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Abstract: Several phenomena from natural sciences can be described by partial differential equations
of Sobolev-type. On the other hand, it was shown that in many cases, the use of fractional derivatives
provides a more realistic model than the use of standard derivatives. The goal of this paper is to
study the nonexistence of weak solutions to a time-fractional differential inequality of Sobolev-type.
Namely, we give sufficient conditions for the nonexistence or equivalently necessary conditions for
the existence. Our method makes use of the nonlinear capacity method, which consists in making
an appropriate choice of test functions in the weak formulation of the problem. This technique
has been employed in previous papers for some classes of time-fractional differential inequalities
of Sobolev-type posed on the whole space RN. The originality of this work is that the considered
problem is posed on an annulus domain, which leads to some difficulties concerning the choice of
adequate test functions.

Keywords: differential inequalities of Sobolev-type; Caputo fractional derivative; weak solution;
nonexistence

MSC: 35A01; 26A33; 35B44

1. Introduction

The issue of nonexistence of solutions is one of the important branches of the theory
of partial differential equations. One of the important applications of this issue is the
study of the large time behavior of solutions to evolution equations. The objective of this
paper is to establish nonexistence theorems for a time-fractional differential inequality of
Sobolev-type posed on an annulus domain of RN. Sobolev-type equations are widely used
in the description of various phenomena from natural sciences such as plasma physics,
nonstationary processes in crystalline semiconductors, filtration theory, and thermodynam-
ics (see, e.g., [1-5]). In [6], the issue of nonexistence of solutions has been investigated for
some classes of Sobolev-type inequalities posed on the whole space RN. Let us briefly recall
some of the obtained results in [6]. Consider the differential inequality

—A@wu) > |ul’, t>0,x€eRN, )

where u = u(t, x) and 9; = %. It was proven that, if u(0,-) € L'(RN), then for all g > 1,
(1) possesses no nontrivial weak solution. Next, consider the problem
—A@u) —Au > |uli, t>0,x RN, (2)

Always under the assumption u(0,-) € L!(RY), it was proven that:

(i) IfN=1orN =2, then forall g4 > 1, (2) possesses no nontrivial weak solution;
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(i) N >3, thenforalll <g< %, (2) possesses no nontrivial weak solution.
The third problem considered in [6] is the following:
—0r(Au+ Alu|Pu) —Au> |ul7, t>0,xcRN, ©)]

wherep > 0,9 >1p+1 < gand A # 0. Under the assumption
u(0,-) € LYRN), |u(0,-)[Pu(0,-) € LY(RN), /\/N |1(0, x)|Pu(0,x)dx <0,
R

it was shown that, if

N+«
1 [
SIS NE -2
where 2 . )
y=20"""PF — P,
q

then the same conclusion as for the above problems holds. Other related results can be
found in [1,7-10] (see also the references therein).

On the other hand, it was observed that in many situations, fractional derivatives
provide more realistic models than standard derivatives. This observation motivated the
study of fractional partial differential equations in various directions. In particular, several
studies related to the nonexistence of solutions have been conducted (see, e.g., [11-17] and
the references therein). For instance, in [11], the authors extended some of the obtained
results in [6] to the fractional case. We recall below some of the obtained results in [11].
Consider the time-fractional differential inequality

—A(Qpou) > |ulT, t>0,xecRN, 4)

where u = u(t,x),0 < ¢ < 1 and 9deu is the partial derivative of order ¢ of u with respect
to the variable t in the Caputo sense. Observe that (4) is a fractional version of (1). It was
proven that for suitable initial data, no weak solution to (4) exists for all g > 1. The next
problem considered in [11] is a time—space fractional version of (2), namely

—AQpeu) + (—A)7u > |ull, t>0,xcRY, (5)

where 0 < 0 < 1,0 < ¢ < 1and (—A)” is the fractional Laplacian of order ¢ (with respect
to x). It was established that for suitable initial data, if

20

1 1427
<i<it o2

then (5) possesses no weak solution.

We point out that all the studied problems in [6,11] are posed on the whole space
RN, Furthermore, in both references, the used approach is based on the nonlinear capacity
method that consists in making an appropriate choice of test functions in the weak formu-
lation of the problem. For more details about this method, we refer to [18,19]. Notice that
in the case of RV, the considered test functions involve cut-off functions of the form

tr(x) =¢(R2RP), xRN, ©)

where R is sufficiently large, { € C®([0,00)), 0 < ¢ < 1,¢ = 1if [x| < % and ¢ = 0 if
|x| > 1. One of the important properties of this function is that

lim gg(x) =1.

R—o0
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It is natural to ask whether it is possible to establish nonexistence theorems for time-
fractional Sobolev-type inequalities posed on a bounded domain. Observe that in this
case, the application of the nonlinear capacity method presents some difficulties. Namely,
if the domain is bounded, functions of the form (6) cannot be used. Motivated by this
fact, a time-fractional Sobolev-type inequality on an annulus domain is considered and the
issue of nonexistence is investigated using the nonlinear capacity method with an adequate
choice of test functions.

The considered problem and its weak formulation are given in Section 2. In Section 3,
we state our main result and a special case is studied in detail. The proof of the main result
is presented in Section 4.

2. Problem Formulation
Let0 < <1, D={x RN :yp <|x| <m},N>3and Ly = {x e RN : |x| =1},
k =1,2. We investigate the time-fractional Sobolev-type inequality

—A(9gert) — 19gc (|u|™u) — Au > j(£)|u|" inR4 x D,
u(0,) = f inD, @)
u=0 on2y,

where Ry = (0,00), u = u(t,x),t #0,m > 0,r >m+1,0 < o,¢ < 1,7 > 0 almost
everywhere and f = f(x). Here, for any 0 < ¢ < 1, dp=u is the partial derivative of order
2 of u with respect to the variable t in the Caputo sense, that is,

Op<uu(t,x) = [[(1 — »)] /Ot(t —z)7*0u(z, x) dz.

Namely, our goal is to derive sufficient conditions ensuring that (7) has no weak solution
(or equivalently, necessary conditions for the existence of weak solutions).
Problem (7) is a fractional version of

—A(0ru) — 0¢([u]™u) — Au = j () [ul". ®)

The above problem belongs to the class of differential inequalities of Sobolev-type, and in-
cludes various physics problems as special cases. For instance,if 1 = —1,m =0, =1 € R,
r =3and u > 0, (8) (with equality) reduces to the semiconductor equation that was derived
in [7].

In order to define weak solutions to (7), let us recall some basic definitions from
fractional calculus (see [20] for more details). Let w; = w;(t,x) : [0,5] x Q = R, S >0,
j =1,2, be two continuous functions, where () is a subset of RN. For s > 0, let

t
IFw;(t,x) = C%/O (t— z)”*le(z,x) dz

and s
[Fw;(t,x) = C%/ (z— t)”*le(z,x)dz,
t

where C,, = [I['(5)]~! and T is the Gamma function.
We have the following property:

s S
/[)I(’,{wl(s,x)wQ(s,x)ds:/O w1 (s, x) IEwy(s, x) ds )

forall x € Q.



Axioms 2023, 12,993

40f11

If 0 < 2 < 1, the partial derivative of order s of wj with respect to the variable ¢ in
the Caputo sense is given by

t
dp=wj(t, x) = Ié’”atwj(t,x) = Cl_%/ (t —z) " 0rwj(z, x) dz.
0
Forall S > 0,let Ds = [0, S] X D, where
ﬁ:{xERN:m < |x| g;yz}

and
Y = {1p € C3(D5) 1 > 0,supp(¢) CC Ds, |y, = 0}.

Definition 1. Let 0 <1 <12, #0,m >0,r >m+1,0< 9,6 < 1,7 =j(t) > 0almost
everywhere and f € L™ (D). A function u € L’”H([O ) x D) N L..([0,00) x D,jdtdx) is

loc

a weak solution to (7) if, for every S > 0, it holds that
1- _
[ lulypdrdt— [ (F157089(0, ) +ilf1" FIE9(0,2)) dx
S
(10)
_ 1-¢ m 1—¢
< /Ds ulyp dx dt + -/Ds (uat(ls A1/J) + t|u] uat(ls ¢)) dx dt
forallp € Y.

We denote u € WS to say that u is a weak solution to (7). Making use of (9) and
integrating by parts, we can show that, if u is a regular solution to (7), then u € WS.

3. Main Result

We now give our main result.

Theorem 1 Let N>3,0<m <to,m>0,r>m+1,]=(t) > 0almost everywhere and
s = e 2 e Ll ([0,00)). Let f € L™"(D) and

[P (2PN ~ 1) dx < 0. (1)
Ifo0<g<o<land
, K r+(m+1)
1i;ninfk£+€<€*1)/ 7 () ] 2 (di=0  (12)
—»00 0

for some { > 1, then WS = Q.

Assume now that
](S) =57,
where
dim+1) <r—m—1.

In this case, we obtain

kS —1 {(r— 1 d)
/ 71 dt = Ck
0

and
Ko (m+1)(d+1))

T () dt = ok
0
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which yield

. rimi)(-g) k¢,
kr+%+€(g 1)/ 711 dt+k€< r—m—1 Q) ]_%(t)dt S C(le +kR2)/

0
where
Cg(r—1)—d)+r+1
R; =
r—1
and
—(m+1)(c+4d)
Ry, = .
r—m-—1

Observe that (12) holds if, for some { > 1, one has R; < 0,i = 1,2. On the other hand,
R; < 0if and only if
llg(r—=1)—d)< —(r+1) <0.
So, ford > ¢(r — 1), taking
é’ > L
d—g(r—1)°

we obtain R; < 0. Furthermore, since g(r — 1) > —¢, thend > ¢(r — 1) implies thatd > —,
and then R, < 0. Consequently, if

r—m-—1

¢(r—1)<d< o

7

then (12) holds. But in order to ensure that the set of d satisfying the above condition is
nonempty, we should impose that g(r — 1) < L that is,

m+l 4

1 (m+1)(1-¢)

> 1).
m+1’ r= 1—(m+1)g (zm+1)

¢ <
Therefore, by Theorem 1, the following result holds.

Corollary 1. Let N > 3,0 < 17y < 1o, m > O and j(t) = t9. Let f € L"™T1(D) satisfy (11).
Ifo<g< min{g,m%rl},g < land

(m+1)(1-9)
1—(m+1)g’

r—m-—1

r> M1

¢r—1)<d< ,
then WS = @.

An example illustrating the above result is given below.
Example 1. Consider the problem

u(0,x) = —|x|*, m < |x| <, (13)

—A@p/21) — s (|ulu) — Au > /4 ul’, +>0,n1 < |x| < 12,
u=0 on,

where o € R and v > 2. Problem (13) is a special case of (7) with

_1r _d g1 P
o= g =L ) =, d= 1, fx) = —Jxl"

N —

m=1, 0=

Clearly, the function f belongs to L2(D) and satisfies (11). Moreover, we have

. 1 1
:mm{g, } Q:§<1.

0<¢= 1

OO\'—‘
N\H
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On the other hand,
Lt )-g)
1—(m+1)g
is equivalent to
P>
3
and ,
r—m—
-1 L
¢(r—1)<d< T
is equivalent to
> <r<3
> .

Hence, by Corollary 1, we deduce that, if % < r < 3, then (13) possesses no weak solution.

4. Proof of the Main Result
This section is devoted to the proof of Theorem 1. We first fix some notations:

* C,(;: positive constants independent of S and k (their values are not necessarily the
same from one inequality to another);

. C¢, T > 0: positive constant that depends only on 7 but not on S or k;

e (> 1,0 e€R:{>0issufficient large.

The following preliminary results will be useful in the proof.

4.1. Preliminaries

Let0 <#; <mpand N > 3.
Let B
v(x) =N 2xP N -1, xeD. (14)

The proof of the following lemma is immediate.

Lemma 1. We have
v>0, Av=0, v|y, =0.

For k > 1, let {7} be a sequence of smooth functions defined in D and satisfy

1
0 <9 <1, supp(v) CC {x ERN:p + % < x| < 772}}

(15)
1
me=1ifm 4 2 < x| < [Vl < Ck, Ay < Ck.
For the existence of such functions, see, e.g., [21]. N
For q > 1, we also consider the sequence of functions {«} defined in D by
we(x) = v(x)7] (%)
Lemma 2. Let r > 1. We have
1
v(x) <C, Mt o < x| < 12, (16)
1 1
v(x) > C, M+ o < |x] Sm+g (17)
and B
/ ) ) oc]:j(x)|Aock(x)|ﬁ dx < Ck1. (18)
M+ <|x| <+
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Proof. The estimates (16) and (17) are obvious. Let 1 + 217 < x| <+ % By Lemma 1,

we have
Aa(x) = v(x)A(1]) (x) + 7 (x)Av(x) +2Vo(x) - V(7]) (%)

= 0(x)A(7])(x) +2Vu(x) - V(1) (x),
which implies by (15) and (16) that

(19)

[Aax(x)] < C (A 2NV P+ 9] @)187() |+ Vo) ] @) V()
<cC (k2 +I2+ k) 7172 (x) (20)
< Ckz'yzfz(x).

Here, - is the inner product in RN, Then, by (17), we obtain (since 0 < 7 < 1)
= o 2 g— &
a1 ()] Aag (x)| 7T < CkP1oT 7T (x) < kP
We finally integrate the above inequality over 171 + 5 < |x| < 171 + } to obtain (18). O

Forall S > 0, let
0(s) =S579(S—s)1, 0<s<S.

The following result can be found in [22].

Lemma3. Let0 < T <1< j. Forall0 <s < S, we have
I5770(s) = C:S1(S —s)TH1 T (21)

and

'L'l Tj
07 (s) (1;49)'(5) "o csas — sy 22)

4.2. Proof of Theorem 1
Suppose that u € WS. For q,5,k > 1, let

¥(t, x) = 0(Har(x), (tx) € Ds,

where 6 and «; are the functions defined in the previous section. By the properties of aj
and 6, we can show that ¢ € Y. Hence, by (10), it holds that

/DS ulypeedt— [ (FI5700p(0,%) +1lf"F1LCp(0,x) ) dx

1 1 23)
—Q m+1 -G
S/Ds |u||A1p|dxdt+/Ds|u|’8t(Is Aw)‘dxdt+|t|/ps " 1]0s (156 )|
Young’s inequality gives us that
' 11 -1 -1
| tuliaglaxa= [ (julrg?) (57 97 [agl) dede
Ps Ps (24)
1 -1 -1 r
gf/ ul"jwdxdt+C =17 | Ay |7 dcdt.
3 Jp HI1¥ capagy ¥ 1AW
Similarly, we obtain
/ jul |04 (15 °ap) | dxdi
D
S (25)

Ly =7 oy (1h-ay) |
SB/DSIuIJt/dedHc supp(at(fgfw))”b ] at(IS Aw)
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‘/171+2k< ‘<771+k

'71+ L <|x|<n+1 " ( A (x )lril dx) (Aser(t)‘(lége)/(t) ﬁ]”:1 (t) dt) (29)

Ck*ls?“’f/ (8 dt.

IN

8of 11
and
+1 1—¢g
/Ds o (15 <) | dxa .
26
1 r —% —% 1—¢ r—m—1
=3 /Ds bl dzdi+C supp (2 (15 ) v at(IS l"’) dxdt.
Then, (23)—(26) yield
3
Xfi=— /D(ﬂ;*gAlP(O,x) + tlf\’"ﬂ;*‘;zp(o,x)) dx<CY g, 27)
j=1
where
‘El — / 11[]r 1]r 1|A1/)‘r1dxdt
supp(Ay)
B = = —00 ) [T
£ = sy P )
= — ‘ rin;ﬂ —% 1 I =T 1
- /SUPP@r(I;glP)) Y J 1 at( lp) xdt.

On the other hand, in view of (15), (18) and (19), we have
B ° = -1
=1 :/ / 1 O (x)[Aay (x) |71 571 (t) d dt
0 Jm+g<lxl<m+t

=1 p S =
- (/,71+1<x|<,71+1 lxlzil (3C>|A0‘k(x)|m dx) (/0 G(t)]il( )dt> (28)

<Cky1/ ]%

We also have, by (18) and (22),

er—ll(t)‘ (157%0) )] o ol )71 1) e

By (15), (16) and (22), we have

S m+1 1— /
Hy = 0 r—m—1(t I g@ t
’ /0 /171+21k<x<772 ( )‘< s ) )
S m+1 1— /
= ap(x) dx / O~ Fm—1 t’ I%0) (t
</l71+21k<x|<172 o) > ( 0 (*) (5 ) ()

o S
gcsﬁ/ J*%(t)dt‘
0

_r
r—m—1

g (x)) "7 (F) dx dt

T )dt) (30)
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Furthermore, by (15) and (21), we obtain

Xf= —CQSPQ/ f(x)Aag(x) dx

7]1+2]7<|x\<771+%

(31)
SCuste [ )] () d
M+ g <|x|<mp2

Next, in view of (27)—(31), it holds that

—Caste [ L W@ d

S m
<C(kr1/ ]rl dt+kr 1Sr1/ ]711 dt—|-Sr m 1 ]V;trll(t)dt>
. 0
+CQ51_Q/ f(x)Aag(x)dx,
Mt ge <lx|<m+g
that is,
— et f)If ()" ae(x) dx

m+i<m<m

r S S _ —cr S m
sc(kﬁ%sg—lf () dt 4 kP ST 1/ () dit 4 ST e ]—rrfl(t)dt>
0 0

0
+ Cgsg—@/ f(x)Aag(x) dx.
M+ g <|x| <+
Since or
c—1> le te-1,
the above estimate yields
— Gt FELf ()" (x) dx

7]1+21k<‘x‘<772
S
<C(kr 165~ 1/ ]*11 dt + +SFa-1 e 1/0 e 1()dt>

+CpS°7° / f(x)Aag(x) dx.

. '71+21*k<\x|<’71+%

On the other hand, using (20) and the fact that f € L!(D), we obtain

[ fwdadx < [ ) A dx
M+ <lx[<ni+i M+ <lx[<ni+g

IN

|f(x)] dx

2
/ 1 1
7]1+2k<|x‘<7]1+k

< K /D £ (x)| dx.

N

Consequently, it holds that

— Gt FEOIf ()" e (x) dx

’71+21k<‘x‘<772

—_r 1 — S m
<c(kms€ 1/ (1) i+ 5 g)/ ]_":11(t)dt+k255_9/p|f(x)|dx>-
0

Taking S = kg, where

> —
‘ Q
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— Cet

=

(notice that ¢ > ¢), we obtain

FOf ()" (x) dx

m+i<M<m

r+1

k1

K .
+C(‘5‘1>/0 ]%(t)dt+k€< e

(m+1)
m

(1—¢) k¢ m
=) /O R (1) di + ket /D f(x)|dx>.

Taking the infimum limit as k — oo in the above inequality, using (15) and using the fact
that f € L"*1(D), we obtain

—Cat [ F)IF()]"0(x) dx

<

p kK —r+ ¢
< liminfkr1 461 / ]ﬁ (t)dt + kg( -
k—o0 0 0

In particular, for ¢ > 1 satisfying (12), we obtain

[ FlF Mo dx > 0
Jp
which is a contradiction with (11). Consequently, WS = @. O

5. Conclusions

We studied problem (7) that belongs to the class of time-fractional differential inequal-
ities of Sobolev-type. By means of the nonlinear capacity methods, a sufficient condition
under which WS = @ is obtained (see Theorem 1). We next studied in detail the particular
case j(s) = s? (see Corollary 1).

In this study, we considered the N-dimensional case, where N > 3. The cases N = 1
or N = 2 are not investigated. A careful study of such cases would be interesting. Notice
that the dimension N is involved in the choice of the function i € Y, and more precisely
in the definition of the function v given by (14).

The weight function j involved in (7) depends only on the time-variable t. It would also
be interesting to consider the general case, when j depends on t and x, thatis, j = j(t, x).
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