya;, J,(w)= Zocjv]z, and w=D_ve S
j=1 j=1
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In [1], the authors proved that ], (w) is a C®(S%~!) function and that there exists a real
constant C; satisfying 1 < ], (w) < Cy.

Let U be a measurable real valued function which is defined on R and belongs to the
space L!(S?~1) with the following properties:

/Sd?lU(w)]d(w)dQ(w):O and U(Dyw) = O(w), Vk>0.

In [2], Ding, Xue and Yabuta studied parabolic Marcinkiewicz integrals ji;5 given by

9= ([(F@wrs)

Fos@)(®) = [ glx- u)Kjiﬁ”(L)dv

x(v)<s

where

In addition, they established the L” boundedness of ;5 for all p € (1, c0) whenever
U € L1(S?1) with g > 1. Thereafter, the L? boundedness of the operator j;; under various
assumptions on the kernels was investigated by many authors (see for instance [3-6]).

We indicate that the parabolic singular integral operator which is related to the integral
operator pg; is given by

Ti5(g)(x) = p.v. /Rd glx— U)S((l;)) dv.
The operator T;5 was studied by many researchers for a long time (we refer the readers
to consult [1,7,8] among others).
The investigation of the Marcinkiewicz integral on product domains was considered
by many authors (see for instance [9-12]).
Fork=1,2,...,mandj=1,2,...,n,letay > 1and pi>1 be fixed numbers; and for
N =ay +iap, A = by +1iby (ay,a3,b1,by € R with a1,b; > 0), let

Ky (o,u) =

m n
wherea = ) a;, B = Y Bj, his a measurable mapping on Ry x R4, and U is a real-valued
k=1 j=1

measurable mapping on R™ x R”, integrable over S"~! x S"~! and satisfies the following:

U(Dy,v,Di,u) = U(v,u), Vki,12 >0, 1)
L 8@ @de@) = [ 00w, (n)de(w) =0. @
For convenient functions ¢, ¢ : Ry — R, we consider the parabolic Marcinkiewicz
operator
dsdt\'/?
K1,K2 2
My 51(8) <//]R+><R+|F5t )l ) ’ ®
where
Fal&)®) = G [, K@ 05001 = 0(1(0),y — yer — P2 () o,

g € S(R™ x R™ 1), A(v,u) = {(v,u) : k1(v) < s,x2(u) < t},and (F,Y) = (%, X1, Y Yns1)-
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When we consider thecase ay = --- = ayy = land 1 = --- = By = 1, we get
that x1(v) = |v|, k2(u) = |u|, « = m, B = n, and (R™! x R* k%) = (R™H x
R™1 1. ],|-]). In this case, we denote zm;lqj‘ 50 BY My y 5. Furthermore, when we
take h = 1,7 =1 = A, ¢(s) = s, and ¢(t) = t, then the operator M, 5, reduces to
the classical Marcinkiewicz integral on product spaces, which is denoted by ;5. Many
researchers were interested in studying the operator 9i;5. For instance, Ding in [13] proved
the L2 boundedness of M if U € L(log L)?(S™~! x S"~1). However, the authors of [14]
showed that 915 is bounded on LP (R™ x R") for all p € (1,00) under the same condition
U € L(log L)?(S™! x §"~1). Later, Choi in [15] improved the last results for the special
case p = 2. Precisely, he confirmed the L?(R™ x R") boundedness of 9; provided that
U € L(logL)(S™ ! x §"~1). In[16], the authors proved the L¥ (1 < p < o) boundedness
of the operator M if U belongs to L(log L) (S™~! x §"~1). Furthermore, they found that
the condition U € L(logL)(S"~! x S"1) is optimal in the sense that if we replace the
space L(log L)(S™~! x S"~1) by the space L(log L)¥(S"~! x §"~1) with 0 < & < 1, then the
operator s will not be bounded on L2(R™ x R").

Al-Qassem in [17] established the L? boundedness of M for all p € (1,00) under the

assumption U belongs to the certain block space BSIO’O) (S™=1 x S"~1) with g > 1. Moreover,

he proved that the space B{go,o) (S™1 x §"~1) is optimal in the sense that we cannot replace

it by the space B‘SO’S)(S’”’l x S§"1) for any ¢ € (—1,0) so that the operator 9 is still

bounded on L2(R™ x R"). For more information about the development and applications
of the operator M5, one can refer to [2,16-18], among other references.
The results in [16] were generalized by Al-Salman in [9] in which he proved the L?

boundedness of Dﬁgll;f 5,1 foralll < p < oo under the conditions U € L(log L)(S" 1 x

S"1), ¢(x1) = x1,and P(x3) = xy. Very recently, this result was improved in [12], in which
the authors satisfied the L boundedness of E)ﬁ;ll;f 3 forall [1/2 —1/p| < min{1/y',1/2},
provided that ¢(x1) = 1, P(x2) = 2, h € Y, (Ry xRy ) for some p > 1, and U €

L(log L)(S" x §m=1) U B (§m~1 x §7-1) for some g > 1, where Y, (R x Ry) (for
u > 1) refers to the class of all functions & that are defined on Ry x R, are measurable
and satisfy

o1 okl

drqdx i
- v drrdicy
IPlly, &, xr,) = ks;le% (/2] /2k |h(K1,%2)| pav ) < oo

The consideration of the L” mapping properties of rough integral operators related
to surfaces has been given a great deal of attention by many mathematicians (see for
example [19-21] and the references therein.)

In this article, we let I denote the collection of all non-negative C!(R.) mappings ¢
that satisfy the following properties:

(@) ¥ is strictly increasing and ¢’ is monotone on R,
(b) 9(x) < M19(2x) for a fixed constant M; € (0,1) and d(x) > M,8(2xk) for a constant
M, € (0, M4],

(¢ B(x) < Msxkd' (x) on R for a fixed constant M3 € (m,oo).

Additionally, we let D denote the collection of all non-negative C! (R ) mappings ¢
that satisfy the following properties:

(@) ¥ is strictly decreasing and ¢’ is monotone on R,
(b) 9(2x) < M;9(x) for a fixed constant M; € (0,1) and 8(2x) > M9 (k) for a constant
MZ € (0/ Ml]/

() d(x) < Ms|xd (k)| on Ry for a fixed constant Mz € (ﬁ,oo).

We indicate here that the collections D and I were established and introduced in [18].
Some model examples for mappings belong to D are #(x) = x Ve " withv > 0and ¢t > 0,
and functions belonging to I are ¢(x) = x"e'® forv > 0and ¢ > 0.
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In view of the results in [9,12] on the boundedness of the operator DJT:; J %5 "
curve (%, ) = (U, %) and of the results on the boundedness of the rough operators along
surfaces of revolution, we are prompted to ask the following natural question: is the rough

parabolic operator 93?;11; %55 along surfaces of revolutions bounded?

along the

The main goal of this paper is to give an affirmative answer to the above question. In
fact, we have the following;:

Theorem 1. Assume that h belongs to Y, (R x R ) with u > 1 and assume that U belongs to
the space L1(S"~1 x S"=1) with 1 < q < 2. Suppose that ¢, are in L or D. Then, there is a
positive constant C,, such that

K

LP(Rm+1xRn+1) S Cpm ||U||m(sn—1 x§m-=1) ||h||y,4(R+xR+) ||g||Lp(Rm+1 xRn+1)

for [1/2 —1/p| < min{1/p’,1/2}.

By the estimates in Theorem 1 and Yano's extrapolation argument(see [7,22]), we
establish the following result:

Theorem 2. Assume that U satisfies the conditions (1)—(2), and assume that h, ¢ and § are given
as in Theorem 1.

(i) IfU € B‘SO’O) (S™=1 x S"=1) for some q > 1, then the inequality
K1,K2
Hmrﬁlp,ilh (g) Ly (Rm+1 XRH+])

< Gpllhlly, ry xry) 181 Ly @ms1 et (1 + |U||B§’0,0>(Snllxg,11))

holds for all |1/2 —1/p| < min{1/4’,1/2};
(ii) If U € L(log L)(S™~! x S"1), then the inequality

L () < Gollflly, m, xr )18l e @1 cmry (1 + HUHL(logL)(S”’*le”*l))

holds for all |1/2 —1/p| < min{1/4’,1/2}.

K1,K2
P
is obtained for the full range of p, i.e., 1 < p < oo, whenever y > 2. However, when

1 < p < 2, we satisfy that 93?;11;]%,1 is bounded only for 3;—@1 <p< % A natural
question arising here is whether we obtain the L” boundedness of zmgll;f spforl<p<oo

whenever p € (1,2). We shall answer this question in the next theorem.

Noteworthy is the fact that, in Theorem 2, the boundedness of the operator 9t

Theorem 3. Assume that ¢ and 1 belong to I or D and that U satisfies the conditions (1) and (2).
Leth € Y, (R x Ry) for some p € (1,2].

(l) IfU € L(log L)(smfl « Sn—l) U Bgo'o) (Smfl > Snfl)for some q > 1, then m;{l’;’%’h is
bounded on LP (R™*1 x R"1) for all p € [2,0).

(i) If 0 € L(log L)2(S"~! x $"~1) U Béo’l)(Sm_l x S"=1) for some q > 1, then mglq;;(,zﬁ,h
is bounded on LP (R™+1 x R"*1) forall p € (1,2).

K1,K2
.0,
condition on U is optimal only for p € [2,00). However, for the case p € (1,2), the

boundedness of smglqj‘ %5 , 1s obtained, but the condition on U is not optimal.

Marcinkiewicz integrals operators are parts of the class of Littlewood-Paley g-functions.
The theory of Marcinkiewicz integrals has a long history. This theory is of vast scope and

From Theorem 3, we see that the boundedness of It i is satisfied whenever the
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Myp8(X,Y) =

utility due its role in dealing with many important problems arising in such parts of analy-
sis as partial differential equations and several complex variables. Recent efforts in dealing
with these operators have been mostly focused on finding the weakest possible kernel
conditions under which L? boundedness holds.

Henceforward, the constant C signifies a positive real number that could be different
at each occurrence but is independent of all essential variables.

2. Some Lemmas

This section is devoted to establishing some lemmas that will be needed to prove the
main results of this paper. Let us first recall the following lemma from [7].

Lemma 1. Suppose that ¢ belongs to I or D. For a suitable mapping g, we let the maximal function
M be defined on R+ py

2]+] dK
[ = Daw,xa = 9 .

J2 K

$8(xX) =sup
JEZ

Then for p > 1, there exists a positive constant C, such that

Hng(g)HLp(Rdﬂ) < Cp||gHLP(Rd+1)-

Lemma 2. Assume that ¢, { are in I or D. Define the maximal function /\/l on R™H1 5 R py

2j+1 ok+1

e A L

kj€Z

Then there is a constant C, > 0 such that the inequality

[M5ite)

LP(RM+1xR1+1) — PHgHLP Rm+1xR+1)

holds for all ¢ € LP(R™H1 x R™ 1) with 1 < p < co.

Proof. It is well known that Mgne(¥,y) < My o Mgg(x,y), where Myg(x,y) =
MG e(-,y)(x), Myg(x,y) = Myg(x,-)(y) and o refers to the composition of the oper-
ators. Hence, by Lemma 1 we have

HM;’%@ CPHM” (M“’( )) H < Cp||8||Ln(Rm+1xR"+1)'

H Ly (Rm+1 XR”*l) - Ly (Rm+1 XR”*I)

O
We shall need the following from [4]:

Lemma 3. Let y denote the distinct numbers of {a;} with j € {1,2,...,d}, and let 6 € [0,1].
Then for x,¢ € R4, there exists C > such that

2
e giDwx e I ‘<Cx ¢l
1

Let T > 2. We define the family of measures {Qle g = Qst s,t € Ry} and its

related maximal operators ¢} and M, ; on R" "1 x R”“ by

1
d = 7/ / 7, 1) K2 (v, u)dudo,
//IR’"“xR”“g Ot ST J1/25<k, (0)<s l/2t§K2(u)§tg( K (o)
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0,8(@,u) = sup |[ost]*g(T,u)l,
S,t€R+
and
_ ot o dsdt
M@ = sup [T [T el s(om)
jkeZ /T

where |0; ¢| is defined similarly to ¢, ; with replacing Uh by |Uh|.

To prove Theorem 1, we need to establish the following lemmas.

Lemma 4. Let U € L7(S"1 x S"™1) with g > 1 and satisfy the conditions (1) and (2). For
s,t > 0 and suitable mappings ¢, P, let

H(Kl, K2) = // eii{DSKlU@ZHP(SKl(v))€m+1+Dt;<2u'€+lp(t7{2(”))gn+l}
§m—1y§n—1

X O(v,u)], (v)],(u)do(v)de(u).

Then, there exist positive constants C and § with 0 < § < min{ 3 ; L 1 ﬁ , %} such that

2l 7 Zq” o’
P dxqdx +-0 4+ ¢
) 0 o
/ /|H(K1/K2)|2K17KZ S CHUH%q(Sm—lXSn—l)|DS§| ’qu,‘Dtg| 7qu/ (4)
1/21/2

where a*® = min{a®,a~b} and v, v, denote the distinct numbers of {a;}, { B;}, respectively.

Proof. We shall prove the lemma only for the case 1 < g < 2 since L1(S""! x §"71) C
L?(S"™~1 x §"71) for all g > 2. Thanks to the Schwartz inequality, we know that

1 1
szldKz
— <
[ [t <e [ ([ 6o

1/2 1/2

X U(U/M)U(x,u)fn(U)In(X)dQ(U)dQ(X))Im(u)dQ(u)/

D
D

¢

—iDs, §-(v—x) 7 Then using Lemma 3, we obtain

where G(¢,v, x) fl 211 dKl .Letp =

Nl

Nl»

G(&v,x) < C|DgE-(v—x)|/M<C2M(|p-(v—x) || D)~/
CIDE | (Jp-(0—2) )",

IN

where 0 < § < min{}, 21 }. This in turn by Hélders inequality implies

1
drqdx -4
2 drydKy 7 2
/ /IH(K1IK2)| T < CIDsg T [|O]|Ta(gm1gn1)

1/2 1/2
o vq
(//Sm 1y §m— 1 U_x)| n dQ(U)dQ(x)) .

Now, if we choose 0 < 6§ < -, we deduce that the last integral is finite, and hence

2//
1 1 d d 5
' ' 2 aK14K) 2 -
[ [ ) s S ClIBlRynxen Dl N7 5)

172 172
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Similarly, we obtain

1

1
dr1dx .
2 14”2 2 7
| [ ) PR < CIOIygnr o D] (6)
1/2 1/2

Now, to prove the other estimates in (4), we need to use conditions (1) and (2) and a
simple change of variable to obtain

101
drid
[ [ ima, ) PR
K1K2
1/2 1/2
11 2 e
—iDgy, & K1dKo
< O (s P =B ()], (0 dee)e() ) T
1/2 1/2
< ClIB |G gn-1 k) IDsE
Lot 2 diyd
Thus, when the last estimate is combined with the estimate [ [ |H(x1,%2)] % <
1/21/2
Cllv|[7 (sn-1xgm-1), we obtain that
101 e d ]
24K14K2 pos
[ 1) PR < I gy D2 @)
1/2 1/2
Similarly, we know that
11 e d ]
K1dK o
J e k) PR < Oy gn1,901) D ®)
1/2 1/2

Consequently by (5)-(8), we obtain all the estimates in the lemma and hence the proof is
complete. O

Lemma 5. Assume that h € Y, (Ry x Ry) for some p > 1, 0 € L1(S"~1 x S"1) for some
q>1,7 > 2, and y, ¢ are given as in Theorem 1. Then for some positive constant C we have the
following estimates

lostll < ClIO aggn-1xsm-1) 1 lly, (m, xR )/ ©)

T]'+1

/s

T R > dsdt o 2 2
[, 10a@OPSE < Cl@ Bl gn e 11, e cm)

+-_2_ + 2
X [Dyg] 7 Dy e (10)

forall j,k € Z, where 6 is the same as in Lemma 4, w = max{2, '} and ||0s+|| is the total variation

of 0s,t-

Proof. By the definition of g5, we immediately obtain (9). Furthermore, by Holder’s
inequality and a simple change in variables, we have
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10s4(8,0)] < C/s /t|h(K1,K2)|’// o~ {Dxy 0-8+¢(x1(0))Gmi1 + Dy u- L9 (12 (1)) Cns1 }
’ - is J1t Sm=1xgn-1
dK1dK1
X Ju(@)],(0)5(0, u)dg(v)dg(u)| 1L
1K2
11 e d 1/n
' aAK1dKy
< Clllyymm | [ [ 16000 T

/2 1/2

It is easy to see that if 4 € (1,2], we obtain

11 1/
R (1-2/4') 2dKydr;
0G0 < N,z m 101G G gy | [ [ 1600 ) PELTE

/2 1/2

However, if y > 2, using Holder’s inequality we obtain

1/2
A szldKz
6@ D < Ml / / G, 1) PE1TE
1/2 1/2
Hence, in either case of y, we have
1/w
szldKz

040601 = P8I g Wl () 19000 P22 )

where w = max{2, ’}. Thus, by Lemma 4, we obtain

R 2 2 2 2y 125
105,4(, O)I” < ClIOILagm1 g1 1Bl ., <& )| DGl 7 [Del] o2

In addition, since T8 < s < ™8T and ©/ < t < U/, we directly obtain that

20 26
~ 2 2 2 “wrd I
0s4(8,0)I° < ClIOIILa(m-1xsm1) 12l (=, xr,) Dol 117 |Dyl| 2 (11)

and

. 2 2 2 +o2 +2
10s4(8, )" < ClIOLaggm-1xsn1) ||h||yy R, xR,)|Deki1d] 7 |Dyjng| w2
B :

Ct 10112 gm-1xsm-1) 111y, (R, xRS

max{aq,....km,B1,--.Bn

IN

2 2
x Dl |D, 'C|+“’”‘7’

26 max{vcl,m,rxm,ﬂl LBn }( 7 72

IN

HUHM -1 x§n— 1)||h\|y,, (Ry xRS
2 2
x D] D]

2 2 o2 +-2
ClIBILasm-1xsm-1) 17l (R, xR, ) [Dr€] 710 |Dg| ©n. (12)

IN

Consequently, by combining (11) with (12), we obtain (10). O
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Lemma 6. Let U € L1(S" 1 x§" 1), h € Y, (R} x Ry) with yu > 1 and , ¢ be given as
in Theorem 1. Then, for every u' < p < oo, there exists a positive constant Cp such that for all
g€ LP(Rm'H % R”+1),

105 (&)L mm+1xre+1) < Cpllhlly, (r, xro) 101 (sm-155m-1) 181l Lo (mo+1 1)

Proof. By Holder’s inequality, we obtain

s t
1
lossl * 8D < Clltlhy, .m0 fon o [ 5 [ [

% % Smflxsnfl
’ 1
X |g(x = D0, Xpy1 — ¢(x1(0)),y — Diytt, Yuy1 — P(x2(u)))[" d@(v)de(u)dKldKz)

!

Hence, using Minkowski’s inequality for integrals together along with Lemma 2, we obtain

1/
o7 (&)l 11y < Cllkly, < ) IO g1 g1y

1/4
(S o B mIME st a0 o)do(w))

Clllly, (s xR 1Ol L1 (-1 xsn-1) Mg (D L 1 e

X

IN A

Cp||h||y,l(R+xR+) ”U”Ll(Sm*le”*l)HgHLP Rm+1 xR+l

O

Lemma 7. We assume that h € Y, (Ry x Ry) with > 1,0 € LI(S" 1 x " 1) with 1 <
q < 2and ¢, ¢ belong to D or . Then, for any functions {By(-,-), j,k € Z} on RMH1 « R+l 4
positive constant C,, exists such that the inequality

i+l k+1 1/2

2dsdt
L/ / ou = Bie| o
jkez ? st

Ly (Rerl XRnJrl)

(}gZ’B]k' >1/2

Proof. We will follow a similar argument employed in [23]. Since Y,(R; xRy ) C
Y2 (R4 x Ry ) for all u > 2, it suffices to prove the lemma for the case 1 < p < 2. Thus,

we have [1/2 —1/p| <1/y'. Now,if2 < p < 2—” , then by duality, there is a function G €

< CpIn(D) |0 (g1 xm1) By, (., R,

LP(Rm+1 xR )

holds forall |1/p —1/2| < min{1/y/,1/2}.

L(p/2) (Rm+1 » R1+1) which is non-negative and satisfies [|G|  (,ay (R xRr1) S 1 and
2
it ki1 1/2
y / / 0 2dsdt
st x Bik| ——
jkez ! st

LP(R’”‘H XR”‘H)

il ket

2 dsdt
0s,t * Bk (%, 7) S—G(x y)dxdy.

- //[R'”+1 XR"+1]k 7 / /

Tk
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Thanks to Schwartz’s inequality, we deduce that

2
0ot * Bix® )| < ClIBlluagnr o 1l g, v / / It

3t 38
2
|By(x = Do, 241 = $(61(0)), ¥ = Dty Y1 — $la(1))
2 dKldKz
< (o) (s, 52) 2 deto)de) 2 ).
12
Thus, we obtain that
Dt gkt 1/2|2
2dsdt
-/ < M
J,gz / / 0st * Bjr| —5 < CllRly, g, e
Lp(RerlanJrl)
X ||U||Lq(§m—1xsn—l) //]‘{m*l erHrl < gZ’BJk ‘ >M|h2—y’TG(—x, —y)djdy
< ClB sy 111 o | X |Bis|
JkEZ L(p/2) (RmH+1 xRr+1)
% HM‘M27H/T(G)HL(P/Z),(RerlXRnJrl)'

where G(—%, —7) = G(%,7). Since h € Y,,(R+ x R..), we obtain [1]* " € Y« (R+ xRy),
&

~ I

and since g

/N

ZL) , we obtain, by Lemma 6 and Holder’s inequality

1 k1 1/2|)?
2dsdt
L[ [ lesesa 57
],kGZ
LP(Rm+1xR+1)
1/2||?
e A [T P (z\zs, )
JkeZ LP(Rm+1xRA+1)
N ~
% HQ ‘hIZﬂL(G)HL(P/Z)/(]RmHXRnH)
1/2(|2
< CpIn ()0 Fggm-t oy 1113 Y. (B
= p LI(Sm—1xSn-1) Y, (RexRy) .
] kez (Rm+1 XR”*l)

On the other hand, if 3;%2 < p < 2, then by the duality, there is a set of functions
X = X;jx(¥,¥,s,t) defined on R7™+1 x R x R, x R, with

L <1
(Rm+1 xRn+1 )

HH||X]k||L2 [Tk, Tk +1] x [T]T]+1} zt) 2
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such that
i+l k1 1/2
dsdt
£ e
JKEZL *
T
Ly (Rm+l XR”+1)
i1 k1
_ dsdt
- //]Rm+1><RVl+1 keZ / / st* k x y)) (xlylsr )7d dy
’ 2
< 1/2 '
= CPIH(T)H(F(X)) HLp’(RmHXRnH) <'kzz‘8/k > ’ (13)
JrE LP(Rn1+1XRn+1)
where
T]+1 k+1
2dsdt
I(X)(x / / 05t % Xj (X, 7,5,1) %

]keZ

Again, since 2, > 1, then by the duality, a function Z € L(P'/2) (R"+1 x R+1) exists

that satisfies ||Z|| (72 (R xR+ <1land

1/2
[CESTES I
m xRn )
1 k41
dsdt
= // / /Qst*X xy,st‘ y)dxdy
]kGZ Rm+1yRn+1
< C||U“L@(S"’*1><S"*1)”hHY;,(RerRJr) Q |h\27" Z HL(p’/z)’(RmHXRnH)
i1 k1
2dsdt
X Z / / ‘X,k( 7y /
],kGZ
L' /2) (Rm+1 R+
<

ClIB I Fa(m-1x50-1) 1113, @ 2y )-

Therefore, by the last inequality, together with (13), the desired inequality holds for
the case 3’3—&2 < p < 2 which in turn finishes the proof of this lemma. [J

By adapting the same technique employed in proving Lemma 4 in [7] to the product
space setting, it is easy to show the following result.

Lemma 8. Assume that h € Y, (Ry x Ry) with1 < p < 2,0 € LI(S"! x S"~1) with
1 < q < 2and ¢, belong to Lor D. Then for any functions { Byj(-, ), j,k € Z} on R™ 1 x R,
there is a positive constant Cy, such that

T+l k1 1/2
2dsdt
Z / / Qsit *Bj'k st
]kEZ "
LP(R""H XR”+1)
1/2
< CpIn*(7)||0| g1 g I lly, (. xRy ) ( ) ’B]k‘ > forl<p<2,
jkEZ

LP (Rm+1 xR™ )

and
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D gkl 1/2
2dsdt
Z//% Bl S
],keZ
Lp(Rerl XRnJrl)
N\ 172
< CpIn(T) |6 g gm-1 1) 1y, (s xe ) <Z ‘B‘,k‘ ) for2 < p < oco.
JkeL LP (R xR )

Proof. First, we consider the case 1 < p < 2. By following the same above arguments, we
obtain, by the duality, there are functions A = A;(¥,¥,s,t) defined on Rl R+ %

R+ X R+ with
H H HA [Tk Tk+l] [Tj/Tj-H]/%) 12 Lp/ (Rm+1 XR"+1) -
and satisfies
Zi+ k1 1/2
2
L[ [lesssa 55
jkez % §
LP(RW!+1 XR"*l)
L kA1
dsdt ,_
- /:/]RerlanJrl / / Os,t *B k X, y)) (X y,S t)idXdy
JkEZ
5 1/2
1/2
S Cp ln(T)H(H( H Rm+1 RnJr]) (Z ‘B]/k‘ ) 4 (14)
],kEZ LP(]Rm-H XR”+1)
where
L k1
2dsdt

0s,t % Aj (X, 7,5, t) 0

H(A ],keZ / /

As 2, > 1, then again by the duality, there exists a function P € L(#"/ 2) (Rm+1 x R+

such that || P[],y (R xR <1land
1/2
[CIERS —
i+l gkt
= // //Qst*A xy,st’ﬁpffddy
]kGZ Rm+1Rn+1
Tk
< ClIOl g gm-1xsm-1y 1y, (v xR4) Q*\h|(7’)HL(F,//Z)/(R,,,Hme)
L k1
2
y Z / / ‘A st dsdt
]kEZ Tk st
L(p’/Z)(Rm+1XRn+1)
2 2 2
< CIn (D)0 zasm1 s 11y, (&, xR, ) (15)

Therefore, using inequalities (14) and (15), we end the proof of this lemma. O
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3. Proof of the Main Results

Proof of Theorem 1. The proof of this theorem mainly depends on the approaches
used in [4,11,16,23], which have their roots in [24]. Foran u > 1,leth € Y, (Ry x R4).
Then, by Minkowski’s inequality, we obtain

mK] K2 //
¢¢Uh ( R+XR+

- 2dsdt /2
XK (0,0)g(x = 0,21 — 91 (0)),y = 1,y 1 — Ylka(u)))dodu| ==

= OS'”L /1 Lt<ry(u)<27t /2" ls<ry (v)<27ks

ad 1
< _
o j’kz_(](//ﬂhrxﬂhr sA /2*/'*1t<;<2(u)§2*/‘t A*k*15<K1(v)§2*ks

- 2dsdt\ V/?
<K 0,003~ X — (51 (2)), 1 — Yo — plra0) o

2mthy 2 dsdt\?

< X,y . 1
S n Db -1 <//]R+ R+|Qst*g )l ) (16)

Let T = 277", Then, we know that In(t) < C % In addition, for j € Z, let

{T]}ojoo be a smooth partition of unity which is defined on (0,00) and adapted to the

interval Z; = [t~ !~/ 7! 7]. Precisely, we have the following:

Tj € C%0<Ti<1 ) Ti(x)=1,
JEZ

Cr

SF/

a'Tj(x)
dx”

supp (T;) < I, and

where C, does not depend on the lacunary sequence {7/;j € Z}. We define the multiplier
operators M;; on R 1 x R by (M(g))(&,0) = Tu(k1(£)T; (x2(2))§(Z, 0. Thus, for

any ¢ € S(R"*! x R"*1), we obtain g(%,7) = ¥ (Mjy1,+1,(8)) (X, 7). This leads, by
jkEZ
Minkowski’s inequality, to

1/2
(//R +‘\’Sf*g>2d5dt) <C Y Non(@E7), (17)

Ii,lLeZ

where
1/2

> dsdt
Mz (//]1§+XR+|V1211 x _1//5 t) ) 4

Vlz,l] (g) (x y,S t 2 Ost * M]+lz k+1 *g(x y) k k+1)><[rf Tj+1)(sf t)
JkEZ ’

Therefore, to prove Theorem 1, it is enough to show that
HMz,ll (8) H LP (Rm+1 xR+1) (18)
< G ln(T)Z_f(‘llH‘lzD HUHM(SH x§m-1) ||hHYV(R+><R+) ||g||Ln(Rm+1 xR7+1)

for any p satisfying |1/2 —1/p| < min{1/u’,1/2} and for some ¢ > 0.
Let us first estimate the L>-norm for A}, ;, (g). By using Plancherel’s Theorem, Fubini’s
Theorem, Lemma 5, and similar procedures as those employed in [11], we obtain
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IN

IN

IN

IN

IN

IN

IN

IN

IN

IN

2
|}M2,11 (g> || LZ(]R""H XR”‘H)

i+l k1
o= =2dsdt VL= =2 ==
YL [ lea@ol S 8@ 0l
Ojtnh+iy | 7 st
Tk
Cp In? (D) | B[ Za g1 1) 11, e ey

Y[ Dl Dy (g, 0) fed

JkEZ ]+12,k+11

_ <z =2 E
Cp (1) 2D Sy oy 11 vy X [ 18GE D) dEAE
JkEZ 1o k+1q

jkEZ

_ 2 2 2
CpIn?(t) 2~ <+l 101 Zagm-1xsm-1) 1Blly, (&, xR ) I8 L2 (@m 41 xRi+1)s (19)

where O = {(g,{) € R™™ x R"™ : (x1(&),x2(0)) € Zy x Z;} and € € (0,1).

On the other hand, the LP-norm for N, ; (g) is estimated as follows: by invoking
Lemma 7 together with the Littlewood-Paley theory and using (3.20) in [11] we obtain

"Mz/ll (g) ‘

Ly (RM+1 XR11+1)

2dsdt
/ / Os,t * +lzk+ll*gD
jkEZ o

Cp In(D)[[O|pa(gn-1xsn1) [lly, (s <.

T]+1

Ly (Rm+1 XR”*l)

1/2
( ) ‘M+lzk+ll *g‘ )

jkEZ

Ly (Rm+1 XR}1+1)

Co el 10 Nis(m- sl . i I8l sty 0

(q

Now, we interpolate between (19) and (20), and immediately obtain (18). This finishes
the proof of Theorem 1.

Finally, the proof of Theorem 3 can be obtained by following the above arguments,
invoking Lemma 8 instead of Lemma 7 and then adapting Yano's extrapolation method.
Precisely, using Lemma 8, we get that

HJ\/Iz,ll (g) H LP (Rm+1 XRVH—l)
2dsdt
kZ/T / Qsit * +lzk+ll*gD
(S

CpIn(T)[[O|a(sn-1xsn-1) [lly, &, <R.)

T]+]

LP (Rm+1 xRn+1 )

1/2
( Z ‘M+lzk+ll *8‘ )

jkeZ

LP (Rm+1 xRn+1 )

M
Cr’m 10| La(sm—1xgm-1) 1lly, (e o) 181 L @+ mn1) (21)

(q

forall2 < p < o, and

H'/V’lz,ll (g> || LP(Rm+1xRn+1)

2
= G (q— 1)5@, 1y 101 Lagm-1xsn-1) 11lly, (&, xR ) 1811 Lr g1 sy (22)
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forall1 < p < 2. Consequently, when we interpolate (19) with (21) and (22), we obtain (18).
The proof of Theorem 3 is complete.

4. Conclusions

In this work, we obtained suitable L7 estimates for a certain class of parabolic
Marcinkiewicz integral operators zm;ll;f 5, whenU € L(S™! x §*~1) with g > 1. Using
these estimates together with Yano’s extrapolation argument, we proved the L¥ bounded-
ness of the aforesaid operator under very weak assumptions on U. Actually, we proved
our results when U € L(log L)(S"~! x S""1)u Bl(io’o) (S"™=1 x §"~1) for some g > 1 which
are considered to be the best possible in their respective classes. Furthermore, we estab-
lished the L? boundedness of our operator for the full range 1 < p < co under stronger
conditions on U. Our results improve as well as extend numerous known results in the

Marcinkiewicz operators.

Author Contributions: Formal analysis and writing—original draft preparation: M.A. and H.A.-Q.
All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: No data were used to support this study.

Acknowledgments: The authors would like to express their gratitude to the referees for their valuable
comments and suggestions in improving writing this paper. In addition, they are grateful to the
editor for handling the full submission of the manuscript.

Conflicts of Interest: The authors declare that they have no conflict of interest.

References

1. Fabes, E; Riviére, N. Singular integrals with mixed homogeneity. Stud. Math. 1966, 27, 19-38. [CrossRef]

2. Ding, Y.; Xue, Q.; Yabuta, K. Parabolic Littlewood-Paley g-function with rough kernels. Acta Math. Sin. (Engl. Ser.) 2008,
24, 2049-2060.

3. Al-Salman, A. A note on parabolic Marcinkiewicz integrals along surfaces. Proce. A Razmadze Math. Inst. 2010, 154, 21-36.

4. Chen, Y; Ding, Y. L? Bounds for the parabolic Marcinkiewicz integral with rough kernels. J. Korean Math. Soc. 2007, 44, 733-745.
[CrossRef]

5. Chen, Y,; Ding, Y. The parabolic Littlewood-Paley operator with Hardy space kernels. Can. Math. Bull. 2009, 52, 521-534.
[CrossRef]

6.  Wang, F; Chen, Y,; Yu, W. L? Bounds for the parabolic Littlewood-Paley operator associated to surfaces of revolution. Bull. Korean
Math. Soc. 2012, 29, 787-797. [CrossRef]

7. Ali,M,; Al-Qassem, H. A note on parabolic maximal operators along surfaces of revolution via extrapolation. Symmetry 2022,
14,1147. [CrossRef]

8. Nagel, A.; Riviére, N.; Wainger, S. On Hilbert transforms along curves. II. Am. J. Math. 1976, 98, 395-403. [CrossRef]

9.  Al-Salman, A. Parabolic Marcinkiewicz Integrals along Surfaces on Product Domains. Acta Math. Sin. Engl. Ser. 2011, 27, 1-18.
[CrossRef]

10. Al-Qassem, H.; Pan, Y. On rough maximal operators and Marcinkiewicz integrals along submanifolds. Stud. Math. 2009,
190, 73-98. [CrossRef]

11.  Liu, E; Wu, H. Rough Marcinkiewicz Integrals with Mixed Homogeneity on Product Spaces. Acta Math. Sin. (Engl. Ser.) 2013, 29,
1231-1244. [CrossRef]

12.  Ali, M.; Aldolat, M. Parabolic Marcinkiewicz integrals on product spaces and extrapolation. Open Math. 2016, 14, 649-660
[CrossRef]

13. Ding, Y. L2-boundedness of Marcinkiewicz integral with rough kernel. Hokk. Math. ]. 1998, 27, 105-115.

14. Chen,J.; Fan, D.; Ying, Y. Rough Marcinkiewicz integrals with L(log L)2 kernels. Adv. Math. 2001, 30, 179-181.

15.  Choi, Y. Marcinkiewicz integrals with rough homogeneous kernel of degree zero in product domains. J. Math. Anal. Appl. 2001,
261, 53-60. [CrossRef]

16. Al-Qassem, A.; Al-Salman, A.; Cheng, L.; Pan, Y. Marcinkiewicz integrals on product spaces. Stud. Math. 2005, 167, 227-234.
[CrossRef]

17.  Al-Qassem, H. Rough Marcinkiewicz integral operators on product spaces. Collec. Math. 2005, 36, 275-297.


http://doi.org/10.4064/sm-27-1-19-38
http://dx.doi.org/10.4134/JKMS.2007.44.3.733
http://dx.doi.org/10.4153/CMB-2009-053-8
http://dx.doi.org/10.4134/BKMS.2012.49.4.787
http://dx.doi.org/10.3390/sym14061147
http://dx.doi.org/10.2307/2373893
http://dx.doi.org/10.1007/s10114-010-9653-7
http://dx.doi.org/10.4064/sm190-1-3
http://dx.doi.org/10.1007/s10114-013-1675-5
http://dx.doi.org/10.1515/math-2016-0061
http://dx.doi.org/10.1006/jmaa.2001.7465
http://dx.doi.org/10.4064/sm167-3-4

Axioms 2023, 12, 35 16 of 16

18.
19.

20.
21.
22.
23.
24.

Fan, D.; Pan, Y.; Yang, D. A weighted norm inequality for rough singular integrals. Tohoku Math. J. 1999, 51, 141-161. [CrossRef]
Kim, W.; Wainger, S.; Wright, J.; Ziesler, S. Singular Integrals and Maximal Functions Associated to Surfaces of Revolution. Bull.
Lond. Math. Soc. 1996, 28, 291-296. [CrossRef]

Kukushkin, M. On Solvability of the Sonin-Abel Equation in the Weighted Lebesgue Space. Fractal Fract. 2021, 5, 77. [CrossRef]
Ali, M.; Al-Mohammed, O. Boundedness of a class of rough maximal functions. J. Ineq. Appl. 2018, 2018, 305. [CrossRef]

Sato, S. Estimates for singular integrals and extrapolation. arXiv 2007, arXiv:0704.1537v1. [CrossRef] [PubMed]

Fan, D.; Pan, Y. Singular integral operators with rough kernels supported by subvarieties. Am. J. Math. 1997, 119, 799-839.
Duoandikoetxea, J. Multiple singular integrals and maximal functions along hypersurfaces. Ann. de I'Inst. Fourier 1986,
36, 185-206.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.2748/tmj/1178224808
http://dx.doi.org/10.1112/blms/28.3.291
http://dx.doi.org/10.1112/blms/28.3.291
http://dx.doi.org/10.3390/fractalfract5030077
http://dx.doi.org/10.1186/s13660-018-1900-y
http://www.ncbi.nlm.nih.gov/pubmed/30839785

	Introduction
	Some Lemmas
	Proof of the Main Results
	Conclusions
	References

