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1. Introduction

Let A be the set of all algebraic numbers, and let W be the maximum of the absolute
values of the algebraic number « and all of its conjugates in the field A. Let C(z) be the
field of all rational functions with complex coefficients, and let K[z1, . . ., z,] be the ring of
all polynomials in zy, . .., z, with coefficients in a ring K.

One of the main methods of transcendental number theory is the Siegel-Shidlowsky
method (see [1-3]). With its help, the transcendence and algebraic independence of the
values of the so-called E-functions (a subclass of entire functions of the first order, which
are closed with respect to differentiation and integration) are proved.

K. Siegel [1] called the entire function

[ee] Zn
f(z) = n;)cnm, cn €A,

an E-function if:

1. foranye >0 |[cy| =O(n™), n — oo;
2. for any ¢ > 0, the least common denominator of ¢y, ..., ¢, is O(n®"), n — oo;
3. f(z) satisfies a linear differential equation with the coefficients in C(z).

An example of E-functions is a class of hypergeometric E-functions ; ¢, (7; A azi7l),

where (1) )
- Vi)n---Vi)n N
Z> _H;O A (Ag)n

N 1,v,...,v
194(V; A 2) :l+1Fq( My A

0<I<qgWo=1 Wu=vv+1)...(v4+n—-1), 7= (v1,...,v1) € Q, 1 € (Q\ Zg),
a €A

There is a large number of works in which the algebraic independence of the values of
various sets of hypergeometric functions at algebraic points is established (see [3]).

In [1], K. Siegel proved that every polynomial P € Alz, f1(z),..., fu(z)], where
f1(z),..., fu(z) are hypergeometric E-functions or the functions obtained from them by
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replacing z with az for &« € A, is an E-function satisfying a linear differential equation with
the coefficients in C(z). In the same article ([1], §2), K. Siegel formulated a conjecture that
the converse statement is also true.

In the author’s articles (see [4]) that were published in 2000-2005, the Siegel conjecture
was proved for E-functions satisfying linear homogeneous differential equations of an
order not higher than 2, and, in some cases, inhomogeneous equations of the second order.

In 2005, the author [5] proved a weakened version of the Siegel conjecture for all linear
differential equations of an order not higher than 2, including inhomogeneous ones. In the
same article, it was suggested that, in general, Siegel’s hypothesis is incorrect. As examples
of rebuttals, it was suggested to consider the E-functions

_ Az z —at — 1 i
V(z) = Vyu(z) =e /Oe q))\(t)dt—z+<)\+1+zx 2+..., 1)
satisfying the equations
Y+ (ma =1+ A/ 2)y + (a — Aa/2)y = A/z, @

whereax € A, A € Q, —A € N, and ¢,(z) is the function introduced by A.B. Shidlowsky
(see [3], ch. 5, §2),

_ 1 _ - z" oAz [Fa—1—t
(PA(Z)_lFl(AJrlZ>_1+7§(A+1)...(A+n)_)‘z e/t e dt.

If A > 0, then the lower integration bound is 0. Otherwise, the integral denotes the
antiderivative for the function t*~!e~f, which is obtained after multiplying all of the terms
of the Taylor decomposition of e~f by +*~1 and the termwise integration with a constant of
integration equal to zero (see [3], ch. 5, §2, formula (21)).

Recently, J. Frezan and P. Jossen [6], relying on the works of I. Andre ([7,8]), N. Katz [9],
T. Rivoal and S. Fischler [10], and other mathematicians, strictly proved that some E-
functions are not polynomials in hypergeometric E-functions. The resulting refutation
of Siegel’s conjecture makes it relevant to develop methods for studying the algebraic
and number-theoretic properties of functions that are not algebraically expressed through
hypergeometric E-functions.

2. On Algebraic Identities between the Functions V(z), ¢, (z), and e*
The function ¢, (z), introduced by A.B. Shidlowsky, satisfies the equation

YV =(1—-A/2)y+A/z 3)
and can be understood as an “inhomogeneous analogue” of the function e*.

Lemma 1 ([3], ch. 5, §3; Lemma 4 in [11]). Let A\g € Z>o, A1,...,Am € C\Z, m > 0, and
Ai = Aj & Z, i # j; the numbers B1, ..., Bn € C are linearly independent over Q, aq, ..., 0, €
C\ {0}, a; # «j, i # j. Then, the (m + 1)n functions

Pr,(Biz), (ij(ociz), j=1,....mi=1,...,n 4)
are algebraically independent over C(z).
Taking into account the identities ¢g(z) = €* and

Zl -1 P

#a(z) = (A+1)...(A+l)%“(z>+l+,§1 (A+1)...(Atn) v

where | € N, the conditions of Lemma 1 are necessary and sufficient.
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From Lemma 7 in [12], a stronger version of Lemma 1 follows.

Lemma 2. Under the conditions of Lemma 1, the functions (4) are algebraically independent over C
together with the functions 281, ..., z5  where the numbers 81,---,Gp € Carelinearly independent

overQ, 61 €Q, peN.

Theorem 1. The following identities hold:

z
Vo,a(z) = 6’“/ e Metdt = 1 ! lx(ez —e"), a#1; Vyi(z) =z (6)
0 —
Vi, 1(z) = ¢ / e oAt = () + o (1-¢), AT, )
/ Jo 1—A 1—-A ! !
Z
Vi @) = [ e pun(t) dt = 263 (2); ®
4
Va/0,2(2z) = —§z3¢§/2(z) — (42% + 2z)¢@3,2(z) —3z -3+ 3¢%; 9)
1, 1 1 5z
V_1/2,2(2z) = E(Pq/z(z) -1+ £)<P71/2(Z) tote (10)

All other functions Vi1, 2(z), k € Z, are also uniquely represented as ce** + Py, where
c € Q\ {0}, Py is a second-power polynomial in i1 2(z) with the coefficients in Q[z,z71].

Proof. Identities (6) are proved through direct computation. The validity of identity (8) can
be established as follows. If we multiply both parts of it by e~2, differentiate with respect
to z, and divide by e 2% then, taking (3) into account, we get the correct identity of the form
¢1/2(z) = @1/2(2). By performing these actions in reverse order, due to V; /5 »(0) = 0, we
get (8).

Identity (7) is proved similarly to (8).

From identity (5), for | = 1, by using integration by parts and (3) successively, we get

oo [P _ 1 22/2721‘ LY
Viaa(e) = & [ e ga(at = g [ e Htgra (- 51— ),

z Z
I'= / e Mty (t)dt = —%/ toas1(t)de ' =
0 0

z

=3 (e 2o, = [T o) + i ()

0
= %1 - % OZ e gy (t)dt — %57222(/’)&1 (z) + %(1 —e %),
T= = [T gt — e Fagpala) + ot (- ),
Vi, 2(z) = _%HV)ﬁl,Z(Z) - %HZ(PA—H (z) —1+¢%, (11)
Vig1,2(2) = AT 1VA,2(Z) - %Z(P/H—l(Z) + %(—1 +e%). (12)

From Formula (12), by induction on rn, we easily obtain the formula
V%, 2(Z) = (—1)”(21’1 + 1)V%, Z(Z)+

+(=1)"12n+1) <1 _1 + L + (=t

)\ ,2z _
33 1 )e + L, n=12,...,
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where L is a linear combination of the functions 1, z¢3,5(z), ..., zq0(2n+1)/2(z) with the
coefficients in Q. From here, by using Formulas (5) and (8), for V|5, 11) 2, 2(z), we obtain the
expression described in the statement of the theorem. This expression is defined uniquely
by virtue of Lemma 1.

Similarly to (11), we get

Vs 5(z) = (1) @n+ 1)V, ,(2)+

+(—1)"(2n+1)(1 O S Gt

2z
=) L =012, ...
375 2n+1>e +Lo =012,

where L is a linear combination of the functions 1, z¢_1/2(2), ..., and z¢_ (5,,11)/2(2), with
the coefficients in Q. From this, we come again to the statement of the theorem. Formulas (9)
and (10) are special cases of the reasoning used. Theorem 1 is proved. [

Theorem 2. Under the conditions of Lemma 1, the function V) ,(z), A & Z, can be expressed
as a polynomial P in functions (4) with the coefficients in C[z,z '] only in the case of m = n =
L, MM—A€Z oy =1 a€{1,2},2A €Z fora =2, P = ce** + Py, where c € C, and Py isa
polynomial not higher than the second power in the function ¢, (z). If A € Zx, then for a # 1, P
is a linear form with the coefficients in C|z,z~1] of the functions €* and e**, and for & = 1, it is of
the functions e* and 1. In addition, if A € Z>g, « # 1, then A = 0.

Proof. We express, if necessary, the function ¢, (z) via e* (according to the identities (5)
and ¢o(z) = ¢%), and we assume that

Z
Via(z) = e® / e M r(t)dt = P = Pre"* 4 - 4 Pe* + By,
0

where s > 0, Py, ..., P; are non-zero polynomials in the functions Pa; (w;z), j # 0; the
numbers 1, ..., 7s € C\ {0} are different. Multiplying this equality by e~**, differentiating
with respect to z, and dividing by e~*%, we get

pa(z) = (PL+ (11— @)P)e" 4o 4 (P4 (s — @) Po)e™ + Py — Py (13)

If A ¢ Z, then according to Lemma 1 P, + (v, — )P = 0,i.e., P, = crel M=z o £ Q.
Hence, in view of Lemma 1 4 = a, P, = ¢, s = 1. If A € Z>p, a # 1, then another case
Y = 1,5 = 2is possible.

Thus, it is proved that for A ¢ Z,

Via(z) =P =ce™ + Py, (14)

and for A € Zx,,
Via(z) = P = ce® + Pie* + P, (15)

where ¢ € C, Py, P are polynomials in the functions ¢ A (wiz),j # 0.
Let the equality (14) be

Py = Peg§, (012) + Peor @ (aaz) + - - + Prga, (12) + Py,

wherek > 1, P, Py, ..., P are polynomials in the functions ¢ A (ajz), except for ¢, (a12),
with the coefficients in C[z,z71].

Then, by multiplying the equality (14) by e~**, differentiating with respect to z, and
dividing by e~%*, we get

kA
par(z) = <P,i + (koq - — zl> Pk) <p’f\1 (12)+
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(Bt (0w - B DAY

P+ ZPk> (pﬁ;l (a1z) +....

If Ay — A ¢ Z, then according to Lemma 1, the coefficients at (pﬁ\l (x1z) should be
zero. Hence,

K\

P = <¢x —kaq + Z) P, P =celt )z o g,

According to Lemma 1, this is only possible if « = ka1, kA € Z. Hence,
-1
Plifl = (061 + (kz)/\l)Pk_l — Ckk/\lzk)‘l_l, Pr_1 #0.

Solving this equation with the method of variation of parameters, we get
P 1 = cpz™M P, (412) + creZMz=M oo e C,

which contradicts Lemma 2. Therefore, the polynomial Py does not depend on the functions
go;\j(a,'z), except, perhaps, ¢, (z), and in this case, Ay —A € Z, k < 2,01 =1, a € {1,2},
2A € Z fora =2.

Similarly, let the equality (15) be

Pié* + Py = Peg§, (a12) + Peo1 @ (aa2) + - - + Prga, (112) + Py,

where k > 1, P,, Py, ..., Py are polynomials in the functions e* and ¢ /\j(uciz), except for
@1, (x1z), with the coefficients in Clz,z7!]. Let us repeat the reasoning carried out for
equality (14). Here, due to the fact that Py may depend on ¢*, another case, & = kay +
1, kM €Z, P, = ckezzk)‘l, cx # 0, arises. In this case,

lezezzk/\l Z—/\l

P = coz“lezw1 (x12) + cre , ¢p,c1€C,

which contradicts Lemma 2.

Thus, we can assume that in equality (15), P;,Py € Clz,z7']. If A = m € Zs,
then, from equality (13), withs = 2, 71 = 1, 72 = «, taking (5) into account, we get
m!/z™ = P{ + (1 — «)P;. However, since Py = 2" + .-+ 2", n; > --- > ny, then with
« # 1, this is possible only in the case of m = 0. Then, from (13), P(’) = aPy, from which
Py = 0. Theorem 2 is proven. [

3. On the Algebraic Independence of the Functions V(z) and V’(z) and Their Values

Lemma 3 (Theorem 2 in [4]). A function f(z) is an E-function satisfying a linear differential
equation of the second order (generally speaking, inhomogeneous) with coefficients in C(z), and the
functions f(z) and f'(z) are algebraically dependent over C(z) if and only if either

f(z) = Pagr(az) + Prgr(caz) + Py,
or

f(2) = P23 (az) + Prop(az) + Py,
where Py, P, Py € Alz], k € Z>p, A, € Q, o € A.

Lemma 4. The E-functions V) ,(z) and V} (z) are algebraically dependent over C(z) if and only
ifA=0,a€QA=1/2, a =2,0rA € Z>y, a =1.

Proof. The sufficiency of the conditions of Lemma 4 follows from identities (6)—(8) and
Lemma 3.
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Let us prove the necessity of these conditions. If the E-functions V(z) and V'(z) are
algebraically dependent, then, according to Lemma 3,

V(z) = e"‘z/o e ™, (t)dt = Pagp(a1z) + Pror(oarz) + Py (16)

or
z
V() = e [e (0t = Pagd, (w2) + Pig, (112) + Py, a7

where Py, P, P, € A[Z], ke Z}O, A,0€Q, aq € A,

The following reasoning can be somewhat simplified by using the statement of
Theorem 2, but here, the proof is carried out directly.

If equality (16) holds, then, in view of (5), we can assume that k = 0, ¢r(z) = €7,
Py, Py, P, € Alz,z71], o ¢ {0;1}. Then, by multiplying the equality (16) by e~*?, differenti-
ating with respect to z, and dividing by e™**, we get

or(z) = (P34 (v — a)Pp) "% + (P + (oq — o) Py )7 1% + Py — . (18)

According to Lemma 1, A = m € Zx. In addition, one of the brackets is zero on the
right-hand side of equality (18). Without loss of generality, consider that P{ + (ca; — a)P; =
0. Then, Py = 0 or &« = oy, P; € A. In both cases, taking (5) into account, equality (18) has

the form

I | m—=1 _n
% e — ;n—m (1 + n;l fz') = (P + (a1 — ) Py)e"* + Py — aPy.

Applying Lemma 1 again, we get a1 = 1. In the case of &« = cay, we have P} +
(1 —0)P, = m!/z". Since P, € Alz,z7!], ¢ # 1, this is possible only if m = 0, P, =
1/(1—0), ¢r(z) = ¢o(z) = €*. In the case of P; = 0, similarly, we geta #1, A =m =0,
ora =1, A=m# 1.

If equality (17) holds, then by multiplying it by e~**, differentiating with respect to z,
dividing by e~**, and taking (3) into account, we get

2A
pir(z) = <Pﬁ + (2041 - — zl> Pz) ‘P3\1 (12)+

A 2A A
+ (Pll + (Dq - — ;>P1 + Zle) PN (0612) + P6 —aPy+ ?1131.

From here, A — A; € Z. Then, in view of (5), we can assume that in (17) A = A,
Py, P1, P, € Alz,z 1. If Ay = A € Z>0, then we return to the case of (16). Let A & Zo.
Then, v =1,
2A A 2A
Py + (2—zx—z)P2_o, Py + (1—a—Z>P1+ZP2—1,

implying that P, = 0ora =2, Py = 2P, P, = cz?*,c € C\ {0}, 2A € Z.
If P, =0, then

A A
P{_<0C—1+Z>P1+1, P(l)—ﬁcpo-l—gpl.

Hence, in the case of &« # 1,

1
P = A e A meN.
1—a z zMm
However, then, —mc;;, = Acy, A = —m, which is not possible. In the case of & =1

Pp=z/(1—A), Py=Py+A/(1—A), Py =—A/(1—A), which contradicts (7).
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If P, #0, P, =0, then 200222 =1, A0 =1/2, c =1, Py = 0, and we come to (8).
Hence, only the case P, # 0, P} # 0,0 =2, A —1/2 € Z, A # 1/2 remains. In view of
Lemma 3 and Theorem 1, Lemma 4 is proven. [

Theorem 3. Let A € Q\ Z<o, v € A, § € A\ {0}. Then, for the algebraic independence of the
numbers V) o(§) and V3, (¢), it is necessary and sufficient that (A, &) # (1/2,2), (A, a) # (0,71),
and (A, «) # (k,1), wherer € Q, k € Z>.

The proof follows from Lemma 4 and Shidlovsky’s theorem ([3], ch. 3).

4. Conclusions

1. One of the conditions for the applicability of the method of the article in [6] is the
algebraic independence of the investigated function, f(z), from f'(z) and f”(z) over
C(z). However, in view of (2), this condition for the function V) ,(z) is not met.
Nevertheless, Theorem 1, as follows from Theorem 2 and Lemma 4, describes all cases
in which the function V), ,(z) can be represented as a polynomial in the functions
¢y, (z) and €M% with the coefficients in Q[z,z1].

2. Inaddition to the identities of Theorem 1, we can also note the identity

z 00 ZnJrl
V/\,O(Z) :/O 4)/\(t)dt: ZO (11+1)()\+1)(A+11) :Zl(pZ(l;Z/)\‘i‘l;Z)'

3. Theorem 3 provides necessary and sufficient conditions for the algebraic independence
of the values of functions, not all of which, apparently, are algebraically expressed
in terms of hypergeometric functions. By using the methods in the articles of [4,12],
Theorem 3 can be generalized to larger sets of functions.
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