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Abstract

:

With the help of advanced digital technologies, product managers can use monitored mission cycles to sustain product reliability. In this study, a random warranty model and a random replacement next (RRN) model are designed to sustain the through-life reliability of the product with monitored mission cycles. The designed random warranty, called a two-stage two-dimensional free repair warranty (2DFRW), can be carried out to sustain the reliability of the product during the warranty stage. In this warranty, ‘whichever occurs first and last’ is used to distinguish the coverage ranges of the latter stage warranties, which is to maintain the warranty fairness by removing the inequity of the former stage warranty. The RRN can be performed to sustain post-warranty reliability, which defines that if the limited number of mission cycles is completed before a working time, then the product will be replaced at next mission cycle completion to extend remaining service life; otherwise, the product will be replaced at a working time. Under the case of the two-stage 2DFRW, the cost rate of the RRN is constructed based on the renewable reward theorem. By simplifying the parameters, some derivative models of the cost rate are presented. Numerical analysis is performed to explore characteristics.
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1. Introduction


Warranty models and policies have always frequently been applied to sustain product reliability during the warranty stage. The growing number of warranties has been researched widely from manufacturers’ perspectives for meeting the needs of practice. Some scholars and researchers have used classic maintenance models to design numerous warranty models, which belong to classic warranties. This category of warranty includes but not limited to the renewable free/pro-rate replacement warranty (RF/PRW) policy (see Liu et al. [1]; Qiao et al. [2]), free repair warranty (FRW) policy (see Chen et al. [3]; Wang et al. [4]; Wang and Ye. [5]; Wang [6]; Ye et al. [7]; Gavish. et al. [8]), nonrenewable replacement warranty (NRW) policy (see Wu and Longhurst [9]) and preventive maintenance warranty (PMW) policy (see Su and Wang [10]; Wang [11]; Peng et al. [12]). Recently, a novel warranty policy is being received with increasing concern, which is called a condition-based warranty policy wherein condition-based maintenance methods in Liu et al. [13]; Li et al. [14]; Wang et al. [15]; Zhu et al. [16]; Qiu et al. [17]; Wang et al. [18]; Zhao et al. [19]; Zhang et al. [20,21]; Chen et al. [22] are integrated into warranty theory. For example, Shang et al. [23] modeled a condition-based RFRW model by integrating condition-based maintenance into a classic RFRW. For the last two years, some scholars and researchers have presented a new kind of warranty, called a random warranty, wherein monitored job/working/mission cycles are modeled as random variables. For example, by modeling working cycles as random variables, Shang et al. [24] proposed a two-dimensional free repair warranty first (2DFRWF) and a two-dimensional free repair warranty last (2DFRWL).



The product reliability can be divided into the product reliability during the warranty stage and the product reliability during the post-warranty stage, wherein the second type of reliability is called the post-warranty reliability of the product (hereinafter similarly). Any of the above warranty models is a core method to sustain the product reliability during the warranty stage. How to sustain post-warranty reliability is a problem that consumers/users must solve. Aiming at sustaining post-warranty reliability, some scholars and researchers have studied maintenance models/policies for reducing maintenance costs, lengthening remaining service life, or minimizing the expected number of post-warranty failures (see Afsahi et al. [25]). Maintenance models/policies to sustain post-warranty reliability include three categories: classic maintenance models, condition-based maintenance models, and random maintenance models. For example, Park et al. [26] and Park and Pham [27] modeled an age replacement model to sustain post-warranty reliability by means of classic age replacement; Shang et al. [23] proposed a condition-based maintenance model by means of an inverse Gaussian process, which belongs to a type of degradation process (see Zhao et al. [28]; Ye and Xie [29]; Qiu and Cui [30]; Yang et al. [31]; Zhao et al. [32]; Qiu et al. [33,34,35,36]; Shang et al. [37] constructed random maintenance models by modeling working cycles as random variables.



From the viewpoint of the types of product failure, the first category of warranty and maintenance models to sustain post-warranty reliability can be applied to sustain the through–life reliability of self-announcing failure products. The second category of related models is a suitable method to sustain the through–life reliability of degradation failure products. For such a category of models, advanced digital technologies become the technical infrastructure of their application, and some models have been applied to the operation and maintenance of some important equipment, such as aircrafts and luxury cars. The third category of related technologies is the ideal tool to sustain the through–life reliability of self-announcing failure products integrated with advanced digital technologies because such technologies can monitor mission cycles in real time. Driven by the fourth industrial revolution, some civil products have been integrated with advanced digital technologies, such as shared bicycles and shared charging piles. Managers/users can monitor mission cycles of these products from respective terminals. With the rapid advance of the fourth industrial revolution, the last two categories of models will be increasingly applied to sustain the through–life reliability of the product integrated with advanced digital technologies.



By designing new constraints as warranty limits, some multi-constrained warranty models have been proposed. For such models, the warranty service periods produced by all limits are not the same. This reality implies that because of the differences in the warranty service periods, multi-constrained warranty models may trigger warranty unfairness from the perspectives of consumers/users, which can be considered warranty discrimination. From the perspective of brand image, the occurrence of warranty discrimination can negatively damage the brand reputation of manufacturers. The above warranty models have never solved this problem. Recently, Shang et al. [38] used the service to prevent warranty discrimination from occurring, where different limits are used to set the coverage ranges of services. As mentioned in Shang et al. [39], ‘whichever occurs first and last’ can form different coverage ranges when the values of the constraints are given the same values. However, in existing works, ‘whichever occurs first and last’ have rarely been used to maintain fairness to prevent warranty discrimination from occurring. When the product goes through a warranty, it has exhausted part of its service life, which is an increasing function with one of the warranty limits. How to lengthen remaining service life at proper expense is an interesting topic, which has been rarely studied by other scholars and researchers.



In this paper, using ‘whichever occurs first and last’, a random warranty is designed. Such a warranty model is divided into two stages. The first stage warranty, called a two-dimensional free repair warranty first (2DFRWF), includes two limits, where ‘whichever occurs first’ is applied to restrict the order of occurrence of such two limits. The warranty of the second stage includes two limits in which ‘whichever occurs first and last’ are applied to sort the order of the occurrence. Because the warranty coverage ranges formed by ‘whichever occurs first’ and ‘whichever occurs last’ are not the same for given values of two limits, applying both in the latter stage warranty can maintain fairness by distinguishing coverage ranges and intensify the attractiveness of the warranty. In the latter-stage warranty, the warranty models related to ‘whichever occurs first’ and ‘whichever occurs last’ are named two-dimensional free discrete repair warranties (2DFDRWs). In view of these factors, such a warranty model is named the two-stage, two-dimensional free repair warranty (2DFRW). The cost measure of the two-stage 2DFRW is derived from the viewpoint of reliability theory, and the cost measures of the related derivative models are presented by simplifying the cost measure of the two-stage 2DFRW. Under the case of using the two-stage 2DFRW as a general warranty model, a random replacement model is proposed to sustain the post-warranty reliability. In such a model, if the limited number of mission cycles is completed before a working time, then the product will be replaced at the next mission cycle completion to lengthen the remaining service life; otherwise, the product will be replaced at a working time. In view of using ‘next’, this model is called a random replacement next (RNN) model. The studied models are numerically illustrated to explore hidden characteristics.



The key novelties/contributions of this study are listed below: ① using the different ranges formed by ‘whichever occurs first and last’ as two coverage areas aims to prevent the discrimination of multi-constrained warranty models from occurring, which has never appeared in existing literature; ② using ‘next’ as a type of replacement limit is designed to avoid the occurrence of using ‘whichever occurs last’ as replacement limit producing the higher maintenance cost.



The remainder of this study is organized as follows. In Section 2, the two-stage 2DFRW is defined to maintain fairness, and the related cost measure is evaluated. In Section 3, the RNN model is defined and modeled to sustain the post-warranty reliability for lengthening remaining service life. Section 4 performs the numerical analysis to extract hidden characteristics. In Section 5, conclusions and further works are presented.




2. Random Warranty Model to Maintain Fairness


The assumptions of this study are given by: the product that belongs to self-announcing failure product (hereinafter similarly) implements missions at mission cycles, and the mission cycles    Y i    of the   i  th    (  i = 1 , 2 , …  ) mission are defined random mission cycles following an identical distribution function   G ( y ) = Pr {  Y i  < y }  , wherein no memory exists; the first failure time  X  obeys the distribution function   F ( x ) = Pr { X < x }  , where   r ( u )   is its failure rate function; and the time to repair/replacement is negligible.



2.1. Warranty Definition


Let  w  (  w > 0  ) be a warranty period; let  n ,  m  and  k  be nonnegative natural numbers. Under such notations, this paper defines a random warranty as follows.








	
The warranty service including the former stage warranty and the latter stage warranty sustains the reliability of the product, under which each failure is minimally repaired;



	
The former stage warranty is confined to a coverage range formed by the warranty period  w  or the   n th   random mission cycle completion, whichever occurs first;



	
If the first stage warranty expires at  w , then the reliability of the related product will be sustained by the second stage warranty whose coverage range is confined to a region formed by the warranty period  w  or the   n th   random mission cycle completion, whichever occurs first;



	
If the former stage warranty expires at the   n th   random mission cycle completion, then the reliability of the related product will still be sustained by the latter stage warranty, whose coverage range is confined to a region formed by the warranty period  w  or the   n th   random mission cycle completion, whichever occurs last.








In the warranty of the first stage, ‘whichever occurs first’ is considered, and the coverage range is confined to   ( 0 , w ] × ( 0 , n ]  , which belongs to the two-dimensional free repair warranty first (2DFRWF) in Shang et al. [24]; The warranty service period produced by the warranty period  w  is greater than the warranty service period produced by the   n th   random mission cycle completion. The latter stage warranty consists of two discrete limits, i.e., the   m th   failure and the   k th   random mission cycle completion, and thus is called the two-dimensional free discrete repair warranty (2DFDRW). For the second stage warranty with fixed values of two limits, the coverage range under ‘whichever occurs last’ is greater than the coverage range under ‘whichever occurs first’, and hence ‘whichever occurs last and first’ are respective methods to maintain the fairness of the warranty of consumers whose former stage warranty expires at the   n th   random mission cycle completion or  w  to prevent warranty discrimination from occurring. In light of these factors, such a random warranty is called the two-stage two-dimensional free repair warranty (the two-stage 2DFRW) to maintain fairness.



When the   n th   random mission cycle is completed, the working time, i.e., the warranty service period, is    S n   , which satisfies    S n  =   ∑  i = 1  n    Y i     . Let    s n    be a realization of    S n   . According to reliability theory, the distribution and reliability functions of    S n    are expressed as


    G  ( n )   (  s n  ) = Pr {  S n  <  s n  } =    ∫ 0   s n      G  ( n − 1 )   (  s n  − u ) d G ( u )        and     G ¯   ( n )   (  s n  ) = Pr {  S n  ≥  s n  } = 1 −    ∫ 0   s n      G  ( n − 1 )   (  s n  − u ) d G ( u )      








which are the n-fold Stieltjes convolution (see Nakagawa [40]).



Similarly, when the   k th   random mission cycle is completed or similar cases occur, each function can be obtained by replacing the related parameter. In light of this, the expressions of each function will be offered wherever used.




2.2. The Cost Measure Modeling for the Two-Stage 2DFRW


This section derives the cost measure of the two-stage 2DFRW, i.e., the warranty cost of the two-stage 2DFRW, and presents some derivative warranty models of the two-stage 2DFRW, as shown below.



2.2.1. The Cost Measure of the Former Stage Warranty


Let    c m    be the unit cost of minimally repairing. Then, the total cost of minimally repairing for the product going through the former stage warranty at  w  can be computed as    c m     ∫ 0 w   r ( u ) d u     , and the total cost of minimally repairing for the product going through the former stage warranty at the   n th   random mission cycle completion is given by    c m     ∫ 0   S n     r ( u ) d u     . Because the occurrence of the product going through the former stage warranty at  w  or the   n th   random mission cycle completion can be derived as     G ¯   ( n )   ( w )   and    G  ( n )   ( w )  , the warranty cost   W  C 1    of the former stage warranty can be represented as


  W  C 1  =   G ¯   ( n )   ( w ) ×  c m     ∫ 0 w   r ( u ) d u    +    ∫ 0 w      c m     ∫ 0   s n     r ( u ) d u         d  G  ( n )   (  s n  ) =  c m     ∫ 0 w     G ¯   ( n )   (  s n  ) r (  s n  ) d  s n      



(1)








2.2.2. The Cost Measure of the Latter Stage Warranty


When the product goes through the former stage warranty at  w , the failure rate function of the product is   r ( w + u )  , and the latter stage warranty with ‘whichever occurs first’ is triggered to sustain the reliability of such a product. Let    p j  ( t ; w )   be the probability that  j  failures happen exactly in the interval   ( w , w + t ]  ; then,    p j  ( t ; w )   satisfies    p j  ( t ; w ) =        ∫ 0 t   r ( w + u ) d u       j  ⋅ exp ( −    ∫ 0 t   r ( w + u ) d u    ) / j !  . Let    T m    be the arrival time of the   m th   failure; then, the distribution function    F m  ( t )   and reliability function     F ¯  m  ( t )   of    T m    satisfy    F m  ( t ; w ) = 1 −   ∑  j = 0   m − 1     p j  ( t ; w )     and     F ¯  m  ( t ; w ) =   ∑  j = 0   m − 1     p j  ( t ; w )    . Therefore, the total cost   W  C 2 f    of minimally repairing during the latter stage warranty with ‘whichever occurs first’ is given by


      W  C 2 f     =  c m  ×   ∑  j = 0   m − 1       ∫ 0 ∞   j ⋅  p j  (  s k  ; w  ) d   G  ( k )   (  s k  )      + m  c m  ×    ∫ 0 ∞     G ¯   ( k )   ( t ) d  F m  ( t ; w )           = −  c m     ∫ 0 ∞        ∫ 0   s k       F ¯  m  ( t ; w ) r ( w + t ) d t      d   G ¯   ( k )   (  s k  )           =  c m     ∫ 0 ∞     G ¯   ( k )   (  s k  )   F ¯  m  (  s k  ; w ) r ( w +  s k  ) d  s k         



(2)




where    s k    is a realization of    S k   .



When the product goes through the former stage warranty at the   n th   random mission cycle completion, the failure rate function of the product is   r (  S n  + u )  , and the latter stage warranty with ‘whichever occurs last’ is triggered to sustain the reliability of such a product. Let    p j  (  s k  ;  S n  )   be the probability that  j  failures occur exactly in the interval   (  S n  ,  S n  +  s k  ]  , then the total cost   W  C 2 l  (  S n  )   of minimally repairing during the latter stage warranty with ‘whichever occurs last’ is given by


      W  C 2 l  (  S n  )    =  c m  ×   ∑  j = m  ∞      ∫ 0 ∞   j ⋅  p j  (  s k  ;  S n   ) d   G  ( k )   (  s k  )      + m  c m  ×    ∫ 0 ∞    G  ( k )   ( t ) d  F m  ( t ;  S n  )           =  c m     ∫ 0 ∞       ∑  j = m  ∞   j ⋅  p j  (  s k  ;  S n  )   +   F ¯  m  (  s k  ;  S n  ) m   d  G  ( k )   (  s k  )           =  c m       ∫ 0 ∞     F ¯  m  ( t ;  S n  ) r (  S n  + t ) d t    +    ∫ 0 ∞     G ¯   ( k )   (  s k  )  F m  (  s k  ;  S n  ) r (  S n  +  s k  ) d s          



(3)




where     ∑  j = m  ∞   j ⋅  p j  (  s k  ;  S n  )   +   F ¯  m  (  s k  ;  S n  ) m =    ∫ 0   s k     r (  S n  + t ) d t    +    ∫   s k   ∞     F ¯  m  ( t ;  S n  ) r (  S n  + t ) d t      in Zhao et al. [41] is used.



Because the probability of the events that the product goes through at  w  or the   n th   random mission cycle completion are respectively derived as     G ¯   ( n )   ( w )   and    G  ( n )   ( w )  , the total cost   W  C 2    of minimally repairing during the warranty of the second stage can be computed as


      W  C 2     =   G ¯   ( n )   ( w ) × W  C 2 f  +    ∫ 0 w   W  C 2 l  (  s n  ) d  G  ( n )   (  s n  )           =  c m        G ¯   ( n )   ( w )    ∫ 0 ∞     G ¯   ( k )   (  s k  )   F ¯  m  (  s k  ; w ) r ( w +  s k  ) d  s k     +        ∫ 0 w        ∫ 0 ∞     F ¯  m  ( t ;  s n  ) r (  s n  + t ) d t    +    ∫ 0 ∞     G ¯   ( k )   (  s k  )  F m  (  s k  ;  s n  ) r (  s n  +  s k  ) d  s k       d  G  ( n )   (  s n  )            



(4)








2.2.3. The Cost Measure of the Two-Stage 2DFRW


Obviously, for the two-stage 2DFRW, its costs include the warranty cost of the former stage warranty and the warranty cost of the latter stage warranty. Therefore, by summing (1) and (4), the warranty cost   W C   of the two-stage 2DFRW can be evaluated as


  W C = W  C 1  + W  C 2  =  c m         ∫ 0 w     G ¯   ( n )   (  s n  ) r (  s n  ) d  s n     +   G ¯   ( n )   ( w )    ∫ 0 ∞     G ¯   ( k )   (  s k  )   F ¯  m  (  s k  ; w ) r ( w +  s k  ) d  s k     +        ∫ 0 w        ∫ 0 ∞     F ¯  m  ( t ;  s n  ) r (  s n  + t ) d t    +    ∫ 0 ∞     G ¯   ( k )   ( s )  F m  (  s k  ;  s n  ) r (  s n  +  s k  ) d  s k       d  G  ( n )   (  s n  )         



(5)








2.2.4. Derivative Models of the Two-Stage 2DFRW


When   m → ∞  , it is obvious for     F ¯  m  ( ⋅ ; w ) → 1   and    F m  ( ⋅ ; w ) → 0   to hold. The first case signals that the latter stage warranty with ‘whichever occurs first’ is reduced to a one-dimensional free discrete repair warranty (1DFDRW) whose limit is a discrete positive natural number, i.e., the   k th   random mission cycle completion. The second case signals that the latter stage warranty with ‘whichever occurs last’ is reduced to a one-dimensional free repair warranty whose limit is remaining service time, which is called the one-dimensional free repair warranty with remaining service life (1DFRW-RSL). Therefore,   m → ∞   reduces the two-stage 2DFRW to the two-stage free hybrid repair warranty (FHRW) consisting of 2DFRWF, 1DFDRW and 1DFRW-RSL, and the related warranty cost is represented as


    lim   m → ∞   W C =  c m       ∫ 0 w     G ¯   ( n )   (  s n  ) r (  s n  ) d  s n     +   G ¯   ( n )   ( w )    ∫ 0 ∞     G ¯   ( k )   (  s k  ) r ( w +  s k  ) d  s k     +    ∫ 0 w        ∫ 0 ∞   r (  s n  + t ) d t      d  G  ( n )   (  s n  )       



(6)







Obviously,   m → 0   makes     F ¯  m  ( ⋅ ; w ) → 0   and    F m  ( ⋅ ; w ) → 1  . The first case implies that the latter stage warranty with ‘whichever occurs first’ is removed, and the manufacturer no longer maintains the fairness of the warranty that expires at  w . The second case implies that the latter stage warranty with ‘whichever occurs last’ is reduced to the one-dimensional free discrete repair warranty (1DFDRW) whose limit is the   k th   random mission cycle completion. Therefore,   m → 0   reduces the two-stage 2DFRW to the two-stage free hybrid repair warranty (FHRW) consisting of 2DFRWF and 1DFDRW, and the corresponding warranty cost is given by


    lim   m → 0   W C =  c m       ∫ 0 w     G ¯   ( n )   (  s n  ) r (  s n  ) d  s n     +    ∫ 0 w        ∫ 0 ∞     G ¯   ( k )   (  s k  ) r (  s n  +  s k  ) d  s k       d  G  ( n )   (  s n  )       



(7)







Clearly,   k → 0   makes     G ¯   ( k )   ( ⋅ ) → 0   and    G  ( k )   ( ⋅ ) → 1  . The first case indicates that the latter stage warranty with ‘whichever occurs first’ is removed, and thus, the manufacturer no longer maintains the fairness of the warranty that expires at  w . The second case indicates that the latter stage warranty with ‘whichever occurs last’ is reduced to a one-dimensional free repair warranty with remaining service life (1DFRW-RSL), which is similar to the warranty model in (6). In addition,   m → ∞   reduces the two-stage 2DFRW to the two-stage FHRW in (6). Therefore,   k → 0   and   m → ∞   reduce the two-stage 2DFRW to the two-stage free hybrid repair warranty (FHRW) consisting of 2DFRWF and 1DFRW-RSL, and its cost is given by


    lim      k → 0       m → ∞      W C =  c m       ∫ 0 w     G ¯   ( n )   ( s ) r ( s ) d s    +    ∫ 0 w        ∫ 0 ∞   r (  s n  + t ) d t      d  G  ( n )   (  s n  )       



(8)







Furthermore,   m → 0   and   k → 0   reduce the cost of the two-stage 2DFRW to


    lim      m → 0       k → 0      W C =  c m     ∫ 0 w     G ¯   ( n )   ( s ) r ( s ) d s     



(9)




which is the cost of the 2DFRWF (see Shang et al. [24]).



When   n → ∞  ,     G ¯   ( n )   ( ⋅ ) → 1  . This signal   n → ∞   can remove the warranty limit  n , and thus, the former stage warranty is reduced to the free repair warranty (FRW) model. In addition,   n → ∞   makes    G  ( n )   ( ⋅ ) → 0  , which means that the latter warranty with ‘whichever occurs last’ is removed. Therefore, under the case of   n → ∞  , the two-stage 2DFRW can be reduced to the two-stage FHRW consisting of the FRW in (6) and the 1DFRW-RSL in (8). The related warranty cost is represented as


    lim   n → ∞   W C =  c m       ∫ 0 w   r (  s n  ) d  s n     +    ∫ 0 ∞     F ¯  m  (  s k  ; w ) r ( w +  s k  ) d  s k        



(10)










3. Random Replacement Next Model Sustaining the Post-Warranty Reliability


In the reliability field, ‘whichever occurs first and last’ are two frequently used constraint methods to replace a used product as a new product. The replacement cost under ‘whichever occurs first’ is less than the replacement cost under ‘whichever occurs last’. However, the replacement time under ‘whichever occurs last’ is greater than the replacement time under ‘whichever occurs first’. By ignoring ‘whichever occurs last’, this section will design a novel policy of the random replacement model to sustain the post-warranty reliability for lengthening the remaining service life, as shown below.



3.1. The Design of the Random Replacement Next Model


When  T  and  N  are the working time and random mission cycle number, respectively, the random replacement model is proposed as follows.








	
The product through the two-stage 2DFRW is minimally repaired at each failure before replacement.



	
If the   N th   random mission cycle is completed before the working time  T  is reached, then the product through the two-stage 2DFRW will be replaced at next random mission cycle completion, i.e., the   ( N + 1 ) th   random mission cycle completion; otherwise, it will be replaced at the working time  T .








In this model, there are two limits, which are  N  and  T ; ‘next’ rather than any ‘whichever occurs first and last’ is used to restrict the occurrence order of the above two limits. In view of these, such a model is referred to as a random replacement next (RRN) model. Furthermore, the replacement time produced by the   ( N + 1 ) th   random mission cycle completion is longer than the replacement time produced by the   N th   random mission cycle completion. Therefore, compared with the random periodic replacement first model considering the   N th   random mission cycle completion (see Shang et al. [24]), the RRN can lengthen the remaining service life of the product through the warranty.




3.2. The Expected Cost Rate


To model RRN, a renewable cycle is defined as a time duration that starts from the activation of a new product sold with the two-stage 2DFRW designed in Section 2 to its replacement in the forms of RRN. By means of this definition, in this section, the expected cost rate of the RRN will be derived on the basis of the renewable reward theorem.



3.2.1. The Length of Renewable Cycle


By the design of RRN, the product sold with the two-stage 2DFRW will be replaced at the   ( N + 1 ) th   random mission cycle completion or at the working time  T . The occurrence probability of the first case is given by    G  ( N )   ( T )  , and the corresponding working time equates to    S N  +  Y  N + 1    , where    S N  =   ∑  i = 1  N    Y i     . The occurrence probability of the second case is given by     G ¯   ( N )   ( T )  , and the corresponding working time is equal to  T . Therefore, the replacement time   T R ( N , T )   produced by the RRN is given by


  T R ( N , T ) =    ∫ 0 T    s N  d  G  ( N )   (  s N  ) +  G  ( N )   ( T )    ∫ 0 ∞  y      G ( y ) +   G ¯   ( N )   ( T ) × T =    ∫ 0 T     G ¯   ( N )   (  s N  ) d  s N  +  G  ( N )   ( T )    ∫ 0 ∞    G ¯  ( y ) d y        



(11)




where    s N    is a realization of    S N   .



Similarly, the warranty service period   W S  P 1    produced by the former stage warranty is obtained as


  W S  P 1  =    ∫ 0 T    s n  d  G  ( n )   (  s n  ) +   G ¯   ( n )   ( w ) × w    =    ∫ 0 w     G ¯   ( n )   (  s n  ) d  s n      



(12)







The warranty service period   W S  P 2 f    produced by the latter stage warranty with ‘whichever occurs first’ is given by


  W S  P 2 f  =    ∫ 0 ∞        ∫ 0   s m      s k  d  G  ( k )   (  s k  )         d  F m  (  s m  ; w ) +    ∫ 0 ∞        ∫ 0   s k     t d  F m  ( t ; w )         d  G  ( k )   (  s k  ) =    ∫ 0 ∞     G ¯   ( k )   ( u )   F ¯  m  ( u ; w ) d u     



(13)







The warranty service period   W S  P 2 l  (  S n  )   produced by the latter stage warranty with ‘whichever occurs last’ is given by


  W S  P 2 l  (  S n  ) =    ∫ 0 ∞        ∫   s k   ∞   t d     F m  ( t ;  S n  )   d  G  ( k )   (  s k  )    +    ∫ 0 ∞        ∫ t ∞    s k  d  G  ( k )   (  s k  )      d  F m  ( t ;  S n  )    =    ∫ 0 ∞     F ¯  m  ( u ;  S n  ) d u    +    ∫ 0 ∞     G ¯   ( k )   ( u )  F m  ( u ;  S n  ) d u     



(14)







Because the occurrence probabilities that the product goes through the former stage warranty at  w  or the   n th   random mission cycle completion are derived as     G ¯   ( n )   ( w )   and    G  ( n )   ( w )  , the warranty service period   W S  P 2    of the latter stage warranty can be computed as


      W S  P 2     =   G ¯   ( n )   ( w ) × W S  P 2 f  +    ∫ 0 w   W S  P 2 l  (  s n  ) d  G  ( n )   (  s n  )           =   G ¯   ( n )   ( w )    ∫ 0 ∞     G ¯   ( k )   ( u )   F ¯  m  ( u ; w ) d u    +    ∫ 0 w        ∫ 0 ∞     F ¯  m  ( t ;  s n  ) d t    +    ∫ 0 ∞     G ¯   ( k )   ( t )  F m  ( t ;  s n  ) d t      d  G  ( n )   (  s n  )        



(15)







Therefore, by summing (12) and (15), the warranty service period   W S P   produced by the two-stage 2DFRW can be obtained as


      W S P    = W S  P 1  + W S  P 2           =    ∫ 0 w     G ¯   ( n )   (  s n  ) d  s n     +   G ¯   ( n )   ( w )    ∫ 0 ∞     G ¯   ( k )   ( u )   F ¯  m  ( u ; w ) d u    +    ∫ 0 w        ∫ 0 ∞     F ¯  m  ( t ;  s n  ) d    t +    ∫ 0 ∞     G ¯   ( k )   ( t )  F m  ( t ;  s n  ) d u      d  G  ( n )   (  s n  )        



(16)







By summing (16) and (11), in the case of using the two-stage 2DFRW and RRN, the length   R C L ( N , T )   of the renewable cycle is computed as


      R C L ( N , T )    = W S P + T R ( N , T )            =        ∫ 0 w     G ¯   ( n )   (  s n  ) d  s n     +   G ¯   ( n )   ( w )    ∫ 0 ∞     G ¯   ( k )   ( u )   F ¯  m  ( u ; w ) d u    +        ∫ 0 w        ∫ 0 ∞     F ¯  m  ( t ;  s n  ) d    t +    ∫ 0 ∞     G ¯   ( k )   ( t )  F m  ( t ;  s n  ) d t      d  G  ( n )   (  s n  )    +    ∫ 0 T     G ¯   ( N )   (  s N  ) d  s N     +  G  ( N )   ( T )    ∫ 0 ∞    G ¯  ( y ) d y            



(17)








3.2.2. The Total Cost during the Renewable Cycle


For the product sold with the two-stage 2DFRW, the case at which it goes through the two-stage 2DFRW includes four cases. They are listed as follows: in the case of the second stage warranty with ‘whichever occurs last’, the product goes through the two-stage 2DFRW at    S n  +  T m    or    S n  +  S k   ; under the case of the latter stage warranty with ‘whichever occurs first’, the product goes through the two-stage 2DFRW at   w +  T m    or   w +  S k   .



When the first case occurs, the related failure rate function is modeled as   r (  S n  +  T m  + u )  . Furthermore, the total cost of minimally repairing for the product undergoing the replacement at  T  or the   ( N + 1 ) th   random mission cycle completion is computed as    c m     ∫ 0 T   r (  S n  +  T m  + u ) d    u   and    c m       ∫ 0   S N     r (  S n  +  T m  + u ) d u    +    ∫ 0   Y  N + 1      r (  S n  +  T m  +  S N  + u ) d u       . Because    S n   ,    T m   ,    S N    and    Y  N + 1     are subject to distribution functions    G  ( n )   ( ⋅ )  ,    F m  ( ⋅ ;  S n  )  ,    G  ( N )   ( ⋅ )   and   G ( ⋅ )  , the total cost   T  C  f  l 1    ( N , T )   of minimally repairing under RRN can be obtained as


      T  C  f  l 1    ( N , T ) =      G ¯   ( N )   ( T )  c m     ∫ 0 w        ∫ 0 ∞        ∫   s k   ∞        ∫ 0 T   r (  s n  + t + u ) d u      d  F m  ( t ;  s n  )      d  G  ( k )   (  s k  )         d  G  ( n )   (  s n  ) +         c m     ∫ 0 T        ∫ 0 w        ∫ 0 ∞        ∫   s k   ∞          ∫ 0   s N     r (  s n  + t + u ) d u    +        ∫ 0 ∞        ∫ 0 y   r (  s n  + t +  s N  + u ) d u      d G ( y )        d  F m  ( t ;  s n  )      d  G  ( k )   (  s k  )      d  G  ( n )   (  s n  )         d  G  ( N )   (  s N  )     



(18)







For the product that undergoes the second case, the total cost   T  C  f  l 2    ( N , T )   of minimally repairing under RRN is calculated as


      T  C  f  l 2    ( N , T ) =      G ¯   ( N )   ( T )  c m     ∫ 0 w        ∫ 0 ∞        ∫ t ∞        ∫ 0 T   r (  s n  +  s k  + u ) d u      d  G  ( k )   (  s k  )      d  F m  ( t ;  s n  )         d  G  ( n )   ( s ) +         c m     ∫ 0 T        ∫ 0 w        ∫ 0 ∞        ∫ t ∞          ∫ 0   s N     r (  s n  +  s k  + u ) d u    +        ∫ 0 ∞        ∫ 0 y   r (  s n  +  s k  +  s N  + u ) d u      d G ( y )        d  G  ( k )   (  s k  )      d  F m  ( t ;  s n  )      d  G  ( n )   (  s n  )         d  G  ( N )   (  s N  )     



(19)







For the product undergoing the third case, the total cost   T  C  f  f 1    ( N , T )   of minimally repairing under RRN is computed as


  T  C  f  f 1    ( N , T ) =   G ¯   ( n )   ( w )  c m        G ¯   ( N )   ( T ) ⋅    ∫ 0 ∞        ∫ 0   s k          ∫ 0 T   r ( w + t + u ) d u      d  F m  ( t ; w )         d  G  ( k )   (  s k  ) +        ∫ 0 T        ∫ 0 ∞        ∫ 0   s k            ∫ 0   s N     r ( w + t + u ) d u    +        ∫ 0 ∞        ∫ 0 y   r ( w + t +  s N  + u ) d u         d G ( y )     d  F m  ( t ; w )      d  G  ( k )   (  s k  )      d  G  ( N )   (  s N  )         



(20)







For the product undergoing the fourth case, the total cost   T  C  f  f 2    ( N , T )   of minimally repairing under RRN is calculated as


  T  C  f  f 2    ( N , T ) =   G ¯   ( n )   ( w )  c m        G ¯   ( N )   ( T )    ∫ 0 ∞        ∫ 0 t        ∫ 0 T   r ( w +  s k  + u ) d u      d  G  ( k )   (  s k  )         d  F m  ( t ; w ) +        ∫ 0 T        ∫ 0 ∞        ∫ 0 t          ∫ 0   s N     r ( w +  s k  + u ) d u    +        ∫ 0 ∞        ∫ 0 y   r ( w +  s k  +  s N  + u ) d u         d G ( y )     d  G  ( k )   (  s k  )      d  F m  ( t ; w )      d  G  ( N )   (  s N  )         



(21)







Let    C R    be the unit replacement cost. Then, by summing all types of costs, the total cost   T  C R  ( N , T )   produced by the RRN is computed as


    T  C R  ( N , T ) = A + T  C  f  f 1    ( N , T ) + T  C  f  f 2    ( N , T ) + T  C  f  l 1    ( N , T ) + T  C  f  l 2    ( N , T )                   = A +   G ¯   ( N )   ( T )  c m         ∫ 0 w        ∫ 0 ∞        ∫   s k   ∞        ∫ 0 T   r (  s n  + t + u ) d u      d  F m  ( t ;  s n  )      d  G  ( k )   (  s k  )         d  G  ( n )   (  s n  ) +        ∫ 0 w        ∫ 0 ∞        ∫ t ∞        ∫ 0 T   r (  s n  +  s k  + u ) d u      d  G  ( k )   (  s k  )      d  F m  ( t ;  s n  )         d  G  ( n )   (  s n  ) +       G ¯   ( n )   ( w )    ∫ 0 ∞        ∫ 0   s k          ∫ 0 T   r ( w + t + u ) d u      d  F m  ( t ; w )         d  G  ( k )   (  s k  ) +       G ¯   ( n )   ( w )    ∫ 0 ∞        ∫ 0 t        ∫ 0 T   r ( w +  s k  + u ) d u      d  G  ( k )   (  s k  )         d  F m  ( t ; w )     +                                c m         ∫ 0 T        ∫ 0 w        ∫ 0 ∞        ∫   s k   ∞          ∫ 0   s N     r (  s n  + t + u ) d u    +        ∫ 0 ∞        ∫ 0 y   r (  s n  + t +  s N  + u ) d u      d G ( y )        d  F m  ( t ;  s n  )      d  G  ( k )   (  s k  )      d  G  ( n )   (  s n  )         d  G  ( N )   (  s N  ) +        ∫ 0 T        ∫ 0 w        ∫ 0 ∞        ∫ t ∞          ∫ 0   s N     r (  s n  +  s k  + u ) d u    +        ∫ 0 ∞        ∫ 0 y   r (  s n  +  s k  +  s N  + u ) d u      d G ( y )        d  G  ( k )   (  s k  )      d  F m  ( t ;  s n  )      d  G  ( n )   (  s n  )         d  G  ( N )   (  s N  )     +   G ¯   ( n )   ( w )    ∫ 0 T        ∫ 0 ∞        ∫ 0   s k            ∫ 0   s N     r ( w + t + u ) d u    +        ∫ 0 ∞        ∫ 0 y   r ( w + t +  s N  + u ) d u         d G ( y )     d  F m  ( t ; w )      d  G  ( k )   (  s k  )      d  G  ( N )   (  s N  )        +   G ¯   ( n )   ( w )    ∫ 0 T        ∫ 0 ∞        ∫ 0 t          ∫ 0   s N     r ( w +  s k  + u ) d u    +        ∫ 0 ∞        ∫ 0 y   r ( w +  s k  +  s N  + u ) d u         d G ( y )     d  G  ( k )   (  s k  )      d  F m  ( t ; w )      d  G  ( N )   (  s N  )           



(22)




where    c f    is the unit failure cost including the unit cost of minimally repairing and


  A =  c f         ∫ 0 w     G ¯   ( n )   (  s n  ) r (  s n  ) d  s n     +   G ¯   ( n )   ( w )    ∫ 0 ∞     G ¯   ( k )   (  s k  )   F ¯  m  (  s k  ; w ) r ( w +  s k  ) d  s k     +        ∫ 0 w        ∫ 0 ∞     F ¯  m  ( t ;  s n  ) r (  s n  + t ) d t    +    ∫ 0 ∞     G ¯   ( k )   ( s )  F m  (  s k  ;  s n  ) r (  s n  +  s k  ) d  s k       d  G  ( n )   (  s n  )        +    C R       












3.2.3. The Expected Cost Rate


Similar to Qiu et al. [42], using the renewable reward theorem in Barlow and Proschan [43], the expected cost rate function   E C R ( N , T )   formed by both the two-stage 2DFRW and RRN can be given by


    E C R ( N , T ) =   T C ( N , T )   R C L ( N , T )               =     ξ +   G ¯   ( N )   ( T )  c m         ∫ 0 w        ∫ 0 ∞        ∫   s k   ∞        ∫ 0 T   r (  s n  + t + u ) d u      d  F m  ( t ;  s n  )      d  G  ( k )   (  s k  )         d  G  ( n )   (  s n  ) +        ∫ 0 w        ∫ 0 ∞        ∫ t ∞        ∫ 0 T   r (  s n  +  s k  + u ) d u      d  G  ( k )   (  s k  )      d  F m  ( t ;  s n  )         d  G  ( n )   (  s n  ) +       G ¯   ( n )   ( w )    ∫ 0 ∞        ∫ 0   s k          ∫ 0 T   r ( w + t + u ) d u      d  F m  ( t ; w )         d  G  ( k )   (  s k  ) +       G ¯   ( n )   ( w )    ∫ 0 ∞        ∫ 0 t        ∫ 0 T   r ( w +  s k  + u ) d u      d  G  ( k )   (  s k  )         d  F m  ( t ; w )     +                                                                                                                      c m         ∫ 0 T        ∫ 0 w        ∫ 0 ∞        ∫   s k   ∞          ∫ 0   s N     r (  s n  + t + u ) d u    +        ∫ 0 ∞        ∫ 0 y   r (  s n  + t +  s N  + u ) d u      d G ( y )        d  F m  ( t ;  s n  )      d  G  ( k )   (  s k  )      d  G  ( n )   (  s n  )         d  G  ( N )   (  s N  ) +        ∫ 0 T        ∫ 0 w        ∫ 0 ∞        ∫ t ∞          ∫ 0   s N     r (  s n  +  s k  + u ) d u    +        ∫ 0 ∞        ∫ 0 y   r (  s n  +  s k  +  s N  + u ) d u      d G ( y )        d  G  ( k )   (  s k  )      d  F m  ( t ;  s n  )      d  G  ( n )   (  s n  )         d  G  ( N )   (  s N  )     +   G ¯   ( n )   ( w )    ∫ 0 T        ∫ 0 ∞        ∫ 0   s k            ∫ 0   s N     r ( w + t + u ) d u    +        ∫ 0 ∞        ∫ 0 y   r ( w + t +  s N  + u ) d u         d G ( y )     d  F m  ( t ; w )      d  G  ( k )   (  s k  )      d  G  ( N )   (  s N  )        +   G ¯   ( n )   ( w )    ∫ 0 T        ∫ 0 ∞        ∫ 0 t          ∫ 0   s N     r ( w +  s k  + u ) d u    +        ∫ 0 ∞        ∫ 0 y   r ( w +  s k  +  s N  + u ) d u         d G ( y )     d  G  ( k )   (  s k  )      d  F m  ( t ; w )      d  G  ( N )   (  s N  )            ξ +    ∫ 0 T     G ¯   ( N )   (  s N  ) d  s N     +  G  ( N )   ( T )    ∫ 0 ∞    G ¯  ( y ) d y         



(23)




where   ξ =    ∫ 0 w     G ¯   ( n )   (  s n  ) d  s n     +    ∫ 0 w        ∫ 0 ∞     F ¯  m  ( t ;  s n  ) d    t +    ∫ 0 ∞     G ¯   ( k )   ( t )  F m  ( t ;  s n  ) d t      d  G  ( n )   (  s n  )    +   G ¯   ( n )   ( w )    ∫ 0 ∞     G ¯   ( k )   ( u )   F ¯  m  ( u ; w ) d u     .



Similar to Sheu et al. [44] and Zhang et al. [45], we can discuss the existence and uniqueness of optimal decision variables by means of the first-order derivative of the objective function. They are no longer presented here, and all optimal results will be illustrated in the next section from a numerical perspective.




3.2.4. Other Expected Cost Rates


By the description of the two-stage FHRW in (7), the case in which the product goes through this warranty model includes two cases. They are listed as follows: the product goes through this warranty at    S n  +  S k   ; the product goes through this warranty at  w .



When the first case occurs, the related failure rate function is given by   r (  S n  +  S k  + u )  . Furthermore, the total costs of minimal repair for the product undergoing the replacement at  T  or the   ( N + 1 ) th   random mission cycle completion are computed as    c m     ∫ 0 T   r (  S n  +  S k  + u ) d    u   and    c m       ∫ 0   S N     r (  S n  +  S k  + u ) d u    +    ∫ 0   Y  N + 1      r (  S n  +  S k  +  S N  + u ) d u       . Because    S n   ,    S k   ,    S N    and    Y  N + 1     are subject to distribution functions    G  ( n )   ( ⋅ )  ,    G  ( k )   ( ⋅ )  ,    G  ( N )   ( ⋅ )   and   G ( ⋅ )  , the total cost   T  C   a 1    ( N , T )   of minimally repairing under RRN can be obtained as


      T  C   a 1    ( N , T ) =      G ¯   ( N )   ( T )  c m     ∫ 0 w        ∫ 0 ∞        ∫ 0 T   r (  s n  +  s k  + u ) d u      d  G  ( k )   (  s k  )         d  G  ( n )   (  s n  ) +         c m     ∫ 0 T        ∫ 0 w        ∫ 0 ∞          ∫ 0   s N     r (  s n  +  s k  + u ) d u    +        ∫ 0 ∞        ∫ 0 y   r (  s n  +  s k  +  s N  + u ) d u      d G ( y )        d  G  ( k )   (  s k  )      d  G  ( n )   (  s n  )         d  G  ( N )   (  s N  )     



(24)







When the second case occurs, the total cost   T  C   a 2    ( N , T )   of minimally repairing under RRN is computed as


  T  C   a 2    ( N , T ) =   G ¯   ( n )   ( w )  c m      G ¯   ( N )   ( T )    ∫ 0 T   r ( w + u ) d u    +    ∫ 0 T        ∫ 0   s N     r ( w + u ) d u    +    ∫ 0 ∞        ∫ 0 y   r ( w +  s N  + u ) d u         d G ( y )   d  G  ( N )   (  s N  )       



(25)







By summing all types of costs, the total cost   T  C a  ( N , T )   under the two-stage FHRW in (7) and RRN is computed as


      T  C a  ( N , T )    = B + T  C   a 1    ( N , T ) + T  C   a 2    ( N , T )        = B +   G ¯   ( N )   ( T )  c m       ∫ 0 w        ∫ 0 ∞        ∫ 0 T   r (  s n  +  s k  + u ) d u      d  G  ( k )   (  s k  )         d  G  ( n )   (  s n  ) +   G ¯   ( n )   ( w )    ∫ 0 T   r ( w + u ) d u      +         c m         ∫ 0 T        ∫ 0 w        ∫ 0 ∞          ∫ 0   s N     r (  s n  +  s k  + u ) d u    +        ∫ 0 ∞        ∫ 0 y   r (  s n  +  s k  +  s N  + u ) d u      d G ( y )        d  G  ( k )   (  s k  )      d  G  ( n )   (  s n  )         d  G  ( N )   (  s N  ) +       G ¯   ( n )   ( w )    ∫ 0 T        ∫ 0   s N     r ( w + u ) d u    +    ∫ 0 ∞        ∫ 0 y   r ( w +  s N  + u ) d u         d G ( y )   d  G  ( N )   (  s N  )            



(26)




where   B =  c f       ∫ 0 w     G ¯   ( n )   (  s n  ) r (  s n  ) d  s n     +    ∫ 0 w        ∫ 0 ∞     G ¯   ( k )   (  s k  ) r (  s n  +  s k  ) d  s k       d  G  ( n )   (  s n  )      +  C R   .



Under the case of using the two-stage FHRW in (7) and RRN, the length   R C  L a  ( N , T )   of the renewable cycle is computed as


  R C  L a  ( N , T ) =    ∫ 0 w     G ¯   ( n )   (  s n  ) d  s n     +   G ¯   ( n )   ( w )    ∫ 0 ∞     G ¯   ( k )   ( t ) d t    +    ∫ 0 T     G ¯   ( N )   (  s N  ) d  s N     +  G  ( N )   ( T )    ∫ 0 ∞    G ¯  ( y ) d y     



(27)







On the basis of the renewable reward theorem, the expected cost rate function   E C  R a  ( N , T )   under both the two-stage FHRW in (7) and the RRN can be given by


  E C  R a  ( N , T )   =     B +   G ¯   ( N )   ( T )  c m       ∫ 0 w        ∫ 0 ∞        ∫ 0 T   r (  s n  +  s k  + u ) d u      d  G  ( k )   (  s k  )         d  G  ( n )   (  s n  ) +   G ¯   ( n )   ( w )    ∫ 0 T   r ( w + u ) d u      +      c m         ∫ 0 T        ∫ 0 w        ∫ 0 ∞          ∫ 0   s N     r (  s n  +  s k  + u ) d u    +        ∫ 0 ∞        ∫ 0 y   r (  s n  +  s k  +  s N  + u ) d u      d G ( y )        d  G  ( k )   (  s k  )      d  G  ( n )   (  s n  )         d  G  ( N )   (  s N  ) +       G ¯   ( n )   ( w )    ∫ 0 T        ∫ 0   s N     r ( w + u ) d u    +    ∫ 0 ∞        ∫ 0 y   r ( w +  s N  + u ) d u         d G ( y )   d  G  ( N )   (  s N  )               ∫ 0 w     G ¯   ( n )   (  s n  ) d  s n     +   G ¯   ( n )   ( w )    ∫ 0 ∞     G ¯   ( k )   ( t ) d t    +    ∫ 0 T     G ¯   ( N )   (  s N  ) d  s N     +  G  ( N )   ( T )    ∫ 0 ∞    G ¯  ( y ) d y       



(28)







Under the case of using the two-stage FHRW in (8), the case at which the product goes through the warranty includes the case at which the product goes through the warranty at    S n  +  T m    and the case at which the product goes through the warranty at  w . When the first case occurs, the total costs of minimally repairing are computed as    c m     ∫ 0 T   r (  S n  +  T m  + u ) d    u   or    c m       ∫ 0   S N     r (  S n  +  T m  + u ) d u    +    ∫ 0   Y  N + 1      r (  S n  +  T m  +  S N  + u ) d u       . Similar to (24), the total cost   T  C   b 1    ( N , T )   of minimally repairing under RRN can be obtained as


      T  C   b 1    ( N , T ) =      G ¯   ( N )   ( T )  c m     ∫ 0 w        ∫ 0 ∞        ∫ 0 T   r (  s n  + t + u ) d u      d  F m  ( t ;  s n  )         d  G  ( n )   (  s n  ) +         c m     ∫ 0 T        ∫ 0 w        ∫ 0 ∞          ∫ 0   s N     r (  s n  + t + u ) d u    +        ∫ 0 ∞        ∫ 0 y   r (  s n  + t +  s N  + u ) d u      d G ( y )        d  F m  ( t ;  s n  )      d  G  ( n )   (  s n  )         d  G  ( N )   (  s N  )     



(29)







When the second case occurs, the total cost   T  C   b 2    ( N , T )   of minimally repairing under RRN is computed as


  T  C   b 2    ( N , T ) =   G ¯   ( n )   ( w )  c m      G ¯   ( N )   ( T )    ∫ 0 T   r ( w + u ) d u    +    ∫ 0 T        ∫ 0   s N     r ( w + u ) d u    +    ∫ 0 ∞        ∫ 0 y   r ( w +  s N  + u ) d u         d G ( y )   d  G  ( N )   (  s N  )       



(30)







By summing all types of costs, the total cost   T  C b  ( N , T )   under the two-stage FHRW in (8) and RRN is calculated as


      T  C b  ( N , T )    = E + T  C   b 1    ( N , T ) + T  C   b 2    ( N , T )        = E +   G ¯   ( N )   ( T )  c m       ∫ 0 w        ∫ 0 ∞        ∫ 0 T   r (  s n  + t + u ) d u      d  F m  ( t ;  s n  )         d  G  ( n )   (  s n  ) +   G ¯   ( n )   ( w )    ∫ 0 T   r ( w + u ) d u      +           c m         ∫ 0 T        ∫ 0 w        ∫ 0 ∞          ∫ 0   s N     r (  s n  + t + u ) d u    +        ∫ 0 ∞        ∫ 0 y   r (  s n  + t +  s N  + u ) d u      d G ( y )        d  F m  ( t ;  s n  )      d  G  ( n )   (  s n  )         d  G  ( N )   (  s N  ) +       G ¯   ( n )   ( w )    ∫ 0 T        ∫ 0   s N     r ( w + u ) d u    +    ∫ 0 ∞        ∫ 0 y   r ( w +  s N  + u ) d u         d G ( y )   d  G  ( N )   (  s N  )            



(31)




where   E =  c f       ∫ 0 w     G ¯   ( n )   (  s n  ) r (  s n  ) d  s n     +    ∫ 0 w        ∫ 0 ∞     F ¯  m  ( t ;  s n  ) r (  s n  + t ) d t      d  G  ( n )   (  s n  )      +  C R   .



By summing the results, the length   R C  L b  ( N , T )   of the renewable cycle is computed as


  R C  L b  ( N , T ) =    ∫ 0 w     G ¯   ( n )   (  s n  ) d  s n     +    ∫ 0 ∞        ∫ 0 ∞     F ¯  m  ( t ;  s n  ) d    t   d  G  ( n )   (  s n  )    +    ∫ 0 T     G ¯   ( N )   (  s N  ) d  s N     +  G  ( N )   ( T )    ∫ 0 ∞    G ¯  ( y ) d y     



(32)







Furthermore, the expected cost rate function   E C  R b  ( N , T )   formed by both the two-stage FHRW in (8) and the RRN can be given by


  E C  R b  ( N , T ) =     E +   G ¯   ( N )   ( T )  c m       ∫ 0 w        ∫ 0 ∞        ∫ 0 T   r (  s n  + t + u ) d u      d  F m  ( t ;  s n  )         d  G  ( n )   (  s n  ) +   G ¯   ( n )   ( w )    ∫ 0 T   r ( w + u ) d u          +  c m         ∫ 0 T        ∫ 0 w        ∫ 0 ∞          ∫ 0   s N     r (  s n  + t + u ) d u    +        ∫ 0 ∞        ∫ 0 y   r (  s n  + t +  s N  + u ) d u      d G ( y )        d  F m  ( t ;  s n  )      d  G  ( n )   (  s n  )         d  G  ( N )   (  s N  ) +       G ¯   ( n )   ( w )    ∫ 0 T        ∫ 0   s N     r ( w + u ) d u    +    ∫ 0 ∞        ∫ 0 y   r ( w +  s N  + u ) d u         d G ( y )   d  G  ( N )   (  s N  )               ∫ 0 w     G ¯   ( n )   (  s n  ) d  s n     +    ∫ 0 ∞        ∫ 0 ∞     F ¯  m  ( t ;  s n  ) d    t   d  G  ( n )   (  s n  )    +    ∫ 0 T     G ¯   ( N )   (  s N  ) d  s N     +  G  ( N )   ( T )    ∫ 0 ∞    G ¯  ( y ) d y       



(33)







By the design of the 2DFRWF in (9), the case in which the product goes through the 2DFRWF is listed as follows: the product goes through such a 2DFRWF at    S n   , and the product goes through such a 2DFRWF at  w . When the former case occurs, the total costs of minimally repairing are computed as    c m     ∫ 0 T   r (  S n  + u ) d    u   and    c m       ∫ 0   S N     r (  S n  + u ) d u    +    ∫ 0   Y  N + 1      r (  S n  +  S N  + u ) d u       . Similarly, the total cost   T  C   e 1    ( N , T )   of minimally repairing under RRN can be obtained as


      T  C   e 1    ( N , T )    =   G ¯   ( N )   ( T )  c m     ∫ 0 w        ∫ 0 T   r (  s n  + u ) d u         d  G  ( n )   (  s n  ) +             c m     ∫ 0 T        ∫ 0 w        ∫ 0   s N     r (  s n  + u ) d u    +    ∫ 0 ∞        ∫ 0 y   r (  s n  +  s N  + u ) d u      d G ( y )      d  G  ( n )   (  s n  )         d  G  ( N )   (  s N  )     



(34)







For the latter case, the total cost   T  C   e 2    ( N , T )   of minimally repairing under RRN is computed as


  T  C   e 2    ( N , T ) =   G ¯   ( n )   ( w )  c m      G ¯   ( N )   ( T )    ∫ 0 T   r ( w + u ) d u    +    ∫ 0 T        ∫ 0   s N     r ( w + u ) d u    +    ∫ 0 ∞        ∫ 0 y   r ( w +  s N  + u ) d u         d G ( y )   d  G  ( N )   (  s N  )       



(35)







By summing all costs, the total cost   T  C e  ( N , T )   under the 2DFRWF in (9) and RRN is computed as


      T  C e  ( N , T )    = E + T  C   e 1    ( N , T ) + T  C   e 2    ( N , T )        = E +   G ¯   ( N )   ( T )  c m       ∫ 0 w        ∫ 0 T   r (  s n  + u ) d u         d  G  ( n )   (  s n  ) +   G ¯   ( n )   ( w )    ∫ 0 T   r ( w + u ) d u      +               c m         ∫ 0 T        ∫ 0 w        ∫ 0   s N     r (  s n  + u ) d u    +    ∫ 0 ∞        ∫ 0 y   r (  s n  +  s N  + u ) d u      d G ( y )      d  G  ( n )   (  s n  )         d  G  ( N )   (  s N  )     +   G ¯   ( n )   ( w )    ∫ 0 T        ∫ 0   s N     r ( w + u ) d u    +    ∫ 0 ∞        ∫ 0 y   r ( w +  s N  + u ) d u         d G ( y )   d  G  ( N )   (  s N  )            



(36)




where   E =  c f     ∫ 0 w     G ¯   ( n )   (  s n  ) r (  s n  ) d  s n     +  C R   .



Moreover, the length   R C  L e  ( N , T )   of the renewable cycle is computed as


  R C  L e  ( N , T ) =    ∫ 0 w     G ¯   ( n )   (  s n  ) d  s n     +    ∫ 0 T     G ¯   ( N )   (  s N  ) d  s N     +  G  ( N )   ( T )    ∫ 0 ∞    G ¯  ( y ) d y     



(37)







Similarly, the expected cost rate function   E C  R e  ( N , T )   formed by both the 2DFRWF and RRN can be given by


  E C  R e  ( N , T ) =     E +   G ¯   ( N )   ( T )  c m       ∫ 0 w        ∫ 0 T   r (  s n  + u ) d u         d  G  ( n )   (  s n  ) +   G ¯   ( n )   ( w )    ∫ 0 T   r ( w + u ) d u      +      c m         ∫ 0 T        ∫ 0 w        ∫ 0   s N     r (  s n  + u ) d u    +    ∫ 0 ∞        ∫ 0 y   r (  s n  +  s N  + u ) d u      d G ( y )      d  G  ( n )   (  s n  )         d  G  ( N )   (  s N  )     +   G ¯   ( n )   ( w )    ∫ 0 T        ∫ 0   s N     r ( w + u ) d u    +    ∫ 0 ∞        ∫ 0 y   r ( w +  s N  + u ) d u         d G ( y )   d  G  ( N )   (  s N  )               ∫ 0 w     G ¯   ( n )   (  s n  ) d  s n     +    ∫ 0 T     G ¯   ( N )   (  s N  ) d  s N     +  G  ( N )   ( T )    ∫ 0 ∞    G ¯  ( y ) d y       



(38)







If the replacement at the next random mission cycle completion is ignored, the RRN can be reduced to a random periodic replacement first model as in Shang et al. [24], whose cost rate is given by


    lim    G ¯  ( y ) → 1   E C  R a  ( N , T ) =   B +  c m        G ¯   ( n )   ( w )    ∫ 0 T     G ¯   ( N )   (  s N  ) r ( w +  s N  ) d  s N     +        ∫ 0 T       G ¯   ( N )   (  s N  )    ∫ 0 w        ∫ 0 ∞   r (  s n  +  s k  +  s N  ) d  G  ( k )   (  s k  )      d  G  ( n )   (  s n  )      d  s N              ∫ 0 w     G ¯   ( n )   (  s n  ) d  s n     +   G ¯   ( n )   ( w )    ∫ 0 ∞     G ¯   ( k )   ( t ) d t    +    ∫ 0 T     G ¯   ( N )   (  s N  ) d  s N        



(39)




where the two-stage FHRW in (8) is used to sustain the product reliability during the warranty stage.






4. Numerical Examples


At present, an increasing number of intelligence appliances are being put into use in China. Advanced digital technologies have been widely integrated into new types of intelligence appliances. With the help of advanced digital technologies, managers can monitor the usage data of intelligence appliances. That is, the deep integration of advanced digital technologies and intelligence appliances enables managers to monitor through-life product usage data. Facilitated by the joining force of advanced digital technologies, such as cyber-physical infrastructure (CPI) and industry application programs (IAPs), manufacturers and users can obtain time span in real time, i.e., mission cycle, which starts from activating before usage and ends with turning off after each mission completion.



For exploring the characteristics of the models proposed in this paper, the latest boiler of X company is considered as an research object, which performs bath missions according to consumers’ instructions. Assisted by advanced digital technologies, consumers activate the boiler before bathing and shut down the boiler after bathing, during which all usage data can be monitored and delivered to the manufacturer. From the statistical perspective, manufacturers have designed the service time of unit boiler as 100,000 times and a limited time span, whichever occurs first. In this study, assume that the occurrence time  X  of the first failure for this latest type of boilers is subject to a Weibull distribution   F ( x )   whose failure rate function   r ( u )   satisfies   r ( u ) = α   ( u )  β    where   α ,   β > 0  ; assume that all mission cycles of such a type of products are random mission cycles to obey an identical distribution function   G ( y )   with a constant failure rate  λ . To conveniently perform numerical experiments, here any of parameter value for the above distribution functions is no longer estimated because parameter estimating belongs to a statistical problem exceeding this study. Similarly, the values of some of the parameters are defined as    c m  = 0.1  ,    c f  = 0.3   and   α = 0.5  , and other parameters are set to be values wherever used.



Based on these statements and by means of MATLAB software, the two-stage 2DFRW and RNN are illustrated below.



4.1. Exploration of the Characteristics of the Designed Warranty


In Section 2, five warranty models have been presented, which are the two-stage 2DFRW in Section 2.1 and four models in Section 2.2.4. By taking the two-stage 2DFRW as a typical example, some characteristic explorations are provided below.



Let   k = β = 2   and   λ = 3  ; then, Figure 1 has been plotted to explore the characteristics of the two-stage 2DFRW.



Figure 1 shows that the increase in  n  makes the warranty cost of the two-stage 2DFRW enhanced first to a maximum value and then downed to the warranty cost of the two-stage FHRW in (10). The increase in  n  can increase the costs of the former stage warranty and the latter stage warranty with ‘whichever occurs first’ and decrease the cost of the latter stage warranty with ‘whichever occurs last’. This signal that the increase in  n  can produce the following changes: the increment in the costs of the former stage warranty and the latter stage warranty with ‘whichever occurs first’ is first greater than the decrement in the cost of the latter stage warranty with ‘whichever occurs last’ and is second less than the latter decrement. The increase in  n  can reduce the two-stage 2DFRW to the two-stage FHRW in (10). Therefore, the ordered appearance of these changes makes the above laws occur. In addition, the increase in  w  can extend the coverage range of the two-stage 2DFRW, and thus, the warranty cost of the two-stage 2DFRW increases with  w , as shown in Figure 1.



By setting   k = β = 2   and   λ = 3  , Figure 2 has been used to further explore the characteristics of the two-stage 2DFRW. Figure 2 shows that the increase in  k  can enhance the warranty cost of the two-stage 2DFRW. The core cause of such a law is listed as follows: the increase in  k  can extend the coverage range of the latter stage warranty, which is not affected by any of ‘whichever occurs first and last’. In Figure 2, it is found that when  k  is smaller, the warranty cost of the two-stage 2DFRW increases with  m ; when  k  is larger, the warranty cost of the two-stage 2DFRW tends to the same value with  m . The smaller  k  can keep each of the two latter stage warranties, and the increase in  m  can extend the coverage range of the warranty of the last stage. The larger  k  keeps the latter stage warranty with ‘whichever occurs first’ and removes the latter stage warranty with ‘whichever occurs last’, which means that the warranty cost of the latter stage warranty with ‘whichever occurs first’ is a unique cost. Therefore, the above two cases occur.




4.2. Exploration of the Characteristics of RNNs


Five cost rate models have been presented in Section 3, which are models in (23), (28), (33), (38) and (39). Any of them includes an RNN. In view of this, taking the model in (28) as a typical example, the characteristics of RNN are explored below.



To verify the feasibility of RNN and explore how    C R    affects the optimal RNN, Figure 3 has been provided by using   n = k = β = 2  ,   λ = 3   and   w = 3  . Figure 3 shows that the minimum cost rate   E C  R a  (  N *  ,  T *  )   exists, which signals that the RNN is feasible. In addition, Figure 3 shows that the increase in    C R    increases the minimum cost rate   E C  R a  (  N *  ,  T *  )  , the optimal working time    T *    and the optimal mission cycle number    N *   .



Under the case of   k = β = 2  ,   λ = 3   and    C R  = 8  , Table 1 shows how the former stage warranty affects the optimal RNN. In Table 1,    N *    is non-increasing with each of  w  and  n ,    T *    is decreasing with  w  and  n , and   E C  R a  (  N *  ,  T *  )   is decreasing with  n  as well as increasing with  w . The former two laws imply that when the coverage range of the first stage warranty increases, the replacement time of the product through the two-stage FHRW in (7) decreases, and vice versa.



Under the case of   w = n = 3  ,   β = 2  , and    C R  = 8  , Table 2 shows how the latter stage warranty affects the optimal RNN. Table 2 shows that    N *    increases with  λ  and is non-increasing with  k ,    T *    decreases with  k  and increases with  λ , and   E C  R a  (  N *  ,  T *  )   decreases with  λ  and increases with  k . The former two laws imply that when the coverage range of the latter stage warranty increases, the replacement time of the product through the two-stage FHRW in (7) decreases, which is similar to that of Table 1.



To illustrate the performance of the RNN, Table 3 has been offered using   w = n = 3  ,   k = β = 2  , and    C R  = 8  . The optimal working time of the RNN is greater than the optimal working time of the optimal random periodic replacement whose cost rate has been offered in (39), while the relationship between the optimal cost rates is opposite to that between the optimal working times. These results imply that RNNs can lengthen the remaining service life at a lower cost rate.





5. Conclusions


Under the case of taking a support background where advanced digital technologies improve the operation and maintenance of products, this paper devises a two-stage two-dimensional free repair warranty (2DFRW) to sustain the product reliability during the warranty stage in order for warranty fairness to be maintained by removing inequality. The cost measure of the two-stage 2DFRW is evaluated from the perspective of reliability theory. By discussing parameter values, some derivative models of the two-stage 2DFRW are presented, and the related cost measures are obtained by solving the problem of the limit. Additionally, a random replacement next (RRN) model that considers two limits is defined to maintain post-warranty reliability for extending the remaining service life of the product through the warranty. By taking the two-stage 2DFRW and some of its derivatives as warranty models, the expected cost rates of the RRN are constructed on the basis of the renewable reward theorem. The characteristics of the two-stage 2DFRW and RRN are mined by means of numerical analysis. Compared with the random periodic replacement first model, the RNN can lengthen the remaining service life of the product through its warranty at a lower cost rate.



The ideas involved in this paper can enrich theories of warranty and post-warranty maintenance and have a certain use for reference in the design of warranty and post-warranty maintenance. In addition, some new models of sustaining the through-life reliability of the product can be constructed, which include but are not limited to the following:




	◆

	
Flexible warranty models under the case of the multi-failure mode;




	◆

	
Customized maintenance models to sustain the different post-warranty reliabilities.
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Figure 1. The impact of the coverage range of the former stage warranty on the two-stage 2DFRW. 
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Figure 2. The impact of the coverage range of the second stage warranty on the two-stage 2DFRW. 
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Figure 3. The impact of    C R    on the optimal RNN. 
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Table 1. The impact of the former stage warranty on the optimal RNN.
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    w = 4    




	
     N *     

	
     T *     

	
    E C  R a  (  N *  ,  T *  )    

	
     N *     

	
     T *     

	
    E C  R a  (  N *  ,  T *  )    

	
     N *     

	
     T *     

	
    E C  R a  (  N *  ,  T *  )    






	
2

	
26

	
3.1342

	
3.0287

	
25

	
3.1279

	
3.0495

	
24

	
3.1270

	
3.0513




	
3

	
24

	
2.8049

	
2.9686

	
24

	
2.7775

	
3.0329

	
24

	
2.7748

	
3.0411




	
4

	
23

	
2.5050

	
2.8612

	
23

	
2.4250

	
2.9931

	
22

	
2.4142

	
3.0174
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Table 2. The impact of the latter stage warranty on the optimal RNN.






Table 2. The impact of the latter stage warranty on the optimal RNN.





	
   k   

	
    λ = 2    

	
    λ = 3    

	
    λ = 4    




	
     N *     

	
     T *     

	
    E C  R a  (  N *  ,  T *  )    

	
     N *     

	
     T *     

	
    E C  R a  (  N *  ,  T *  )    

	
     N *     

	
     T *     

	
    E C  R a  (  N *  ,  T *  )    






	
2

	
16

	
1.9893

	
3.0398

	
24

	
2.7775

	
3.0329

	
30

	
3.1705

	
2.9773




	
3

	
15

	
1.7025

	
3.2991

	
23

	
2.6090

	
3.2694

	
30

	
3.1575

	
3.0477




	
4

	
14

	
1.4184

	
3.5938

	
22

	
2.4474

	
3.5239

	
30

	
2.9298

	
3.3493
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Table 3. The performance illustration of the RNN.






Table 3. The performance illustration of the RNN.





	
   λ   

	
The Optimal RNN

	
The Optimal Random Periodic Replacement




	
    R C  L a  (  N *  ,  T *  )    

	
    E C  R a  (  N *  ,  T *  )    

	
      lim    G ¯  ( y ) → 1   R C  L a  (  N *  ,  T *  )    

	
      lim    G ¯  ( y ) → 1   (  N *  ,  T *  )    






	
4

	
4.1707

	
2.9773

	
4.0592

	
3.1639
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