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Abstract: Queueing systems with strategic servers are common in the service industry. The self-
interested service rate decision of the strategic server will be detrimental to the queueing system.
To improve the service rates, designing incentive contracts for the server from the queueing system
owner’s perspective is critical. This study investigates the incentive contracts of queueing systems
under exogenous and endogenous price scenarios. The unit-price and cost-sharing contracts are
introduced to coordinate the queueing system. The effects of pricing mechanisms and contract types
on the queueing system are investigated theoretically and experimentally. The results reveal that
regardless of whether the price scenario is exogenous or endogenous, the cost-sharing contract is
more effective than the unit-price contract in incentivizing the server to make a service effort. The
cost-sharing contract with endogenous price can reduce the service price. The cost-sharing contract
can boost profits for both the owner and server, albeit with conditions.

Keywords: queueing system; strategic server; principal-agent model; service effort; service price;
incentive contracts

MSC: 90B22

1. Introduction

The service rate is an essential property of the queueing system, which determines the
length of the queue and the benefits of the queueing system [1,2]. The queueing system can
use an adjustable service rate to improve profit performance [3-5]. In particular, when the
service rate is determined by a strategic server [6], the decision-making mechanism of the
queueing system must be conducted from the queueing system owner’s perspective.

The service price of the queueing system affects the consumer market demand and
determines the arrival rate [7,8]. The service price of the queueing system can be exogenous
or endogenous, depending on the characteristics of different service industries [9]. The
market determines an exogenous price, while an endogenous price is determined by the
queueing system’s owner. Therefore, the optimal decision of the queueing system must
be conducted under the exogenous and endogenous price scenarios. Furthermore, the
interaction between the service price and service rate must be thoroughly investigated.

A strategic server optimizes the service rate to maximize profit, which can harm the
queueing system’s owner and consumers. A moral hazard arises in a queueing system with
a strategic server [10]. Therefore, the owner of a queueing system must design incentive
contracts for the strategic server based on the principal-agent theory [11].

Maintaining the queueing system’s efficient operation becomes more complicated in a
queueing system with strategic servers. Under the principal-agent framework, the owner
of the queueing system is the principal, and the strategic server is the agent. Generally, the
principal can incentivize the agent to improve the service rate by adjusting their payments.
The payment can be expressed as different types of incentive contracts, such as unit-price
and cost-sharing contracts.
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The combination of pricing modes and contract types enables the authors to study the
optimal decisions of the owner and the server under six different scenarios, including the
centralized decision-making with exogenous price, the unit-price contract with exogenous
price, the cost-sharing contract with exogenous price, the centralized decision-making with
endogenous price, the unit-price contract with endogenous price, and the cost-sharing
contract with endogenous price. The game mathematical models under different scenarios
were established based on the principal-agent theory. The reverse derivation method was
used to solve the game models to obtain the equilibrium results. The optimal results under
different scenarios were analyzed theoretically and experimentally.

The modeling framework in this study is applicable to the queueing system with a
strategic server. The owner of the system can motivate the server to improve the service
rate through the incentive contract and adjust the arrival rate of customers through pricing.
The real-life applications of this kind of queueing system can be found in restaurants, auto
repair shops, ride sharing platform, and outpatient medical services, to name a few [12,13].
For example, the owner of a restaurant can encourage the cook to speed up cooking by
increasing the wage, and can attract more consumers by reducing the price of the dishes.
The owner of an auto repair shop can raise the wages of the workers to encourage them to
speed up their work, and can raise the maintenance prices to avoid the congestion of the
repair shop.

The main contributions of this study include two aspects. First, the joint decision-
making of the service rate and service price of the queueing system is conducted under a
principal-agent framework. In addition, the incentive contracts for the strategic server are
designed under the exogenous and endogenous price scenarios. This study also investigates
the interaction between the service rate and the service price, as well as the coordination
effect of incentive contracts on the queueing system.

The rest of this study is organised as follows. Section 2 reviews the relevant literature
and compares our study with the existing literature. Section 3 presents the problem descrip-
tion and notation of this study. Section 4 shows the optimal decisions under exogenous
price scenarios. Section 5 gives the optimal decisions under endogenous price scenarios.
Section 6 investigates the impact of the decision-making scenarios on the performance
of the queueing system. Section 7 numerically presents optimal results for the queueing
system. Section 8 concludes this study and identifies future directions for study. All proofs
are provided in Appendix A.

2. Literature Review

This study belongs to three streams of the literature: pricing decision for queueing
system, effort decision for queueing system, and incentive contract design for queueing
system. The primary contribution of our research is to provide bridges among the above
three steams. Specifically, our study investigates the pricing and contract design issues
from the owner’s perspective of the queueing system. The contracts are used to motivate
the server to make the optimal service effort. In the following, a review of related research
papers is provided.

2.1. Service Pricing of Queueing System

The service price of the queueing system determines the arrival of consumers and
the performance of the queueing system [14,15]. A lower service price can attract more
customers to join the queueing system, and vice versa. Therefore, the arrival of customers in
the queueing system depends on the service price. Furthermore, the profit of the queueing
system depends on the arrival of consumers. This shows that the profit of the queueing
system also depends on the service price [16]. Therefore, the service price needs to be
optimized to maximize the profit of the queueing system.

Considering that consumers purchase in priority to maximize their utilities, Giiler and
Bilgic [16] embedded the inventory-level decision of service facilities in the priority pricing
problem of the queueing system. They found that whether time-sensitive consumers join the



Axioms 2023, 12,272

3 0f27

queueing system depends on the threshold of the inventory level. Different from the above
research, Moshe and Oz [17] studied the priority pricing of the server under Stackelberg
game, and they found that the server may obtain more revenue under the optimal two-part
tariff pricing than that under linear pricing. Considering the patient time and priority
of customers in the queueing system, Liu et al. [18] studied the pricing problem under
the homogeneous customer scenario and heterogeneous customer scenario and found
that the service provider should increase the priority price when customers have patience
time. In a queueing system with complementary services, Zhang, Wang, and Wang [19]
studied the pricing problem of servers based on the Stackelberg game, and found that
the service provider server can obtain more profit than the scheduler server in the mixed
pricing scheme. Considering the loss aversion behavior of customers to sojourn time and
price, Yang, Guo, and Wang [20] studied the service pricing problem under the scenario of
monopoly queueing system and duopoly queueing system, respectively. They found that
competition could benefit the server. Zhang and Yin [21] studied public service pricing in
different information scenarios for a queue consisting of a free queueing system and a toll
queueing system, and found that disclosing queue length information was beneficial to the
toll queueing system with the high price range.

Lin, Shang, and Sun [14] studied the dynamic pricing for queues with customer-
chosen service time, and they found that the dynamic pricing based on waiting time can
improve the utilization of the server. Considering the service provider does not know
how the arrival and service rates depend on posted prices, Jia, Shi, and Shen [15] studied
adaptive pricing decisions of reusable resource by proposing two effective online learning
algorithms. Considering that on-demand service platform performance can be improved
by managing user conduct, Mai, Hu, and Peke¢ [22] developed an evolutionary game
theory model of user conduct and provider responses. They found that supplementing
the wage decision with priority matching could serve as an effective strategy to improve
platform profitability.

2.2. Service Effort of Queueing System

The queue length and the customer’s sojourn time depend on not only the arrival
rate of customers but also on the service rate of the queueing system. The service rate
also needs to be optimized. Considering that the customer can strategically choose the
free service or the toll service, Guo and Zhang [1] studied the congestion-based staffing
policy based on the queueing game. They found that the staffing policy determined the
impact of information on the system performance. Sunar and Ziya [2] investigated the
social welfare under the scenario of pooled queue and separated queues by considering
the customer’s sensitivity to sojourn time, and found that the pooled queue would reduce
the social welfare. Gilbert and Weng [23] used the principal-agent theory to study the
incentive effect of customer allocation scheme of the service system on the server’s service
rate, and found that the separate queue could improve the server’s service rate and achieve
the effective incentive. In view of the different queue structures of the service system and
the visibility of the server, Shunko, Niederhoff, and Rosokha [24] studied the service rate
decision of the server through behavioral experiments. They found that the server had the
highest service rate under the scenario of parallel queues and high visibility. Considering
the congestion of multiple queueing systems, Yu, Benjaafar, and Gerchak [25] studied
capacity sharing and cost allocation among independent firms based on the cooperative
game, and found that capacity sharing was not always beneficial.

Considering that the server can strategically choose its service rate to trade-off the
idleness value and effort cost, Gopalakrishnan et al. [26] studied the incentive of the server
from the perspective of staffing and routing. They found that the staffing must have a
first-order term for obtaining the equilibrium solution. Different from the above research,
Zhan and Ward [27] jointly studied the decision of staffing and routing and investigated
the incentive effect of the payment contract. They found that there existed a symmetric
equilibrium service rate under the piece-rate payment. For the outpatient service system of
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appointment or direct walk-in service, Liu et al. [28] studied service capacity allocation
between the two channels, and found that the outpatient service system had no one-size-
fits-all mode, which depended on the practice environment. Considering the problem of
optimal fleet sizing in a vehicle sharing system, Benjaafar et al. [29] modeled the dynamics
of the system using a closed queueing network. They showed important differences
between the optimal sizing of standard queueing systems.

The joint optimization of service price and service effort is also studied. For a ser-
vice facility composed of multiple queues, Ata and Shneorson [3] studied the service
pricing and service rate decision of the system manager to maximize the social wel-
fare. They found that the optimal service rate increased with the number of customers
in the system. For the competition between the two independent queueing systems,
Li, Jiang, and Liu [30] studied the pricing and service rate decision of two service providers
based on the Nash game, and found that the service provider never provided a faster
service rate at a lower price. For the after-sales service queueing system with strategic
customers, Sun et al. [31] used the Stackelberg game method to study the service pricing
and number of repairman decisions under the two scenarios with or without the sojourn
time constraint. They found that the consumption of spare parts would be reduced even if
selling the spare parts became more profitable. Considering the customers’ sensitivities to
price and distance, Hoseinpour and Marand [32] studied the decisions of facility location,
pricing, and service rate, and found that understanding customers’ behavior was conducive
to the service provider’s profitability. Considering that customers are sensitive to service
quality, service price, and waiting time, Yu et al. [33] studied the service pricing and wage
rate strategy of housekeeping platform under the two scenarios of full market coverage
and partial market coverage. They found that partial market was more favorable to the
platform than the full market, but not always more favorable to the service suppliers.

2.3. Incentive Contract of Queueing System

When the server is strategic and can optimally select its service rate, the incentive for
the server needs to be effectively designed. Considering the private cost information and
moral hazard of the server, Jiang, Pang, and Savin [10], based on the principal-agent theory,
studied the incentive contract design problem of the service buyer to the server. They
found that the threshold-penalty performance-based contract could motivate the server.
Considering that the server can dynamically adjust its service rate, Legros [11] studied
the incentive contract design of the server under the principal-agent theory. They found
that increasing the service rate of the server after the arrival of customers can reduce the
proportion of customer churn. In view of the fact that pooling agents may reduce both
customer satisfaction and agent payoff, Wang et al. [12] studied incentive contract design in
a customer-intensive queueing service system. They found that the practical bonus pooling
policy can change the lose-lose situation of pooling agents.

Considering the delay cost of the queueing system caused by the extension of the cus-
tomer’s sojourn time, Jiang and Abraham [34] studied the joint decision problem of capacity
investment and contract design. They found that a traditional incentive contract would
provide incorrect incentives and lead to a more congested and less profitable system. Further-
more, considering that the agent has private market information, Jiang and Abraham [35]
studied the incentive contract design under different information structures. They found
that charging a fixed franchising fee higher than the total costs of capacity not only enabled
the firm to obtain the real market information, but also incentivized the agent to make
optimal efforts. In order to incentivize the agent to exert effort to raise the arrival rate,
Sun and Tian [36] devised a mechanism involving payments and a potential stopping time,
and found that the optimal contract had a simple and intuitive structure. Similar to the
above work, Taylor [37] considered the uncertainty in customer’s valuation and server’s
opportunity cost, and found that not only would the uncertainty in customer’s valuation
affect the optimal wage of the server, but also the uncertainty in the server’s opportunity cost
would affect the service price. Considering that the customer and the server can optionally
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join the service system, Bai et al. [38] studied the pricing and payment contract of the
on-demand service platform based on the Stackelberg game, and found that the increase
in customer request rate made the platform increase the service price. Since the server can
freely choose to work or idle, Legros [39] studied the incentive contract design problem
of the system manager for servers based on the principal-agent theory. They found that
the system manager would incur high costs by incentivizing the server through linear
payment. Considering that the service provider does not know whether to penetrate a
market directly or through a platform, Benioudakis et al. [40] studied the service pricing
and contract design of the reselling mode and the agency selling mode under the queueing
system with strategic customers. They found that the revenue-sharing contract was more
profitable for the provider than the single-price contract.

Considering that the arrival rate of customers is affected by the service price and the
service rate of the queueing system is affected by service effort of the strategic server, this
study explores the service pricing and the effort decision of the server under the principal-
agent theory. The incentive contract design of the queueing system’s owner for the strategic
server is introduced, and its incentive effect on the server’s effort and influence on the
owner’s profit are discussed. The contribution of this study is presented in Table 1.

Table 1. Contribution of this study.

References Service Pricing Service Effort Incentive Contract

Ata and Shneorson [3]

Li, Jiang, and Liu [30]
Sun et al. [31]
Hoseinpour and Marand [32]
Yu et al. [33]

Taylor [37]

Bai et al. [38]

Jiang, Pang, and Savin [10]
Legros [11]

Wang et al. [12]

This study Vv

L
L

L
LK

Next, this study briefly reviews the application of pricing and incentive contract design
of a queueing system in real life. Table 2 lists the literature of relevant applied research.
Service pricing has been applied in the fields of ride sharing platform [38,41,42], electric
vehicle charging system [14,43,44], airport congestion pricing [45,46], etc. Service pricing is
an effective means to improve the revenue of a queueing system and alleviate congestion.
The contract design for the strategic server has been applied to the fields of ride sharing
platform [38] and outpatient medical service [10]. Incentive contracts are used to guide
servers to improve service efforts to improve queueing system efficiency and customer
experience. For the queueing system with strategic servers, this study jointly studies service
pricing and incentive contract design. The proposed modeling framework is applicable
to any service system with strategic servers, including ride sharing platform, outpatient
medical service, and so on. The application of this study is presented in Table 2.
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Table 2. Application of this study.

Electric Vehicle Airport
Charging Congestion
System Pricing

Ride Sharing
Platform

Outpatient

References Medical Service

Bai et al. [38] Vv
Jacob and
Roet-Green [41] %
Ravula [42] Vv
Lin, Shang, and
Sun [14]
Babic et al. [43]
Aljafari et al. [44]
Hu, Chen, and
Zheng [45] %
Zhang, Ye, and
Wang [46] v
Jiang, Pang, and
Savin [10] %
This study Vv Vv

LKL

3. Problem Description and Notations

This study investigates the pricing and incentive contract design for a queueing system
with an owner and a strategic server from a principal-agent perspective. This queueing
system is owned by the owner, who benefits from the consumers’ arrival. The owner
entrusts a strategic server with the queueing system’s services and pays it through a
contract. The server can strategically make service efforts, which the owner cannot observe
in real time. Therefore, the strategic server will strive to maximize its profit, which may be
detrimental to the owner and queueing system. In particular, the server tends to reduce the
effort due to the effort cost. Hence, the owner must design an effective incentive contract to
guide the server to make efforts in favor of the queueing system. A unit-price contract and
a cost-sharing contract are introduced sequentially in this study. The incentive effect of the
two types of contracts on server effort is analyzed and compared.

Considering that both exogenous and endogenous prices are common in the queueing
system, the authors explore the design of incentive contracts under the exogenous and
endogenous price scenarios. Under the exogenous price scenario, the queueing system’s
service price is determined by the market. When the queueing system provides standard-
ized service, the service price is often unified by the market. Under the endogenous price
scenario, the owner decides the queueing system’s service price. The endogenous price will
affect the consumers’ arrival and the owner’s profit. Thus, the joint optimization problem
of service price decision and incentive contract design needs to be carefully investigated
from the perspective of the queueing system’s owner.

According to different pricing modes and contract types, this study conducts research
under six decision-making scenarios. This study uses “xb” to represent centralized decision-
making with exogenous price, “xu” to denote unit-price contract with exogenous price, and
“xc” to indicate cost-sharing contract with exogenous price. This study uses “nb” to refer to
centralized decision-making with endogenous price, “nu” to symbolize unit-price contract
with endogenous price, and “nc” to represent cost-sharing contract with endogenous price.

The queueing model considered in this study is a standard M/M/1 queueing sys-
tem. The customer arrivals are independent and random, i.e., a Poisson process. Let the
customers’ arrival rate be A, and A = Ay — ap, where Ay denotes the customers’ basic
arrival rate and p denotes the queueing system’s service price. Let « denote the marginal
effect coefficient of service price on the customers’ arrival rate. Let the server’s service
rate be i, and u = pg + Pe, where o denotes the server’s basic service rate and ¢ denotes
the service effort made by the server. Let § denote the marginal effect coefficient of the
effort on the service rate. The effort cost borne by the server is expressed as ke? /2, where k
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denotes the effort cost coefficient. This study uses ¢ to denote the unit service cost borne
by the owner for serving a customer. The sojourn time of customers refers to the sum of
customers’ waiting time in the queue and customers’ service time, which can be denoted
as w [20,47 48]. The customers’ experience can be improved by reducing the sojourn time,
which subsequently enhances the queueing system’s reputation. The owner can benefit
from improving the queueing system’s reputation, and the unit reputation income can be
denoted by g.

Under the unit-price contract, the owner pays the server based on the number of
customers served. The contractual payment that the server receives for each customer it
serves is denoted by r. Under the cost-sharing contract, the owner shares the effort cost of
the server, and the sharing proportion is represented by 6. In particular, this study assumes
that this sharing proportion can neither be overly large nor overly small, i.e., 6 € [0],6;],
where 6; > 0 and 6;, < 1. All the notations are summarized in Table 3.

Table 3. Notations and descriptions used in this study.

Notation Description
A The arrival rate of customers
Ao The basic arrival rate of customers
U The service rate of the server
Mo The basic service rate of the server
P c The unit service cost for serving a customer
arameters . Lo

g The unit reputation income of the owner

k The effort cost coefficient of the server

w The sojourn time of customers

o The marginal effect coefficient of the service price on the arrival rate
B The marginal effect coefficient of the effort on the service rate
e The service effort of the server

Decision variables p ' The service price of queueing system

r The unit contract payment provided by the owner to the server
0 The owner’s sharing proportion of the server’s effort cost
xb Centralized decision-making with exogenous price

xu Unit-price contract with exogenous price

S . xc Cost-sharing contract with exogenous price
ubscripts . 2. . . .

nb Centralized decision-making with endogenous price
nu Unit-price contract with endogenous price

nc Cost-sharing contract with endogenous price

4. Optimal Decisions under Exogenous Price

This part studies the incentive mechanism design of the queueing service system
under the exogenous price. First, centralized decision-making is considered, in which the
owner of the queueing system and the server form an interest community. The interest
community decides the optimal service effort to maximize the revenue of the queueing
system. Second, decentralized decision-making is considered, in which the owner and
server of the queueing system, respectively, decide the unit contract payment and service
effort to maximize their respective profits. Finally, a cost-sharing contract is proposed to
coordinate the queueing system to address the unit-price contract’s shortcomings.

4.1. Centralized Decision-Making

Centralized decision-making is considered here, that is, the owner and server of the
queueing system combine to make a joint decision-making service effort. Therefore, the
profit function of the queueing system is

gr  k
Uy = max {Ap—Ac+ i Ee’th}
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where the first item represents the income from customers, the second item denotes the
service cost, the third item indicates the reputation income, and the fourth item refers to
the effort cost of the queueing system.

By substituting, the queueing system’s profit function can be rewritten as

Uy = max {(Ao —ap)[(p —¢) +8(po + Pexy — Ao +ap)] - geib}. ©

It is clear that U, is concave with e,;,. Therefore, the first-order condition solved the
service effort. The optimal results are placed in Proposition 1. Proposition 1 proof and all
other proofs are shown in Appendix A.

Proposition 1. Under the scenario of centralized decision-making with exogenous price, the service
effort of the queueing system is ey, = ¢B(Ao — ap)/k, the service rate of the queueing system is
ty = to + [§B%(Ao — ap)]/k, and the queueing system profit is Uy, = (Ag — ap)[(p —c) +
8ol + (Ao — ap)?[(82%/2k) — g].

Considering that the service effort is nonnegative, this study lets Ag —ap > 0. For
deyp/9g > 0, it can be observed that ¢ has a positive effect on e,;, that is, with the increase
in the unit reputation income, the interest community increases the service effort. For
dey, /9B > 0, B positively affects ey, that is, the greater the marginal effect coefficient of the
effort on the service rate, the more willing the interest community is to put in effort. Owing
to deyp /dAg > 0, ey, is monotonically increasing with Ag. That is, as the customers’ basic
arrival rate increases, the interest community increases the service effort. The increased
service effort reduces the sojourn time of the customers. For de,;,/dk < 0, k negatively
impacts e,p, that is, as the coefficient of effort cost increases, the interest community
decreases the service effort. Here, raising the service effort is not recommended.

Proposition 1 benchmarks the performance of queueing systems in exogenous price
scenarios.

4.2. Unit-Price Contract

Decentralized decision-making is considered here; that is, the owner and server of
the queueing system are two subjects. Both the owner and the server are considered risk-
neutral in this study. The owner decides the unit contract payment ry, paid to the server,
and the server decides the service effort ey,,. The profit function of the owner is

gA

qu = l’Ir‘.laX {/\p — Ac + 5 - rxu‘u}

where the first item represents the income from customers, the second item denotes the
service cost, the third item indicates the income of reputation, and the fourth item refers to

the contract payment paid to the server.
The server’s profit function is

k

2

Ty = Max {rsup — Eex”}
XxXu

where the first and second items represent the contract payment and effort cost, respectively.
By substituting, the owner’s profit function can be rewritten as

[ = max {(Ao —ap)[p — ¢ +g(po + Pexu)] = g(Ao — ap)? = ru(po + Bex)} ()

and the server’s profit function can be rewritten as

k
Ty = n;}ax {rxu(VO + ﬁexu) - Ee;zcu} 3)
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By solving the model, the equilibrium results of the server’s service effort level and
the unit contract payment are obtained. The optimal results are placed in Proposition 2.

Proposition 2. Under the scenario of unit-price contract with exogenous price, the service effort
is exy = gB(Ao —ap)/(2k) — (o) / (2B), the unit contract payment is vy, = g(Ag —ap)/2 —
(kuo)/ (2B?). The service rate of the server is iy, = po/2 + [gB%(Ao — ap)]/ (2k). The owner’s
profit is Ty = (Ao — ap)(p —¢) — g(Ao — ap)?® + [$B* (Ao — ap)’ + 2gkuop (Ao — ap) +
K*u3]/ (4kB?) and the server’s profit is mw, = guo(Ao — ap)/4 + [§B* (Ao — ap)?]/ (8k) —
(3kug)/ (85%).

Proposition 2 shows that yy negatively affects ey, that is, the greater the basic service
rate, the lesser is the service effort made by the server. In contrast to centralized decision-
making, the server’s service effort under the unit-price contract scenario depends on the
basic service rate. The influence laws of other system parameters on the service effort
under the unit-price contract with exogenous price scenario are similar to that under the
centralized decision-making with exogenous price scenario and will not be described here.

To investigate the incentive of the unit-price contract for the server’s service effort, the
server’s service effort under centralized decision-making with that under the unit-price
contract is compared. The results are shown in Corollary 1.

Corollary 1. When the service price is exogenous, the service effort under the unit-price contract
scenario is lower than that under the centralized decision-making scenario.

Recalling ey, = gB(Ao —ap)/k and ey, = gB(Ao — ap)/(2k) — (po)/(2B), it can be
found that the server’s service effort under the centralized decision scenario is over two
times higher than that under the unit-price contract scenario. To maximize the server’s
profit, the server makes service effort under the unit-price contract scenario, which devi-
ates from the optimal effort under centralized decision-making. Corollary 1 shows that
the unit-price contract cannot incentivize the server to make the system producce opti-
mal effort. Therefore, a cost-sharing contract will be introduced below to coordinate the
queueing system.

Furthermore, the performance of the queueing system profit under the unit-price
contract is investigated. Hence, the profit of the queueing system can be compared un-
der centralized decision-making and the unit-price contract. The results are shown in
Corollary 2.

Corollary 2. When the service price is exogenous, the queueing system'’s profit under the unit-price
contract scenario is lower than that under the centralized decision-making scenario.

Due to the fact that the server’s service effort under the unit-price contract scenario is
reduced relative to the centralized decision-making scenario, a decrease in the profit of the
queueing system under the unit-price contract scenario is expected. Corollary 2 shows that
the unit-price contract cannot effectively coordinate the queueing system. Therefore, the
coordination effect of the cost-sharing contract can be investigated.

4.3. Cost-Sharing Contract

This section considers that the queueing system’s owner utilizes a cost-sharing contract
to incentivize the server to put effort into the service process. In this cost-sharing contract,
the owner shares the effort cost of the server, and the sharing proportion is 6. Therefore,
the proportion of effort cost borne by the server is 1 — 0y.. Considering that the cost-
sharing proportion cannot be overly large or overly small, the authors assume 6. € [6;,6;],
and 6,0, € (0,1). Without loss of generality, the authors assume that the cost-sharing
proportion 6y is determined by the owner.
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The owner’s profit function under the cost-sharing contract scenario is

[Ty = max {Ap — Ac+ L Txch — e

X ke?
TxeOxc w 2 e }

where the first, second, third, fourth, and fifth items represent the income from customers,
service cost, income of reputation, payment paid to the server, and sharing cost of the
owner, respectively.

The server’s profit function under the cost-sharing contract scenario is

1 — 0y
2

2
Tlxe = max {Fxcp — ket }
Xc

where the first item represents the payment and the second item denotes the effort cost.
By substituting, the owner’s profit function can be rewritten as

QXC
Mye = max {(Ag —ap)[p — ¢ +g(po + Pexc)] = g(Ao — ap)® = rxe(po + Pexe) — - kexc} )

and the server’s profit function can be rewritten as

1-6
Mxe = max {rxc(po + Pexe) — ——kezc}- ®)

By solving the model, the equilibrium results of the server’s service effort, the unit
contract payment, and the owner’s sharing proportion of the server’s effort cost can be
obtained. The optimal results are placed in Proposition 3.

Proposition 3. Under the scenario of cost-sharing contract with exogenous price, the service effort
of server is exc = [gB*(Ao — ap) — kuo(1 — 6),)]/[kB(2 — 6),)], the unit contract payment is
rve = [§B* (Ao — ap) (1 — 6),) — kpo(1 — 6,)%]/[B*(2 — 64)], and the owner’s sharing proportion
of server’s effort cost is Ox. = 0),. The server’s service rate is yyc = [¢B%*(Ao — ap)+kpuo)/ [k(2 —
6,)]. The owner’s profit is ITye = (Ao —ap)(p —c) — g(Ao — ap)? + [§2B* (Ao — ap)? +
2gkpoB? (Ao — ap) + k2u3 (1 — 6),)2]/ [2kB*(2 — 6),)], and the server’s profit is Ty = [g2B*(1 —
01) (Ao — ap)® +2gkpo* (Ao — ap) (1 — 6;) — K*u5(3 — 0,) (1 — 6,)%] / [2kB*(2 — 6;)°].

Proposition 3 indicates that the owner’s share of the effort cost of the server reaches
its upper bound. Recalled 6. € [0, 6},], a greater proportion of cost sharing is welcomed by
the owner; this is intuitive. Considering the server’s service effort ey, increases with the
owner’s sharing proportion of the server’s effort cost 0y, a larger cost-sharing proportion
will prompt the server to make a more significant serving effort.

Furthermore, to explore the incentive effect of the cost-sharing contract, the authors
compare the server’s service effort under the aforementioned three decision scenarios when
the service price is exogenous. Let Q) = ey, — exc = (1 — 0),)[gB% (Ao — ap) + kuo] / [kB(2 —
6,)] denote the deviation of service effort under the cost-sharing contract from that under
centralized decision-making. The result is shown in Corollary 3.

Corollary 3. Compared to the unit-price contract with an exogenous price, the cost-sharing contract
increases the service effort of the server, which remains lower than that under centralized decision-
making.

Corollary 3 indicates that the owner’s share of the server effort cost motivates the
server to increase the effort in the service process. Although the service effort under the
cost-sharing contract is lower than that under centralized decision-making, it incentivizes
the server. For 0Q)/06;, = —[gB%(Ao — ap) + ko] / [kB(2 — 6),)?] < 0, it can be known
that (); is monotonically decreasing with the sharing proportion ), which suggests that
an increase in the owner’s sharing proportion decreases the service effort deviation. The
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greater the sharing proportion is, the closer the server’s service effort under the cost-sharing
contract scenario is to that under the centralized decision-making scenario.

Furthermore, to explore the queueing system’s profit of the cost-sharing contract, the
authors compare the profit under the above three decision scenarios when the service
price is exogenous. Let @1 = Uy, — Uy = (1 — 60;)2[gB% (Ao — ap) + kuol?/[2kB%(2 — 6),)?]
denote the deviation of the queueing system’s profit under the cost-sharing contract from
that under centralized decision-making. The results are shown in Corollary 4.

Corollary 4. Compared to the unit-price contract with an exogenous price, the cost-sharing contract
increases the queueing system’s profit, which remains lower than that under centralized decision-
making.

Corollary 4 shows that the cost-sharing contract improves the queueing system’s profit
under decentralized decision-making. This means that the owner’s share of the server’s
effort cost benefits the queueing system. This is understandable as the cost-sharing contract
increases the server’s service effort. It can be noticed that ®; is monotonically decreasing
with the sharing proportion 8, which suggests that the increase in the owner’s sharing
proportion decreases the queueing system’s profit deviation.

Furthermore, the performance of the owner and server profits under the aforemen-
tioned two contract scenarios is investigated. The results are shown in Corollary 5. For
simplicity, the expressions for A; are placed in the proof of Corollary 5.

Corollary 5. Under the cost-sharing contract scenario, the owner’s profit is always improved, and
the server’s profit is improved when 0y, is smaller than A;.

Corollary 5 indicates that the cost-sharing contract increases the owner’s profit regard-
less of the value of the sharing proportion ;. It is profitable for the owner to share the
effort cost with the server. However, the cost-sharing contract does not always benefit the
server. When the sharing proportion is less than Aj, the profit obtained by the server from
the cost-sharing contract is higher than that obtained from the unit-price contract. Here,
both the owner and server prefer the cost-sharing contract. That is, a not-so-big sharing
proportion is beneficial to both parties. The cost-sharing contract will harm the server when
the sharing proportion is greater than A;. For the server, the unit-price contract is more
profitable than the cost-sharing contract. Here, the server prefers the unit-price contract.
Therefore, a cost-sharing contract with the right sharing proportion can benefit the server,
owner, and queueing system.

5. Optimal Decisions under Endogenous Price

This section considers the endogenous price scenario where the service price of the
queueing system is determined by the owner. Endogenous price is common in queueing
systems. This section studies the incentive mechanism design of the queueing service
system under endogenous prices.

This section mainly investigates the following questions on the unit-price contract and
the cost-sharing contract. For the owner of the queueing system, under which contract can
he set a lower service price? Which contract will drive the server to make greater efforts?
Which contract do consumers prefer? The analysis results show that the service effort level
under the cost-sharing contract is higher than that under the unit-price contract, while the
service price is just the opposite. The cost-sharing contract can make consumers stay in
the queueing system for a shorter time. Therefore, the cost-sharing contract is always liked
by customers.

The structure of this section is similar to that of Section 4. Based on centralized
decision-making, this section first designs a unit-price contract. Thereafter, a cost-sharing
contract is proposed to improve the performance of the queueing system.
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5.1. Centralized Decision-Making

Centralized decision-making is considered here; that is, the owner and the server
combined jointly decide the service price and service effort. Therefore, the profit function
of the queueing system is

Ak
U,, = max {A —/\c—l—g——er
nb €nbsPnb { p'rlb w 2 nb
where the first item represents the income from customers, the second item denotes the
service cost, the third item indicates income of reputation, and the fourth item refers to the
effort cost of the queueing system.
By substituting, the queueing system’s profit function can be rewritten as

k
unh = max {()\0 - ‘Xpnb)[Pnb —Cc+ g(#O + ﬁenb)] - g(AO - “Pnb)z - Eeib}' (6)

CnbsPnb
It is clear that U, is concave with respect to e, and p,;. Therefore, the first-order
conditions are used to solve the service effort and service price. The optimal results are
shown in Proposition 4.

Proposition 4. Under the scenario of centralized decision-making with endogenous prices, the
service effort of the queueing system is e, = gB(Ao — ac + gapo)/ [2k(1 + ga) — ag?®B?] and the
service price is py, = [k(Ag + ac + 2garg — gapg) — arog?B?]/ [2ka(1 + ga) — a?g?B?]. The
service rate of queueing system is p,, = o + [§B%* (Ao — co + gag)]/[2k(1 + ga) — ag?B?].

Owing to de,,/dg > 0, it can be known that ¢ has a positive effect on e,;,. As the
unit reputation income increases, the interest community increases service effort. For
de,p /0B > 0, B positively impacts e,;. That is, the greater the marginal effect coefficient
of effort on the service rate is, the more willing the interest community is to make an
effort. For de,,,/dAg > 0, e, is monotonically increasing with Ag. As the customers’ basic
arrival rate increases, the interest community increases the service effort. For de,;,/dk < 0,
k negatively affects e,;;,. As the effort cost coefficient increases, the interest community
reduces the service effort.

When the service price is endogenous, the service effort under the centralized decision-
making is also affected by the basic service rate and the unit service cost, which differs from
that under the exogenous price scenario. For de,,;, /9pg > 0, pg positively affects e, that is,
the greater the basic service rate, the higher is the service effort. Owing to de,,, /dc < 0, ey,
is monotonically decreasing with ¢, that is, as the unit service cost increases, the interest
community reduces the service effort.

5.2. Unit-Price Contract

This subsection considers the decentralized decision-making process, which involves
two subjects, namely the owner and server of the queueing system. The owner decides the
service price pyy, the unit contract payment r,,;, paid to the server, and the server decides
service effort e,,,. The owner’s profit function of the owner is

A
I1,, = max {A —Ac % _ r
nu e { Pnu + w nu,u}
where the first item represents the income from customers, the second item denotes the
service cost, the third item indicates the income of reputation, and the fourth item refers to
the contract payment paid to the server.

The server’s profit function is

k

2

Tl = max {ruup — =€y, }
Cnu 2
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where the first item represents the contract payment and the second item represents effort
cost.
By substituting, the owner’s profit function can be rewritten as

[Ty = max {(Ao — apnu) [pru — ¢ + &(Ho + Benu)] — (Ao — "‘Pnu)z — Tnu(po + Penu) } ()

Ynu,Pnu

and the server’s profit function can be rewritten as

k
Ty = nelax {Tnu(l’lo + ﬁenlt) - Eeiu}' ®)

By solving the model, the equilibrium results of the server’s service effort, the service
price, and the unit contract payment are obtained. The optimal results are shown in
Proposition 5.

Proposition 5. Under the scenario of unit-price contract with endogenous price, the server’s
service effort is ey, = gB(2Ao — 20c + gapo) / [8k(1 + ga) — 20g?B?] — (wo)/ (2B), the service
price is puy = [2kac + 2kAg(1 +2ga) — arog?B? — kgapio]/ [4ka(1 + go) — a?g?B?], and the
unit contract payment is rn, = gk(2Ag — 2ac + gapg) / [8k(1 + ga) — 2ag?B?] — (kuo)/ (28%).
The server’s service rate is pny = [2kpo(1 + go) + gB*(Ao — ac)]/[4k(1 + ga) — ag?B?].

The effect of the system parameter on the server’s service effort is analyzed. For
deyu /o < 0, uo negatively affects e;,,. As the server’s basic service rate increases, the
server reduces the service effort. This is an interesting observation. Under the unit-price
contract with endogenous price scenario, the basic service rate negatively affects the service
effort, which differs from that under the centralized decision-making with endogenous
price scenario. The possible reasons are as follows. Under the centralized decision-making
scenario, improving the basic service rate enables the interest community to reduce the
service price to attract customers, which may extend the customers’ sojourn time. Here,
the interest community addresses the issue by improving the service effort. However, the
server is reluctant to work hard under the unit-price contract scenario. The increase in
the basic service rate causes the server to reduce the service effort. This observation also
illustrates that the unit-price contract cannot effectively incentivize the server.

Furthermore, the incentive effect of the unit-price contract on the server under the
endogenous price scenario is explored, and the results are shown in Corollary 6.

Corollary 6. When the service price is endogenous, the service effort under the unit-price contract
scenario is lower than that under the centralized decision-making scenario.

Corollary 6 demonstrates that the unit-price contract cannot incentivize the server to
make the system optimal effort under the endogenous price scenario, which is the same
as that under the exogenous price scenario. Therefore, a cost-sharing contract will be
introduced below to coordinate the queueing system.

Here, the service price under the centralized decision-making with that under the
unit-price contract is compared, and the results are shown in Corollary 7.

Corollary 7. The service price under the unit-price contract scenario is higher than that under the
centralized decision-making scenario.

Corollary 7 indicates that the queueing system’s owner increases the service price
under the unit-price contract scenario. Under the unit-price contract scenario, the owner
and the server maximize their profit objective function, respectively, which causes the
equilibrium strategy of the service price and service effort to deviate from the optimal
strategy under the centralized decision-making scenario. A drop in the service effort causes
a decrease in the server’s service rate, resulting in consumers spending more time in the
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queueing system. Therefore, the owner reduces the customers” arrival rate by raising the
service price.

5.3. Cost-Sharing Contract

Given that the unit-price contract does not enable the server and owner to optimize
the system’s service effort and service price, this section utilizes a cost-sharing contract to
coordinate the queueing system. Under the cost-sharing contract with endogenous price,
the proportion of effort cost borne by the owner is 8, and the proportion of effort cost
borne by the server is 1 — 0,,c, where 0, € [6;,6,], and 6;,6, € (0,1).

Now, the owner’s profit function is

A 0
[T, = max {Appc—Ac+ % _ Preph — ﬂkeflc}
rnc;enc/pnc w 2

and the server’s profit function is

U=tk y.

_ nc
Tlne = max {rycp —
€nc 2

By substituting, the owner’s profit function can be can rewritten as

0
Iy = max  {(Ao — apuc)[puc — ¢+ (o + Benc)] — (Ao — “PnC)z — Tnc(po + Benc) — %kerzzc} )

and the server’s profit function can be can rewritten as

2 ei’lC N (10)

TThe = n;ax {Vnc(]lo + ﬁenc> -

By solving the model, the equilibrium results of the server’s service effort, the service

price, the unit contract payment, and the owner’s sharing proportion of the server’s effort
cost are obtained. The optimal results are placed in Proposition 6.

Proposition 6. Under the scenario of cost-sharing contract with endogenous price, the server’s
service effort is eyc = [gB% (Ao — ac + gapg) — 2kpo(1 — 6y,) (1 + ga)] /[2kB(2 — 6),) (1 + ga) —
wg? B3], the service price is ppe = [k(2 — 6;) (Ao + ac +2gaAg) — arog? B> — kgapo] / [2ka(2 —
0,) (1 + ga) — a?g?B?), the unit contract payment is rnc = {gkp*(1 — 6),) (Ao — ac + gapg) —
2u0k?(1 + ga) (1 — Gh)z}/ [2kB?(2 — 6),) (1 + ga) — ag?B*], and the owner’s sharing proportion
of server’s effort cost is 0, = 0),. The server’s service rate of server is pp. = {gB*(Ao — ac) +
2kpo(1+ ga)}/ [2k(2 = 04) (1 + ga) — ag?p?).

The effect of system parameters on the server’s service effort can be analyzed. Owing
to de,c /98, > 0, it can be obtained that the server’s service effort monotonically increases
with the owner’s sharing proportion ;. Increasing the owner’s sharing proportion will
incentivize the server to increase the service effort. Observed that de,c /g = [ag*p* —
2k(1 — 60,) (1 + ga)]/[2kB(2 — 6;,) (1 + ga) — ag?B%]}, it cannot be verified whether it is
positive or negative. Therefore, the basic service rate on the service effort is not monotonic.

Furthermore, the incentive effect of the cost-sharing contract with the endogenous
price is explored by comparing the server’s service effort under the above three decision-
making scenarios. The results are shown in Corollary 8.

Corollary 8. Compared to the unit-price contract with endogenous price, the cost-sharing contract
increases the server’s service effort, which remains lower than that under the centralized decision-
making scenario.

Corollary 8 indicates that when the service price is endogenous, the cost-sharing
contract can incentivize the server to make a larger service effort than the unit-price contract.
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Due to the upper bound on the cost-sharing proportion, the cost-sharing contract cannot
prompt the server to make the same service effort as that under the centralized decision-
making scenario. Recalling Corollary 3, it can be argued that regardless of whether the
price is exogenous or endogenous, the owner’s sharing of the server’s effort cost motivates
the server to increase service effort.

Furthermore, the service price under the above three decision-making scenarios is
compared, and the results are shown in Corollary 9.

Corollary 9. Compared to the unit-price contract with endogenous price, the cost-sharing contract
decreases the service price, which remains higher than that under the centralized decision-making
scenario.

Corollary 9 indicates that the cost-sharing contract makes the owner set a lower service
price than the unit-price contract. Considering the negative impact of the service price
on the arrival rate of customers, the cost-sharing contract can improve the arrival rate
of customers. The cost-sharing contract improves the queueing system’s performance
under the decentralized decision-making scenario. The service price under the cost-sharing
contract scenario deviates from that under the centralized decision-making scenario, which
is determined by the upper bound of the cost-sharing proportion.

6. Results Analysis

This section theoretically analyzes the service price and service effort strategy of the
queueing system under the aforementioned six decision-making scenarios. It provides the
impact of the decision-making scenarios on the queueing system’s performance. To reveal
the impact of the decision-making scenarios on the queueing system, it can be listed that
the service effort, service price, and the sojourn time of the customers under the above
six decision-making scenarios. The results are shown in Table 4, where A; = Ay — ac,
Ay = kpo(1+ ga), Az = (Ao + ac +2gadg — gapg), Ay = arog* B>

Table 4. Optimal results under the six decision-making scenarios.

The Sojourn Time of

Scenario Service Effort Service Price
Customers

b 8B(Ao—ap) - k
k (8B2—K) (Ao—ap)+kpo

XU gﬁ(/\U_‘xp) _ Ko - . k
% (SF—K) (ho—ap)+52

xc gBAo—ap)  (1-6u)po _ . _
(2=0,)k (2-6,)B l%gh)—kJMo—w)hzl‘é’,,)

nb gB(A1+agpo) kA3 —Ay 2k(1+-ga) —ag®B?
2k(1+ga) —ap?g? a[2k(1+ga)—ap?g?] Ko (2+ag)+ (B2 —K) Ay

nu 8B (M+agpo)—24, 2kAs+kagpo—Ns 4k (14-ga)—ag? B
Blak(1+ga)—ag®p?] a[dk(1+gn)—ag?p?] kpo(2+ag)+(gB7—2k) M
nc 8B (A +aguo) —2(1—6,) Ay k(2—61) A3+ (1—6y ) kaguo—Ay 2k(2—6),) (1+ga) —ag® B2

B2(2—0)k(1+gw)—ag’ ] a[2(2—6,)k(1+ga) —ag”p?] kpo(2+ag) +[gB>—(2—01 KA

Recalling Corollaries 3 and 8, regardless of whether the price is exogenous or en-
dogenous, the service effort under the centralized decision-making scenario is the highest,
followed by the service effort under the cost-sharing contract scenario. However, it is diffi-
cult to distinguish between the rank service efforts under the exogenous and endogenous
price scenarios, which depend on the exogenous price. Therefore, the authors focus on
providing the value condition of p, which makes the minimum service effort under the
endogenous price scenarios not lower than the maximum service effort under exogenous
price scenarios.

By simple sorting, it can obtained that the service effort under the scenario of unit-price
contract with endogenous price is not lower than that under the scenario of centralized
decision-making with exogenous price when p > py,, + As, where As = [kgB?(Ag — ac) +
2uo(1 + gu)k?]/ gaB?[4k(1 + ga) — ag?B?]. puu is the maximum endogenous price, and
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As is greater than 0. Therefore, the above condition states that regardless of the contract
type, a sufficiently large exogenous price will make the service effort under the exogenous
price scenarios fail to catch up with that under the endogenous price scenarios. Once the
above condition is met, the service effort under the six decision-making scenarios can be
ranked. The service rate of the queueing system is uniquely determined by the service
effort, and it can be inferred that the above condition makes the service rate under the
centralized decision-making scenario with the endogenous price the highest and that under
the unit-price contract scenario with the exogenous price the lowest.

Now, the authors focus on the service price of the queueing system. Recalling
Corollary 9, the price under the centralized decision-making scenario is the lowest when
the service price is endogenous. Considering that the customers’ arrival rate is uniquely
determined by the service price of the queueing system, the customers’ arrival rate is the
highest under the centralized decision-making with endogenous price scenario. It is noted
that the exogenous price is determined by the market. It can be higher or lower than the
endogenous price determined by the queueing system’s owner. Once the exogenous price
is lower than the endogenous price under the centralized decision-making scenario, the
customers’ arrival rate under the endogenous price scenarios will always be lower than
that under the exogenous price scenarios. However, this is precisely the advantage of
endogenous price to the queueing system. The excessive customers’ arrival rate due to
excessively low service price will prolong the customers’ sojourn time, which is not good
for the queueing system. Alternatively, a sufficiently small service price will harm the
queueing system even though it increases the customers’ arrival rate. Furthermore, the
queueing system would reject an excessively high service price. The authors do not provide
further discussion.

Now, the sojourn time of the customers is discussed. It is not difficult to see from
Table 4 that regardless of whether the price is exogenous or endogenous, the sojourn time of
customers under the centralized decision-making scenario is the smallest, followed by that
under the cost-sharing contract scenario, and that under the unit-price contract scenario is
the biggest. Considering that the consumer pays a fixed service price under the exogenous
price scenario, the extended sojourn time is not preferred by the consumer. However, the
extension of the sojourn time under the endogenous price scenario may mean more to the
consumer, because the consumer is now required to pay a changing service price. Under
the unit-price contract, the consumer pays the highest service price and stays the longest.
Thus, the cost-sharing contract improves the queueing system in terms of service effort,
service price, and the sojourn time of the customers.

Now, the relationship between the sojourn time can be investigated under the exoge-
nous and endogenous price scenarios, which depend on the exogenous price. Hence, the
value range of the exogenous price by comparing the shortest sojourn time under the exoge-
nous price scenarios and the longest sojourn time under the endogenous price scenarios can
be provided. By simple sorting, it can be obtained that the sojourn time of customers under
the scenario of unit-price contract with endogenous price is not higher than that under
the scenario of centralized decision-making with exogenous price when p > p,, + Ag,
where Ag = [kgB% (Ao — ac) + 2p0(1 + ga)k?] / {a(gB* — k)[4k(1 + ga) — ag?B?]}. Once the
above condition is satisfied, the sojourn time of customers under the six decision-making
scenarios can be ranked. Here, the sojourn time of consumers under the unit-price contract
with the exogenous price scenario is the longest, and that under the scenario of centralized
decision-making with the endogenous price is the shortest. Considering that the endoge-
nous price is minimal under the centralized decision-making scenario, the consumer prefers
the centralized decision-making scenario with the endogenous price.

7. Numerical Results

This section uses numerical experiments to investigate the performance of the server’s
service effort, the sojourn time of consumers, and the profit of the queueing system under
different decision-making scenarios. This study discusses the impact of different decision-
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making scenarios on the optimal results of the queueing system. This study also discusses
contract options for the owner, server, and queueing system. The basic parameter settings
are shown in Table 5. To compare the optimal results under the exogenous and endogenous
price scenarios, this study lets the exogenous price vary in the interval [10,400].

Table 5. Parameter settings.

Parameter c g k Ao Ho o B o
Value 8 12 0.4 5 6 0.01 0.5 0.6

Figures 1 and 2 show the service effort trends and sojourn time of customers with the
exogenous price under different decision-making scenarios, respectively.
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Figure 1. The service effort of the server under six decision-making scenarios.

Figure 1 shows that when the service price is exogenous, the server’s service effort
decreases with the service price, which is independent of the decision-making scenarios.
An increase in the service price reduces the customers’ arrival rate, which allows the server
to reduce the effort cost. When the service price is endogenous, the service effort does not
change with the exogenous price. Figure 1 also shows that regardless of whether the price is
exogenous or endogenous, the server’s service effort under the centralized decision-making
scenario is the greatest, followed by that under the cost-sharing contract scenario, and that
under the unit-price contract scenario is the smallest. These observations are consistent
with Corollaries 3 and 8.

Furthermore, the authors compare the service effort under the exogenous price sce-
narios with that under the endogenous price scenarios. The relationship between them
varies, which depends on the exogenous price. Figure 1 shows an intersection between
the two service effort curves under the centralized decision-making scenarios. It can be
easily inferred that the abscissa of this intersection is the optimal endogenous price under
the centralized decision-making scenario. When the exogenous price is lower than the
endogenous price, the service effort under the exogenous price scenario is higher than that
under the endogenous price scenario. Conversely, the service effort under the exogenous
price scenario is lower than that under the endogenous price scenario. Similar laws also
exist under the unit-price and the cost-sharing contract scenarios. In addition, it can be
found that the service effort under the unit-price contract scenario with endogenous price
can be higher than that under the cost-sharing contract scenario with exogenous price,
which is consistent with Section 6.



Axioms 2023, 12,272

18 of 27

0.18 T
xb ,//
0.16 ===~ W <A
N —"] s
" XC )/
E 0.14 H—*—W,, // y
=] Wy S~
2] e
§ 0.12 f Wnc /»’ 1
S) R )(X
[} L
E 0.1r /‘,« < b
£ i Xxji i
3 0.08 T X
k<) Pt e X
) P >(><’>(X
2006 e 1
[ x> X
So-%
e X
0,04 b s 3377 i
002 Il Il Il Il Il Il Il
0 50 100 150 200 250 300 350 400

The exogenous price

Figure 2. The sojourn time of customers under the six decision-making scenarios.

Figure 2 shows that when the service price is exogenous, the customers’ sojourn time
increases with the service price, which is independent of the decision-making scenarios.
An increase in the service price reduces the server’s service effort, which prolongs the
customers’ sojourn time in the queueing system. Figure 2 also shows that regardless
of whether the price is endogenous or exogenous, the customers’ sojourn time under
the cost-sharing contract scenario is closer to that under the centralized decision-making
scenario than that under the unit-price contract. This suggests that the cost-sharing contract
improves the performance of the queueing system and benefits the consumer.

Furthermore, it can be compared that the sojourn time of customers under the exoge-
nous price scenarios with that under the endogenous price scenarios. The relationship
between them varies, which depends on the exogenous price. Figure 2 shows an intersec-
tion between the two sojourn time curves under the unit-price contract scenarios. It can
be inferred that the abscissa of this intersection is the optimal endogenous price under
the unit-price contract scenario. When the exogenous price is lower than the endogenous
price, the sojourn time under the exogenous price scenario is shorter than that under the
endogenous price scenario. Here, the consumer pays less and gets faster service. Thus,
the consumer benefits from a low exogenous price. However, when the exogenous price
is higher than the endogenous price, the opposite is true, and the exogenous price will be
detrimental to the consumer. Similar laws also exist under centralized decision-making
and cost-sharing contract scenarios.

Furthermore, the contract options for the owner and the server under the different
price scenarios are discussed. Figure 3 shows the variation trend of the owner’s profit with
the exogenous price and the sharing proportion. Figure 4 shows the variation trend of the
server’s profit with the exogenous price and the sharing proportion.

Figure 3 shows the contract scenarios in which the owner obtains the highest and lowest
profit. The owner’s profit under the cost-sharing contract scenario with endogenous price
is the highest, and that under the unit-price contract scenario with exogenous price is the
lowest. This relationship is not affected by the exogenous price and the sharing proportion.

Figure 3 also shows that under the unit-price contract scenarios, the endogenous
service price mostly benefits the owner. The owner’s profit corresponding to the optimal
exogenous price is equal to that under the endogenous price scenario. This also holds for
cost-sharing contracts.
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Figure 3. The impact of exogenous price and sharing proportion on the owner’s profit.

Figure 3 also presents suggestions for the owner’s contract selection. Regardless
of the value of sharing proportion and exogenous price, the cost-sharing contract with
endogenous price is always chosen first. Regardless of the value of sharing proportion
and exogenous price, the unit-price contract with exogenous price is always chosen last.
Regardless of whether the price is exogenous or endogenous, the cost-sharing contract is
always the owner’s choice.
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Figure 4. The impact of exogenous price and sharing proportion on the server’s profit.

Figure 4 shows that under the joint influence of exogenous price and sharing propor-
tion, the relationship between the server’s profits under the four contract scenarios is not
certain. There is no certain contract scenario in which the server earns the maximum or
minimum profit regardless of the value of the exogenous price and sharing proportion.
When the sharing proportion is sufficiently large, the unit-price contract will benefit the
server regardless of whether the price is exogenous or endogenous. On the contrary, the
cost-sharing contract will benefit the server. In addition, regardless of the unit-price contract
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scenario or the cost-sharing contract scenario, a small exogenous price always benefits the
server. When the exogenous price is high, the endogenous price will benefit the server.
Figure 4 also presents suggestions on contract selection for the server. The server’s
choice of contract depends on the exogenous price and sharing proportion. When the shar-
ing proportion is not excessively large, regardless of the exogenous or endogenous price
scenario, a cost-sharing contract is more suitable for the server than a unit-price contract.
Here, the server should choose the cost-sharing contract to maximize its profit. However,
when the sharing proportion is excessively large, regardless of the exogenous or endoge-
nous price scenario, the server obtains a larger profit from the unit-price contract than the
cost-sharing contract. Here, it is optimal for the server to choose the unit-price contract.

8. Conclusions

In a queueing system where the server can strategically adjust the service rate to
maximize its profit, the problem of incentives for strategic server arises. Considering the
owner of the queueing system as the principal and the strategic server as the agent, this
study investigates the incentive and pricing problems of the queueing system from the
principal-agent perspective. For an M/M/1 queueing system, incentive contracts for the
strategic server are designed under exogenous price and endogenous price scenarios, re-
spectively. The unit-price contract and the cost-sharing contract are introduced to motivate
the strategic server. Based on different combinations of pricing modes and contract types,
this study defines six decision-making scenarios, including the centralized decision-making
with exogenous price, the unit-price contract with exogenous price, the cost-sharing con-
tract with exogenous price, the centralized decision-making with endogenous price, the
unit-price contract with endogenous price, and the cost-sharing contract with endogenous
price. The game mathematical models between the owner and the server under different
decision-making scenarios are constructed based on the principal-agent theory. The reverse
derivation method is used to solve those game models. Theoretical analysis and numerical
experiments are used to discuss the equilibrium strategies of service effort and service
price. The influence of the parameters of the queueing system on the optimal results is
investigated. The main conclusions obtained in this study are summarized as follows.

First, regardless of the exogenous price scenario or endogenous price scenario, the
cost-sharing contract is more effective than the unit-price contract in incentivizing the server
to make service efforts. The service effort of the server under the centralized decision-
making is the highest, followed by that under the cost-sharing contract, and that under the
unit-price contract is the lowest. Compared to unit-price contracts, cost-sharing contracts
can lead a strategic server to make higher service efforts to improve the service rate of the
queueing system.

Second, the cost-sharing contract with endogenous price can reduce the service price.
When the service price is endogenous, the service price under the centralized decision-
making is the lowest, followed by that under the cost-sharing contract, and that under the
unit-price contract is the highest. Compared with the unit-price contract, the cost-sharing
contract allows the owner of the queueing system to set a lower service price to increase
customer arrivals.

Finally, the cost-sharing contract can boost profits for both the owner and server, albeit
with conditions. When the service price is exogenous, the cost-sharing contract improves
system profit relative to the unit-price contract. When the owner’s cost-sharing proportion
is within a certain range, the cost-sharing contract with exogenous price can benefit both
the owner and server. This conclusion can also be observed numerically when the service
price is endogenous.

This study investigates incentive contracts for strategic server in queueing systems.
A strategic marketing agency in the queueing system may also exist that that makes sales
efforts to increase customer arrival rates. Therefore, studying incentives for the queueing
system with strategic marketing agents can be a future research direction. Furthermore, the
information between the owner of the queueing system and the server may be asymmetric.



Axioms 2023, 12,272

21 of 27

Another research direction can be the design of incentive contracts for queueing systems
under asymmetric information. Monte Carlo analysis and parameter sensitivity analyses
can be used to further expand the applicability of the modeling framework.
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Appendix A

Proof of Proposition 1. The queueing system’s profit is described in Equation (1) and the
optimal service effort can be solved from this equation. Before solving, the concavity

2
of Equation (1) with e, can be first discussed. For d dg"h = —k < 0, it can be obtained
duxb —

xb
that Equation (1) is concave with e;,. Therefore, using the first-order condition e =0,
is obtained, where A = Ay — ap. Then, the server’s

the optimal service effort e,;, = gﬁ

2
service rate py, = o + gﬁTA is obtamed. Substituting e, into Equation (1), the profit of the
queueing system can be obtained. The proof of Proposition 1 is completed. O

Proof of Proposition 2. Under a decentralized decision-making scenario, the owner de-
cides ry, to maximize the profit in Equation (2), while the server decides ey, to maximize
the profit in Equation (3). First, the server’s service effort decision is analyzed. Due to
A2 704
de?cu
the first-order condition ‘ZZX“ = (0, the service effort e, = r“‘ﬁ is obtained. Substituting ey,

into Equation (2), the owner’s profit can be rewritten as

= —k < 0, it can be known that Equation (3) is concave with ey;,. Therefore, using

e = (Ao — ap)(p o) + SO =P Zranl ok Ernl) _ oy 2 )

2
Next, the unit contract payment decision of the owner is analyzed. For d deu =%

0, it can be known that Equation (A1) is concave with ry,. Therefore, using the first- order

condition ”ZH‘“ = 0, the unit contract payment ry, = w is got, where A = Ay — ap.

Then, the service effort ey, = % — E g and the server’s service rate piy, = ” 04 & 2,5 are got.

Considering the service effort cannot be negative, there is gAB* — kg 2 0. Substituting
Txu, exy into Equations (2) and (3), the owner’s profit and the server’s profit are obtained.
The proof of Proposition 2 is completed. [

Proof of Corollary 1. Taking the difference between the service effort in Proposition 1and
that in Proposition 2, the deviation of service effort e,, — ey, = —ﬁ 25 is got, where

A = Ap — ap. Obviously, ey, < ey,. The proof of Corollary 1 is Completed O

Proof of Corollary 2. Taking the sum of the owner’s profit and the server’s profit in
_ 2(r,2pR2 2
Proposition 2, the queueing system profit Uy, = Al(p ?Hg” ol 4 ATGe fk 8kg) I;ZS is

obtained, where A = Ag — ap. Furthermore, taking the difference between the queueing
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21 2A2p4 72,2
system profit in Proposition 1 and Uy, Uy, — Uxy = 28Kk Zfﬁé\ P00 g got. Evidently,

Uy > Uyy. The proof of Corollary 2 is completed. O

Proof of Proposition 3. Note that under the cost-sharing contract with exogenous price
scenario, the owner decides 7y, and 6y, to maximize the profit in Equation (4), and the
server decides ey, to maximize the profit in Equation (5). First, the service effort decision of

2
the server is analyzed. For % = —k(1 — 6x) < 0, it can be obtained that Equation (5)
is concave with ey.. Therefore, using the first-order condition ‘%{X; = 0, the service effort

eye = % is obtained. Substituting ey, into Equation (4), the owner’s profit can be

rewritten as

rrcB?(§A — rxc) — ety — Oxcr3cB?

e = A(p—c)+gA(no — A) + 2Kk(1 — 0,.)%
ve = A(p =)+ Ao = A) + =75 2k(1 — Bx.)?

(A2)

Now, the owner’s decision of unit contract payment and sharing proportion is an-
alyzed. To obtain them, the authors take the derivative and obtain the corresponding
Hessian matrix:

A 1_6XC —I'xc 3_9XC
p —(2-0x) R (=
Hy = 102 | SAO ) racB0:)  2graeAl—bue) 2 (4—xc)
(1= 0xc) (1=0xc) (1-0xc)?

o /54 [Txc*gA(lfexc)]Z
K2 (10 )°
argued that the Hessian matrix is indefinite. Therefore, Equation (A2) with first-order
2 _ — v (3— .
conditions cannot be solved. Note that aalg—; — 1xefTPRAU—Or) —rre(3—Orc)] , the authors find

[2k(1—64c)3]
%lg—xf > 0 when 7y < %&i)”). Then, I, increases when 8y is obtained. Considering

that the sharing proportion cannot be greater than 6y, the owner optimally sets 6. = 6y,.
Substituting 6y, into Equation (A2), the owner’s profit can be rewritten as

Note that determinant of Hessian matrix |H;| = < 0, it can be

Txcﬁ2 (g/\ — Txc) ehrazccﬁz
e = A(p—¢) + gA (g — A) + XL 202—2X0 p iy — — el (A3)
xc (p ) g (1’10 ) k(l — eh) xcH0 Zk(]_ - eh)z
For ”’ZE - *k(fﬁzeh) - k(f’iﬁezh)z < 0, it can be obtained that Equation (A3) is con-

cave with ry.. Using the first-order condition ’g}“
xXc

_ gABP(1-0y) —kpo(1-6;)

= 0, the unit contract payment

Txe = 2 (2=8,) is got, where A = Ay — ap. Then, the service effort ey, =
2 _ 2
AP —kio1=6,) kﬁé}%:) %) and the server’s service rate iy, = 872\(/;7*;‘!)‘0 are obtained. Substituting

exc, 'xc and Oy, into Equation (4) and Equation (5), the owner’s profit and the server’s profit
are obtained. The proof of Proposition 3 is completed. [

Proof of Corollary 3. Taking the difference between the service effort in Proposition 1

(1=0,) (gAB?+kpuo)
kB(2—6)
Obviously, ey, > eyc. Taking the difference between the service effort in Proposition 3 and

2
that in Proposition 2, the deviation of service effort ex. — ey, = %
Evidently, ex. > eyy. Thus, e, > exc > ey, is obtained. The proof of Corollary 3 is

completed. [

and that in Proposition 3, ey, — exc = is obtained, where A = Ay — ap.

is obtained.

Proof of Corollary 4. Taking the sum of the owner’s profit and the server’s profit in Propo-
27244 2 2,2 2
8NP (3-20) +2gkpo AP~ (3—20) —k"p5(1-6;) _
2kp2(2—6;) +Ap
c) — gA? is obtained, where A = Ay — ap. Furthermore, taking the difference between
(1-0,)*(8AB> +kpuo)?
2kp*(2—6,)*

sition 3, the queueing system profit Uy, =

the queueing system profit in Proposition 1 and Uy, Uy, — Uxe =
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O = A1 =

is obtained. It is clear that U,, > U, Similarly, taking the difference between the

queueing system profit under the cost-sharing contract and that under the unit-price

_ 0,(4-30,) (AR ki)
8kB2(2—6;)°

U,y > Uyc > Uy is obtained. The proof of Corollary 4 is completed. [

contract, Uy, — Uyy is obtained. Evidently, Uy, > Uy,. Thereafter,

Proof of Corollary 5. Taking the difference between the profit of owner in Proposition 2
O8N B +2g AB*kpo+k i (26,—3)]
4kp*(2~0y)
gAPB* —kuo > 0, it can be obtained that g>A2B* + 2¢AB%kug + kK2u3(26), — 3) > 3k*u3 +
kzy%(ZGh —3) > 0. That is, regardless of the value of ), there is always IT,, > Ily,.
Furthermore, taking the difference between the server’s profit in Propositions 2 and 3, 7t —
00,87 A2 20, kguo AP+ 13 (402 —176),+16)]

B 8(2—04) kg2

is obtained. For

and that in Proposition 3, 1, — Iy, =

TTxy is obtained. Let 71y = 7Ty, the authors find

two values of 0):

2B + 28k AR +17K2153 — (AR + ko) /82A2B -+ 2gkpo A2 + 33K2413

7

8k2u5

§PAB* + 2gkpo A2 + 17K243 + (SAB? + Kito) /82 A2B* + 2gkpuo AB2 + 33K23

8k2 415

For ), > 1, the authors argue that 77y, > 7y, when 0, < A, and 7y, < 7Ty, When
6y € (A1,1). This means that the server’s profit is improved when 6}, is smaller than A;.
The proof of Corollary 5 is completed. [

Proof of Proposition 4. When the service price is endogenous, the queueing system’s
profit is described in Equation (6), and the optimal service effort and service price can be
solved from this equation. Before solving, the concavity of Equation (6) with e,; and p,,,
can be first discussed. By taking the derivation, the corresponding Hessian matrix can
be obtained:

k —8ap

—gup  —2a(1+ gu)
The Hessian matrix is negative definite when 2k(1+ ga) > ag?B?. Using the first-order

" Uy _ Uy _ ; — 8B(Ao—catgap) ;
conditions 3 e =0 and 3 oy = O the optimal effort ¢, = 2K(1+g0)—ag2f? and the optimal

. . _ k(Agtact2garg—gapy) —arog>B? . .
service price p,, = e (15g0) 22572 are obtained. Then, the service rate of

8B*(Ao—catgapg)
2k(1+gn) —ag?p?

Hy =

queueing system is p,,;, = po + . The proof of Proposition 4 is completed. [
Proof of Proposition 5. Note that under the scenario of unit-price contract with endoge-
nous price, the owner decides p;;, and ry,;, to maximize the profit in Equation (7), and

the server decides e,;, to maximize the profit in Equation (8). First, the server’s service
A2 7,

effort decision is analyzed. Owing to = —k < 0, Equation (8) is concave with ey,,.
Therefore, using the first-order condition % = 0, the service effort e, = % is obtained.

Substituting e, into Equation (7), the owner’s profit can be rewritten as

[8(Ao — apuu) — Tuu] ok + rnup?)

X —8g(Ao— “Pnu)z- (Ad)

I, = (/\0 - “Pnu)(Pnu - C) +

Furthermore, the concavity of Equation (A4) with r,,;, and py,, is discussed. By taking
the derivation, the corresponding Hessian matrix can be obtained:

_2p _ gup?
%

H3 = 2
85 _oa(1 + ga)
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The authors note that the Hessian matrix is negative definite when 2k(1 + ga) >
ag?B?. Using the first-order conditions %I;In"u“ =0and % = 0, the unit contract payment
_ gk(2Ag—2actgapg) ko 2cka+2kAg(142ga) —arog? B2 —gkapg
dka(14ga)—a2g?p?

Tnu = 8k(1+ga)—2ag2p? 282
. ’ . _ 8BQRAg—2actgapy)  po
are obtained. Thereafter, the server’s service effort e, = “Sk(1tga) 20287 P and the

20\ . ..
server’s service rate Hnu = Zkyoili(—;iag)oj;{igg\gz ac) are obtained. The proof of PI'OpOSlthl’l 5

and the service price pny, =

is completed. O

Proof of Corollary 6. Taking the difference between the server’s service effort in Proposi-
2k(1+ga)[gB?(Ag—ac)+2kug(14-ga)] . .

DB (T ga) - a2 AL - ga) —ag2p?] 15 Obtained. It
can be observe that e,,;, > e;,;,. The proof of Corollary 6 is completed. [

tion 4 and that in Proposition 5, e, — en, = [

Proof of Corollary 7. Taking the difference between the service price in Proposition 5 and
ka2 g2 B2 (Mg—ac)+2gpok*a® (1+ga)
2ka(14-ga) —a? 22 [4k(1+ga) —ag? B2
easily observed that p,,;, > p,,p. The proof of Corollary 7 is completed. O

that in Proposition 4, puy — pup = i ] can be obtained. It is

Proof of Proposition 6. Note that under the scenario of cost-sharing contract with endoge-
nous price, the owner decides py¢, rnc and 6, to maximize the profit in Equation (9), and
the server decides e, to maximize the profit in Equation (10). First, the server’s service
d;:%:C = —k(1 — 6yc) < 0, Equation (10) is concave

0, the service effort ;. = %

effort decision is analyzed. Owing to

Ay _
deyc

is obtained. Substituting e, into Equation (9), the owner’s profit can be rewritten as

with ey,c. Therefore, using the first-order condition

”nc,Bz [8(Ao — &pnc) — Tnc] encr%cﬁZ (A5)

Ipe = (Ao — apuc) (Pre — ) + &(Ao — apuc) [po — (Ao — apne)] + k(1 — O0) ~ Tncho — 2k(1 — 6nc)2

e = (A — apuc) (pnc — €) + g(Ao — apne) [Ho — (Ao — apuc)] + k(1= 06,) — Tneflo —

To obtain 7y, 0, and py., the authors take the derivative and obtain the corresponding
Hessian matrix:

—ISZ(Z—GM) SISZ(/\O_"‘PM) _ ’n6ﬁ2(3—9n6) _“8/32
k(1—0,c)? k(1—6,c ) k(1—6,c)° k(1—65c)
H,= 8B (Ao—apuc) _ ruch>B—bnc)  287ncP*(Ao—apuc) _ 15cp*(4=bnc) —0g7nef?
K1-6we)® k(1) k(1—0nc) | k(1=n)? k(1—0nc)
—gqup —8arncf
k(1—0nc) k(l—gnc)z _20((1 + g{X)

Let D, denote the second-order leading principle minor of Hy matrix. Then, the
—B*[rne—8(1—6nc) (Ag—apnc)|?
k2(1—0yc)0
the Hessian matrix is indefinite. Therefore, Equation (A5) cannot be solved with first-

2 - 0, ) e (3—
order conditions. Note that aalg—n": = Tnef 220 ”‘2’2"(01)99 6;’;) rne(3 9"“), the authors find that
Al

o > 0 when r,; < %’W. Then, the I, increases with 68,.. Considering

that the sharing proportion cannot be larger than 0;,, the owner optimally sets 8, = 6y,.
Substituting 6, into Equation (A5), the owner’s profit can be rewritten as

authors obtain the D, = < 0. Therefore, it can be argued that

VnCIBZ [8(Ao — apnc) — Tuc] GhY%cﬁz (A6)
2k(1—6,)*

To obtain r,,c and py, take the derivative and obtain the corresponding Hessian matrix:

_ (2*911)/232 _ (130652)]{
— (179;, k —Un

& g“ﬁg —20(1 + gu)

1-6,)k 8

Note that the Hessian matrix is negative definite when 2k(1 + ga) > ag?p?. Therefore,
the first-order conditions can be used to obtain optimal results. Using the first-order
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k(2—6),) (Mg+act+2garg) —argg® B2 —kgapg
2ka(2—0,) (14ga) —a2g2 B2
2
_ kgB?(1-04) (Ao —ac+gupug) —2pok> (1+g0) (1-6))
2kp? (2=0) (1+ga) —agp*
8B (Ao—ac-+gujig) —2kpug(1-04) (1+g0)
2kB(2—0) (1+g0) —ag*p’

can be obtained. The proof of Proposition 6

conditions aan’"

= 0and %I;ﬁ = 0, the service price p,c =

Tne

are obtained.

and the unit contract payment 7,

Then, the server’s service effort e, = and the service

— 8B (Mo—ac)+2kuo(1+g)
rate of server puc = 2K(2-0,) (1T ga) —ag2f?

is completed. O

Proof of Corollary 8. Taking the difference between the server’s service effort in
2k(1=0) (1+ga) [gB* (Ao —ac) +2kpuo (14g))]
[2kp(1+ga) —ag? B3] [2k(2—6),) (1+ga) —ag? B]

0 is obtained. Evidently, e, < e,;. Furthermore, taking the difference between the server’s
— __2k0,(1+ga) 8B (Ao —ac)+2kpup(14g0) 3
T BlAk(1+gu)—ag?p][2k(2—0;) (1+ga) —ag?p?]
is obtained. Evidently, ey, < enc.. Thus, ey, > enc > eny. The proof of Corollary 8
is completed. O

Proposition 4 and that in Proposition 6, e, — ey =

service effort in Propositions 5 and 6, e, — ey

Proof of Corollary 9. Taking the difference between the service price in Proposition 4 and
— __k(1-0,)[s?* (Ao—ac) +2kgpo(1+ga) ~ i

P = TG, (1 g0) og? IR gu)ag2p > O 1S obtained.

Evidently, pyc > pnp. Furthermore, taking the difference between the service price in

. k6, (g2 B2 (Ag—ac) +2kguo(1+gw)) . .
P =~ GR=0,) (1 +g0) —ag k(1 +ga)—ag2p?] < O IS obtained.
Evidently, pny > puc. Thereafter, p,p < pue < pnu can be obtained. The proof of Corollary 9

is completed. O

that in Proposition 6, puc —

Propositions 5 and 6, pjc —
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