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Abstract

:

Modeling real-life pandemics is very important; this study focuses on introducing a new superior flexible extension of the asymmetric Haq distribution known as the power Haq distribution (PHD). The most fundamental mathematical properties are derived. We determine its parameters using ten estimation methods. The asymptotic behavior of its estimators is investigated through simulation, and a comparison is done to find out the most efficient method for estimating the parameters of the distribution under consideration. We use a sample for the COVID-19 data set to evaluate the proposed model’s performance and usefulness in fitting the data set in comparison to other well-known models.
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1. Introduction


The importance of statistical theory comes from modeling real-world events. Lifetime data modeling and analysis are crucial in a variety of fields, including medicine, engineering, insurance, and finance. It is common practice to analyze lifespan data sets using statistical probability distributions, as well as their expansions. The addition of one or two parameters to the basic distributions encourages novel distribution theory modeling ideas. In recent years, generalized distributions have been a popular way to construct flexible distributions that can suit actual data. Statisticians are constantly on the lookout for novel statistical models to fit data sets from a variety of fields. Statistical models can be used to describe and forecast real-world phenomena. In recent years, many distributions have been widely used. For more reading, see [1,2,3].



Now, we are facing a huge pandemic affecting the whole world; this pandemic is known as the COVID-19 virus. We are studying the mortality rate in many countries through the mortality number every day. The behavior of the shock was simulated, and it was determined that the effect of COVID-19 on the financial system in 2020 will continue to negatively affect domestic credit provided to the private sector by banks for about five years; see [4,5,6]. Many authors have conducted studies on mortality rates; for instance, see [7,8,9].



Currently, scientists are conducting substantial investigation into this event. However, obtaining the correct facts and figures is important in order to do all that is possible to block COVID-19. It is always critical to provide the most accurate description of the data being analyzed when studying and using big data sciences. Recent research has shown how statistical distributions can be used to describe data in applied disciplines, such as medicine. See, for example, Refs. [10,11,12].



Vaccines debuted by the end of August 2021, bolstering the fight against the epidemic. Today, several nations have zero active instances of COVID-19 infection. The situation appears to be under control in the majority of countries, and others hope that the COVID-19 pandemic will end soon. Many authors have conducted studies on vaccination process and studied the effect of the spreading. See, for example, Refs. [13,14,15].



This work investigates new distributions to model COVID-19 deaths. The purpose of this research is to investigate the point estimate of unknown PHD parameters using conventional estimation methods. A statistical comparison of these approaches is performed using simulation to evaluate their performance and investigate how these estimators behave for various sample sizes and parameter values. We also studied the existence and uniqueness of the likelihood function, see Section 6. We can see that the estimates provided are maximum points and represent the global maximum. At the end of the application section, we added graphs that demonstrate the flexibility and the superiority of the proposed distribution among all its rivals; for this, we used the proposed distribution for data analysis for COVID-19 data.



The rest of this paper is organized as follows. In Section 2, we define the PHD distribution. PHD, PDF and CDF are obtained. In Section 3, the associated properties and equations of the PHD are derived mathematically. Section 4 describes the methods and techniques used in the estimation. In Section 5, a simulation study is conducted to compare the performance of these estimation methods. One real data set of COVID-19 from different life applications is used in Section 6 to prove the efficiency of the PHD distribution compared to other distributions. Finally, conclusions and major findings are given in Section 7.




2. Model Formulation


Haq [16] presented a one-parameter distribution called Haq distribution (HD), where its cumulative distribution function (CDF) is defined as follows:


     G ( t )     = 1 −     α 2  + 2 α +  1 2    ( α t )  2  + α t + 1   e  − α t      ( α + 1 )  2   ,     



(1)




and its corresponding probability density function (PDF) is defined as follows:


     g ( t )     =    α 2   e  α ( − t )    α   t 2  + 2  + 4    2   ( α + 1 )  2    .     



(2)







Now, by adding an extra parameter to HD by using the power transformation   X =  T  1 β    , we have a new statistical model know as the power Haq distribution (PHD). The CDF and PDF of the PHD are defined, respectively, as follows:


     F ( x )     = 1 −     α 2  + 2 α + α  x β  +  1 2    α  x β   2  + 1   e  − α  x β       ( α + 1 )  2   ,     



(3)






     f ( x )     =    α 2  β  x  β − 1    e  − α  x β     α   x  2 β   + 2  + 4    2   ( α + 1 )  2    .     



(4)







It is possible to draw the conclusion that the HD is a specific case of the PHD when   β = 1  . The many shapes that the PHD’s PDF may take are seen in Figure 1. The PDF of the PHD may clearly assume a variety of shapes, including decreasing, bathtub, unimodal (left skewed, right skewed and symmetric), and decreasing–increasing–decreasing shapes.



Reliability Functions


The survival function (   S r  F  ) and hazard rate function   (  H r  F )   of the PHD are defined, respectively, as follows:


     S ( x )     =     α 2  + 2 α + α  x β  +  1 2    α  x β   2  + 1   e  − α  x β       ( α + 1 )  2   ,     



(5)






     h ( x )     =    α 2  β  x  β − 1    α   x  2 β   + 2  + 4     α 2    x  2 β   + 2  + 2 α   x β  + 2  + 2   .     



(6)







On display in Figure 2 are the several possible plots of the    H r  F   of the PHD, such as bathtub, increasing–decreasing–increasing, increasing and decreasing shapes.





3. Statistical Properties


3.1. Mode


The mode of the PHD is determined by two steps, firstly, we determine the first derivative of the PDF with respect to x of the PHD as follows:


       ∂ f ( x )   ∂ x   =    α 2  β  x  β − 2    e  α  −  x β      2  ( α + 2 )   ( β − 1 )  −  α 2  β  x  3 β   + α  ( 3 β − 1 )   x  2 β   − 2 α  ( α + 2 )  β  x β     2   ( α + 1 )  2    ,     








then equating the previous equation to zero and solving it for x, we have the PHD modes as follows:


     x 0     =    3 β − 1   3 α β   −  2 3   6  α 3   ( α + 2 )   β 2  −  α 2    ( 3 β − 1 )  2    3  α 2  β  − 36  α 5   β 2  − 72  α 4   β 2  + 54  α 3   β 3  − 54  α 3   β 2  + 18  α 3  β − 2  α 3               +   4   6  α 3   ( α + 2 )   β 2  −  α 2    ( 3 β − 1 )  2   3  +   − 36  α 5   β 2  − 72  α 4   β 2  + 54  α 3   β 3  − 54  α 3   β 2  + 18  α 3  β − 2  α 3   2      − 1 / 3           +  1  3  2 3   α 2  β    − 36  α 5   β 2  − 72  α 4   β 2  + 54  α 3   β 3  − 54  α 3   β 2  + 18  α 3  β − 2  α 3              +   4   6  α 3   ( α + 2 )   β 2  −  α 2    ( 3 β − 1 )  2   3  +   − 36  α 5   β 2  − 72  α 4   β 2  + 54  α 3   β 3  − 54  α 3   β 2  + 18  α 3  β − 2  α 3   2      1 / 3     1 / β   .     












3.2. Moments


For PHD, its r-th moments are derived as follows:


      μ r ′  =  ∫  0  ∞   x r  f  ( x )  d x =    α  −  r β     2   ( α + 1 )  2   β 2  +  r 2  + 3 β r  Γ    r + β  β     2   ( α + 1 )  2   β 2    .     











The first four moments of PHD are obtained using the values of r = 1, 2, 3, and 4 in the last equation, and these moments are then used to determine the skewness and kurtosis coefficients, respectively.



Additionally, by using moments around the origin, we can determine the   i  th    central moment of X as follows:


   μ i  = E   ( x − μ )  i  =  ∑  v = 0  ∞    ( − 1 )  v    i v      μ 1  ′    v   μ  i − v  ′  .  











The moment generating function of the PHD is derived as follows:


  M  ( t )  =  ∑  d = 0  ∞    t d   d !      α  −  d β     2   ( α + 1 )  2   β 2  +  d 2  + 3 β r  Γ    d + β  β     2   ( α + 1 )  2   β 2    .  












3.3. Incomplete Moments


The rth incomplete moment of the PHD is derived as follows:


      τ r   ( t )      =  ∫  0  t   x r  f  ( x )  d x =    α  −  r β      2   ( α + 1 )  2   β 2  +  r 2  + 3 β r  Γ    r + β  β   −  β 2   Γ   r β  + 3 ,  t β  α  + 2 α  ( α + 2 )  Γ    r + β  β  ,  t β  α      2   ( α + 1 )  2   β 2    ,     








where   Γ  ( a , z )  =  ∫ z ∞   t  a − 1    e  − t   d t  .



When   r = 1  , we obtain the first incomplete moment, which is crucial for constructing the Lorenz and Bonferroni curves, which are, respectively, defined as    C 1  =  τ 1   ( t )  /  μ 1 ′    and    C 2  =  τ 1   (  x p  )  /  ( p  μ 1 ′  )   . Additionally, it is used to determined the mean residual life (   M 1   ( t )   )    M 1   ( t )  =  [ 1 −  Ψ 1   ( t )  ]  / S  ( t )  − t  , and the mean waiting time    M 2   ( t )      M 2   ( t )  = t −  Ψ 1   ( t )  / F  ( t )   .




3.4. Order Statistics


The   i th   order statistic for the PDF and CDF of PHD are derived, respectively, as follows:


      f  i : n    ( x )      =   n !   ( i − 1 ) ! ( n − i ) !     [ F  ( x )  ]   i − 1     [ 1 − F  ( x )  ]   n − i   f  ( x )  =      e  α  −  x β       α 2  + 2 α +  1 2   α 2   x  2 β   + α  x β  + 1     ( α + 1 )  2     n − i            ×    α 2  β Γ  ( n + 1 )   x  β − 1    e  α  −  x β      α   x  2 β   + 2  + 4    1 −    e  α  −  x β       α 2  + 2 α +  1 2   α 2   x  2 β   + α  x β  + 1     ( α + 1 )  2     i − 1     2   ( α + 1 )  2  Γ  ( i )  Γ  ( − i + n + 1 )    ,        F  i : n    ( x )      =  ∑  r = i  n    ( r n  )    ( F  ( x )  )  r    ( 1 − F  ( x )  )   n − r            =    2  − n   Γ  ( n + 1 )      2   ( α + 1 )  2   e  α  x β       α 2    x  2 β   + 2  + 2 α   x β  + 2  + 2   − 1  i       e  α  −  x β       α 2    x  2 β   + 2  + 2 α   x β  + 2  + 2     ( α + 1 )  2    n  R   Γ ( − i + n + 1 )   ,     








where   R  = 2    F ˜  1   1 , i − n ; i + 1 ; 1 −   2  e   x β  α     ( α + 1 )  2      x  2 β   + 2   α 2  + 2   x β  + 2  α + 2      is a regularized hyper geometric function.





4. Estimation of PHD Parameters


The traditional PHD parameter estimate methods are covered in this section. By maximizing or minimizing an objective function, this estimator is produced.



By maximizing the following equation, the parameter estimation for the PHD is obtained using maximum likelihood estimation (MLE):


     log L = − α  ∑  i = 1  n   x i β  +  ∑  i = 1  n  log  α   x i  2 β   + 2  + 4  +  ( β + 1 )   ∑  i = 1  n  log   x i   + n log     α 2  β   2   ( α + 1 )  2     .     











By minimizing the following equation, the parameter estimation for the PHD is obtained using Anderson–Darling estimation (ADE):


     A (  x i  )     = − n −  1 n   ∑  i = 1  n   ( 2 i − 1 )   log  1 −     α 2  + 2 α + α  x i β  +  1 2   α  x i β     2  + 1   e  − α  x i β       ( α + 1 )  2               − 2 log  ( α + 1 )  + log   α 2  + 2 α + α  x i β  +  1 2   α  x i β     2  + 1  − α  x i β   .     











By minimizing the following equation, the parameter estimation for the PHD is obtained using the right-tail Anderson–Darling estimation (RADE):


     R (  x i  )     =  n 2  − 2  ∑  i = 1  n   1 −     α 2  + 2 α + α  x i β  +  1 2   α  x i β     2  + 1   e  − α  x i β       ( α + 1 )  2             −  1 n   ∑  i = 1  n   ( 2 i − 1 )   − 2 log  ( α + 1 )  + log   α 2  + 2 α + α  x i β  +  1 2   α  x i β     2  + 1  − α  x i β   .     











By minimizing the following equation, the parameter estimation for the PHD is obtained using the left-tailed Anderson–Darling estimation (LTADE):


     L (  x i  )     = −  3 2  n + 2  ∑  i = 1  n   1 −     α 2  + 2 α + α  x i β  +  1 2   α  x i β     2  + 1   e  − α  x i β       ( α + 1 )  2             −  1 n   ∑  i = 1  n   ( 2 i − 1 )  log  1 −     α 2  + 2 α + α  x i β  +  1 2   α  x i β     2  + 1   e  − α  x i β       ( α + 1 )  2    .     











By minimizing the following equation, the parameter estimation for the PHD is obtained using the Cramér–von Mises estimation (CVME):


     C (  x i  )     =  1  12 n   +  ∑  i = 1  n    1 −     α 2  + 2 α + α  x i β  +  1 2   α  x i β     2  + 1   e  − α  x i β       ( α + 1 )  2   −   2 i − 1   2 n    2  .     











By minimizing the following equation, the parameter estimation for the PHD is obtained using least-squares estimation (LSE):


     V  (  x i  )  =  ∑  i = 1  n    1 −     α 2  + 2 α + α  x i β  +  1 2   α  x i β     2  + 1   e  − α  x i β       ( α + 1 )  2   −  i  n + 1    2  .     











By minimizing the following equation, the parameter estimation for the PHD is obtained using the weighted least-squares estimation (WLSE):


     W (  x i  )     =  ∑  i = 1  n      ( n + 1 )  2   ( n + 2 )    i ( n − i + 1 )     1 −     α 2  + 2 α + α  x i β  +  1 2   α  x i β     2  + 1   e  − α  x i β       ( α + 1 )  2   −  i  n + 1    2  .     











By maximizing the following equation, the parameter estimation for the PHD is obtained using the maximum product of spacing estimation (MPSE):


  τ   x i   =  1  n + 1    ∑  i = 1   n + 1   log  κ i   (  x i  )  ,   κ i   (  x i  )  = F  (  x i  )  − F  (  x  i − 1   )  .  











By minimizing the following equation, the parameter estimation for the PHD is obtained using the minimum spacing absolute distance estimation (MSADE):


      ω 1    x i       =  ∑  i = 1   n + 1    |  κ i  −  1  n + 1   |  .     











By minimizing the following equation, the parameter estimation for the PHD is obtained using the minimum spacing absolute-log distance estimation method (MSALDE):


      ω 2    x i       =  ∑  i = 1   n + 1    | log  κ i  − log  1  n + 1   |  .     












5. Numerical Simulation


All of the estimating methods covered in the previous part will be used in this section to identify estimators of our proposed model using data sets produced at random. In this study, we want to investigate the behavior of the model estimators as well as the performance of these estimating approaches. Additionally, we will use a variety of measurements to gauge the success of these methods, such as average of bias (BIAS)   | B i a s (  ν ^  ) | =     1 H   ∑  i = 1  H   |  ν ^  − ν |   , mean squared errors (MSE),   M S E =  1 H   ∑  i = 1  H    (  ν ^  − ν )  2   , mean relative errors (MRE)   M R E =  1 H   ∑  i = 1  H   |  ν ^  − ν |  / ν  , average absolute difference (  D  a b s   )    D  a b s   =  1  n  H    ∑  i = 1  H   ∑  j = 1  n   | F  (  x  i j   | ν )  − F  (  x  i j   |  ν ^  )  |   , maximum absolute difference (  D  m a x   )    D  m a x   =  1 H   ∑  i = 1  H   max j   | F  (  x  i j   | ν )  − F  (  x  i j   |  ν ^  )  |   , and average squared absolute error (ASAE)   A S A E =  1 n   ∑  i = 1  n     |   x i  −   x i  ^   |     x n  −  x 1     , where   x i   are the ascending ordered observations, and   ν = ( α , β )  . Additionally, using the R programming language, we calculate the coverage probability (CP) and percentile bootstrap confidence intervals length (CIL) for all parameter combinations for both small and big sample sizes.



The simulation may be used to determine the most accurate approach for estimating the model parameters. In our simulation, we produced (  H = 1000  ) samples with the following sizes n = 30, 70, 150, and 350. In Table 1, Table 2, Table 3, Table 4 and Table 5, the numerical outcomes of simulations are shown. The power value displays a technique’s comparative effectiveness to all other procedures. Table 6 lists the partial and total ranks of our estimators. The following conclusions may be drawn from the simulation’s findings and the ranking table:




	
The PHD estimators’ values show the consistency property.



	
All measures in the simulation tables decrease, as the sample size increases, except for the CP.



	
  D  a b s    is always smaller than   D  m a x   .



	
The maximum spacing product is the estimation method that is most preferred according to the ranking table.









6. Real Data Analysis


In this part, we illustrate the flexibility of the distribution by using data taken from the real world. The PHD is shown to be applicable by an empirical demonstration using the modeling of the COVID-19 actual data set. The COVID-19 data set pertains to 53 patients’ survival periods in China during the first two months of the year 2020 when they were in critical circumstances. The duration of time was measured beginning with hospitalization and ending with death, and it was studied by [17].



In order to demonstrate the adaptability of the model that we presented, we will compare it with other, more established models. The specifications of each of the models that will be compared are as follows: Haq distribution (HD), Frechet distribution (FD), exponential distribution (ED), Lindley distribution (LD), Lomax distribution (LD), Maxwell distribution (MD), Rayleigh distribution (RD), Weibull distribution (WD), and gamma distribution (GD). We use the MLE method to compute all model estimates via Wolfram Mathematics Software Version 12.0, especially by using the NMaximize function, which attempts to find the global solution.



We make use of a series of analytical criteria, such as the Akaike information criterion (  D 1  ), the correct Akaike information criterion (  D 2  ), Bayesian information criterion (  D 3  ), and Hannan information criterion (  D 4  ). In addition, we base our decision on a number of other statistics on the goodness-of-fit of the model, such as Anderson–Darling (  G 1  ), Cramér–von Mises (  G 2  ) and Kolmogorov–Smirnov (  G 3  ) with its p-value (   G 3   ( p )   ). In order to choose the model that is going to be the best fit for the COVID-19 data set, we take into consideration all previous measures.



As can be seen in Table 7, the analytical measures, as well as the related MLE and standard errors (SE), are supplied for the COVID-19 data set, which was considered for assessment. As a consequence of this, we may draw the conclusion that the PHD performs noticeably better than the other models that are equivalent. The P-P plot as well as the estimated PDF, CDF, and SF plots are used in order to demonstrate that the PHD is a good match for the COVID-19 data set that is shown in Figure 3. Using the COVID-19 data set, it is shown that the proposed model provides a satisfactory match. Figure 4 displays the TTT as well as an estimated HRF of the PHD plots for the COVID-19 data set. Figure 5 depicts the behavior of the log-likelihood function with estimated parameters for the COVID-19 data set, which is a unimodal function.




7. Conclusions


We create a relatively novel statistical model for the purpose of this study. This model is an extension of the HD, which is explained in further detail elsewhere. Its PDF has a number of distinct forms, including those that are skewed to the left or right, symmetrical, decreasing, bathtub, and others. Additionally, its    H r  F   exhibits a variety of forms. A mathematical investigation is carried out in order to study some of its most important statistical properties. The PHD parameters are estimated with the use of 10 different conventional estimation approaches. We find out that the MPSE is the best estimator depending on the overall rank seen in Table 6. The findings of the simulations show that the PHD estimators have very high performance levels. In addition, the practical application of the PHD is addressed by the use of a real-world data set, which reveals that it offers a superior match in comparison to well-known competitors.







Author Contributions


Conceptualization, Y.T.; methodology, M.E.B.; software, E.H.; validation, A.M.G. and M.M.H.; investigation, A.M.G.; resources, M.M.A.E.-R. All authors have read and agreed to the published version of the manuscript.




Funding


This study was funded by Researchers Supporting Project number (RSP2023R488), King Saud University, Riyadh, Saudi Arabia.




Data Availability Statement


All data are available in the paper.




Acknowledgments


This study was funded by Researchers Supporting Project number (RSP2023R488), King Saud University, Riyadh, Saudi Arabia.




Conflicts of Interest


The authors declare no conflict of interest.




References


	



Alshanbari, H.M.; Abd El-Bagoury, A.A.H.; Gemeay, A.M.; Hafez, E.H.; Eldeeb, A.S. A flexible extension of pareto distribution: Properties and applications. Comput. Intell. Neurosci. 2021, 2021, 9819200. [Google Scholar] [CrossRef] [PubMed]

	



Alshanbari, H.M.; Gemeay, A.M.; El-Bagoury, A.A.A.H.; Khosa, S.K.; Hafez, E.H.; Muse, A.H. A novel extension of fréchet distribution: Application on real data and simulation. Alex. Eng. J. 2022, 61, 7917–7938. [Google Scholar] [CrossRef]

	



Saber, M.M.; Shishebor, Z.; Raouf, M.M.; Hafez, E.H.; Aldallal, R. Most effective sampling scheme for prediction of stationary stochastic processes. Complexity 2022, 2022, 4997675. [Google Scholar] [CrossRef]

	



Ashraf, B.N. Economic impact of government interventions during the COVID-19 pandemic: International evidence from financial markets. J. Behav. Exp. Financ. 2020, 27, 100371. [Google Scholar] [CrossRef] [PubMed]

	



Sansa, N.A. The impact of the COVID-19 on the financial markets: Evidence from China and USA. Electron. Res. J. Soc. Sci. Humanit. 2020, 2. [Google Scholar] [CrossRef]

	



Zhang, D.; Hu, M.; Ji, Q. Financial markets under the global pandemic of COVID-19. Financ. Res. Lett. 2020, 36, 101528. [Google Scholar] [CrossRef] [PubMed]

	



Almetwally, E.M.; Abdo, D.A.; Hafez, E.H.; Jawa, T.M.; Sayed-Ahmed, N.; Almongy, H.M. The new discrete distribution with application to COVID-19 data. Results Phys. 2022, 32, 104987. [Google Scholar] [CrossRef] [PubMed]

	



Alsuhabi, H.; Alkhairy, I.; Almetwally, E.M.; Almongy, H.M.; Gemeay, A.M.; Hafez, E.H.; Aldallal, R.A.; Sabry, M. A superior extension for the lomax distribution with application to COVID-19 infections real data. Alex. Eng. J. 2022, 61, 11077–11090. [Google Scholar] [CrossRef]

	



Bo, W.; Ahmad, Z.; Alanzi, A.R.; Al-Omari, A.I.; Hafez, E.H.; Abdelwahab, S.F. The current COVID-19 pandemic in china: An overview and corona data analysis. Alex. Eng. J. 2022, 61, 1369–1381. [Google Scholar] [CrossRef]

	



Almetwally, E.M.; Alharbi, R.; Alnagar, D.; Hafez, E.H. A new inverted topp-leone distribution: Applications to the COVID-19 mortality rate in two different countries. Axioms 2021, 10, 25. [Google Scholar] [CrossRef]

	



Almongy, H.M.; Almetwally, E.M.; Aljohani, H.M.; Alghamdi, A.S.; Hafez, E.H. A new extended rayleigh distribution with applications of COVID-19 data. Results Phys. 2021, 23, 104012. [Google Scholar] [CrossRef] [PubMed]

	



Alzeley, O.; Almetwally, E.M.; Gemeay, A.M.; Alshanbari, H.M.; Hafez, E.H.; Abu-Moussa, M.H. Statistical inference under censored data for the new exponential-x fréchet distribution: Simulation and application to leukemia data. Comput. Intell. Neurosci. 2021, 2021, 2167670. [Google Scholar] [CrossRef] [PubMed]

	



Benati, I.; Coccia, M. Global analysis of timely COVID-19 vaccinations: Improving governance to reinforce response policies for pandemic crises. Int. J. Health Gov. 2022. ahead-of-print. [Google Scholar]

	



Jiménez-Rodríguez, P.; Muñoz-Fernández, G.A.; Rodrigo-Chocano, J.C.; Seoane-Sepúlveda, J.B.; Weber, A. A population structure-sensitive mathematical model assessing the effects of vaccination during the third surge of COVID-19 in italy. J. Math. Anal. Appl. 2022, 514, 125975. [Google Scholar] [CrossRef] [PubMed]

	



Malik, A.A.; McFadden, S.M.; Elharake, J.; Omer, S.B. Determinants of COVID-19 vaccine acceptance in the us. EClinicalMedicine 2020, 26, 100495. [Google Scholar] [CrossRef] [PubMed]

	



Ahsan-ul Haq, M. Statistical analysis of haq distribution: Estimation and applications. Pak. J. Stat. 2022, 38, 473–490. [Google Scholar]

	



Afify, A.Z.; Al-Mofleh, H.; Aljohani, H.M.; Cordeiro, G.M. The marshall–olkin–weibull-h family: Estimation, simulations, and applications to COVID-19 data. J. King Saud Univ.-Sci. 2022, 34, 102115. [Google Scholar] [CrossRef]








[image: Axioms 12 00327 g001 550] 





Figure 1. Different plots of the PDF of the PHD using different values of parameters. 






Figure 1. Different plots of the PDF of the PHD using different values of parameters.



[image: Axioms 12 00327 g001]







[image: Axioms 12 00327 g002 550] 





Figure 2. Plots of the    H r  F   of the PHD with various parametric values. 
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Figure 3. These figures show the histogram of the fitted PDF (top left), CDF (top right), SF (bottom left) and P-P (bottom right) plots of the COVID-19 dataset. 
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Figure 4. TTT plot (left) and fitted HRF (right) of the PHD model for the COVID-19 dataset. 
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Figure 5. The log-likelihood function plots for parameters  α  and  β . 
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Table 1. Numerical values of PHD simulation for   ( α = 0.5 ,  β = 0.75 )  .
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	n
	Est.
	Est.Par.
	MLE
	ADE
	CVME
	MPSE
	OLSE
	RTADE
	WLSE
	LTADE
	MSADE
	MSALDE





	30
	BIAS
	   α ^   
	0.0904    { 2 }   
	    0.09794  { 6 }     
	    0.09387  { 3 }     
	    0.09027  { 1 }     
	    0.09612  { 4 }     
	    0.10526  { 10 }     
	    0.09803  { 7 }     
	    0.1005  { 8 }     
	    0.096797  { 5 }     
	    0.103329  { 9 }     



	
	
	   β ^   
	    0.04455  { 2 }     
	    0.04616  { 4 }     
	    0.04654  { 5 }     
	    0.03983  { 1 }     
	    0.04538  { 3 }     
	    0.05378  { 10 }     
	    0.04703  { 7 }     
	    0.04848  { 9 }     
	    0.046722  { 6 }     
	    0.047425  { 8 }     



	
	MSE
	   α ^   
	    0.01348  { 2 }     
	    0.01488  { 4 }     
	    0.01411  { 3 }     
	    0.01321  { 1 }     
	    0.01532  { 6 }     
	    0.01766  { 9 }     
	    0.01522  { 5 }     
	    0.01569  { 7 }     
	    0.01594  { 8 }     
	    0.018027  { 10 }     



	
	
	   β ^   
	    0.00345  { 4 }     
	    0.00352  { 5 }     
	    0.00376  { 8 }     
	    0.00256  { 1 }     
	    0.0034  { 2 }     
	    0.00582  { 10 }     
	    0.00342  { 3 }     
	    0.00389  { 9 }     
	    0.003526  { 6 }     
	    0.003587  { 7 }     



	
	MRE
	   α ^   
	    0.1808  { 2 }     
	    0.19587  { 6 }     
	    0.18774  { 3 }     
	    0.18053  { 1 }     
	    0.19224  { 4 }     
	    0.21053  { 10 }     
	    0.19605  { 7 }     
	    0.20099  { 8 }     
	    0.193594  { 5 }     
	    0.206659  { 9 }     



	
	
	   β ^   
	    0.0594  { 2 }     
	    0.06154  { 4 }     
	    0.06205  { 5 }     
	    0.05311  { 1 }     
	    0.06051  { 3 }     
	    0.07171  { 10 }     
	    0.0627  { 7 }     
	    0.06464  { 9 }     
	    0.062296  { 6 }     
	    0.063234  { 8 }     



	
	CIL
	   α ^   
	    0.43204  { 1 }     
	    0.44836  { 3 }     
	    0.46326  { 6 }     
	    0.45125  { 4 }     
	    0.46713  { 7 }     
	    0.50013  { 8 }     
	    0.45441  { 5 }     
	    0.445  { 2 }     
	    0.53819  { 10 }     
	    0.51364  { 9 }     



	
	
	   β ^   
	    0.21937  { 2 }     
	    0.22683  { 5 }     
	    0.25576  { 9 }     
	    0.1978  { 1 }     
	    0.23176  { 7 }     
	    0.312  { 10 }     
	    0.22378  { 3 }     
	    0.23056  { 6 }     
	    0.24912  { 8 }     
	    0.2241  { 4 }     



	
	CP
	   α ^   
	    0.916  { 7 }     
	    0.912  { 8.5 }     
	    0.918  { 6 }     
	    0.944  { 3 }     
	    0.924  { 4 }     
	    0.92  { 5 }     
	    0.912  { 8.5 }     
	    0.896  { 10 }     
	    0.968  { 1 }     
	    0.95  { 2 }     



	
	
	   β ^   
	    0.916  { 7 }     
	    0.93  { 4 }     
	    0.904  { 10 }     
	    0.932  { 2.5 }     
	    0.932  { 2.5 }     
	    0.914  { 8.5 }     
	    0.918  { 6 }     
	    0.914  { 8.5 }     
	    0.968  { 1 }     
	    0.928  { 5 }     



	
	   D  a b s    
	
	    0.04527  { 1 }     
	    0.04888  { 5 }     
	    0.04753  { 3 }     
	    0.04675  { 2 }     
	    0.05007  { 6 }     
	    0.05131  { 8 }     
	    0.04783  { 4 }     
	    0.0505  { 7 }     
	    0.05478  { 10 }     
	    0.05295  { 9 }     



	
	   D  m a x    
	
	    0.08054  { 2 }     
	    0.08459  { 4 }     
	    0.08534  { 5 }     
	    0.07955  { 1 }     
	    0.08651  { 6 }     
	    0.09144  { 9 }     
	    0.08444  { 3 }     
	    0.08935  { 7 }     
	    0.09536  { 10 }     
	    0.09053  { 8 }     



	
	ASAE
	
	    0.0363  { 2 }     
	    0.03355  { 4 }     
	    0.03262  { 5 }     
	    0.03453  { 1 }     
	    0.03267  { 6 }     
	    0.03071  { 9 }     
	    0.03245  { 3 }     
	    0.03697  { 7 }     
	    0.04829  { 10 }     
	    0.04326  { 8 }     



	
	   ∑ R a n k s   
	
	   35  { 1 }    
	    60.5  { 4.5 }     
	   59  { 3 }    
	    36.5  { 2 }     
	    67.5  { 6 }     
	    103.5  { 8 }     
	    60.5  { 4.5 }     
	    83.5  { 7 }     
	   104  { 9 }    
	   105  { 10 }    



	70
	BIAS
	   α ^   
	    0.05999  { 2 }     
	    0.06043  { 4 }     
	    0.06226  { 6 }     
	    0.06025  { 3 }     
	    0.06078  { 5 }     
	    0.06738  { 9 }     
	    0.05917  { 1 }     
	    0.06302  { 7 }     
	    0.072793  { 10 }     
	    0.066639  { 8 }     



	
	
	   β ^   
	    0.02696  { 1 }     
	    0.02948  { 6 }     
	    0.0286  { 4 }     
	    0.02805  { 2.5 }     
	    0.02805  { 2.5 }     
	    0.03316  { 9 }     
	    0.02947  { 5 }     
	    0.03026  { 8 }     
	    0.034518  { 10 }     
	    0.029687  { 7 }     



	
	MSE
	   α ^   
	    0.00595  { 3 }     
	    0.00599  { 4.5 }     
	    0.00616  { 6 }     
	    0.00599  { 4.5 }     
	    0.00594  { 2 }     
	    0.00714  { 9 }     
	    0.00547  { 1 }     
	    0.00638  { 7 }     
	    0.008646  { 10 }     
	    0.007075  { 8 }     



	
	
	   β ^   
	    0.00121  { 1 }     
	    0.00143  { 8 }     
	    0.00131  { 4 }     
	    0.00123  { 2 }     
	    0.00126  { 3 }     
	    0.00183  { 9 }     
	    0.00133  { 5 }     
	    0.00142  { 7 }     
	    0.001928  { 10 }     
	    0.001402  { 6 }     



	
	MRE
	   α ^   
	    0.11998  { 2 }     
	    0.12086  { 4 }     
	    0.12452  { 6 }     
	    0.12049  { 3 }     
	    0.12156  { 5 }     
	    0.13476  { 9 }     
	    0.11833  { 1 }     
	    0.12604  { 7 }     
	    0.145586  { 10 }     
	    0.133278  { 8 }     



	
	
	   β ^   
	    0.03594  { 1 }     
	    0.03931  { 6 }     
	    0.03813  { 4 }     
	    0.0374  { 2.5 }     
	    0.0374  { 2.5 }     
	    0.04421  { 9 }     
	    0.03929  { 5 }     
	    0.04034  { 8 }     
	    0.046024  { 10 }     
	    0.039583  { 7 }     



	
	CIL
	   α ^   
	    0.28523  { 1 }     
	    0.28615  { 2 }     
	    0.29743  { 6 }     
	    0.28883  { 3 }     
	    0.29927  { 7 }     
	    0.31397  { 8 }     
	    0.29146  { 5 }     
	    0.29093  { 4 }     
	    0.35924  { 10 }     
	    0.33303  { 9 }     



	
	
	   β ^   
	    0.13502  { 2 }     
	    0.13957  { 4 }     
	    0.14404  { 7 }     
	    0.12851  { 1 }     
	    0.13901  { 3 }     
	    0.16132  { 9 }     
	    0.13997  { 5 }     
	    0.14207  { 6 }     
	    0.16335  { 10 }     
	    0.14891  { 8 }     



	
	CP
	   α ^   
	    0.936  { 5.5 }     
	    0.934  { 7 }     
	    0.922  { 8.5 }     
	    0.94  { 4 }     
	    0.942  { 3 }     
	    0.922  { 8.5 }     
	    0.936  { 5.5 }     
	    0.916  { 10 }     
	    0.948  { 2 }     
	    0.95  { 1 }     



	
	
	   β ^   
	    0.946  { 1.5 }     
	    0.944  { 4 }     
	    0.93  { 8.5 }     
	    0.93  { 8.5 }     
	    0.944  { 4 }     
	    0.916  { 10 }     
	    0.944  { 4 }     
	    0.936  { 7 }     
	    0.942  { 6 }     
	    0.946  { 1.5 }     



	
	   D  a b s    
	
	    0.0298  { 1 }     
	    0.03019  { 2 }     
	    0.03192  { 6 }     
	    0.03114  { 4 }     
	    0.03134  { 5 }     
	    0.03234  { 7 }     
	    0.03059  { 3 }     
	    0.03332  { 8 }     
	    0.03822  { 10 }     
	    0.03541  { 9 }     



	
	   D  m a x    
	
	    0.05214  { 1 }     
	    0.05377  { 2 }     
	    0.05574  { 6 }     
	    0.05412  { 3 }     
	    0.05531  { 5 }     
	    0.05852  { 7 }     
	    0.05491  { 4 }     
	    0.05858  { 8 }     
	    0.06707  { 10 }     
	    0.06061  { 9 }     



	
	ASAE
	
	    0.0205  { 1 }     
	    0.01974  { 2 }     
	    0.01935  { 6 }     
	    0.02038  { 3 }     
	    0.01973  { 5 }     
	    0.01849  { 7 }     
	    0.01959  { 4 }     
	    0.02064  { 8 }     
	    0.02762  { 10 }     
	    0.02555  { 9 }     



	
	   ∑ R a n k s   
	
	   37  { 1 }    
	    58.5  { 4 }     
	   62  { 6 }    
	   44  { 2 }    
	   59  { 5 }    
	    89.5  { 8 }     
	    50.5  { 3 }     
	   83  { 7 }    
	   124  { 10 }    
	    107.5  { 9 }     



	150
	BIAS
	   α ^   
	    0.03962  { 3 }     
	    0.03909  { 2 }     
	    0.04489  { 8 }     
	    0.03629  { 1 }     
	    0.04484  { 7 }     
	    0.04415  { 6 }     
	    0.04031  { 4 }     
	    0.04509  { 9 }     
	    0.051067  { 10 }     
	    0.041882  { 5 }     



	
	
	   β ^   
	    0.01844  { 2 }     
	    0.01896  { 3 }     
	    0.02104  { 7 }     
	    0.01688  { 1 }     
	    0.02086  { 6 }     
	    0.02121  { 8 }     
	    0.01941  { 4 }     
	    0.02142  { 9 }     
	    0.023948  { 10 }     
	    0.01955  { 5 }     



	
	MSE
	   α ^   
	    0.00251  { 2 }     
	    0.00254  { 3 }     
	    0.00326  { 8 }     
	    0.00225  { 1 }     
	    0.00327  { 9 }     
	    0.00313  { 6 }     
	    0.00264  { 4 }     
	    0.00315  { 7 }     
	    0.004204  { 10 }     
	    0.003023  { 5 }     



	
	
	   β ^   
	    0.00056  { 2 }     
	   6  ×   10  − 4          { 3.5 }    
	    0.00073  { 8.5 }     
	   5  ×   10  − 4          { 1 }    
	    0.00072  { 7 }     
	    0.00073  { 8.5 }     
	   6  ×   10  − 4          { 3.5 }    
	    0.00071  { 6 }     
	    0.000998  { 10 }     
	    0.000641  { 5 }     



	
	MRE
	   α ^   
	    0.07924  { 3 }     
	    0.07818  { 2 }     
	    0.08977  { 8 }     
	    0.07258  { 1 }     
	    0.08969  { 7 }     
	    0.0883  { 6 }     
	    0.08063  { 4 }     
	    0.09018  { 9 }     
	    0.102135  { 10 }     
	    0.083763  { 5 }     



	
	
	   β ^   
	    0.02458  { 2 }     
	    0.02527  { 3 }     
	    0.02806  { 7 }     
	    0.0225  { 1 }     
	    0.02781  { 6 }     
	    0.02828  { 8 }     
	    0.02588  { 4 }     
	    0.02856  { 9 }     
	    0.031931  { 10 }     
	    0.026067  { 5 }     



	
	CIL
	   α ^   
	    0.18966  { 1 }     
	    0.1963  { 4 }     
	    0.20051  { 6 }     
	    0.19119  { 2 }     
	    0.20139  { 7 }     
	    0.214  { 8 }     
	    0.19942  { 5 }     
	    0.19609  { 3 }     
	    0.24756  { 10 }     
	    0.22449  { 9 }     



	
	
	   β ^   
	    0.08878  { 2 }     
	    0.09307  { 3 }     
	    0.09571  { 7 }     
	    0.08675  { 1 }     
	    0.09445  { 4 }     
	    0.10319  { 9 }     
	    0.0946  { 5 }     
	    0.09473  { 6 }     
	    0.11191  { 10 }     
	    0.10183  { 8 }     



	
	CP
	   α ^   
	    0.944  { 4.5 }     
	    0.932  { 6 }     
	    0.906  { 9 }     
	    0.944  { 4.5 }     
	    0.912  { 8 }     
	    0.948  { 3 }     
	    0.92  { 7 }     
	    0.902  { 10 }     
	    0.952  { 2 }     
	    0.958  { 1 }     



	
	
	   β ^   
	    0.946  { 2.5 }     
	    0.93  { 6 }     
	    0.914  { 8 }     
	    0.916  { 7 }     
	    0.912  { 9 }     
	    0.936  { 4.5 }     
	    0.936  { 4.5 }     
	    0.908  { 10 }     
	    0.948  { 1 }     
	    0.946  { 2.5 }     



	
	   D  a b s    
	
	    0.0194  { 2 }     
	    0.01977  { 3 }     
	    0.02239  { 9 }     
	    0.01914  { 1 }     
	    0.02214  { 8 }     
	    0.02176  { 5 }     
	    0.02097  { 4 }     
	    0.02204  { 7 }     
	    0.02547  { 10 }     
	    0.02202  { 6 }     



	
	   D  m a x    
	
	    0.03424  { 2 }     
	    0.0357  { 3 }     
	    0.03935  { 7 }     
	    0.03337  { 1 }     
	    0.0395  { 8 }     
	    0.03886  { 6 }     
	    0.03733  { 4 }     
	    0.03988  { 9 }     
	    0.04516  { 10 }     
	    0.03827  { 5 }     



	
	ASAE
	
	    0.013  { 2 }     
	    0.01202  { 3 }     
	    0.01224  { 7 }     
	    0.01317  { 1 }     
	    0.01199  { 8 }     
	    0.01133  { 6 }     
	    0.01213  { 4 }     
	    0.01312  { 9 }     
	    0.01725  { 10 }     
	    0.01573  { 5 }     



	
	   ∑ R a n k s   
	
	   41  { 2 }    
	    48.5  { 3 }     
	    82.5  { 7.5 }     
	    36.5  { 1 }     
	   73  { 5 }    
	   83  { 9 }    
	   62  { 4 }    
	   80  { 6 }    
	   126  { 10 }    
	    82.5  { 7.5 }     



	350
	BIAS
	   α ^   
	    0.02361  { 2 }     
	    0.02285  { 1 }     
	    0.02821  { 6 }     
	    0.02387  { 3 }     
	    0.02846  { 7 }     
	    0.03116  { 9 }     
	    0.02657  { 5 }     
	    0.02944  { 8 }     
	    0.031269  { 10 }     
	    0.025512  { 4 }     



	
	
	   β ^   
	    0.0112  { 2 }     
	    0.01058  { 1 }     
	    0.01277  { 6 }     
	    0.01148  { 3 }     
	    0.01323  { 7 }     
	    0.01535  { 10 }     
	    0.01254  { 5 }     
	    0.01399  { 8 }     
	    0.014824  { 9 }     
	    0.011611  { 4 }     



	
	MSE
	   α ^   
	    0.00105  { 3 }     
	    0.00099  { 1 }     
	    0.00127  { 6 }     
	    0.00102  { 2 }     
	    0.00129  { 7 }     
	    0.00151  { 9 }     
	    0.00113  { 4 }     
	    0.00132  { 8 }     
	    0.001808  { 10 }     
	    0.001196  { 5 }     



	
	
	   β ^   
	    0.00024  { 3.5 }     
	    0.00021  { 1 }     
	    0.00027  { 6 }     
	    0.00023  { 2 }     
	    0.00028  { 7 }     
	    0.00038  { 9 }     
	    0.00024  { 3.5 }     
	   3  ×   10  − 4          { 8 }    
	    0.00046  { 10 }     
	    0.000249  { 5 }     



	
	MRE
	   α ^   
	    0.04722  { 2 }     
	    0.0457  { 1 }     
	    0.05642  { 6 }     
	    0.04774  { 3 }     
	    0.05692  { 7 }     
	    0.06231  { 9 }     
	    0.05315  { 5 }     
	    0.05888  { 8 }     
	    0.062539  { 10 }     
	    0.051025  { 4 }     



	
	
	   β ^   
	    0.01493  { 2 }     
	    0.01411  { 1 }     
	    0.01703  { 6 }     
	    0.01531  { 3 }     
	    0.01763  { 7 }     
	    0.02047  { 10 }     
	    0.01672  { 5 }     
	    0.01866  { 8 }     
	    0.019766  { 9 }     
	    0.015482  { 4 }     



	
	CIL
	   α ^   
	    0.12282  { 2 }     
	    0.12529  { 3 }     
	    0.132  { 7 }     
	    0.12174  { 1 }     
	    0.13137  { 6 }     
	    0.1397  { 8 }     
	    0.12918  { 5 }     
	    0.12803  { 4 }     
	    0.16036  { 10 }     
	    0.1441  { 9 }     



	
	
	   β ^   
	    0.056949  { 2 }     
	    0.05891  { 3 }     
	    0.06214  { 7 }     
	    0.05592  { 1 }     
	    0.06169  { 5 }     
	    0.06754  { 9 }     
	    0.06109  { 4 }     
	    0.06174  { 6 }     
	    0.0738  { 10 }     
	    0.06546  { 8 }     



	
	CP
	   α ^   
	    0.936  { 4 }     
	    0.936  { 4 }     
	    0.928  { 6.5 }     
	    0.928  { 6.5 }     
	    0.916  { 9.5 }     
	    0.916  { 9.5 }     
	    0.936  { 4 }     
	    0.92  { 8 }     
	    0.95  { 2 }     
	    0.954  { 1 }     



	
	
	   β ^   
	    0.932  { 5 }     
	    0.936  { 4 }     
	    0.926  { 7.5 }     
	    0.93  { 6 }     
	    0.918  { 9 }     
	    0.902  { 10 }     
	    0.94  { 2.5 }     
	    0.926  { 7.5 }     
	    0.948  { 1 }     
	    0.94  { 2.5 }     



	
	   D  a b s    
	
	    0.01163  { 1 }     
	    0.01199  { 3 }     
	    0.01448  { 6 }     
	    0.01194  { 2 }     
	    0.01463  { 7 }     
	    0.01482  { 9 }     
	    0.01426  { 5 }     
	    0.01477  { 8 }     
	    0.01626  { 10 }     
	    0.01355  { 4 }     



	
	   D  m a x    
	
	    0.02087  { 1 }     
	    0.02101  { 2 }     
	    0.0254  { 6 }     
	    0.02126  { 3 }     
	    0.02588  { 7 }     
	    0.02692  { 9 }     
	    0.02465  { 5 }     
	    0.02612  { 8 }     
	    0.02906  { 10 }     
	    0.02393  { 4 }     



	
	ASAE
	
	    0.00803  { 1 }     
	    0.00778  { 2 }     
	    0.00706  { 6 }     
	    0.00798  { 3 }     
	    0.00703  { 7 }     
	    0.00677  { 9 }     
	    0.0071  { 5 }     
	    0.00766  { 8 }     
	    0.00988  { 10 }     
	    0.0097  { 4 }     



	
	   ∑ R a n k s   
	
	    41.5  { 3 }     
	   37  { 1 }    
	   73  { 6 }    
	    39.5  { 2 }     
	    72.5  { 5 }     
	    93.5  { 9 }     
	   66  { 4 }    
	    87.5  { 8 }     
	   126  { 10 }    
	    78.5  { 7 }     
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Table 2. Numerical values of PHD simulation for   ( α = 0.75 ,  β = 2.5 )  .
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	n
	Est.
	Est.Par.
	MLE
	ADE
	CVME
	MPSE
	OLSE
	RTADE
	WLSE
	LTADE
	MSADE
	MSALDE





	30
	BIAS
	   α ^   
	    0.10605  { 3 }     
	    0.10826  { 4 }     
	    0.1134  { 7 }     
	    0.10396  { 1 }     
	    0.10866  { 6 }     
	    0.11602  { 8 }     
	    0.1047  { 2 }     
	    0.10848  { 5 }     
	    0.132517  { 10 }     
	    0.117941  { 9 }     



	
	
	   β ^   
	    0.26678  { 1 }     
	    0.28325  { 3 }     
	    0.33322  { 10 }     
	    0.27098  { 2 }     
	    0.31744  { 9 }     
	    0.31233  { 8 }     
	    0.29313  { 6 }     
	    0.31055  { 7 }     
	    0.284707  { 4 }     
	    0.290149  { 5 }     



	
	MSE
	   α ^   
	    0.01765  { 3 }     
	    0.01801  { 4 }     
	    0.02073  { 7 }     
	    0.01683  { 1 }     
	    0.01928  { 6 }     
	    0.02113  { 8 }     
	    0.0171  { 2 }     
	    0.01894  { 5 }     
	    0.029514  { 10 }     
	    0.021965  { 9 }     



	
	
	   β ^   
	    0.1246  { 2 }     
	    0.13164  { 4 }     
	    0.18484  { 10 }     
	    0.11079  { 1 }     
	    0.15962  { 7 }     
	    0.16438  { 8 }     
	    0.13755  { 6 }     
	    0.16739  { 9 }     
	    0.135753  { 5 }     
	    0.128227  { 3 }     



	
	MRE
	   α ^   
	    0.1414  { 3 }     
	    0.14435  { 4 }     
	    0.1512  { 7 }     
	    0.13862  { 1 }     
	    0.14488  { 6 }     
	    0.1547  { 8 }     
	    0.1396  { 2 }     
	    0.14464  { 5 }     
	    0.17669  { 10 }     
	    0.157254  { 9 }     



	
	
	   β ^   
	    0.10671  { 1 }     
	    0.1133  { 3 }     
	    0.13329  { 10 }     
	    0.10839  { 2 }     
	    0.12698  { 9 }     
	    0.12493  { 8 }     
	    0.11725  { 6 }     
	    0.12422  { 7 }     
	    0.113883  { 4 }     
	    0.11606  { 5 }     



	
	CIL
	   α ^   
	    0.51392  { 3 }     
	    0.5133  { 2 }     
	    0.54792  { 8 }     
	    0.49439  { 1 }     
	    0.53215  { 5 }     
	    0.54138  { 7 }     
	    0.51598  { 4 }     
	    0.53864  { 6 }     
	    0.63506  { 10 }     
	    0.58381  { 9 }     



	
	
	   β ^   
	    1.34573  { 4 }     
	    1.30256  { 3 }     
	    1.67021  { 10 }     
	    1.08778  { 1 }     
	    1.50623  { 7 }     
	    1.52421  { 8 }     
	    1.39938  { 5 }     
	    1.56061  { 9 }     
	    1.43464  { 6 }     
	    1.2256  { 2 }     



	
	CP
	   α ^   
	    0.934  { 4.5 }     
	    0.93  { 7 }     
	    0.914  { 10 }     
	    0.938  { 3 }     
	    0.932  { 6 }     
	    0.918  { 9 }     
	    0.946  { 2 }     
	    0.922  { 8 }     
	    0.934  { 4.5 }     
	    0.952  { 1 }     



	
	
	   β ^   
	    0.866  { 8 }     
	    0.93  { 3 }     
	    0.9  { 7 }     
	    0.846  { 10 }     
	    0.918  { 5 }     
	    0.928  { 4 }     
	    0.938  { 2 }     
	    0.914  { 6 }     
	    0.958  { 1 }     
	    0.85  { 9 }     



	
	   D  a b s    
	
	    0.0445  { 1 }     
	    0.04683  { 2 }     
	    0.05  { 8 }     
	    0.04764  { 4 }     
	    0.04912  { 6 }     
	    0.04955  { 7 }     
	    0.04707  { 3 }     
	    0.04909  { 5 }     
	    0.05837  { 10 }     
	    0.05328  { 9 }     



	
	   D  m a x    
	
	    0.07143  { 1 }     
	    0.07507  { 3 }     
	    0.08297  { 8 }     
	    0.07491  { 2 }     
	    0.07885  { 5 }     
	    0.07994  { 6 }     
	    0.076  { 4 }     
	    0.08071  { 7 }     
	    0.0909  { 10 }     
	    0.08411  { 9 }     



	
	ASAE
	
	    0.03572  { 1 }     
	    0.03225  { 3 }     
	    0.03368  { 8 }     
	    0.03406  { 2 }     
	    0.03232  { 5 }     
	    0.03317  { 6 }     
	    0.03141  { 4 }     
	    0.03556  { 7 }     
	    0.04476  { 10 }     
	    0.04204  { 9 }     



	
	   ∑ R a n k s   
	
	    39.5  { 2 }     
	   46  { 3 }    
	   95  { 9 }    
	   31  { 1 }    
	   80  { 5.5 }    
	   89  { 7 }    
	   59  { 4 }    
	   80  { 5.5 }    
	    105.5  { 10 }     
	   90  { 8 }    



	70
	BIAS
	   α ^   
	    0.06856  { 2 }     
	    0.07195  { 6 }     
	    0.07673  { 8 }     
	    0.06718  { 1 }     
	    0.06916  { 3 }     
	    0.07376  { 7 }     
	    0.07073  { 5 }     
	    0.06962  { 4 }     
	    0.087905  { 10 }     
	    0.08025  { 9 }     



	
	
	   β ^   
	    0.15983  { 1 }     
	    0.17303  { 3 }     
	    0.20522  { 8 }     
	    0.17467  { 4 }     
	    0.19925  { 7 }     
	    0.17199  { 2 }     
	    0.17556  { 5 }     
	    0.20621  { 9 }     
	    0.208565  { 10 }     
	    0.19013  { 6 }     



	
	MSE
	   α ^   
	    0.00717  { 2 }     
	    0.00804  { 6 }     
	    0.00909  { 8 }     
	    0.00714  { 1 }     
	    0.0076  { 4 }     
	    0.00835  { 7 }     
	    0.00778  { 5 }     
	    0.00733  { 3 }     
	    0.012075  { 10 }     
	    0.010354  { 9 }     



	
	
	   β ^   
	    0.04209  { 1 }     
	    0.04718  { 3 }     
	    0.07014  { 9 }     
	    0.04581  { 2 }     
	    0.06284  { 7 }     
	    0.04942  { 4 }     
	    0.05057  { 5 }     
	    0.06907  { 8 }     
	    0.072159  { 10 }     
	    0.053924  { 6 }     



	
	MRE
	   α ^   
	    0.09142  { 2 }     
	    0.09593  { 6 }     
	    0.10231  { 8 }     
	    0.08957  { 1 }     
	    0.09222  { 3 }     
	    0.09834  { 7 }     
	    0.09431  { 5 }     
	    0.09282  { 4 }     
	    0.117207  { 10 }     
	    0.107  { 9 }     



	
	
	   β ^   
	    0.06393  { 1 }     
	    0.06921  { 3 }     
	    0.08209  { 8 }     
	    0.06987  { 4 }     
	    0.0797  { 7 }     
	    0.0688  { 2 }     
	    0.07023  { 5 }     
	    0.08248  { 9 }     
	    0.083426  { 10 }     
	    0.076052  { 6 }     



	
	CIL
	   α ^   
	    0.32703  { 2 }     
	    0.33103  { 3 }     
	    0.34819  { 7 }     
	    0.32019  { 1 }     
	    0.34562  { 6 }     
	    0.35217  { 8 }     
	    0.33541  { 5 }     
	    0.33313  { 4 }     
	    0.40838  { 10 }     
	    0.38085  { 9 }     



	
	
	   β ^   
	    0.81055  { 2 }     
	    0.82548  { 4 }     
	    1.01044  { 10 }     
	    0.72005  { 1 }     
	    0.95589  { 9 }     
	    0.92663  { 6 }     
	    0.88022  { 5 }     
	    0.9459  { 7 }     
	    0.94995  { 8 }     
	    0.82149  { 3 }     



	
	CP
	   α ^   
	    0.92  { 9 }     
	    0.916  { 10 }     
	    0.922  { 8 }     
	    0.936  { 2 }     
	    0.932  { 6 }     
	    0.934  { 4 }     
	    0.938  { 1 }     
	    0.934  { 4 }     
	    0.928  { 7 }     
	    0.934  { 4 }     



	
	
	   β ^   
	    0.916  { 7.5 }     
	    0.946  { 3 }     
	    0.938  { 4 }     
	    0.852  { 10 }     
	    0.932  { 5 }     
	    0.952  { 1 }     
	    0.948  { 2 }     
	    0.916  { 7.5 }     
	    0.918  { 6 }     
	    0.89  { 9 }     



	
	   D  a b s    
	
	    0.02991  { 1 }     
	    0.03146  { 5 }     
	    0.03383  { 8 }     
	    0.03008  { 2 }     
	    0.03194  { 6 }     
	    0.03093  { 3 }     
	    0.03115  { 4 }     
	    0.0328  { 7 }     
	    0.03833  { 10 }     
	    0.03665  { 9 }     



	
	   D  m a x    
	
	    0.04776  { 1 }     
	    0.05035  { 5 }     
	    0.05516  { 8 }     
	    0.04781  { 2 }     
	    0.05197  { 6 }     
	    0.04931  { 3 }     
	    0.05002  { 4 }     
	    0.05382  { 7 }     
	    0.06068  { 10 }     
	    0.0581  { 9 }     



	
	ASAE
	
	    0.02068  { 1 }     
	    0.01939  { 5 }     
	    0.01989  { 8 }     
	    0.02028  { 2 }     
	    0.01993  { 6 }     
	    0.01991  { 3 }     
	    0.01928  { 4 }     
	    0.02108  { 7 }     
	    0.02772  { 10 }     
	    0.02626  { 9 }     



	
	   ∑ R a n k s   
	
	    27.5  { 1 }     
	   55  { 3 }    
	   95  { 9 }    
	   35  { 2 }    
	   74  { 6 }    
	   70  { 5 }    
	   68  { 4 }    
	    80.5  { 7 }     
	   117  { 10 }    
	   93  { 8 }    



	150
	BIAS
	   α ^   
	    0.04839  { 3 }     
	    0.04882  { 5 }     
	    0.05187  { 8 }     
	    0.04642  { 2 }     
	    0.04981  { 7 }     
	    0.04878  { 4 }     
	    0.04894  { 6 }     
	    0.04527  { 1 }     
	    0.058573  { 10 }     
	    0.054359  { 9 }     



	
	
	   β ^   
	    0.10898  { 1 }     
	    0.12269  { 4 }     
	    0.13676  { 9 }     
	    0.10966  { 2 }     
	    0.12902  { 7 }     
	    0.12878  { 6 }     
	    0.12181  { 3 }     
	    0.13365  { 8 }     
	    0.139931  { 10 }     
	    0.125376  { 5 }     



	
	MSE
	   α ^   
	    0.00366  { 5 }     
	    0.00364  { 3 }     
	    0.00419  { 8 }     
	    0.00334  { 1 }     
	    0.00411  { 7 }     
	    0.00371  { 6 }     
	    0.00365  { 4 }     
	    0.00338  { 2 }     
	    0.005487  { 10 }     
	    0.004537  { 9 }     



	
	
	   β ^   
	    0.01914  { 1 }     
	    0.0232  { 3 }     
	    0.03059  { 9 }     
	    0.01936  { 2 }     
	    0.02756  { 8 }     
	    0.02652  { 6 }     
	    0.02459  { 5 }     
	    0.02753  { 7 }     
	    0.031513  { 10 }     
	    0.024105  { 4 }     



	
	MRE
	   α ^   
	    0.06453  { 3 }     
	    0.0651  { 5 }     
	    0.06917  { 8 }     
	    0.06189  { 2 }     
	    0.06641  { 7 }     
	    0.06504  { 4 }     
	    0.06525  { 6 }     
	    0.06037  { 1 }     
	    0.078097  { 10 }     
	    0.072479  { 9 }     



	
	
	   β ^   
	    0.04359  { 1 }     
	    0.04908  { 4 }     
	    0.05471  { 9 }     
	    0.04387  { 2 }     
	    0.05161  { 7 }     
	    0.05151  { 6 }     
	    0.04873  { 3 }     
	    0.05346  { 8 }     
	    0.055972  { 10 }     
	    0.05015  { 5 }     



	
	CIL
	   α ^   
	    0.2235  { 2 }     
	    0.22638  { 4 }     
	    0.23513  { 6 }     
	    0.22103  { 1 }     
	    0.23556  { 7 }     
	    0.24114  { 8 }     
	    0.22563  { 3 }     
	    0.22809  { 5 }     
	    0.27973  { 10 }     
	    0.25909  { 9 }     



	
	
	   β ^   
	    0.53384  { 2 }     
	    0.55709  { 3 }     
	    0.66036  { 10 }     
	    0.49685  { 1 }     
	    0.65033  { 9 }     
	    0.62286  { 6 }     
	    0.58012  { 5 }     
	    0.6381  { 7 }     
	    0.64766  { 8 }     
	    0.56991  { 4 }     



	
	CP
	   α ^   
	    0.93  { 7 }     
	    0.942  { 5 }     
	    0.928  { 8.5 }     
	    0.952  { 1 }     
	    0.908  { 10 }     
	    0.946  { 3 }     
	    0.928  { 8.5 }     
	    0.946  { 3 }     
	    0.932  { 6 }     
	    0.946  { 3 }     



	
	
	   β ^   
	    0.916  { 7 }     
	    0.932  { 3 }     
	    0.934  { 2 }     
	    0.872  { 10 }     
	    0.93  { 4 }     
	    0.918  { 5.5 }     
	    0.918  { 5.5 }     
	    0.948  { 1 }     
	    0.91  { 8 }     
	    0.902  { 9 }     



	
	   D  a b s    
	
	    0.02089  { 3 }     
	    0.02129  { 5 }     
	    0.02239  { 8 }     
	    0.02017  { 1 }     
	    0.02187  { 7 }     
	    0.02072  { 2 }     
	    0.02133  { 6 }     
	    0.02112  { 4 }     
	    0.02574  { 10 }     
	    0.02367  { 9 }     



	
	   D  m a x    
	
	    0.03339  { 2 }     
	    0.03448  { 5 }     
	    0.03643  { 8 }     
	    0.03207  { 1 }     
	    0.03539  { 7 }     
	    0.03371  { 3 }     
	    0.03428  { 4 }     
	    0.03491  { 6 }     
	    0.04114  { 10 }     
	    0.03749  { 9 }     



	
	ASAE
	
	    0.01303  { 2 }     
	    0.01217  { 5 }     
	    0.01243  { 8 }     
	    0.01297  { 1 }     
	    0.01244  { 7 }     
	    0.01267  { 3 }     
	    0.01217  { 4 }     
	    0.01365  { 6 }     
	    0.01813  { 10 }     
	    0.01639  { 9 }     



	
	   ∑ R a n k s   
	
	   38  { 2 }    
	   57  { 4 }    
	    97.5  { 9 }     
	   32  { 1 }    
	   85  { 7 }    
	    69.5  { 5 }     
	   54  { 3 }    
	   75  { 6 }    
	   116  { 10 }    
	   91  { 8 }    



	350
	BIAS
	   α ^   
	    0.03208  { 6 }     
	    0.03185  { 4 }     
	    0.03297  { 7 }     
	    0.03009  { 1 }     
	    0.03199  { 5 }     
	    0.03517  { 9 }     
	    0.03154  { 3 }     
	    0.03153  { 2 }     
	    0.037721  { 10 }     
	    0.034645  { 8 }     



	
	
	   β ^   
	    0.07032  { 2 }     
	    0.07817  { 3 }     
	    0.09107  { 10 }     
	    0.07003  { 1 }     
	    0.09063  { 9 }     
	    0.08678  { 6 }     
	    0.07856  { 4 }     
	    0.08811  { 7 }     
	    0.088915  { 8 }     
	    0.081702  { 5 }     



	
	MSE
	   α ^   
	    0.00163  { 6 }     
	    0.0016  { 5 }     
	    0.00167  { 7 }     
	    0.00143  { 1 }     
	    0.00158  { 4 }     
	    0.00196  { 9 }     
	    0.00153  { 3 }     
	    0.0015  { 2 }     
	    0.002239  { 10 }     
	    0.001921  { 8 }     



	
	
	   β ^   
	    0.00786  { 2 }     
	    0.00955  { 3 }     
	    0.01296  { 10 }     
	    0.00777  { 1 }     
	    0.01281  { 8 }     
	    0.0117  { 6 }     
	    0.0096  { 4 }     
	    0.0118  { 7 }     
	    0.012956  { 9 }     
	    0.010593  { 5 }     



	
	MRE
	   α ^   
	    0.04277  { 6 }     
	    0.04247  { 4 }     
	    0.04396  { 7 }     
	    0.04012  { 1 }     
	    0.04266  { 5 }     
	    0.04689  { 9 }     
	    0.04205  { 3 }     
	    0.04204  { 2 }     
	    0.050295  { 10 }     
	    0.046194  { 8 }     



	
	
	   β ^   
	    0.02813  { 2 }     
	    0.03127  { 3 }     
	    0.03643  { 10 }     
	    0.02801  { 1 }     
	    0.03625  { 9 }     
	    0.03471  { 6 }     
	    0.03143  { 4 }     
	    0.03525  { 7 }     
	    0.035566  { 8 }     
	    0.032681  { 5 }     



	
	CIL
	   α ^   
	    0.14599  { 2 }     
	    0.14821  { 3 }     
	    0.15274  { 7 }     
	    0.14314  { 1 }     
	    0.15253  { 6 }     
	    0.15763  { 8 }     
	    0.14921  { 5 }     
	    0.14894  { 4 }     
	    0.18237  { 10 }     
	    0.16883  { 9 }     



	
	
	   β ^   
	    0.34319  { 2 }     
	    0.36566  { 3 }     
	    0.42925  { 10 }     
	    0.32466  { 1 }     
	    0.42448  { 8 }     
	    0.40707  { 6 }     
	    0.37558  { 4 }     
	    0.41882  { 7 }     
	    0.42838  { 9 }     
	    0.37714  { 5 }     



	
	CP
	   α ^   
	    0.922  { 8.5 }     
	    0.918  { 10 }     
	    0.938  { 5 }     
	    0.928  { 7 }     
	    0.946  { 2.5 }     
	    0.922  { 8.5 }     
	    0.946  { 2.5 }     
	    0.95  { 1 }     
	    0.932  { 6 }     
	    0.942  { 4 }     



	
	
	   β ^   
	    0.928  { 6 }     
	    0.942  { 2 }     
	    0.924  { 7 }     
	    0.906  { 10 }     
	    0.934  { 3.5 }     
	    0.93  { 5 }     
	    0.934  { 3.5 }     
	    0.956  { 1 }     
	    0.91  { 9 }     
	    0.916  { 8 }     



	
	   D  a b s    
	
	    0.01384  { 3 }     
	    0.01411  { 4 }     
	    0.01464  { 7 }     
	    0.01318  { 1 }     
	    0.01437  { 5 }     
	    0.01508  { 8 }     
	    0.01378  { 2 }     
	    0.01462  { 6 }     
	    0.01642  { 10 }     
	    0.01519  { 9 }     



	
	   D  m a x    
	
	    0.02195  { 2 }     
	    0.02266  { 4 }     
	    0.02391  { 7 }     
	    0.02094  { 1 }     
	    0.02344  { 5 }     
	    0.02418  { 8 }     
	    0.02213  { 3 }     
	    0.02389  { 6 }     
	    0.02633  { 10 }     
	    0.02425  { 9 }     



	
	ASAE
	
	    0.00807  { 2 }     
	    0.00772  { 4 }     
	    0.00779  { 7 }     
	    0.00806  { 1 }     
	    0.00775  { 5 }     
	    0.00786  { 8 }     
	    0.00757  { 3 }     
	    0.0081  { 6 }     
	    0.01083  { 10 }     
	    0.01006  { 9 }     



	
	   ∑ R a n k s   
	
	    47.5  { 2 }     
	   48  { 3 }    
	   96  { 9 }    
	   21  { 1 }    
	   83  { 6 }    
	    88.5  { 7 }     
	   52  { 4 }    
	   78  { 5 }    
	   111  { 10 }    
	   90  { 8 }    
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Table 3. Numerical values of PHD simulation for   ( α = 2.5 ,  β = 1.5 )  .
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	n
	Est.
	Est.Par.
	MLE
	ADE
	CVME
	MPSE
	OLSE
	RTADE
	WLSE
	LTADE
	MSADE
	MSALDE





	30
	BIAS
	   α ^   
	    0.38182  { 6 }     
	    0.36672  { 4 }     
	    0.43965  { 9 }     
	    0.32326  { 1 }     
	    0.41934  { 8 }     
	    0.35354  { 3 }     
	    0.38721  { 7 }     
	    0.48828  { 10 }     
	    0.375462  { 5 }     
	    0.333218  { 2 }     



	
	
	   β ^   
	    0.16983  { 3 }     
	    0.16462  { 1 }     
	    0.20601  { 8 }     
	    0.167  { 2 }     
	    0.21083  { 9 }     
	    0.17504  { 4 }     
	    0.18252  { 5 }     
	    0.21681  { 10 }     
	    0.204852  { 7 }     
	    0.186542  { 6 }     



	
	MSE
	   α ^   
	    0.25276  { 5 }     
	    0.22803  { 4 }     
	    0.42909  { 9 }     
	    0.16548  { 1 }     
	    0.37347  { 8 }     
	    0.21613  { 3 }     
	    0.28947  { 7 }     
	    0.5349  { 10 }     
	    0.279213  { 6 }     
	    0.18436  { 2 }     



	
	
	   β ^   
	    0.04991  { 3 }     
	    0.04396  { 2 }     
	    0.07554  { 9 }     
	    0.0431  { 1 }     
	    0.07331  { 8 }     
	    0.05198  { 5 }     
	    0.05306  { 6 }     
	    0.07953  { 10 }     
	    0.071142  { 7 }     
	    0.051791  { 4 }     



	
	MRE
	   α ^   
	    0.15273  { 6 }     
	    0.14669  { 4 }     
	    0.17586  { 9 }     
	    0.1293  { 1 }     
	    0.16774  { 8 }     
	    0.14142  { 3 }     
	    0.15488  { 7 }     
	    0.19531  { 10 }     
	    0.150185  { 5 }     
	    0.133287  { 2 }     



	
	
	   β ^   
	    0.11322  { 3 }     
	    0.10975  { 1 }     
	    0.13734  { 8 }     
	    0.11133  { 2 }     
	    0.14055  { 9 }     
	    0.11669  { 4 }     
	    0.12168  { 5 }     
	    0.14454  { 10 }     
	    0.136568  { 7 }     
	    0.124361  { 6 }     



	
	CIL
	   α ^   
	    1.97994  { 6 }     
	    1.97965  { 5 }     
	    2.6424  { 9 }     
	    1.47309  { 1 }     
	    2.19813  { 8 }     
	    1.97044  { 4 }     
	    2.01843  { 7 }     
	    3.1013  { 10 }     
	    1.92404  { 3 }     
	    1.76956  { 2 }     



	
	
	   β ^   
	    0.84902  { 4 }     
	    0.84759  { 3 }     
	    1.05147  { 9 }     
	    0.70878  { 1 }     
	    0.95931  { 7 }     
	    0.93416  { 6 }     
	    0.89461  { 5 }     
	    1.066  { 10 }     
	    0.97114  { 8 }     
	    0.81297  { 2 }     



	
	CP
	   α ^   
	    0.878  { 10 }     
	    0.936  { 3 }     
	    0.906  { 9 }     
	    0.916  { 7.5 }     
	    0.928  { 5 }     
	    0.934  { 4 }     
	    0.916  { 7.5 }     
	    0.926  { 6 }     
	    0.964  { 1 }     
	    0.956  { 2 }     



	
	
	   β ^   
	    0.898  { 8 }     
	    0.948  { 1 }     
	    0.918  { 7 }     
	    0.86  { 10 }     
	    0.93  { 5.5 }     
	    0.94  { 3 }     
	    0.938  { 4 }     
	    0.93  { 5.5 }     
	    0.946  { 2 }     
	    0.89  { 9 }     



	
	   D  a b s    
	
	    0.04584  { 2 }     
	    0.04477  { 1 }     
	    0.0483  { 5 }     
	    0.04624  { 3 }     
	    0.05096  { 8 }     
	    0.04792  { 4 }     
	    0.0489  { 6 }     
	    0.05038  { 7 }     
	    0.05526  { 10 }     
	    0.05142  { 9 }     



	
	   D  m a x    
	
	    0.074  { 3 }     
	    0.07262  { 1 }     
	    0.07999  { 6 }     
	    0.07279  { 2 }     
	    0.0831  { 8 }     
	    0.07712  { 4 }     
	    0.07876  { 5 }     
	    0.08368  { 9 }     
	    0.08802  { 10 }     
	    0.08099  { 7 }     



	
	ASAE
	
	    0.035  { 3 }     
	    0.03171  { 1 }     
	    0.0334  { 6 }     
	    0.0331  { 2 }     
	    0.0339  { 8 }     
	    0.03138  { 4 }     
	    0.03154  { 5 }     
	    0.03815  { 9 }     
	    0.04377  { 10 }     
	    0.04078  { 7 }     



	
	   ∑ R a n k s   
	
	   52  { 3 }    
	   47  { 2 }    
	   92  { 7 }    
	    23.5  { 1 }     
	    98.5  { 9 }     
	   56  { 4 }    
	    72.5  { 6 }     
	    114.5  { 10 }     
	   97  { 8 }    
	   62  { 5 }    



	70
	BIAS
	   α ^   
	    0.23569  { 4 }     
	    0.24021  { 5 }     
	    0.25999  { 8 }     
	    0.22506  { 2 }     
	    0.26562  { 9 }     
	    0.21461  { 1 }     
	    0.23276  { 3 }     
	    0.30826  { 10 }     
	    0.24301  { 6 }     
	    0.251691  { 7 }     



	
	
	   β ^   
	    0.11055  { 1 }     
	    0.11273  { 3 }     
	    0.13443  { 7 }     
	    0.11348  { 5 }     
	    0.13466  { 8 }     
	    0.11305  { 4 }     
	    0.11182  { 2 }     
	    0.14247  { 10 }     
	    0.136529  { 9 }     
	    0.122137  { 6 }     



	
	MSE
	   α ^   
	    0.09377  { 4 }     
	    0.09511  { 5 }     
	    0.12254  { 9 }     
	    0.08337  { 2 }     
	    0.1186  { 8 }     
	    0.07742  { 1 }     
	    0.09058  { 3 }     
	    0.17109  { 10 }     
	    0.09979  { 6 }     
	    0.099971  { 7 }     



	
	
	   β ^   
	    0.01967  { 2 }     
	    0.01976  { 3 }     
	    0.03065  { 9 }     
	    0.01913  { 1 }     
	    0.02964  { 8 }     
	    0.02135  { 5 }     
	    0.02035  { 4 }     
	    0.0323  { 10 }     
	    0.028269  { 7 }     
	    0.022642  { 6 }     



	
	MRE
	   α ^   
	    0.09428  { 4 }     
	    0.09609  { 5 }     
	    0.10399  { 8 }     
	    0.09002  { 2 }     
	    0.10625  { 9 }     
	    0.08584  { 1 }     
	    0.09311  { 3 }     
	    0.1233  { 10 }     
	    0.097204  { 6 }     
	    0.100676  { 7 }     



	
	
	   β ^   
	    0.0737  { 1 }     
	    0.07515  { 3 }     
	    0.08962  { 7 }     
	    0.07566  { 5 }     
	    0.08977  { 8 }     
	    0.07537  { 4 }     
	    0.07455  { 2 }     
	    0.09498  { 10 }     
	    0.091019  { 9 }     
	    0.081425  { 6 }     



	
	CIL
	   α ^   
	    1.12784  { 4 }     
	    1.14643  { 5 }     
	    1.37533  { 9 }     
	    0.96768  { 1 }     
	    1.27337  { 8 }     
	    1.11646  { 2 }     
	    1.16897  { 6 }     
	    1.54129  { 10 }     
	    1.24991  { 7 }     
	    1.11664  { 3 }     



	
	
	   β ^   
	    0.51741  { 2 }     
	    0.54747  { 4 }     
	    0.64589  { 9 }     
	    0.47136  { 1 }     
	    0.60901  { 7 }     
	    0.58081  { 6 }     
	    0.56406  { 5 }     
	    0.649  { 10 }     
	    0.63048  { 8 }     
	    0.54337  { 3 }     



	
	CP
	   α ^   
	    0.914  { 8 }     
	    0.93  { 3.5 }     
	    0.92  { 6 }     
	    0.9  { 10 }     
	    0.944  { 2 }     
	    0.93  { 3.5 }     
	    0.926  { 5 }     
	    0.918  { 7 }     
	    0.96  { 1 }     
	    0.908  { 9 }     



	
	
	   β ^   
	    0.916  { 6.5 }     
	    0.95  { 1 }     
	    0.914  { 8 }     
	    0.878  { 10 }     
	    0.922  { 5 }     
	    0.938  { 2 }     
	    0.936  { 3 }     
	    0.916  { 6.5 }     
	    0.924  { 4 }     
	    0.888  { 9 }     



	
	   D  a b s    
	
	    0.02962  { 1 }     
	    0.0324  { 6 }     
	    0.03101  { 3 }     
	    0.03179  { 5 }     
	    0.03311  { 7 }     
	    0.03099  { 2 }     
	    0.03152  { 4 }     
	    0.03325  { 8 }     
	    0.03698  { 10 }     
	    0.03541  { 9 }     



	
	   D  m a x    
	
	    0.04839  { 1 }     
	    0.05216  { 6 }     
	    0.05148  { 5 }     
	    0.0508  { 4 }     
	    0.0539  { 7 }     
	    0.05006  { 2 }     
	    0.05043  { 3 }     
	    0.05539  { 8 }     
	    0.05954  { 10 }     
	    0.05654  { 9 }     



	
	ASAE
	
	    0.02055  { 1 }     
	    0.01892  { 6 }     
	    0.02004  { 5 }     
	    0.01944  { 4 }     
	    0.02034  { 7 }     
	    0.01877  { 2 }     
	    0.01869  { 3 }     
	    0.0225  { 8 }     
	    0.02635  { 10 }     
	    0.0249  { 9 }     



	
	   ∑ R a n k s   
	
	    38.5  { 2 }     
	    65.5  { 5 }     
	   87  { 7 }    
	   34  { 1 }    
	   100  { 8 }    
	    46.5  { 3 }     
	   50  { 4 }    
	    112.5  { 10 }     
	   105  { 9 }    
	   76  { 6 }    



	150
	BIAS
	   α ^   
	    0.14492  { 1 }     
	    0.14887  { 3 }     
	    0.18362  { 9 }     
	    0.14577  { 2 }     
	    0.17481  { 7 }     
	    0.1494  { 4 }     
	    0.16126  { 5 }     
	    0.19805  { 10 }     
	    0.175055  { 8 }     
	    0.170453  { 6 }     



	
	
	   β ^   
	    0.07443  { 2 }     
	    0.07555  { 3 }     
	    0.0887  { 7 }     
	    0.07141  { 1 }     
	    0.09016  { 8 }     
	    0.0827  { 5 }     
	    0.07577  { 4 }     
	    0.09157  { 9 }     
	    0.093643  { 10 }     
	    0.085704  { 6 }     



	
	MSE
	   α ^   
	    0.03236  { 1 }     
	    0.03709  { 3 }     
	    0.05648  { 9 }     
	    0.03377  { 2 }     
	    0.04958  { 8 }     
	    0.03811  { 4 }     
	    0.04414  { 5 }     
	    0.06579  { 10 }     
	    0.04931  { 7 }     
	    0.045766  { 6 }     



	
	
	   β ^   
	    0.00898  { 2 }     
	    0.00915  { 3 }     
	    0.01241  { 7 }     
	    0.00782  { 1 }     
	    0.01283  { 8 }     
	    0.01057  { 5 }     
	    0.00928  { 4 }     
	    0.01318  { 9 }     
	    0.01329  { 10 }     
	    0.011114  { 6 }     



	
	MRE
	   α ^   
	    0.05797  { 1 }     
	    0.05955  { 3 }     
	    0.07345  { 9 }     
	    0.05831  { 2 }     
	    0.06993  { 7 }     
	    0.05976  { 4 }     
	    0.0645  { 5 }     
	    0.07922  { 10 }     
	    0.070022  { 8 }     
	    0.068181  { 6 }     



	
	
	   β ^   
	    0.04962  { 2 }     
	    0.05037  { 3 }     
	    0.05913  { 7 }     
	    0.04761  { 1 }     
	    0.0601  { 8 }     
	    0.05514  { 5 }     
	    0.05051  { 4 }     
	    0.06105  { 9 }     
	    0.062429  { 10 }     
	    0.057136  { 6 }     



	
	CIL
	   α ^   
	    0.7106  { 2 }     
	    0.74667  { 4 }     
	    0.86595  { 9 }     
	    0.65924  { 1 }     
	    0.81991  { 7 }     
	    0.73823  { 3 }     
	    0.76861  { 5 }     
	    0.95671  { 10 }     
	    0.86163  { 8 }     
	    0.77885  { 6 }     



	
	
	   β ^   
	    0.34293  { 2 }     
	    0.36574  { 3 }     
	    0.42074  { 8 }     
	    0.32623  { 1 }     
	    0.41065  { 7 }     
	    0.38789  { 6 }     
	    0.37091  { 4 }     
	    0.43767  { 10 }     
	    0.43033  { 9 }     
	    0.37946  { 5 }     



	
	CP
	   α ^   
	    0.934  { 4 }     
	    0.942  { 3 }     
	    0.918  { 9 }     
	    0.92  { 7.5 }     
	    0.93  { 5 }     
	    0.95  { 2 }     
	    0.92  { 7.5 }     
	    0.928  { 6 }     
	    0.952  { 1 }     
	    0.914  { 10 }     



	
	
	   β ^   
	    0.904  { 8 }     
	    0.938  { 2 }     
	    0.912  { 6 }     
	    0.894  { 9.5 }     
	    0.91  { 7 }     
	    0.928  { 3.5 }     
	    0.922  { 5 }     
	    0.946  { 1 }     
	    0.928  { 3.5 }     
	    0.894  { 9.5 }     



	
	   D  a b s    
	
	    0.01929  { 1 }     
	    0.02051  { 2 }     
	    0.0223  { 6 }     
	    0.02135  { 4 }     
	    0.02241  { 8 }     
	    0.02094  { 3 }     
	    0.0216  { 5 }     
	    0.02232  { 7 }     
	    0.02606  { 10 }     
	    0.02462  { 9 }     



	
	   D  m a x    
	
	    0.03135  { 1 }     
	    0.03329  { 2 }     
	    0.03691  { 7 }     
	    0.03379  { 3 }     
	    0.03672  { 6 }     
	    0.03418  { 4 }     
	    0.03479  { 5 }     
	    0.03719  { 8 }     
	    0.04158  { 10 }     
	    0.03931  { 9 }     



	
	ASAE
	
	    0.01228  { 1 }     
	    0.01184  { 2 }     
	    0.01265  { 7 }     
	    0.01223  { 3 }     
	    0.01255  { 6 }     
	    0.01152  { 4 }     
	    0.0119  { 5 }     
	    0.01412  { 8 }     
	    0.01723  { 10 }     
	    0.01559  { 9 }     



	
	   ∑ R a n k s   
	
	   30  { 2 }    
	   48  { 3 }    
	   92  { 8 }    
	   27  { 1 }    
	   90  { 7 }    
	    60.5  { 5 }     
	    58.5  { 4 }     
	   115  { 9 }    
	    117.5  { 10 }     
	    76.5  { 6 }     



	350
	BIAS
	   α ^   
	    0.0966  { 4 }     
	    0.09416  { 1 }     
	    0.121  { 8 }     
	    0.09588  { 2 }     
	    0.11301  { 7 }     
	    0.09648  { 3 }     
	    0.09895  { 5 }     
	    0.12462  { 9 }     
	    0.126647  { 10 }     
	    0.110319  { 6 }     



	
	
	   β ^   
	    0.04306  { 1 }     
	    0.05237  { 3 }     
	    0.05554  { 6 }     
	    0.04861  { 2 }     
	    0.0577  { 8 }     
	    0.05398  { 5 }     
	    0.05336  { 4 }     
	    0.06046  { 9 }     
	    0.063108  { 10 }     
	    0.057403  { 7 }     



	
	MSE
	   α ^   
	    0.01519  { 3 }     
	    0.0136  { 1 }     
	    0.02354  { 8 }     
	    0.01418  { 2 }     
	    0.02076  { 7 }     
	    0.0153  { 4 }     
	    0.01535  { 5 }     
	    0.02421  { 9 }     
	    0.02612  { 10 }     
	    0.019439  { 6 }     



	
	
	   β ^   
	    0.00298  { 1 }     
	    0.00414  { 3 }     
	    0.00495  { 6 }     
	    0.0036  { 2 }     
	    0.00516  { 7 }     
	    0.00458  { 5 }     
	    0.00439  { 4 }     
	    0.00592  { 9 }     
	    0.006217  { 10 }     
	    0.005189  { 8 }     



	
	MRE
	   α ^   
	    0.03864  { 4 }     
	    0.03766  { 1 }     
	    0.0484  { 8 }     
	    0.03835  { 2 }     
	    0.04521  { 7 }     
	    0.03859  { 3 }     
	    0.03958  { 5 }     
	    0.04985  { 9 }     
	    0.050659  { 10 }     
	    0.044127  { 6 }     



	
	
	   β ^   
	    0.02871  { 1 }     
	    0.03491  { 3 }     
	    0.03702  { 6 }     
	    0.0324  { 2 }     
	    0.03847  { 8 }     
	    0.03598  { 5 }     
	    0.03558  { 4 }     
	    0.04031  { 9 }     
	    0.042072  { 10 }     
	    0.038269  { 7 }     



	
	CIL
	   α ^   
	    0.45983  { 2 }     
	    0.47952  { 4 }     
	    0.54057  { 8 }     
	    0.44273  { 1 }     
	    0.53253  { 7 }     
	    0.47605  { 3 }     
	    0.48607  { 5 }     
	    0.59718  { 10 }     
	    0.56669  { 9 }     
	    0.51535  { 6 }     



	
	
	   β ^   
	    0.22109  { 2 }     
	    0.23857  { 3 }     
	    0.27339  { 8 }     
	    0.21691  { 1 }     
	    0.26985  { 7 }     
	    0.24956  { 5 }     
	    0.24067  { 4 }     
	    0.28211  { 10 }     
	    0.28005  { 9 }     
	    0.25137  { 6 }     



	
	CP
	   α ^   
	    0.922  { 7.5 }     
	    0.958  { 1 }     
	    0.91  { 10 }     
	    0.922  { 7.5 }     
	    0.918  { 9 }     
	    0.934  { 4 }     
	    0.938  { 3 }     
	    0.94  { 2 }     
	    0.924  { 5.5 }     
	    0.924  { 5.5 }     



	
	
	   β ^   
	    0.948  { 1 }     
	    0.93  { 5 }     
	    0.936  { 3.5 }     
	    0.874  { 10 }     
	    0.936  { 3.5 }     
	    0.938  { 2 }     
	    0.928  { 6 }     
	    0.926  { 7 }     
	    0.904  { 8 }     
	    0.902  { 9 }     



	
	   D  a b s    
	
	    0.01283  { 1 }     
	    0.01306  { 2 }     
	    0.01473  { 8 }     
	    0.01369  { 4 }     
	    0.01438  { 6 }     
	    0.01406  { 5 }     
	    0.01367  { 3 }     
	    0.01451  { 7 }     
	    0.0175  { 10 }     
	    0.01627  { 9 }     



	
	   D  m a x    
	
	    0.02067  { 1 }     
	    0.02126  { 2 }     
	    0.0241  { 8 }     
	    0.0219  { 3 }     
	    0.02361  { 6 }     
	    0.02276  { 5 }     
	    0.02219  { 4 }     
	    0.02407  { 7 }     
	    0.02821  { 10 }     
	    0.026  { 9 }     



	
	ASAE
	
	    0.00762  { 1 }     
	    0.00719  { 2 }     
	    0.00747  { 8 }     
	    0.00747  { 3 }     
	    0.00777  { 6 }     
	    0.00714  { 5 }     
	    0.00725  { 4 }     
	    0.00861  { 7 }     
	    0.01035  { 10 }     
	    0.00985  { 9 }     



	
	   ∑ R a n k s   
	
	    39.5  { 2 }     
	   41  { 3 }    
	    87.5  { 8 }     
	    29.5  { 1 }     
	    86.5  { 6.5 }     
	   60  { 5 }    
	   59  { 4 }    
	   109  { 9 }    
	    116.5  { 10 }     
	    86.5  { 6.5 }     
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Table 4. Numerical values of PHD simulation for   ( α = 1.5 ,  β = 0.9 )  .
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	n
	Est.
	Est.Par.
	MLE
	ADE
	CVME
	MPSE
	OLSE
	RTADE
	WLSE
	LTADE
	MSADE
	MSALDE





	30
	BIAS
	   α ^   
	    0.18972  { 4 }     
	    0.18305  { 2 }     
	    0.20777  { 9 }     
	    0.18297  { 1 }     
	    0.19251  { 7 }     
	    0.18817  { 3 }     
	    0.19033  { 5 }     
	    0.2189  { 10 }     
	    0.190537  { 6 }     
	    0.196367  { 8 }     



	
	
	   β ^   
	    0.09331  { 3 }     
	    0.08696  { 1 }     
	    0.12314  { 9 }     
	    0.08934  { 2 }     
	    0.1034  { 5 }     
	    0.10637  { 6 }     
	    0.10953  { 8 }     
	    0.12497  { 10 }     
	    0.107067  { 7 }     
	    0.099692  { 4 }     



	
	MSE
	   α ^   
	    0.05917  { 3 }     
	    0.06184  { 5 }     
	    0.0699  { 9 }     
	    0.05326  { 1 }     
	    0.06161  { 4 }     
	    0.05739  { 2 }     
	    0.06718  { 7 }     
	    0.09295  { 10 }     
	    0.069425  { 8 }     
	    0.065347  { 6 }     



	
	
	   β ^   
	    0.01599  { 3 }     
	    0.01321  { 2 }     
	    0.02538  { 9 }     
	    0.01205  { 1 }     
	    0.01674  { 5 }     
	    0.01988  { 7 }     
	    0.02007  { 8 }     
	    0.02958  { 10 }     
	    0.019104  { 6 }     
	    0.016162  { 4 }     



	
	MRE
	   α ^   
	    0.12648  { 4 }     
	    0.12203  { 2 }     
	    0.13851  { 9 }     
	    0.12198  { 1 }     
	    0.12834  { 7 }     
	    0.12544  { 3 }     
	    0.12688  { 5 }     
	    0.14593  { 10 }     
	    0.127024  { 6 }     
	    0.130911  { 8 }     



	
	
	   β ^   
	    0.10368  { 3 }     
	    0.09662  { 1 }     
	    0.13682  { 9 }     
	    0.09927  { 2 }     
	    0.11489  { 5 }     
	    0.11819  { 6 }     
	    0.1217  { 8 }     
	    0.13886  { 10 }     
	    0.118963  { 7 }     
	    0.110769  { 4 }     



	
	CIL
	   α ^   
	    0.96433  { 5 }     
	    0.9535  { 3 }     
	    1.10744  { 9 }     
	    0.83904  { 1 }     
	    0.99946  { 7 }     
	    0.94645  { 2 }     
	    0.9817  { 6 }     
	    1.25789  { 10 }     
	    1.0374  { 8 }     
	    0.96095  { 4 }     



	
	
	   β ^   
	    0.46093  { 4 }     
	    0.45871  { 3 }     
	    0.60383  { 9 }     
	    0.36982  { 1 }     
	    0.51642  { 7 }     
	    0.50064  { 6 }     
	    0.49911  { 5 }     
	    0.61806  { 10 }     
	    0.5223  { 8 }     
	    0.42758  { 2 }     



	
	CP
	   α ^   
	    0.918  { 9 }     
	    0.928  { 6 }     
	    0.902  { 10 }     
	    0.938  { 3 }     
	    0.922  { 8 }     
	    0.93  { 4.5 }     
	    0.93  { 4.5 }     
	    0.926  { 7 }     
	    0.94  { 2 }     
	    0.948  { 1 }     



	
	
	   β ^   
	    0.876  { 10 }     
	    0.958  { 1 }     
	    0.91  { 6 }     
	    0.886  { 9 }     
	    0.952  { 2 }     
	    0.908  { 7 }     
	    0.924  { 4 }     
	    0.922  { 5 }     
	    0.944  { 3 }     
	    0.896  { 8 }     



	
	   D  a b s    
	
	    0.04536  { 2 }     
	    0.04404  { 1 }     
	    0.04925  { 6 }     
	    0.04832  { 4 }     
	    0.04928  { 7 }     
	    0.047  { 3 }     
	    0.04841  { 5 }     
	    0.04979  { 8 }     
	    0.0514  { 9 }     
	    0.05258  { 10 }     



	
	   D  m a x    
	
	    0.07339  { 2 }     
	    0.07012  { 1 }     
	    0.0825  { 8 }     
	    0.07591  { 3 }     
	    0.07973  { 6 }     
	    0.07668  { 4 }     
	    0.07872  { 5 }     
	    0.08379  { 10 }     
	    0.08145  { 7 }     
	    0.08294  { 9 }     



	
	ASAE
	
	    0.03377  { 2 }     
	    0.03255  { 1 }     
	    0.03511  { 8 }     
	    0.03102  { 3 }     
	    0.03669  { 6 }     
	    0.02948  { 4 }     
	    0.03131  { 5 }     
	    0.04236  { 10 }     
	    0.03869  { 7 }     
	    0.0369  { 9 }     



	
	   ∑ R a n k s   
	
	   41  { 3 }    
	   40  { 2 }    
	   98  { 8.5 }    
	   29  { 1 }    
	   79  { 6 }    
	    53.5  { 4 }     
	    78.5  { 5 }     
	   118  { 10 }    
	   98  { 8.5 }    
	   80  { 7 }    



	70
	BIAS
	   α ^   
	    0.11475  { 2 }     
	    0.11597  { 3 }     
	    0.12476  { 6 }     
	    0.11071  { 1 }     
	    0.13099  { 8 }     
	    0.12922  { 7 }     
	    0.11856  { 5 }     
	    0.13252  { 9 }     
	    0.135891  { 10 }     
	    0.116582  { 4 }     



	
	
	   β ^   
	    0.05007  { 1 }     
	    0.05752  { 3 }     
	    0.06571  { 7 }     
	    0.0546  { 2 }     
	    0.07041  { 8 }     
	    0.0617  { 6 }     
	    0.05953  { 4 }     
	    0.07656  { 10 }     
	    0.072644  { 9 }     
	    0.060321  { 5 }     



	
	MSE
	   α ^   
	    0.02127  { 2 }     
	    0.02192  { 3 }     
	    0.02607  { 6 }     
	    0.01944  { 1 }     
	    0.02879  { 8 }     
	    0.02689  { 7 }     
	    0.02326  { 5 }     
	    0.03116  { 10 }     
	    0.030428  { 9 }     
	    0.023136  { 4 }     



	
	
	   β ^   
	    0.00442  { 1 }     
	    0.00522  { 3 }     
	    0.00721  { 7 }     
	    0.00469  { 2 }     
	    0.00761  { 8 }     
	    0.00643  { 6 }     
	    0.0057  { 4 }     
	    0.01054  { 10 }     
	    0.008755  { 9 }     
	    0.005949  { 5 }     



	
	MRE
	   α ^   
	    0.0765  { 2 }     
	    0.07732  { 3 }     
	    0.08317  { 6 }     
	    0.07381  { 1 }     
	    0.08733  { 8 }     
	    0.08615  { 7 }     
	    0.07904  { 5 }     
	    0.08835  { 9 }     
	    0.090594  { 10 }     
	    0.077721  { 4 }     



	
	
	   β ^   
	    0.05563  { 1 }     
	    0.06392  { 3 }     
	    0.07301  { 7 }     
	    0.06067  { 2 }     
	    0.07823  { 8 }     
	    0.06856  { 6 }     
	    0.06614  { 4 }     
	    0.08507  { 10 }     
	    0.080716  { 9 }     
	    0.067024  { 5 }     



	
	CIL
	   α ^   
	    0.58258  { 3 }     
	    0.58102  { 2 }     
	    0.63733  { 7 }     
	    0.54206  { 1 }     
	    0.6116  { 6 }     
	    0.5921  { 4 }     
	    0.59653  { 5 }     
	    0.67735  { 9 }     
	    0.68297  { 10 }     
	    0.63884  { 8 }     



	
	
	   β ^   
	    0.26866  { 2 }     
	    0.28718  { 4 }     
	    0.35097  { 9 }     
	    0.24901  { 1 }     
	    0.33253  { 7 }     
	    0.30087  { 5 }     
	    0.30459  { 6 }     
	    0.37685  { 10 }     
	    0.33468  { 8 }     
	    0.28227  { 3 }     



	
	CP
	   α ^   
	    0.954  { 1.5 }     
	    0.948  { 3 }     
	    0.926  { 7 }     
	    0.936  { 6 }     
	    0.91  { 10 }     
	    0.918  { 9 }     
	    0.938  { 5 }     
	    0.924  { 8 }     
	    0.942  { 4 }     
	    0.954  { 1.5 }     



	
	
	   β ^   
	    0.934  { 4.5 }     
	    0.962  { 1 }     
	    0.926  { 6.5 }     
	    0.894  { 10 }     
	    0.938  { 3 }     
	    0.924  { 8 }     
	    0.946  { 2 }     
	    0.926  { 6.5 }     
	    0.934  { 4.5 }     
	    0.896  { 9 }     



	
	   D  a b s    
	
	    0.02765  { 1 }     
	    0.02852  { 2 }     
	    0.03035  { 5 }     
	    0.0288  { 3 }     
	    0.03345  { 9 }     
	    0.03207  { 8 }     
	    0.02915  { 4 }     
	    0.03194  { 7 }     
	    0.03607  { 10 }     
	    0.0309  { 6 }     



	
	   D  m a x    
	
	    0.04445  { 1 }     
	    0.04624  { 3 }     
	    0.0501  { 6 }     
	    0.04578  { 2 }     
	    0.05421  { 9 }     
	    0.0513  { 7 }     
	    0.04756  { 4 }     
	    0.05382  { 8 }     
	    0.05785  { 10 }     
	    0.04899  { 5 }     



	
	ASAE
	
	    0.01851  { 1 }     
	    0.01894  { 3 }     
	    0.02029  { 6 }     
	    0.01815  { 2 }     
	    0.01989  { 9 }     
	    0.01753  { 7 }     
	    0.01778  { 4 }     
	    0.02462  { 8 }     
	    0.02368  { 10 }     
	    0.02183  { 5 }     



	
	   ∑ R a n k s   
	
	   36  { 2 }    
	   52  { 3 }    
	    81.5  { 7 }     
	   25  { 1 }    
	   94  { 8 }    
	   69  { 6 }    
	   63  { 4 }    
	    109.5  { 9 }     
	    116.5  { 10 }     
	    68.5  { 5 }     



	150
	BIAS
	   α ^   
	    0.0782  { 3 }     
	    0.07781  { 2 }     
	    0.08883  { 8 }     
	    0.07295  { 1 }     
	    0.08615  { 6 }     
	    0.08807  { 7 }     
	    0.08164  { 4 }     
	    0.09175  { 9 }     
	    0.098361  { 10 }     
	    0.083455  { 5 }     



	
	
	   β ^   
	    0.03298  { 1 }     
	    0.04221  { 5 }     
	    0.04816  { 8 }     
	    0.03558  { 2 }     
	    0.04687  { 7 }     
	    0.04305  { 6 }     
	    0.04191  { 4 }     
	    0.05197  { 10 }     
	    0.051704  { 9 }     
	    0.036731  { 3 }     



	
	MSE
	   α ^   
	    0.01017  { 3 }     
	    0.00993  { 2 }     
	    0.01229  { 7 }     
	    0.00918  { 1 }     
	    0.01214  { 6 }     
	    0.01249  { 8 }     
	    0.01058  { 4 }     
	    0.01466  { 9 }     
	    0.015673  { 10 }     
	    0.011909  { 5 }     



	
	
	   β ^   
	    0.00196  { 1 }     
	    0.003  { 6 }     
	    0.00364  { 7 }     
	    0.00218  { 2 }     
	    0.0037  { 8 }     
	    0.00286  { 5 }     
	    0.0027  { 4 }     
	    0.00442  { 10 }     
	    0.004101  { 9 }     
	    0.002302  { 3 }     



	
	MRE
	   α ^   
	    0.05213  { 3 }     
	    0.05187  { 2 }     
	    0.05922  { 8 }     
	    0.04864  { 1 }     
	    0.05743  { 6 }     
	    0.05872  { 7 }     
	    0.05443  { 4 }     
	    0.06117  { 9 }     
	    0.065574  { 10 }     
	    0.055637  { 5 }     



	
	
	   β ^   
	    0.03665  { 1 }     
	    0.0469  { 5 }     
	    0.05352  { 8 }     
	    0.03953  { 2 }     
	    0.05208  { 7 }     
	    0.04783  { 6 }     
	    0.04657  { 4 }     
	    0.05774  { 10 }     
	    0.057449  { 9 }     
	    0.040812  { 3 }     



	
	CIL
	   α ^   
	    0.38297  { 2 }     
	    0.38547  { 3 }     
	    0.41562  { 7 }     
	    0.36549  { 1 }     
	    0.40735  { 6 }     
	    0.39758  { 5 }     
	    0.39579  { 4 }     
	    0.44131  { 9 }     
	    0.47478  { 10 }     
	    0.43353  { 8 }     



	
	
	   β ^   
	    0.17677  { 2 }     
	    0.19386  { 4 }     
	    0.23052  { 9 }     
	    0.16833  { 1 }     
	    0.22545  { 7 }     
	    0.19933  { 5 }     
	    0.20121  { 6 }     
	    0.2478  { 10 }     
	    0.22903  { 8 }     
	    0.19353  { 3 }     



	
	CP
	   α ^   
	    0.932  { 4 }     
	    0.944  { 2 }     
	    0.926  { 6.5 }     
	    0.948  { 1 }     
	    0.904  { 10 }     
	    0.91  { 9 }     
	    0.926  { 6.5 }     
	    0.914  { 8 }     
	    0.93  { 5 }     
	    0.936  { 3 }     



	
	
	   β ^   
	    0.944  { 2 }     
	    0.914  { 9 }     
	    0.952  { 1 }     
	    0.894  { 10 }     
	    0.922  { 8 }     
	    0.942  { 3.5 }     
	    0.934  { 6 }     
	    0.942  { 3.5 }     
	    0.928  { 7 }     
	    0.936  { 5 }     



	
	   D  a b s    
	
	    0.01894  { 2 }     
	    0.02005  { 3 }     
	    0.02229  { 8 }     
	    0.01885  { 1 }     
	    0.02224  { 6 }     
	    0.02226  { 7 }     
	    0.02063  { 4 }     
	    0.02307  { 9 }     
	    0.02556  { 10 }     
	    0.0213  { 5 }     



	
	   D  m a x    
	
	    0.03025  { 2 }     
	    0.03253  { 3 }     
	    0.03658  { 8 }     
	    0.02999  { 1 }     
	    0.03619  { 7 }     
	    0.03569  { 6 }     
	    0.03338  { 4 }     
	    0.03834  { 9 }     
	    0.04111  { 10 }     
	    0.03345  { 5 }     



	
	ASAE
	
	    0.01128  { 2 }     
	    0.01145  { 3 }     
	    0.01256  { 8 }     
	    0.01121  { 1 }     
	    0.01226  { 7 }     
	    0.01032  { 6 }     
	    0.01114  { 4 }     
	    0.01424  { 9 }     
	    0.01522  { 10 }     
	    0.01368  { 5 }     



	
	   ∑ R a n k s   
	
	   40  { 2 }    
	   51  { 3 }    
	    99.5  { 8 }     
	   27  { 1 }    
	   76  { 7 }    
	    72.5  { 6 }     
	    53.5  { 4 }     
	    113.5  { 9 }     
	   115  { 10 }    
	   67  { 5 }    



	350
	BIAS
	   α ^   
	    0.04335  { 2 }     
	    0.04268  { 1 }     
	    0.05511  { 8 }     
	    0.04501  { 3 }     
	    0.05485  { 6 }     
	    0.05492  { 7 }     
	    0.05319  { 5 }     
	    0.05794  { 9 }     
	    0.065922  { 10 }     
	    0.052036  { 4 }     



	
	
	   β ^   
	    0.0211  { 2 }     
	    0.02239  { 3 }     
	    0.03065  { 7 }     
	    0.02071  { 1 }     
	    0.03229  { 9 }     
	    0.02837  { 6 }     
	    0.02829  { 5 }     
	    0.03418  { 10 }     
	    0.031345  { 8 }     
	    0.022743  { 4 }     



	
	MSE
	   α ^   
	    0.00357  { 1 }     
	    0.00362  { 2 }     
	    0.00486  { 7 }     
	    0.00376  { 3 }     
	    0.00481  { 5 }     
	    0.00485  { 6 }     
	    0.00454  { 4 }     
	    0.00529  { 8 }     
	    0.006889  { 10 }     
	    0.005355  { 9 }     



	
	
	   β ^   
	    0.00086  { 2 }     
	    0.00099  { 4 }     
	    0.00147  { 7 }     
	    0.00082  { 1 }     
	    0.00158  { 9 }     
	    0.00123  { 5 }     
	    0.00124  { 6 }     
	    0.00182  { 10 }     
	    0.001579  { 8 }     
	    0.000981  { 3 }     



	
	MRE
	   α ^   
	    0.0289  { 2 }     
	    0.02845  { 1 }     
	    0.03674  { 8 }     
	    0.03  { 3 }     
	    0.03657  { 6 }     
	    0.03661  { 7 }     
	    0.03546  { 5 }     
	    0.03862  { 9 }     
	    0.043948  { 10 }     
	    0.03469  { 4 }     



	
	
	   β ^   
	    0.02345  { 2 }     
	    0.02487  { 3 }     
	    0.03406  { 7 }     
	    0.02301  { 1 }     
	    0.03588  { 9 }     
	    0.03152  { 6 }     
	    0.03143  { 5 }     
	    0.03798  { 10 }     
	    0.034828  { 8 }     
	    0.02527  { 4 }     



	
	CIL
	   α ^   
	    0.24127  { 2 }     
	    0.24229  { 3 }     
	    0.26943  { 7 }     
	    0.23591  { 1 }     
	    0.26297  { 6 }     
	    0.25799  { 5 }     
	    0.25712  { 4 }     
	    0.28066  { 9 }     
	    0.31307  { 10 }     
	    0.277  { 8 }     



	
	
	   β ^   
	    0.11213  { 2 }     
	    0.12216  { 3 }     
	    0.14941  { 8 }     
	    0.10756  { 1 }     
	    0.14579  { 7 }     
	    0.12962  { 6 }     
	    0.12929  { 5 }     
	    0.16136  { 10 }     
	    0.15005  { 9 }     
	    0.12438  { 4 }     



	
	CP
	   α ^   
	    0.94  { 3.5 }     
	    0.946  { 2 }     
	    0.936  { 5 }     
	    0.928  { 9 }     
	    0.926  { 10 }     
	    0.94  { 3.5 }     
	    0.932  { 6.5 }     
	    0.932  { 6.5 }     
	    0.952  { 1 }     
	    0.93  { 8 }     



	
	
	   β ^   
	    0.922  { 8.5 }     
	    0.936  { 5 }     
	    0.942  { 4 }     
	    0.91  { 10 }     
	    0.922  { 8.5 }     
	    0.934  { 6 }     
	    0.928  { 7 }     
	    0.946  { 2 }     
	    0.95  { 1 }     
	    0.944  { 3 }     



	
	   D  a b s    
	
	    0.01086  { 1 }     
	    0.01116  { 2 }     
	    0.01392  { 6 }     
	    0.01134  { 3 }     
	    0.01443  { 8 }     
	    0.01403  { 7 }     
	    0.01364  { 5 }     
	    0.01447  { 9 }     
	    0.01654  { 10 }     
	    0.01296  { 4 }     



	
	   D  m a x    
	
	    0.01752  { 1 }     
	    0.01795  { 2 }     
	    0.02298  { 7 }     
	    0.01805  { 3 }     
	    0.02374  { 8 }     
	    0.02265  { 6 }     
	    0.02216  { 5 }     
	    0.0243  { 9 }     
	    0.02645  { 10 }     
	    0.02046  { 4 }     



	
	ASAE
	
	    0.00722  { 1 }     
	    0.00707  { 2 }     
	    0.00731  { 7 }     
	    0.00694  { 3 }     
	    0.00721  { 8 }     
	    0.00605  { 6 }     
	    0.00659  { 5 }     
	    0.00833  { 9 }     
	    0.00868  { 10 }     
	    0.00813  { 4 }     



	
	   ∑ R a n k s   
	
	   33  { 2 }    
	   43  { 3 }    
	   92  { 8 }    
	   26  { 1 }    
	    81.5  { 7 }     
	    74.5  { 6 }     
	    59.5  { 4 }     
	    115.5  { 9 }     
	   123  { 10 }    
	   67  { 5 }    
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Table 5. Numerical values of PHD simulation for   ( α = 2.5 ,  β = 2.5 )  .
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	n
	Est.
	Est.Par.
	MLE
	ADE
	CVME
	MPSE
	OLSE
	RTADE
	WLSE
	LTADE
	MSADE
	MSALDE





	30
	BIAS
	   α ^   
	    0.35682  { 4 }     
	    0.37432  { 5 }     
	    0.44213  { 9 }     
	    0.30942  { 1 }     
	    0.40705  { 8 }     
	    0.37926  { 6 }     
	    0.35623  { 3 }     
	    0.47831  { 10 }     
	    0.393838  { 7 }     
	    0.330743  { 2 }     



	
	
	   β ^   
	    0.27003  { 2 }     
	    0.28577  { 3 }     
	    0.335  { 9 }     
	    0.26614  { 1 }     
	    0.32615  { 8 }     
	    0.30509  { 6 }     
	    0.28897  { 4 }     
	    0.32401  { 7 }     
	    0.339165  { 10 }     
	    0.299503  { 5 }     



	
	MSE
	   α ^   
	    0.23841  { 3 }     
	    0.25823  { 5 }     
	    0.39409  { 9 }     
	    0.14161  { 1 }     
	    0.3814  { 8 }     
	    0.27683  { 6 }     
	    0.24145  { 4 }     
	    0.4877  { 10 }     
	    0.309181  { 7 }     
	    0.179976  { 2 }     



	
	
	   β ^   
	    0.12436  { 3 }     
	    0.12927  { 4 }     
	    0.1932  { 10 }     
	    0.10961  { 1 }     
	    0.16745  { 7 }     
	    0.15689  { 6 }     
	    0.1239  { 2 }     
	    0.17495  { 8 }     
	    0.18398  { 9 }     
	    0.135711  { 5 }     



	
	MRE
	   α ^   
	    0.14273  { 4 }     
	    0.14973  { 5 }     
	    0.17685  { 9 }     
	    0.12377  { 1 }     
	    0.16282  { 8 }     
	    0.1517  { 6 }     
	    0.14249  { 3 }     
	    0.19133  { 10 }     
	    0.157535  { 7 }     
	    0.132297  { 2 }     



	
	
	   β ^   
	    0.10801  { 2 }     
	    0.11431  { 3 }     
	    0.134  { 9 }     
	    0.10646  { 1 }     
	    0.13046  { 8 }     
	    0.12204  { 6 }     
	    0.11559  { 4 }     
	    0.1296  { 7 }     
	    0.135666  { 10 }     
	    0.119801  { 5 }     



	
	CIL
	   α ^   
	    2.0195  { 7 }     
	    1.84973  { 3 }     
	    2.55172  { 9 }     
	    1.43133  { 1 }     
	    2.06892  { 8 }     
	    1.94615  { 5 }     
	    1.97539  { 6 }     
	    2.64871  { 10 }     
	    1.9117  { 4 }     
	    1.68682  { 2 }     



	
	
	   β ^   
	    1.35086  { 4 }     
	    1.26026  { 3 }     
	    1.63143  { 10 }     
	    1.09799  { 1 }     
	    1.48615  { 7 }     
	    1.50493  { 9 }     
	    1.37411  { 5 }     
	    1.49565  { 8 }     
	    1.44922  { 6 }     
	    1.237  { 2 }     



	
	CP
	   α ^   
	    0.876  { 10 }     
	    0.916  { 7.5 }     
	    0.908  { 9 }     
	    0.922  { 5.5 }     
	    0.928  { 4 }     
	    0.916  { 7.5 }     
	    0.94  { 3 }     
	    0.922  { 5.5 }     
	    0.95  { 1.5 }     
	    0.95  { 1.5 }     



	
	
	   β ^   
	    0.872  { 8 }     
	    0.932  { 3 }     
	    0.888  { 7 }     
	    0.83  { 10 }     
	    0.942  { 2 }     
	    0.918  { 4 }     
	    0.944  { 1 }     
	    0.912  { 5.5 }     
	    0.912  { 5.5 }     
	    0.864  { 9 }     



	
	   D  a b s    
	
	    0.04521  { 1 }     
	    0.04933  { 6 }     
	    0.04777  { 4 }     
	    0.04586  { 2 }     
	    0.04912  { 5 }     
	    0.04957  { 7 }     
	    0.047  { 3 }     
	    0.05076  { 8 }     
	    0.0558  { 10 }     
	    0.05112  { 9 }     



	
	   D  m a x    
	
	    0.07286  { 2 }     
	    0.0786  { 4 }     
	    0.07918  { 5 }     
	    0.07211  { 1 }     
	    0.08008  { 7 }     
	    0.07981  { 6 }     
	    0.07607  { 3 }     
	    0.08354  { 9 }     
	    0.08899  { 10 }     
	    0.08014  { 8 }     



	
	ASAE
	
	    0.03581  { 2 }     
	    0.03184  { 4 }     
	    0.03278  { 5 }     
	    0.03327  { 1 }     
	    0.03226  { 7 }     
	    0.03322  { 6 }     
	    0.0315  { 3 }     
	    0.03566  { 9 }     
	    0.0442  { 10 }     
	    0.04095  { 8 }     



	
	   ∑ R a n k s   
	
	   44  { 2 }    
	    54.5  { 3 }     
	   93  { 7.5 }    
	    23.5  { 1 }     
	   93  { 7.5 }    
	    78.5  { 6 }     
	   56  { 4 }    
	   105  { 9.5 }    
	   105  { 9.5 }    
	    62.5  { 5 }     



	70
	BIAS
	   α ^   
	    0.22262  { 2 }     
	    0.22476  { 3 }     
	    0.25639  { 9 }     
	    0.21962  { 1 }     
	    0.25614  { 8 }     
	    0.22898  { 4 }     
	    0.23267  { 5 }     
	    0.29085  { 10 }     
	    0.241403  { 7 }     
	    0.233397  { 6 }     



	
	
	   β ^   
	    0.17685  { 3 }     
	    0.16945  { 1 }     
	    0.20457  { 8 }     
	    0.17375  { 2 }     
	    0.206  { 10 }     
	    0.19195  { 6 }     
	    0.1811  { 4 }     
	    0.19034  { 5 }     
	    0.20558  { 9 }     
	    0.196052  { 7 }     



	
	MSE
	   α ^   
	    0.0809  { 2 }     
	    0.08567  { 4 }     
	    0.11437  { 9 }     
	    0.07702  { 1 }     
	    0.11044  { 8 }     
	    0.08789  { 5 }     
	    0.09239  { 6 }     
	    0.13879  { 10 }     
	    0.094796  { 7 }     
	    0.08428  { 3 }     



	
	
	   β ^   
	    0.04962  { 3 }     
	    0.04626  { 1 }     
	    0.06765  { 10 }     
	    0.04684  { 2 }     
	    0.06762  { 9 }     
	    0.05887  { 7 }     
	    0.05524  { 5 }     
	    0.0552  { 4 }     
	    0.065958  { 8 }     
	    0.058572  { 6 }     



	
	MRE
	   α ^   
	    0.08905  { 2 }     
	    0.0899  { 3 }     
	    0.10255  { 9 }     
	    0.08785  { 1 }     
	    0.10245  { 8 }     
	    0.09159  { 4 }     
	    0.09307  { 5 }     
	    0.11634  { 10 }     
	    0.096561  { 7 }     
	    0.093359  { 6 }     



	
	
	   β ^   
	    0.07074  { 3 }     
	    0.06778  { 1 }     
	    0.08183  { 8 }     
	    0.0695  { 2 }     
	    0.0824  { 10 }     
	    0.07678  { 6 }     
	    0.07244  { 4 }     
	    0.07614  { 5 }     
	    0.082232  { 9 }     
	    0.078421  { 7 }     



	
	CIL
	   α ^   
	    1.11014  { 3 }     
	    1.115  { 5 }     
	    1.32627  { 9 }     
	    0.94681  { 1 }     
	    1.25607  { 8 }     
	    1.11405  { 4 }     
	    1.14695  { 6 }     
	    1.41373  { 10 }     
	    1.24267  { 7 }     
	    1.0961  { 2 }     



	
	
	   β ^   
	    0.81436  { 2 }     
	    0.81741  { 3 }     
	    0.99203  { 10 }     
	    0.72539  { 1 }     
	    0.95396  { 8 }     
	    0.93712  { 7 }     
	    0.87348  { 5 }     
	    0.92686  { 6 }     
	    0.97136  { 9 }     
	    0.82297  { 4 }     



	
	CP
	   α ^   
	    0.914  { 8 }     
	    0.932  { 4.5 }     
	    0.932  { 4.5 }     
	    0.91  { 9 }     
	    0.934  { 2.5 }     
	    0.926  { 6 }     
	    0.92  { 7 }     
	    0.934  { 2.5 }     
	    0.97  { 1 }     
	    0.904  { 10 }     



	
	
	   β ^   
	    0.892  { 8 }     
	    0.926  { 5 }     
	    0.922  { 6 }     
	    0.842  { 10 }     
	    0.938  { 4 }     
	    0.94  { 3 }     
	    0.918  { 7 }     
	    0.942  { 1.5 }     
	    0.942  { 1.5 }     
	    0.88  { 9 }     



	
	   D  a b s    
	
	    0.03171  { 4 }     
	    0.03022  { 1 }     
	    0.03261  { 7 }     
	    0.03117  { 2 }     
	    0.03303  { 8 }     
	    0.03224  { 6 }     
	    0.0316  { 3 }     
	    0.03184  { 5 }     
	    0.03544  { 9 }     
	    0.03629  { 10 }     



	
	   D  m a x    
	
	    0.05046  { 3 }     
	    0.04827  { 1 }     
	    0.05315  { 7 }     
	    0.04934  { 2 }     
	    0.05344  { 8 }     
	    0.05176  { 5 }     
	    0.05068  { 4 }     
	    0.05257  { 6 }     
	    0.05627  { 9 }     
	    0.05738  { 10 }     



	
	ASAE
	
	    0.02082  { 3 }     
	    0.0189  { 1 }     
	    0.02011  { 7 }     
	    0.02032  { 2 }     
	    0.01927  { 8 }     
	    0.02014  { 5 }     
	    0.01952  { 4 }     
	    0.02077  { 6 }     
	    0.02692  { 9 }     
	    0.02543  { 10 }     



	
	   ∑ R a n k s   
	
	   41  { 3 }    
	    36.5  { 2 }     
	    101.5  { 8 }     
	   24  { 1 }    
	    102.5  { 9 }     
	   72  { 5 }    
	   58  { 4 }    
	   96  { 7 }    
	    110.5  { 10 }     
	   73  { 6 }    



	150
	BIAS
	   α ^   
	    0.15191  { 2 }     
	    0.1593  { 4 }     
	    0.17533  { 8 }     
	    0.15008  { 1 }     
	    0.17316  { 7 }     
	    0.16162  { 5 }     
	    0.15833  { 3 }     
	    0.18059  { 10 }     
	    0.177157  { 9 }     
	    0.165435  { 6 }     



	
	
	   β ^   
	    0.1121  { 1 }     
	    0.11863  { 4 }     
	    0.14371  { 9 }     
	    0.11576  { 2 }     
	    0.14222  { 8 }     
	    0.12974  { 5 }     
	    0.11639  { 3 }     
	    0.13346  { 6 }     
	    0.148369  { 10 }     
	    0.136112  { 7 }     



	
	MSE
	   α ^   
	    0.03647  { 2 }     
	    0.04072  { 4 }     
	    0.05101  { 8 }     
	    0.03516  { 1 }     
	    0.04663  { 7 }     
	    0.04217  { 5 }     
	    0.03982  { 3 }     
	    0.05255  { 10 }     
	    0.052337  { 9 }     
	    0.042722  { 6 }     



	
	
	   β ^   
	    0.02094  { 2 }     
	    0.02326  { 4 }     
	    0.03222  { 9 }     
	    0.0206  { 1 }     
	    0.03198  { 8 }     
	    0.02766  { 5 }     
	    0.0216  { 3 }     
	    0.02809  { 7 }     
	    0.034364  { 10 }     
	    0.028018  { 6 }     



	
	MRE
	   α ^   
	    0.06076  { 2 }     
	    0.06372  { 4 }     
	    0.07013  { 8 }     
	    0.06003  { 1 }     
	    0.06927  { 7 }     
	    0.06465  { 5 }     
	    0.06333  { 3 }     
	    0.07224  { 10 }     
	    0.070863  { 9 }     
	    0.066174  { 6 }     



	
	
	   β ^   
	    0.04484  { 1 }     
	    0.04745  { 4 }     
	    0.05748  { 9 }     
	    0.0463  { 2 }     
	    0.05689  { 8 }     
	    0.0519  { 5 }     
	    0.04656  { 3 }     
	    0.05338  { 6 }     
	    0.059348  { 10 }     
	    0.054445  { 7 }     



	
	CIL
	   α ^   
	    0.71041  { 2 }     
	    0.73123  { 3 }     
	    0.85434  { 8 }     
	    0.65907  { 1 }     
	    0.8088  { 7 }     
	    0.73985  { 4 }     
	    0.74275  { 5 }     
	    0.90775  { 10 }     
	    0.85499  { 9 }     
	    0.76419  { 6 }     



	
	
	   β ^   
	    0.53442  { 2 }     
	    0.56038  { 3 }     
	    0.6613  { 10 }     
	    0.49731  { 1 }     
	    0.64597  { 8 }     
	    0.62983  { 6 }     
	    0.58133  { 5 }     
	    0.63105  { 7 }     
	    0.65328  { 9 }     
	    0.57499  { 4 }     



	
	CP
	   α ^   
	    0.912  { 10 }     
	    0.926  { 6 }     
	    0.946  { 1 }     
	    0.916  { 9 }     
	    0.942  { 3 }     
	    0.924  { 7 }     
	    0.92  { 8 }     
	    0.938  { 4 }     
	    0.944  { 2 }     
	    0.93  { 5 }     



	
	
	   β ^   
	    0.916  { 7 }     
	    0.922  { 5 }     
	    0.936  { 3 }     
	    0.872  { 9 }     
	    0.93  { 4 }     
	    0.912  { 8 }     
	    0.944  { 2 }     
	    0.946  { 1 }     
	    0.918  { 6 }     
	    0.862  { 10 }     



	
	   D  a b s    
	
	    0.02114  { 3 }     
	    0.02128  { 4 }     
	    0.02186  { 6 }     
	    0.02068  { 1 }     
	    0.02215  { 8 }     
	    0.02191  { 7 }     
	    0.02133  { 5 }     
	    0.02099  { 2 }     
	    0.0252  { 10 }     
	    0.02265  { 9 }     



	
	   D  m a x    
	
	    0.03366  { 2 }     
	    0.03401  { 3 }     
	    0.03567  { 7 }     
	    0.03298  { 1 }     
	    0.03619  { 8 }     
	    0.03533  { 6 }     
	    0.03406  { 4 }     
	    0.03461  { 5 }     
	    0.04017  { 10 }     
	    0.03655  { 9 }     



	
	ASAE
	
	    0.01298  { 2 }     
	    0.0123  { 3 }     
	    0.01299  { 7 }     
	    0.01304  { 1 }     
	    0.01236  { 8 }     
	    0.01255  { 6 }     
	    0.01244  { 4 }     
	    0.01345  { 5 }     
	    0.01797  { 10 }     
	    0.0162  { 9 }     



	
	   ∑ R a n k s   
	
	   29  { 2 }    
	   49  { 3 }    
	   106  { 9 }    
	   23  { 1 }    
	   93  { 7 }    
	   64  { 5 }    
	   52  { 4 }    
	   98  { 8 }    
	   119  { 10 }    
	   82  { 6 }    



	350
	BIAS
	   α ^   
	    0.09645  { 1 }     
	    0.10853  { 5 }     
	    0.11627  { 8 }     
	    0.09748  { 2 }     
	    0.11028  { 6 }     
	    0.10299  { 4 }     
	    0.1028  { 3 }     
	    0.12072  { 10 }     
	    0.117398  { 9 }     
	    0.115628  { 7 }     



	
	
	   β ^   
	    0.07167  { 1 }     
	    0.0787  { 3 }     
	    0.08687  { 6 }     
	    0.07417  { 2 }     
	    0.09569  { 10 }     
	    0.08968  { 8 }     
	    0.08658  { 5 }     
	    0.08806  { 7 }     
	    0.0926  { 9 }     
	    0.085534  { 4 }     



	
	MSE
	   α ^   
	    0.01478  { 2 }     
	    0.0188  { 5 }     
	    0.02085  { 8 }     
	    0.01457  { 1 }     
	    0.01942  { 6 }     
	    0.01741  { 4 }     
	    0.01701  { 3 }     
	    0.02257  { 10 }     
	    0.022119  { 9 }     
	    0.020717  { 7 }     



	
	
	   β ^   
	    0.00811  { 1 }     
	    0.00998  { 3 }     
	    0.01201  { 6 }     
	    0.00847  { 2 }     
	    0.01394  { 10 }     
	    0.01235  { 8 }     
	    0.01166  { 4 }     
	    0.01205  { 7 }     
	    0.012946  { 9 }     
	    0.011883  { 5 }     



	
	MRE
	   α ^   
	    0.03858  { 1 }     
	    0.04341  { 5 }     
	    0.04651  { 8 }     
	    0.03899  { 2 }     
	    0.04411  { 6 }     
	    0.0412  { 4 }     
	    0.04112  { 3 }     
	    0.04829  { 10 }     
	    0.046959  { 9 }     
	    0.046251  { 7 }     



	
	
	   β ^   
	    0.02867  { 1 }     
	    0.03148  { 3 }     
	    0.03475  { 6 }     
	    0.02967  { 2 }     
	    0.03828  { 10 }     
	    0.03587  { 8 }     
	    0.03463  { 5 }     
	    0.03522  { 7 }     
	    0.03704  { 9 }     
	    0.034214  { 4 }     



	
	CIL
	   α ^   
	    0.45354  { 2 }     
	    0.47934  { 4 }     
	    0.53632  { 8 }     
	    0.43458  { 1 }     
	    0.52529  { 7 }     
	    0.4719  { 3 }     
	    0.48119  { 5 }     
	    0.57425  { 10 }     
	    0.56471  { 9 }     
	    0.51657  { 6 }     



	
	
	   β ^   
	    0.34321  { 2 }     
	    0.37032  { 3 }     
	    0.42828  { 9 }     
	    0.32855  { 1 }     
	    0.42056  { 8 }     
	    0.4077  { 6 }     
	    0.37763  { 4 }     
	    0.41426  { 7 }     
	    0.43215  { 10 }     
	    0.38205  { 5 }     



	
	CP
	   α ^   
	    0.936  { 2.5 }     
	    0.928  { 5.5 }     
	    0.928  { 5.5 }     
	    0.902  { 10 }     
	    0.936  { 2.5 }     
	    0.914  { 9 }     
	    0.926  { 8 }     
	    0.95  { 1 }     
	    0.928  { 5.5 }     
	    0.928  { 5.5 }     



	
	
	   β ^   
	    0.928  { 7 }     
	    0.936  { 1.5 }     
	    0.932  { 4.5 }     
	    0.878  { 10 }     
	    0.924  { 8 }     
	    0.93  { 6 }     
	    0.932  { 4.5 }     
	    0.934  { 3 }     
	    0.936  { 1.5 }     
	    0.882  { 9 }     



	
	   D  a b s    
	
	    0.01305  { 1 }     
	    0.01406  { 3 }     
	    0.01438  { 6 }     
	    0.01368  { 2 }     
	    0.01471  { 7 }     
	    0.01476  { 8 }     
	    0.01418  { 4 }     
	    0.01434  { 5 }     
	    0.01642  { 10 }     
	    0.01592  { 9 }     



	
	   D  m a x    
	
	    0.02087  { 1 }     
	    0.02261  { 3 }     
	    0.02348  { 6 }     
	    0.02172  { 2 }     
	    0.02402  { 8 }     
	    0.02377  { 7 }     
	    0.0231  { 4 }     
	    0.02344  { 5 }     
	    0.02644  { 10 }     
	    0.02556  { 9 }     



	
	ASAE
	
	    0.00807  { 1 }     
	    0.00733  { 3 }     
	    0.00784  { 6 }     
	    0.00804  { 2 }     
	    0.00777  { 8 }     
	    0.00765  { 7 }     
	    0.00757  { 4 }     
	    0.00813  { 5 }     
	    0.01085  { 10 }     
	    0.01015  { 9 }     



	
	   ∑ R a n k s   
	
	    32.5  { 2 }     
	   53  { 4 }    
	   88  { 7 }    
	   25  { 1 }    
	    93.5  { 8 }     
	   70  { 5 }    
	    51.5  { 3 }     
	   104  { 9 }    
	   118  { 10 }    
	    79.5  { 6 }     
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Table 6. Partial and overall ranks of the techniques for estimation of the PHD using various values of  α  and  β .
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	Parameter
	n
	MLE
	ADE
	CVME
	MPSE
	OLSE
	RTADE
	WLSE
	LTADE
	MSADE
	MSALDE





	  α = 0.5  ,   β = 0.75  
	30
	1.0
	4.5
	3.0
	2.0
	6.0
	8.0
	4.5
	7.0
	9.0
	10.0



	
	70
	1.0
	4.0
	6.0
	2.0
	5.0
	8.0
	3.0
	7.0
	10.0
	9.0



	
	150
	2.0
	3.0
	7.5
	1.0
	5.0
	9.0
	4.0
	6.0
	10.0
	7.5



	
	350
	3.0
	1.0
	6.0
	2.0
	5.0
	9.0
	4.0
	8.0
	10.0
	7.0



	  α = 0.75  ,   β = 2.5  
	30
	2.0
	3.0
	9.0
	1.0
	5.5
	7.0
	4.0
	5.5
	10.0
	8.0



	
	70
	1.0
	3.0
	9.0
	2.0
	6.0
	5.0
	4.0
	7.0
	10.0
	8.0



	
	150
	2.0
	4.0
	9.0
	1.0
	7.0
	5.0
	3.0
	6.0
	10.0
	8.0



	
	350
	2.0
	3.0
	9.0
	1.0
	6.0
	7.0
	4.0
	5.0
	10.0
	8.0



	 α  = 2.5,   β = 1.5  
	30
	3.0
	2.0
	7.0
	1.0
	9.0
	4.0
	6.0
	10.0
	8.0
	5.0



	
	70
	2.0
	5.0
	7.0
	1.0
	8.0
	3.0
	4.0
	10.0
	9.0
	6.0



	
	150
	2.0
	3.0
	8.0
	1.0
	7.0
	5.0
	4.0
	9.0
	10.0
	6.0



	
	350
	2.0
	3.0
	8.0
	1.0
	6.5
	5.0
	4.0
	9.0
	10.0
	6.5



	  α = 1.5  ,   β = 0.9  
	30
	3.0
	2.0
	8.5
	1.0
	6.0
	4.0
	5.0
	10.0
	8.5
	7.0



	
	70
	2.0
	3.0
	7.0
	1.0
	8.0
	6.0
	4.0
	9.0
	10.0
	5.0



	
	150
	2.0
	3.0
	8.0
	1.0
	7.0
	6.0
	4.0
	9.0
	10.0
	5.0



	
	350
	2.0
	3.0
	8.0
	1.0
	7.0
	6.0
	4.0
	9.0
	10.0
	5.0



	  α = 2.5  ,   β = 2.5  
	30
	2.0
	3.0
	7.5
	1.0
	7.5
	6.0
	4.0
	9.5
	9.5
	5.0



	
	70
	3.0
	2.0
	8.0
	1.0
	9.0
	5.0
	4.0
	7.0
	10.0
	6.0



	
	150
	2.0
	3.0
	9.0
	1.0
	7.0
	5.0
	4.0
	8.0
	10.0
	6.0



	
	350
	2.0
	4.0
	7.0
	1.0
	8.0
	5.0
	3.0
	9.0
	10.0
	6.0



	∑ Ranks
	
	41.0
	61.5
	151.5
	24.0
	135.5
	118.0
	80.5
	160.0
	194.0
	134.0



	Overall Rank
	
	2
	3
	8
	1
	7
	5
	4
	9
	10
	6
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Table 7. Numerical values for analyzing the COVID-19 real data set.
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Model

	
−L

	
    D 1    

	
    D 2    

	
    D 3    

	
    D 4    

	
    G 1    

	
    G 2    

	
    G 3    

	
     G 3   ( p )     

	
Est. Parameters (SEs)






	
PHD

	
58.3644

	
120.729

	
120.969

	
124.669

	
122.244

	
0.441941

	
0.0673941

	
0.119651

	
0.433879

	
    α ^  = 0.593803   ( 0.0829207 )    




	

	

	

	

	

	

	

	

	

	
    β ^  = 0.772297   ( 0.0602546 )    




	
HD

	
137.961

	
277.922

	
278.

	
279.892

	
278.68

	
3.60152

	
0.52865

	
0.230467

	
0.00717591

	
    α ^  = 0.405817   ( 0.0376153 )    




	
FD

	
142.447

	
288.895

	
289.135

	
292.835

	
290.41

	
1.69303

	
0.247318

	
0.143506

	
0.225089

	
    α ^  = 0.61343   ( 0.0603437 )    




	

	

	

	

	

	

	

	

	

	
    λ ^  = 0.901504   ( 0.214649 )    




	
ED

	
135.988

	
273.977

	
274.055

	
275.947

	
274.734

	
2.36241

	
0.334012

	
0.211426

	
0.0175066

	
    a ^  = 0.208918   ( 0.0286971 )    




	
LD

	
144.572

	
291.143

	
291.222

	
293.114

	
291.901

	
6.67294

	
0.790309

	
0.280377

	
0.000481

	
    α ^  = 0.362276   ( 0.0358265 )    




	
LD

	
134.9

	
273.8

	
274.04

	
277.74

	
275.315

	
1.00316

	
0.154761

	
0.155981

	
0.151636

	
    λ ^  = 3.12552   ( 2.43885 )    




	

	

	

	

	

	

	

	

	

	
    β ^  = 10.6434   ( 10.791 )    




	
MD

	
244.479

	
490.958

	
491.036

	
492.928

	
491.716

	
61.0567

	
4.24272

	
0.474435

	
<0.00001

	
    α ^  = 0.0285496   ( 0.00320197 )    




	
RD

	
188.93

	
379.86

	
379.938

	
381.83

	
380.618

	
34.0881

	
3.15618

	
0.389817

	
<0.00001

	
    b ^  = 5.12543   ( 0.352016 )    




	
WD

	
133.395

	
270.791

	
271.031

	
274.731

	
272.306

	
0.489695

	
0.0783922

	
0.125149

	
0.377587

	
    a ^  = 0.790229   ( 0.0862083 )    




	

	

	

	

	

	

	

	

	

	
    b ^  = 4.19892   ( 0.76982 )    




	
GD

	
133.439

	
270.879

	
271.119

	
274.819

	
272.394

	
0.511751

	
0.0801577

	
0.130324

	
0.328992

	
    α ^  = 0.700887   ( 0.116025 )    




	

	

	

	

	

	

	

	

	

	
    λ ^  = 6.82933   ( 1.59174 )    
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