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1. Introduction

By Ny, where k € Z, we denote the set {n € Z : n > k}. Let B(a,r) = {z € C" :
|z—a| <r},wherea e C",r >0, |z| = \/(z,2z) and (z,w) = 27:1 ZjWj, z, W € C". Further,
let B = B(0,1), S = 9B, dV(z) be the n-dimensional Lebesgue measure on B, H(BB) be the
space of holomorphic functions on B and S(B) be the family of holomorphic self-maps of B.
For some basics on the functions in H(B), consult, e.g., [1]. For some other presentations of
the theory, see also [2,3]. If f € C(B) and f(z) > 0, z € B, then we call it a weight function
and write f € W(B). u € W(B) is radial if u(z) = p(|z|), z € B. If y € W(B) is radial and
non-increasing in |z|, and lim;|_,; p(z) = 0, then it is typical. If X is a normed space, then
By = {x: [[x]|x <1}.

Let X and Y be two normed spaces. A linear operator T : X — Y is bounded if there
is C > 0 such that ||Tf|ly < C|fllx, f € X, and we write T € L(X,Y). The operator
is compact if it maps bounded sets into relatively compact ones ([4-7]), and we write
T € K(X,Y). The essentialnorm of T € L(X,Y) is

IT

ex—y = inf{||T+Kl[[x-y : K€ K(X,Y)}.
If 4 € W(B), then the space of f € H(B), such that

1 W = S‘é}gﬂ(zﬂf(z)\ < +eo,

is the weighted-type space Hy’(B) = H}?. The little weighted-type space H%,(B) = H7,
contains f € H(B) such that lim;|_,; #(z)|f(z)| = 0. For some information on these
function spaces see, e.g., [8-14]. For several technical and theoretical reasons, these spaces
are suitable choices for studying concrete linear operators from or to them.

Each ¢ € S(B) induces the composition operator Cyf (z) = f(¢(z)). Each u € H(B)
induces the multiplication operator M, f(z) = u(z)f(z). The radial derivative of f € H(B)

is Rf (z) = 1 2;D;f (=), where Djf (z) = 3L (2), j=Tn.1fn =1, then D1 f := Df = f/,

Axioms 2023, 12, 938. https:/ /doi.org/10.3390/axioms12100938

https:/ /www.mdpi.com/journal/axioms


https://doi.org/10.3390/axioms12100938
https://doi.org/10.3390/axioms12100938
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/axioms
https://www.mdpi.com
https://orcid.org/0000-0002-7202-9764
https://orcid.org/0000-0003-0598-7046
https://doi.org/10.3390/axioms12100938
https://www.mdpi.com/journal/axioms
https://www.mdpi.com/article/10.3390/axioms12100938?type=check_update&version=2

Axioms 2023, 12,938

20f19

where by D¥ f we denote the differentiation operator of the kth order f*) (for k = 0, the
identity operator is obtained).

There has been some interest in these operators, integral-type operators (for some
of them see, e.g., [14-16]), and their products. Besides the products of C, and M, there
have been some investigations into the products of D and C,. One of the first papers on
these products was [17], where D o C, between Bergman and Hardy spaces was studied.
Ohno in [18] studied the products between Hardy spaces. S. Li and S. Stevi¢ then studied
the operators between various spaces (see, e.g., [19], where we studied the products from
H® and the Bloch space to nth weighted-type spaces, and the related references therein).
For some later investigations of the operators see, e.g., [20-22]. The operator D o M, on
Bloch-type spaces was studied in [23].

Motivated by the above-mentioned product-type operators, researchers started in-
vestigating some more complex operators. The operator Dy, := M,CyD™ is a natural
generalization of the product C,D and has been investigated in depth. One of the first
studies of the operator was conducted in [24]. Zhu studied the operator from Bergman-type
spaces to some weighted-type spaces. The research was continued in [25], where the opera-
tor from Bloch-type spaces to weighted Bergman spaces was studied, and in [26], where
the operator on weighted Bergman spaces was studied. In several papers, we have studied
the operator between various spaces of holomorphic functions (see [27], where we studied
the operator from the mixed-norm space to the nth weighted-type space, and the related
references therein). For some later studies of the operator, see, e.g., [28-33]. The operator
§RT,¢ =M, Cq,éR'”, which is an n-dimensional variant of Dgfu, was introduced in [34] (see
also [35]).

The sum M, Cy + M, C,D was studied first in [36], whereas the sum M, C,D" +
MquDD”Jrl for an arbitrary n € Ny was studied in [37]. For some other studies of these
and related operators, see, e.g., [38—43].

Motivated, among others, by the investigations in [34-37,43], S. Stevi¢ introduced
several sums of operators, including the following;:

m ) mo
Siip = Z% My, CoR! = Z% éR/”j/G‘” 1
= j=

wherem € N, u; € H (B),j=1,m,and ¢ € S(B), and investigated them, e.g., in [44,45].

For some other concrete operators, see, for example, [46-53]. Some of them are product-
type operators containing an integral-type operator. In [50], the products of integral-type
operators and C, from a mixed norm space to Bloch-type spaces were studied. Another
product-type operator, which includes an integral-type operator, acting from Qy(p, q) to
a-Bloch spaces, was studied in [48].

Here, we continue our research in [27,34,36,37,44,45] by studying the boundedness
and compactness and estimating the essential norm of the operators &7/ 0 acting between
weighted-type spaces of holomorphic functions.

By C we denote some positive constants. If we write a < b (respectively, a 2 b), then
there is C > 0 such that a < Cb (respectively, a > Cb). If a S band b < 4, then we write
axb.

2. Auxiliary Results
Lemma1l. Letm € N, y € W(B) and

< Cr < +oo, @)
forz,w € B, such that |z — w| < r(1 — |z|) for somer € (0,1). Then,

RS S ¢ il

W”ﬂ\m% ®3)
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for f € HY (B) and z € B.
Proof. For any fixed r € (0,1), the Cauchy—Schwarz and Cauchy inequalities imply
z
RIS o s If) @
weB(z,r(1—|z|))
forz € Band f € H(B). From (2), we have
Cr Cr
w)| < w w)| < —— o0
|f(w)] y(z)ﬂ( )| (w)] e 11l g
for each w € B(z,7(1 — |z])). By the above two inequalities, we have
RFG) S i Il
(1= [z[)u(z) " "
that is, (3) holds when m = 1.
Next, assume that for k € N,
§Rk_1 < ‘Z| w, 5
R S T ©)
forevery f € Hy(B) and z € B.
If we replace f by R¥~1f in (4), then we obtain
z _
RFEIS o sup R )]
2| weB(z,r(1-2)))
Since it holds that
1 Cr
— < and 1—|w|>1—-r)(1—-|z
TekTe o] > (11~ [2))
for each w € B(z,r(1 — |z])), (5) implies
swp RS sup 1l
weB(zr(1-2]) weB(zr(1—|z))) (1= [w])p(w)
C 1
< r 0,
ST e
Thus,
R (2)| S el
’ ’ (1= JzDkp(z) ™
from which (3) holds foreach m € N. O
Lemma 2. Let w € B and y be a typical weight such that
p(r) 1p)
<
(=rp = - ©

ford <r < p < landsomed € (0,1), « > 0and C > 0. Then, for w € B and k € Ny,
the function

(1 - fof)e+
- (& w) ()’ @

fgz,k(z) =
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belongs to H;‘,’O(IB%).
Moreover, we have

sup | foxllay < 1. ©)
weB

Proof. We have

o ([P uE) (- )G e ()
FE o = 1 () < 0 Rl ) <2 pw) O
< 2a+k& (10)

n(w)

forz € B, whichimplies f} , € H;?(B) foreachw € B. From (9) and since lim|_,; pi(z) = 0,
we obtain f, , € H7(BB).
From (10) and since y is radial and non-increasing, it follows that

anWSﬂH%m a1

=
~—

for |w| < 4.
Now, assume that § < |w| < 1. Since y is radial and non-increasing and (6) holds, we
get

(1 _ |w|2)a+k‘u(z)
(1 = [z[[w])*pu(w)
pl) Aol A-foP)u(ollz) e gy

“u(wllzl) (1= Jelfw])F (1= [Elw)*p(fw])

n(@) fux(2)l <

when |w||z| > 6.
If § <|w| <1and |w||z| < J, then we have

conlz) w0 (e p(w]lz)

(@) fox(2)]

“ulloll) (- [zllwDF (1= [zllwD* (el
20 (0) (1 —Jw|)* _ C2M*pu(0)
< < , (13)
(1—=06)*  u(lwl) p(9)
From (12) and (13), we have
C2k+“y(0)
« o < — —~
||fw,kHH = y(&) (14)
ford < |w| < 1.
From (11) and (14), relation (8) follows. [
Remark 1. If
im 0 (15)

r—1-0 (1 —r)atk B
then f5 . — 0as |w| — 1 uniformly on compacts of B.

For our next lemma, see [34,35].
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Lemma3. Lets > 0, w € B, and gu,s(z) = (1 — (z,w)) 5. Then,

Pe((z,w))

Rguse) =S ¢ gy

where P(w) = sk 1wk + p,((]i)l(s)wk’l +o 4 pgk) (s)w? + w, and where p](.k) (s),j=2k-1,
are non-negative polynomials for s > 0.

k t—1
Rgase) = Yol (TT6+1)) = 17)

where (agk)), t =1,k k € N, are defined as

dV =¥ =1, ke (18)
andfor2 <t <k—-1,k>3,
aik) = tagk_l) + agli_ll). (19)

Lemma 4. Assume p € W(B) satisfies condition (6), where w > 0,m € N, w € B, fy , is defined

in (7), and (agk))t:ﬁ, k = 1,m, are defined in (18) and (19). Then, for each 1 € {1,...,m},
there is

@) = Lo a2 20)
=0

where c,(cl), k = 0, m, are numbers such that
®hd(w)=0,0<j<1, 21)

d Wy () |w|?
Wi (@) = 4 oy

hold. Moreover, we have sup,, . ||hg) I Hy < o0

I<j<m, (22)

Proof. Let d, = a +k, k € Ny. Replace the constants c,(f) in (20) by ck. Then, from (17),
we get

0 co+Cc1+---+Cm
hy (w) = ,
doco + dicy + - -+ dyey) |w]?
%hg)w :(00 1C1 mCm )
®) (1~ [wP)p(w)

: (23)

o () (m) (doco + dict + -+ + diew) |w)]?

W (w) = & (1~ wP)u(w)

n al(m) (do---di_qco+dy---dicy+ - +dw - dyyy_10m)|w]?
(1= [w]?) u(w)

4 agnm) (do---dy_1co+dy---dpycr+- - +dy - 'dZm—lcm)|w|2m.
(1 — |w]?)"u(w)
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Lemma 2.5 in [19] shows that the determinant of the system,

1 1 1 co 0
dO dl o dm C1 0
! L n 0

[Tde Tldker - TTdmi = , (24)

k=0 k=0 k=0 : 1
0
m—1 m—1 m—1
[Tde TI1dksn - T dmex 0

L k=0 k=0 k=0 1L Cm | L

is not equal to zero. This implies that there is a unique solution ¢, = cl(f), k =0,m, to (24).
For these ¢ values, (20) satisfies (21) and (22). Finally, Lemma 2 implies sup_, . || nil) [hg <
+oco. O

The following lemma is well known as a characterization of the compactness of a
closed set in the little weighted-type space. Its proof is a slight modification of the proof of
Lemma 1 in [54]. Thus, we omit the proof.

Lemma 5. A closed subset K of Hyy(B) is compact if and only if it is bounded and

lim supv(z)|f(z)| = 0.
|Z‘~>l fEK

Lemma 6. Let Y be a Banach space of holomorphic functions on B and u be a typical weight
function on B. Then, T : H;‘/’O(IB%) — Y is compact if and only if it is weakly compact.

Proof. Let
Ny = {g cL'Y(B) : /]By(z)f(z)g(z)dV(z) =0 forevery f € H;’[’(IB%)}

Since (H;’f,’0 (B))* = L'(B)/Nj [8,13], the compactness of T : H;O(B) — Y is equiva-

lent to the compactness of T* : Y* — L(B)/Nj. The space L!(B)/Nj has the Schur prop-
erty,so T* : Y* — L'(B)/Nj is weakly compact, which is equivalent to T : HZ(B) =Y
being weakly compact. O

3. Boundedness

First, we consider the operator &7, : Hy(B) — HY(B) for {u,v} C W(B). To
)
w

defined in Lemmas 2 and 4, respectively, play an important role in our argument. The class
of all typical weights satisfying conditions (2) and (6) is denoted by W; (B).

analyze G7/ p the growth condition for |[R" f| in Lemma 1 and the functions f;; , and h

Theorem 1. Letk € N, u € HB), ¢ € S(B), p € Wi(B) and v € W(B). Then, 5}%’;@ :
Hy (B) — H;?(B) is bounded if and only if

i sup M E) ()
ok (1= Tp(2))ulp()

Furthermore, if it is bounded, then we have

< 0. (25)

IR,

| Hz = -
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Proof. By Lemma 1, we have

v(z)|u(z)||(2)|
(1= lp(2) D p(e(2))

forz € Band f € H(B). By this inequality, we see that condition (25) implies WL‘,,(P :
Hy(B) — H;?(B) is bounded and (| K g,,||Holoﬂvﬁo < ke

Now, we assume that §R’L‘W : H?(B) — H;°(B) is bounded. For a fixed w € B, we
put Gy(z) = f(‘;(w) 1(2). Lemma 2 shows that Gy, € H;?(B) and sup,,.p ||GwHH;;° < 1. By
Lemma 3, we have

_ A =lp@))**! (« + 1)Pe({z @(w)))
RGul2) = plow)) (11— <z,gz(w)>)k+"‘+1

for some polynomial P, whose coefficients are all non-negative. Since |¢(w)| < |p(w)|? <
Pi(|g(w)|?) if |¢(w)| > 1/2, we have

v(2)|Ri o f (2)] S

£l e

. (@) (@) B () )
V() g Gl = (1) G o o) (g (w))
L v@)u()llp()
= 0= Tp(@))Fule(w))’

and thus we obtain

v(w)|u(w)||¢(w)]
(1= [p(@))u(p(w)) ~
for any w € B with [p(w)| > 1/2. If [p(w)| < 1/2, then fj(z) = z; € HP(B) (z € B,j =
1,n) shows

S IR gl e e (26)

v(w)|u(w)||pj(w)| < 1R5 g fille < 1R ol pp— pie |1 cor

from which, together with [¢(w)| < i |¢;(w)|, we have

v<w>|u<w>||qo< I < 19 .
for any w € B with |¢(w)| < 1/2. Combining (26) and (27), we get

T S IR gl e e < o0
for each k € N. Thus, we accomplish the proof. [

Corollary 1. Under the assumptions of Theorem 1, the followings statements are equivalent:
(a) §Rk H7 (B) — H;?(B) is bounded;

(b) ﬁfek, H;fo (B) — H(B) is bounded;

(c) The condition (25) holds.

Proof. In fact, since Gy (z) = fg(w) 1(z) in the proof of Theorem 1 is in H;‘,’O(IB%), the argu-
ment of Theorem 1 still holds in the case of %ﬁ,(p - Hi (B) — H®*(B). That is, we also

see that 8?’;14, : Hy, (B) — H;°(B) is bounded if and only if u and ¢ satisfy (25). Hence,
Theorem 1 implies the desired claim. [
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Theorem 2. Let m € N, u; € H(B) (j = 1,m), ¢ € S(B), u € Wi(B), and v € W(B). Then,
all operators §R{,j,¢ : HyY (B) — H*(B) (j = 1, m) are bounded if and only if6%q) : HY (B) —
H(B) is bounded and

sup v(z)|u;(2)|[g(2)] < o, (28)

zeB

forj=1m

Proof. If ?RJMJ.,(P : HY(B) — H*(B) (j = 1,m) are bounded, then &y, + Hy(B) — HP(B)
is also bounded. As in the proof of Theorem 1, condition (28) can be verified by the
functions fi(z) = z; € HY(B) (I = 1,n).

To prove the other direction, we assume that & o H7(B) — H;°(B) is bounded
and (28) is true for j = 1, m. By Theorem 1, it is enough to prove

@l
= T e inle@)

(29)

forj=1,m.

If |p(w)| > 0, by Lemma 4, then there is K ()) € H?(B) such that

Wihy(o (9(w)) = 0

for0<j<m-—1,
@ (w)[*"
(1= o))" u(e(w))

and sup,, g ||h H Hy < 0. By considering the boundedness of &}/ , we have

R (@) =

160 Nl 2 650

Zu §R]h ( (w))

_ o 60 ) P
(1~ o))" n(p(w))

Hence, it follows that

v(w)|um(w)||@(w)]

su S|GE | oo g < 0.
SO = o)) (p(w)) ~ | ol

By (28), we have

”(w)'”’”( )""’(“’)' < s v(w)|un(@)||o(w)] < oo,
(@(®) ™ pw)i<1/2

sup
p()z1/2 (1= @(@)

and so [ < oo.

Next, we assume that (29) holds for j =s+1,m, fors € {1,2,...,m —1}. For hg;()w) as

- (s)
in Lemma 4, we see that sup,,.p ||hq,(w) [ < oo and

m

Y ()W) (9(2)

p
S 67l g e (30)

p(w)|*
Ds 40 T o) ) ale(@))

<supv(z)
zeB
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From (30), it follows that

v@lus@lle@)E L e vl
A= lo( Prup(a) ~ el b T o) Pypto(a))

so that we get

o v@mle@)] L B
3P T~ o) Plp()) ~ |Shollare + 2 Iy

On the other hand, by (28), we have

su v(w)|us(w)||p(w)| su oo
\¢<z>|£1/z (1= [(w)[*)u(p(w)) : |¢<w>\21/ZV(W)|MS(w)|W(w)' -

Hence, (29) holds for j = s and thus for j = 1,m. O

For the same reasons as in Corollary 1, we get the following corollary.

Corollary 2. Under the assumptions of Theorem 2, the followings statements are equivalent:
(@) All the operators ?Ru o+ Hio(B) — HP(B) (j = 1,m) are bounded;

(b) 6’:}4) ;° (B) — H°°( ) is bounded and (28) holds for j = 1, m;

() 61’1”,([) : Hy (B) — Hy°(B) is bounded and (28) holds for j = 1, m.

Theorem 3. Let k € N, u € H(B), ¢ € S(B), p € Wi(B), and v € W(B). Then, the
boundedness of %ﬁ,q) H;"’O(IB%) — Hyo(B) is equivalent to the boundedness of %ﬁ,q) : H;"’O(IB%) —
HY (B) and
lim v(z)[u(z)[|¢(z)| = 0. (31)
|z|]—1

Proof. First, suppose that §R’fl,¢ H?,(B) — H(B) is bounded and (31) holds. Since

: u,0

| |
A
N
N

v(2) 1R p(2)] |u(2)Rp(9(2))]
SV(Z)I @)ll@IVIR pl(e(2)]
)|u(2)l|¢(z) | sup [V[R p)(w))|

weB

for any polynomial p, (31) implies Rk P € H(B). Since the set of all polynomials is
dense in H(B), for any f € H7¥,(B) thereisa sequence of polynomials (p;)jcn such that

Ilf = Pj||H;;° — 0 as j — oo. Using the boundedness of S‘E’L‘W : H;’[I’O(]B) — H*(B), we have

1R of = R ppill e < IR gl b, b 1S = Pyl — 0

as j — oo. Since %ﬁ/q,p]’ € Hy,(B) and H,(B) is closed in H;?(B), %If,,(pf € Hy(B), then
R, (Hyp(B)) C Hygy(B). Hence, RY, , : Hyyy(B) — Hpy(B) is bounded.

Now assume that %’;,(P : Hyy(B) — HyY(B) is bounded. Since Hyj,(B) C Hj?(B)
and the norms on the spaces H}},(B) and H;°(B) are the same, it immediately follows
that the boundedness of ?R’L‘l,q, : H;‘,’O(IB%) — Hp,(B) implies the boundedness of §R§,¢
HZ,(B) — Hy (B).
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In order to derive the condition (31), we consider the functions f;(z) = z; for j = 1,n.
Since y is typical, we see f; € H;(B). The boundedness of %’fmp 1 Hyy(B) — Hyy(B)
implies that §R’f,q,f] =u-¢; € H,(B), thatis,

lim v(z)[u(z)[|¢j(z)| =0,

|z]—1
from which (31) easily follows. O

Theorem 4. Let m € N, uj € H(B) (j = 1,m), ¢ € S(B), p € Wi(B), and v € W(B). Then,
6%) : H:;’O(IB%) — Hyo(B) is bounded and

lim v(z)[u;(2)|le(z)| =0, j=1,m (32)

|z|]—1

if and only zf%{,}.,q, s HY

o(B) = Hy%(B) (j = 1,m) are bounded.

Proof. Suppose that &7/ o H;’l‘fo(IB%) — Hp}(B) is bounded and (32) holds. Theorem 3
shows that it is enough to prove that ?RLJ,,(P : Hy (B) — HZ*(B) are bounded for j = 1, m.

For this purpose, it is sufficient to show the boundedness of 5}3{,].,90 : Hp (B) — H>(B), so
we may prove that
v(2)|uj(2)|le(2)]

sup .
zeb (1= [9(2)Vp(e(2))
for j = 1,m. Now, looking back at the proof of Theorem 2, by Lemma 4, there exists a

function hfp’?z)v) € Hy (B) satisfying

(33)

Rihy(y (9(w)) = 0

foreach0 <j<m—1,

%mh(m) |2m
p(w

o) — |¢(w)
@) = T fw)R) (@)

(m)

(m) :
and sup, . ||h¢(w) [ < o0. According to Lemma 2, we see M)

€ Hy, (B). Hence, as in
the proof of Theorem 2, we obtain

v(w)[un (@)[[@(@)] ) m

sup i, ||H;<jﬁH;fo < 0.

|p(w)|>1/2 (1= |p(@))"u(p(w))
On the other hand, the assumption (32) indicates

SZIEI]EV(Z)|”m(Z)||fP(Z)| < oo,

and so we obtain

u v(w) [um(w)||@(w)] w () i () le(2)] < oo
\(P(zi)lzl/z (1= o))" u(p(w)) . |(p(i)\g1/2 (@)l )] < e

Thus, (33) holds for j = m. We can also prove that (33) holds for all j = 1,m by
exactly the same argument as in the proof of Theorem 2. Hence, Theorem 1 implies

%{lj,q, : HY(B) — H°(B) are bounded, and so %L/,q, : H;‘,’O(IB%) — H(B) are bounded.
The other direction is trivial from Theorem 3. [
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4. Essential Norm and Compactness

Here, we investigate the essential norm and the compactness of 3‘%’;/4, and &7 o To
characterize the compactness of T, it is well known that it is sufficient to evaluate ||T||.. To
estimate the essential norm of §Rk or &7/ o We need the properties of the test functions f;

and hg,,) in Lemmas 2 and 4, respectlvely, plus the fact that £ | and hg,) converge weakly to

0as |w| — 1 — 0. Since this weak convergence is verified by the condition (15) on i € W(B),
we continue to assume that € Wi (B) and add further condition (15). The class of such
weights we denote by W, ,(B).

Theorem 5. Let k € N, u € H(B), ¢ € S(B), u € Wyx(B) and v € W(B). Suppose that
§R’{,,q, : Hy (B) — H°(B) is bounded. Then,

o @G
Buglle = lim sup A o ooz 4

Proof. If || @[l < 1, then §R’,j,q, : Hy(B) — H;°(B) is compact, implying H%’;(PHE =0,
whereas the limit in (34) is taken over an empty set, so the theorem vacuously holds.
Now, assume ||(p|\Oo =1 Let r € (0,1). Put C,f(z) = f(rz). Since C, is compact on

Hy?(B), the operator Rk C " H7 (B) — H;°(B) is also compact, from which it follows that

||§Ru (p”e < sup ”%Ibct,q)f - §RIpi,(,ocrﬂle}"' (35)
£l <1

Now, we fix f € H;’, which satisfies || f|| He <landp € (0,1) arbitrarily. Using the
mean value theorem, the fact that ®(f(rz)) = (Rf)(rz), and the Cauchy inequality, we
have

sup v(z)|RY, o f (2) — R o Crf (2)]

lp(2)]<p

< sup v(z)|u(2)|[|[Rf(9(2)) — R*f(ro(2))]
lp(z)]<p

< sup v(z)[u(2)|(1-1)lg(z)| sup |V[Rf](w)|
lp(z)I<p |w|<p

< sup (@) T k()
lo(z)[<p Jw| <132

Combining Lemma 1 with this, we obtain

sup V( )|§Ru<p (Z) - %51¢Cyf(z)|

lp(z)|<p
(1+p)(

N [fllge sup v(z)|u(z)||e(z)|. (36)
(1_P)k+1#(1+p)’f”H \47?2)1\9<p ( ’ ( ||(P )‘

Since fj(z) = z; € Hy’(B) (j = 1,n) and the boundedness of RE o ¢ HY (B) — H(B)

shows u - ¢; € H*(B) for j = 1,n, we get

sup v(z)|u(z)||p(z)| < co.
lo(z)|<p

By letting r — 1 in (36), we have

TP Sup V(Z)|§R]:‘/¢f(z) - 8%IL(t,qJCrf(ZH — 0. (37)
£ e <1 lo(2)I<p
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Further, Lemma 1 yields
sup sup V( )m%u (pf(z) u(p T’f( )|
1flage <1 lg(2)[>p
< wp LRI -

o(2)=p (1= @@ Fp(e(z))
From (35), (37) and (38), it follows that

o VM) 0e)
ITagll 5 40 T ToG) Frlo@)

By letting p — 1, we obtain the upper estimate

L v@uEe)
IReplle S limsup (3 oz

To prove the lower estimate for ||R% olle; we take a sequence (zj)jey C B such
that [¢(zj)] — 1lasj — oo. Put G; = f )17 where f7 | are as in Lemma 2. Then,
sup;~ ||Gjl[ug < 0. As we pointed out in Remark 1, the assumption (15) on u implies that
G —0 uniformly on compact subsets of B as j — oo.

A duality argument employed in Hy’(B) [8,13] implies that G; — 0 weakly in H;®(B)
as j — o0, and so ||[KGjl|gz — 0 as j — oo for any compact operator K : Hy’(B) — H;*(B).
Hence, Lemma 3 gives

1986l 2 i sup 19,6 1 — G 1)
j=
@k DIRe)P)
> tim sup v ()1 )| o o))
 uelutz)lleG)
Rl sup k(@)

That is, the lower estimate

e Y902
gl 2 et g Futp(2)

holds. The proof is accomplished. O

Corollary 3. Under the assumptions of Theorem 5, the followings statements are equivalent:
(a) §R’;,¢ : Hy (B) — H*(B) is compact;

(b) §R’§l,¢ : H;‘,’O(IBS) — HP(B) is compact;

() uand ¢ satisfy the following condition

im v @@ElleE@]
lp(z)]=1 (1= [o(2)])*u(e(z))

Proof. By Theorem 5, it is enough to prove the equivalence (b) < (c). To do this, we
estimate the essential norm of the bounded operator %ﬁ,q) : HI‘;‘,’O(IBB) — H(B). The upper
estimate for this operator is obtained by the arguments in the proof of Theorem 5. On
the other hand, we use the weak convergence of the sequence (G]) jen to 0in Hy (B) for
the lower estimate. In fact, an application of the Hahn—Banach extension theorem implies

(39)
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that G; — 0 weakly in HJ, (B) as j — oo. Thus, we also see that the essential norm of
§R’,j,q, : H;O(IB%) — H;°(B) can be evaluated from below by

@ uE)le)
i oD o rle(z)

This indicates that (b) < (c) is true. O

Theorem 6. Let m € N, {uq,up,...,un} C HB), ¢ € S(B), p € Wyo(B) and v € W(B).
Suppose Gu’lf(p : Hy (B) — Hp(B) is bounded and (28) holds for j = 1,m. Then,

e limsup P14 @ o)
< HM] 1”’@( >S|£( 1—|(2)|)u(e(z))

Proof. The case ||¢|l < 1 is treated as in Theorem 5. Now, assume ||¢|«~ = 1. For a
fixed r € (0,1), the operator C, is compact on H;’(B). Fix f € Hy’(B) with ||f||H;;° <1land
p € (0,1) arbitrarily. Since

6o f(2) = 6, Crf(2)] = Z 2)(Wf(p(2) — Wf(re(2)))

j=1
for each z € B, from Lemma 1, we have
& v(z)|u;(z)||p(2)|
sup v(2)|6F,f(z) — &7 ,Crf(2)| S su L [P
Jup VRIS~ SEOIEIS L e G et 1
(2)|uj(2)||o(2)]

< max  sup

)
=L |g(z)>p (1= @)V p((2))
By noting (28), the same argument which derives (36) and (37) implies

sup  sup v(z)|&F,f(z) — &7 ,Crf(z)| = 0
Ifllre <1 lo(z )\<p

as r — 1. Hence, these inequalities give the upper estimate

< max lim sup v(z)|uj(2)]lo(2)]

[Sifplle = max o@=1 (1= le@ D r(e()

Let (zx)keny C B be such that [¢(z;)| — 1 as k — oo and put h,(cs) = hgj()zk) for each
(s)

s = 1,m, where Iy’ are as in Lemma 4. Then, we see that sup;, th(cs) g < oo and

i € Wyo(B) imply that h,((s) — 0 uniformly on compacts of B as k — oo for s = 1,m.

Since a duality argument employed in Hy;? (B) implies h,(:) — 0 weakly in Hy’(B), we
see that ||Kh HH°° — 0as k — oo for compact K : H;?(B) — H;?(B). From (21) and (22),
we have that

R (p(z)) =0, 1<j<s, (40)
and

' | (26)[* .
(1= |o(zk) [2)u(@(zk)) s<j<m, (41)
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hold for s = 1, m. Hence, it follows from (40) and (41) that

1652, lle 2 timsup([1&2 "™ |1 — (K™ |1)
¢
k—o0
m
> limsup v(zy) Z (zk) Wh (¢(zx))
k—o0 =

~limsup ezl
coF = [p(z0) ) (p(zr)
2 imaup Lm0tz

koo (1= lo(z) )" p(e(z))”

and so

e
I2glle 2 lim eup o (o) “2)

Now, we assume that fors € {1,...,m — 1},

167, o 2 limsup 1 EN9)
i (= le@Nk(e()

(43)

holds for j = s + 1, m. Equations (40) and (41) imply

|Zs

imsupv(z 3 APz |p(zk)
lk—iop (z¢) Jg s uj(zk) T TGP @)) <|

gl
ﬁ,(P er

from which we easily get

|25

 vEln)lle)
W Sup () P ()

m imin ) v(zi)[uj(zi) |9 (zx)
S Il + 1 f]sZH 0= oG Py ule@)

|25

<182,

This indicates that (43) holds for j = s, and therefore holds for any j € {1,...,m}.
Hence, we obtain the lower estimate

max lim su U(Z)|u]'<z)||(l’(z)|
o ||ez] ?m}wz)s\j( 1—[o(2))u(e(z))

We complete the proof. [

The following result is proved exactly by the previous arguments.

Corollary 4. Under the assumptions of Theorem 6, the followings statements are equivalent:
(a) 6%) 1 Hy (B) — H(B) is compact;
(b) 6%({) : H;‘,’O(IB%) — HP(B) is compact;
(c)  ujand ¢ satisfy the following condition

L v@EleE]
oo 1 (1= 9= Vn(p(z)

(44)

forj=1,m.
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Theorem 7. Let k € N, u € HB), ¢ € S(B), u € Wy (B) and v € W(B). Suppose that

RE o - Hio (B) — Hy,(B) is bounded. Then,

e @)
Riglle = lim sup G (o))

Proof. Assume ||¢||« < 1. Since %IL‘,/(P is compact from Hy,(B) into HY,(B), ||§R’f,(PHg =0
holds. On the other hand, we obtain

v(@)]u(2)l9(2)] v(@)]u(z)lo(2)]
A= o@ ) u(p) = Aol u(llllo) ()

for each z € B. We consider the function f;(z) = z; for j = 1,n. Since y is typical, we see
fi € Hyo(B). The boundedness of Rk , implies that §R’l‘l¢f] =u-¢; € H,(B), thatis,

w,Q

lim v(z)[u(z)ll¢(z) hm ZV (2)llgj(z)| = 0. (46)

|z|—
Thus, (45) and (46) give that

@)
il ey ) R

olle:

Now, we assume that ||¢||cc = 1. In view of Theorem 5, it is sufficient to prove

@@ v(E)uE)le)]
P A= Tp@D (0@ o h A= lp@ D r(p@) @

Take a sequence (z;);cy C B such that

@@l vl o)
S T o u(g(2) Lo (= () Fulp(z) 4%

If sup;c |9 (21)| < 1, then (46) shows that the second limit in (48) is zero. Since the
following inequality obviously holds

@kl vEE)le(e)
B0 o (02 — ok A= o@D (o)

we see that (47) holds as the upper limit of both sides is zero.
If sup,y |@(z1)| = 1, then we can choose a subsequence (¢(z;,) );en such that |@(z;,)| — 1
asi — oo. Thus,

O 11171691 11CH | N (G R LG NI GOl
oA T=Te@DFulp() ~ ioe (1= () Fulp(z,)
v(2)u(2)llg(z)]

< limsup

)
o)1 (1= o@D u(e(z)

which proves that (47) really holds. [
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Theorem 8. Let m € N, u; € HB) (j = 1,m), ¢ € S(B), p € Woo(B) and v € W(B). If
Sy 0" HZ, (B) — Hy(B) is bounded and (32) holds, then

" 1le < max limsu v(2)|uj(z)[l¢(2)]
18y lle = maxtim sy @ n(p(@)

Proof. Since Gu@,(p : H;O(IBB) — Hp}(B) is bounded and (32) holds, it follows from

Theorems 3 and 4 that all operators %{ﬁlfp : Hpo(B) — HP(B) (j = 1,m) are bounded.
Hence, by Theorem 2, we see that G 0" H;‘fo(]B%) — HY(B) is bounded and (28) holds for

j = 1,m. Theorem 6 gives

162 [l = max lim sup 40
T g (1= o)) m(e(2))

By exactly the same argument as in (47), we obtain

imeup VEENO@N o vE@E)le()]
worn A= lp@ D) ot (1= lp@D(e()

for j = 1, m, from which it follows that

m = max limsu V(Z)luf(Z)H(P(z)'
[Sigle = DI T lo ) (o))

The proof is accomplished. [

Theorem 9. Letk € N, u € H(B), ¢ € S(B), p € Wox(B) and v € W(B). The following
statements are equivalent:

(a) §R’§l,q) : HYy (B) — Hy,(B) is compact;
(b) %’;’q) r Hy (B) — HpY(B) is compact;
© R, : HY(B) — Hp%(B) is bounded;
(d) §R’f,,q, : HY (B) — HpY(B) is weakly compact;

(e)  The following condition holds:

YOGl
lzl=1 (1= lo(2) ) p(e(2))
Proof. By Lemma 6, we get the equivalence (a) < (d). The equivalence (a) < (e) follows

from Theorem 7 immediately. (b) = (c) is obvious. If we prove implications (e) = (b) and
(c) = (d), we accomplish the proof. By Lemma 1, we have

k vEEleE)] o
VIR ) S ooy 1

for each f € Hy’(B), from which we see %ﬁ(P(H;"(IB%)) C Hy(B) and

lim sup v(z)|§R§/q,f(z)\:O.

=T |l <1
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By Lemma 5, we see that (e) = (b) holds. Now, we assume (c) is true. Then, 8?’;#, :
HZ, (B) — Hy}(B) is bounded. A duality argument and weak-star density of H;"’O(]BS) in
Hy?(B) shows

(%Ibcup)** _ §Rk

u,p ON H“ZO(B) =( ;(,)O(B))**

Therefore,
(Rl 0)** ((Hyo(B))™) = Ry ,(Hy (B)) C Hyyp(B).

This and Gantmacher’s theorem [55] imply the weak compactness of 3‘%’;/? - Hyy (B) —
Hp%(B) follows. Namely, we have proven the implication (c) = (d). O

In exactly the same way as in Theorem 9, we also obtain the following result.

Theorem 10. Let m € N, uj € H(B) (j = 1,m), ¢ € S(B), u € Woo(B) and v € W(B).
Suppose that (32) holds for j = 1, m. Then, the following statements are equivalent:

(a) 6’:{4) : H;‘/’O(IB) — HpY(B) is compact;

(b) 6’5’,(1) : H(B) — Hpy(B) is compact;

(o &7, Hy(B) — Hy,(B) is bounded;

i
@ &7 0" HZo (B) — HyY(B) is weakly compact;

(e)  The following conditions hold:

L v@EleE|
2o (= ToG@ V(o)

5. Conclusions

We studied the boundedness of a recently introduced operator between weighted-type
spaces of holomorphic functions and estimated its essential norm. To do this, we gave
some methods, ideas and tricks which may be useful in investigations of related concrete
linear operators, which will be the focus of our further investigations.
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