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1. Introduction and Preliminaries

Based on current economic, ecological, and social problems and facts, sustainability
implies a continual dynamic evolution that is motivated by human hopes about potential
future prospects. The fuzzy set notion, which Lotfi A. Zadeh first proposed in 1965 [1], has
multiple applications in science and technology. Fuzzy mathematical models are created in
the research by employing the fuzzy set theory to evaluate the sustainable development
regarding a socio-scientific environment. Fuzzy set theory connects human expectations
for development stated in language concepts to numerical facts, which are reflected in
measurements of sustainability indicators, despite the fact that decision-making regarding
sustainable development is subjective.

Intuitionistic fuzzy set is applied to introduce a new extension to the multi-criteria
decision-making model for sustainable supplier selection based on sustainable supply chain
management practices in Ref. [2], taking into account the idea that choosing a suitable
supplier is the key element of contemporary businesses from a sustainability perspective.
Supply chain sustainability is considered in the fuzzy context for steel industry in Ref. [3]
and a model for sustainable energy usage in the textile sector based on intuitionistic fuzzy
sets is introduced in Ref. [4]. The study proposed in Ref. [5] using nonlinear integrated
fuzzy modeling can help to predict how comfortable an office building will be and how that
will affect people’s health for optimized sustainability. Healthcare system is of outermost
importance and optimization models are investigated using generalizations of the fuzzy
set concept in recent studies proposing an updated multi-criteria integrated decision-
making approach involving interval-valued intuitionistic fuzzy sets in Ref. [6] or a flexible
optimization model based on bipolar interval-valued neutrosophic sets in Ref. [7]. Another
application of the fuzzy theory to integro-differential equations domain is presented in
Ref. [8].

The introduction of the notion of a fuzzy set into the studies has led to the devel-
opment of extensions for many domains of mathematics. Refs. [9,10] exposed different
applications in mathematical domains of this notion. In geometric function theory, the
introduction of the notion of fuzzy subordination used the notion of fuzzy set in 2011 [11]
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and the theory of fuzzy differential subordination has developed since 2012 [12], which is
when Miller and Mocanu’s classical theory of differential subordination [13] started to be
adapted by involving fuzzy theory aspects. The dual notion, namely fuzzy differential su-
perordination, was introduced in 2017 [14]. Since then, numerous researchers have studied
different properties of differential operators involving fuzzy differential subordinations
and superordinations: Wanas operator [15,16], generalized Noor-Sdldgean operator [17],
Ruscheweyh and Sildgean operators [18] or a linear operator [19]. Univalence criteria were
also derived using fuzzy differential subordination theory [20].

It is obvious that applying the fuzzy context to the theories of differential subordi-
nation and superordination generates outcomes that are interesting for complex analysis
researchers who want to broaden their area of study. For example, Confluent Hypergeomet-
ric Function’s fractional integral was used for obtaining classical differential subordinations
and superordinations in Ref. [21] and also to develop fuzzy differential subordinations
and superordinations in Refs. [22,23]. This demonstrates that both methodologies yield
intriguing findings and that studies from a fuzzy perspective are not incompatible with the
interesting results attained when applying the traditional theories of differential subordina-
tion and superordination to the same subjects.

Considering this idea, in this article, the operator previously introduced in Ref. [24] as
the convolution of the generalized Saldgean operator and the Ruscheweyh derivative is
used to apply the dual theories of fuzzy differential subordination and superordination.
A novel class of normalized analytic functions in U is introduced via this operator and
examined in the fuzzy context created in geometric function theory by embedding the
concept of fuzzy set connected with analytic functions. Certain inclusion relations involving
the class parameters are proved. Furthermore, interesting fuzzy differential subordinations
are developed by using frequently referred to lemmas, the functions from the new class and
the previously mentioned operator. When feasible, the fuzzy best dominants are also shown.
Additionally, dual findings consisting of new fuzzy differential superordinations emerge,
involving the convolution operator, ensuring that the best subordinants are also provided.
The significance of the new theoretical findings presented in this study is demonstrated by
the numerous examples generated for results obtained regarding the two dual theories, as
well as by specific corollaries obtained, implying the appropriate convex functions as the
fuzzy best dominants or fuzzy best subordinants within the established theorems.

To obtain the results of the article, we need the notions and results presented below:

H(U) contains all holomorphic functions in { = {z € C: |z|] < 1}, the unit disc, and
we worked on the particular subclasses

As= {1(2) = 2+ Y 0l € MW,
j=2

and
Hla,n] := {j(z) = a+anz" +a, 12"+ € H(L)},

witha € C,n e N.

Definition 1. ([11]) The pair (A, Fy) is the fuzzy subset of X, where Fo : X — [0,1] and
A = {x:0 < Fy(x) < 1}. The set A represents the support of the fuzzy set (2, Fo) and Fgy
represents the membership function of (2, Fy), we denote 2 = supp (A, Fyoy ).

Definition 2. ([11]) The function § € H (D) is the fuzzy subordinate to the function g € H(D),
denoted f < g, where ® C C, when

(1) f(z0) = 9(z0), for zo € D a fixed point

(2) ]-"f(g)f(z) < ]—"g@)g(z), z€D.
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Definition 3. ([12] Definition 2.2) Let 1 : C3 x 8l — C and b is a univalent function in A such
that H(0) = ¢(a,0;0) = a. If the analytic function p in 4 with the property p(0) = a verifies the
fuzzy subordination

fw(csXu)lP(p(Z),zp/(Z),zsz(Z);Z) < Fh(U)h(Z)/ ze i, (1)

then the fuzzy differential subordination has as fuzzy solution, which is the function p. A fuzzy
dominant of the fuzzy solutions of the fuzzy differential subordination is the univalent function
qif Fonyp(z) < Fquya(z), z € Y, for all p verifying (1). The fuzzy best dominant is a fuzzy
dominant § with the property F51)d(z) < Fqun)a(z), z € U, for all fuzzy dominants q of (1).

Definition 4. ([14]) Let ¢ : C® x 8 — C and b an analytic function in sl.
Ifpand ¢(p(z),zp'(z),2%p" (z); z) are univalent functions in 3 and the fuzzy differential superor-
dination holds

Founh(z) < Foeoxa 9(p(2), 20/ (2), 2%9"(2);2), z €4, 2

then p represents a fuzzy solution for the fuzzy differential superordination. A fuzzy subordinant
for the fuzzy differential superordination is an analytic function q with the property

]:q(}.l)q(z) < Fp(ﬂ)p(z)/ zey,

for all p verifying (2). The fuzzy best subordinate is a univalent fuzzy subordination q with property
Fa)d < Fyyd, for all fuzzy subordinate q of (2).

Definition 5. ([12]) Q denotes the set of all injective and analytic functions § on U\ E(f), with the
property ¥ () # 0 for { € 0U\E(f), and E(§) = {{ € ou : linéf(z) = oo}.
z—

We use the lemmas presented below to show our fuzzy inequalities:
Lemma 1. ([25]) Let g be a convex function in U and consider the function

h(z) = nazg'(z) + g(2),

withz € U,n € Nand a > 0.
For the holomorphic function

9(0) + ppz" + pup1z™ 4+ =p(z), zey,
which satisfies the fuzzy differential subordination
Fon (020’ (2) +p(2)) < Fyh(z), z €4,

the sharp fuzzy differential subordination

is satisfied.

Lemma 2. ([25]) Consider « € C* with Re « > 0 and b a convex function with the property
h(0) = a. If p € H[a, n] satisfies the fuzzy differential subordination

Fow (Z‘“(z) +p<z>> < Foubz) zetl

14
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then the fuzzy differential subordinations
Founp(z) < Fyua(z) < Fyah(z), z €4,

is satisfied and
o

a(z) = /0 bt ldE, z e sl

o
nzn

Lemma 3. ([13] [Corollary 2.68.2, p. 66]) Consider « € C* with Re & > 0 and b a convex

unction with the property h(0) = a. If p € Q N H|a, n|, the function ' (z) + p(z) is univalent in
property x
S and satisfies the fuzzy differential superordination

Foah(2) < Forwg (Z” (z) +p(z)>, zey,

14

then the fuzzy differential superordination

]:

a(1)8(2) < Fypup(z), z €4,

is satisfied and the convex function g(z fo (£)tn—1dt, z € U represents the fuzzy

nz “
best subordinant.

Lemma 4. ([13] [Corollary 2.6g.2, p. 66]) Taking & € C*, with Re &« > 0 and g a convex function
in i, we define the function
zg'(z
b(z) = 212

o +9(z), z€e

Ifp € QN H[a,n] and the univalent function = ( w3 4 p(z) in U satisfies the fuzzy differential
superordination

Fa(y) (Zg;c(z) +9(Z)> < For) (ZP:X(Z) +p(z)>, zed,

then the fuzzy differential superordination
]-'g(u)g(z) < Founp(z), z €4,

is satisfied and g(z (£)tn—dt, z € U represents the fuzzy best subordinant.

We remind the definition of the convolution product between Ruscheweyh derivative
and the multiplier transformation:

Definition 6. ([24]) Let n,[,A € N U {0}. The operator denoted by IR} | is defined as the
convolution product between the multiplier transformation I(n, A, () and the Ruscheweyh derivative
R" IR? - A — A,

' IRY §(z) := (I(n, A, 1) * R")}(2).

Remark 1. For f(z) = z+ L7 °,aiz € A, the operator has the following form
IR} (f(z) =z + Z}’iz (1+AE]+11)+[> (n(ff)]r)(]) a?z/, z € 8, where T is the Gamma function.

We remind also the definition of the multiplier transformation [26]:
Forn e N, [,A > 0and f € A, the operator I(n, A, [)f(z) is defined by relation

)+ 1+1 :
(n)\[ _Z+Z([<|>1) Cl]‘Z],
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and has the properties:
10, A, Di(z) = f(2),
I+ DI(n+1,A,0f(z) = Az(I(n, A, D)f(2)) + (1+1—A)I(n, A, Df(2), z € sl
The definition of Ruscheweyh derivative [27] follows:

For n € N and § € A, the Ruscheweyh derivative R* : A — A is introduced
by relations

R%(z) = f(z)
R'{(z) = zf(z)

(n+ DR f(z) = nR"j(z) +2z(R"(z)), z e
For f(z) = z+4+ Y32, ajzZ € A, the operator has the following form
— co _T(ntj) j
Rnf(Z) =z+ Z]':Z 1—(]1_’_71)1-(].)&]2], z € 4.

Using the operator IR} | introduced in Definition 6, a new subclass of functions, the
normalized analytic in 4, is defined in Section 2 of this article and it shows the convexity
of this class. Using Lemmas 1 and 2, we obtain fuzzy inequalities regarding differen-
tial subordination, implying the operator IR} |. In Section 3, we obtain new fuzzy in-
equalities regarding differential superordinatié)ns involving the operator IR} | by using
Lemmas 3 and 4.

2. Fuzzy Differential Subordination

Using the operator IR} |f from Definition 6, we introduce the class 7 Rf A1(a) follow-
ing the pattern set in Ref. [18] and we study the fuzzy inequalities regarding
differential subordinations.

Definition 7. Consider « € [0,1), n € Nand [,A > 0. The class IRf} (@) contains the
functions f € A for which the inequality

Re (IR} f(z)) > &, ze€d, 3)
is satisfied.

Theorem 1. Tuking a function g convex in i, we define h(z) = g(z) + mLHzg’(z), z € A, where
m > 0.Iff € TR, (@) and T () (z) = 252 [ £™f(t)dt, z € 8L, then

Zm+1

Firy ) (IR}, (2))" < Fyuh(z), z €4, @)
implies the sharp inequality
FIRY 3 (P)() (IR} 3m()(2)) < Fasn8(z), z € 4L

Proof. The function J,,(f) satisfies the relation z™™13,,(f)(z) = (m+2) [y t™§(t)dt, and
after differentiation operation to apply for it, we get

2(In(F)) (2) + (m + 1) I () (2) = (m +2)f(2),

and applying the operator IR} |, we have

Z(IRK,rjm(f)(Z)y + (m +1)IRY T (f)(z) = (m+2)IR} (f(z), z € L @)
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Applying the differentiation operation to the relation (5), we obtain

1

— 52 (R 3a()(2)" + (IR, 3n()(2) = (IR},§(2))’, 2 € &

Using the last relation, the fuzzy inequality (4) becomes

FIg am() () (m }i— 22<IRK'[3M(Z))N + (IRR,ljm(f)(Z)>/> < Fyw (m j_ 2Zg/(z) + g(z)). (6)
Denoting
p(z) = (IR} In(D(2)), ?)

we find that p € #H[1,1].
In these conditions, the fuzzy inequality (6) can be written as

1 1
Fo(st) <m+zzp’(z) +p(z)> < Fasn) (Mzg’(z) +g(z)>, z € i

Using Lemma 1, we get /-Fp(u)P(Z) < Fy(108(2), z € 4, written in the following form
FIRY 3 ()(80) (IRKIIJm(f)(z)) < Fy(s1)8(2), z € U, where the sharpness is given by the fact
that g is the fuzzy best dominant. [

Theorem 2. Consider h(z) = %

following inclusion holds

,a € [0,1). For 3, given by Theorem 1, with m > 0, the

Im {IRf,A,[(“)} - IR{,A,[(’X*)r (8)

where o* = 2(1 —a)(m +2) 01 t:%ldt +2a—1.

Proof. Following the same ideas as in the proof of Theorem 1 regarding the convex function
h, taking account the conditions from Theorem 2, we obtain Jy (ﬁzp’(z) + p(z)) <
Fy (u)b(z), where the function p is defined by (7).

Applying Lemma 2, we have F,g)p(z) < Fy58(z) < Fy(g)b(z), written in the

!
following form Figy 3., f) s (IR‘A‘,[Jm(f) (z)) < Fyu8(2) < Fyu(z), and

g(z) = ;:n—t% Jo tm (za;i)ltﬂdt = “‘*j,lff” o %dt + 2a — 1. The function g is convex,
and considering that g(&l) is symmetric with respect to the real axis, we get

Firy am(i) ) (IRY I () (2))" 2 lfzf‘li:f}fgw)g(Z) = Fa(s(1) ©)
and a* = g(1) = 2(1 —a)(m+2) [} "ldt+2a—1. O
Theorem 3. For a function g convex such that g(0) = 1, we consider the function

h(z) = zg'(z) + 9(z), z € W. For § € A, which satisfies the fuzzy inequality
FIRX,[)((M)URR,J(Z))I < Fyah(z), zed, (10)

then the sharp inequality holds

IRY §(z)
z

FIRg () < Foue(z), z €l

IRK’[f(z)
z

!
Proof. Denoting p(z) = , we obtain zp/(z) + p(z) = (IRK’[f(z)> , z € $l. The fuzzy
/
inequality Fige j(y) (IRK/[]((Z)) < Fish(z), z € U, using the notation made above, can

be written in the following form Fy, () (zp'(z) +p(2)) < Fy(uh(z) = Fyeu (26 (2) + 8(2)),
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z € 4. Applying Lemma 1, we obtain Fp,syp(z) < Fyu8(z), z € U, written as
G Fa(s)8(2z), z € U The sharpness is given by the fact that g is the

z >
fuzzy best dominant. [J

FIRE (1)

Theorem 4. When by is a convex function such that §(0) = 1,and f € A satisfies the fuzzy inequality

FIRY f(s0) (IR} (2)) < Fyuyb(z), z €4, (11)

we get the fuzzy inequality as a differential subordination

IR} j(z)
FIRR,If(u)A% < ]:g(u)g(z), z e,

and the fuzzy best dominant is the convex function g(z) = X fo

IR} f(2) . L . .
—~— € M[1,1] and after differentiation operator applying for it,

Proof. Take p(z)

yields (IR} f(z)

Foun(zp'(2) +9(2)) < Fpuh(z), z € U Applying Lemma 2, we obtain

Fouyp(z) < Fyue(z), z € YU, written by considering the notation made above
)

!
) = zp'(z) + p(z), z € 4, and the fuzzy inequality (11) takes the form
(

‘FIRK,[f(ﬂ)% < Fa)8(2), z € 4, and g(z) = 1 [5b(t)dt is a convex function that
verifies the differential equation associated to the fuzzy differential subordination (11)

zg'(z) + g(z) = b(z), therefore it is the fuzzy best dominant. [

Corollary 1. For the convex function h(z) = (2“;% inil,0<a<1, whenf e Asatisfies the
fuzzy inequality
/
]:IRK,[f(ﬂ) (IRR,[f(Z)) S .Fh(u)b(Z), AS L[, (12)
then
IR} (f(z)

‘FIR‘)‘L,[f(U) o < F a()9 ( ), z € Y,

where the function g(z) = @ In(z+1)+2a —1, z € U, is the convex fuzzy best dominant.

Proof. From Theorem 4 considering p(z) = IRK'Z‘f(Z) , the fuzzy inequality (12) takes the fol-

lowing form Fy ) (20 (2) +p(2)) < Fysyh(2),z € 4, aniagfl)ying Lemma 2, we deduce
(u)p( z) < Fyue(z), written as FIRy fi(s) AL < Fyune(z) and

= L1 [5nt)dt =15 Zati)ltﬂdt 20— p DIn(z+1)+2a—1,z € 4, is the fuzzy
best dommant O

Example 1. Let the convex function h(z) = ;r;f in Y having the property H(0) = 1 and

!
f(2) =242zt Forn=1,1 = 1,1 =2, meget IRLi(z) = 322 + zand (IRL,i(z)) =
1
Yz+1and IRléf(z) =82+ 1. Wehave g(z) = 1 [ {=dt = M _1

Using Theorem 4 we get fu(%z—t—l) S ]:u(m>, z € 4, imply Fy(§z+1) <
fu(w *1),2 e s

Theorem 5. Tnking a function g convex with the property g(0) = 1, consider the function
h(z) = zg'(z) + 9(z), z € U. If { € A satisfies the fuzzy inequality

zIRTT(2)
BRIE1Y)

IR“f()) < ]'-h(u)h(z)/ z €4l (13)



Axioms 2023, 12,470 8 of 20
then the sharp inequality holds
I Rn+1f( )
IRY f(st IR“ TR 1(2) < Fy8(z), z € 4L
Al
IRST1(2) . e . (IRy'1(2)’
Proof. Denotep(z) = W and differentiating this relation, we getp’(z) = W —

n /

p(z) - %, written as zp/(z) + p(z) = ( W) . The fuzzy differential subordi-

nation (13) takes the following form using the notation above Jy ) (zp'(z) +p(z)) <

Fonh(z) = Fy(u)(z¢'(z) + 9(2)), z € 4, and by applying Lemma 1, we get JF,(yp(z) <
IR} §(z)

FQ IR", f(z) < fg

by the fact that g is the fuzzy best dominant. [

(1)8(2), z € U, written as FIRY f(4) (11)8(2), z € U. The sharpness is given

Theorem 6. Tnking a function g convex with the property g(0) = 1, consider the function

h(z) = %zg’(z) +9(z), z € YU, with % > 0. If f € A meets the

fuzzy inequality

1/ (m+D0+1) n (n—2)(1+1) N
]:IRA[f( )<Z(/\([—n—|—2) _ ([+1) IR +1f( ) ([_n+2) - ([+1) IRA,If(Z))+

AMl=n+2)=2(4+1) 2(1+1)(n—1)—2An =z IR} f(t) —t
/\([—n+2)—([+1)_/\([—n+2)—([+1)/ Mtz dt>§fh<u)h(2)/ (14)

z € A, then the sharp inequality holds

Firy ) (IR} f(z))" < Fyuana(z), z € 4.

Proof. Consider p(z) = (I RK,[f(z)) /, with p(0) = 1, and differentiating the relation we
deduce for f(z) = z + Z]°° i1 02/, that p(z) +zp/(z) =

1 +E}i2<%) Cosjm 1]°‘ 7! + L 2(%) Cotji(— e 27171 =
1+E}.o:2(1+AE]J‘:11)+I) Cn+] 1J o2 2,j-1

%(Z‘*‘Zj‘iz(%) Cfii} nXla]Z] Zﬁz(%) Cotjm 1%]'“2‘2]'—

0 1+A(j—1)+! n n-2 2_j 00 1+)\(j—l)+[ n 1 2(I+1)(n—1)—2An 2 _
Zj:2<7r+1 Chj w7 — U () Chjar i w?) =

41 1HAG=1)+1\ "t i1 2 1HA(—1)+1
nt (24 (MG epplatl ) - a2 (s, (MM p, )]+

1
(1 - - nT) (1 + 1 2<1+A([]+11)i[) Covjm 1Cl iz 1) MDD A D—(H41)

A(1) A(I+1)
o [1+A(j=1)+( 0 2(141 2An
Zj=2<7$]+1) ) Cry i 2 %(Hlig izl =
i 11+11Rn+1f( z) — AZIRX/[f(z))jt A(n;(l[);l()wl) (IRn f(z)) LA AKEL[_ZA)ZI 2

2([+1;((1} B —2An y 2(1+/\([]J':11)+[) + R
+ ] ntj— ] ]
(2 Ry () - ﬁqmoﬂ%%ﬂwwﬁ%%%%
2(141)(n—1)—2An zIRA,[f(t)ftdt

A(I+1) 0 12 :

Therefore p(z) + ([,?J(rlziJ;l)(Hl)ZP/(Z) =

%(% Rﬂ+1f( z) — (n=2)(1+1) IRR,[]((Z))‘F A(l=n+2)-2(1+1)

Z]lf

—nt2)—(1+1) A(T—n+2)—(+1) A(T—n+2)—([+1)
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2(1+1)(n—1)—2An pz IRK,;f(t)*tdt
A(—n+2)— (1) Jo [z .
The fuzzy differential subordination from the hypothesis takes the form
T A(I4+1) '(2) + < r —r A(1+1) '(2) &
() (K- 2P (2) +0(2) ) < Fyuyh(2) s e —m 29 (2) +e(2) ),

z € 4. By applying Lemma 1, we get F,(5)p(2z) < Fy(s1)8(2), z € U, written as

!/
FIR? f(s) (IRK,[f(z)) < Fo(u)8(2), z € 44, and this result is sharp because the function g is
the fﬁzzy best dominant. [

Theorem 7. For a function b convex such that h(0) = 1, and for § € A, which meets the fuzzy
differential subordination

1 (n+1)(+1) n (n—2)(t+1) n
iRy, s(s0) (z (/\([ —n+2)—((+1) IRR; 1) - AMl—n+2)— (1+1) IRMf(Z)) *

Al=n+2)—2(1+1) 2(+1)(n—1) —2An [z IR} §(t) —t
AMl—n+2)—(1+1) 7/\([—n+2)—([+1)/ Mtz dt) < Fyunh(z),  (15)

z € U, then
0 /
FIRE f(s1) (IR} (f(2))" < Fguno(z), z €4,

A(l n) (I41)
and the fuzzy best dominant is the convex function g(z) = A= "+[2 — +2[+1[ =y 0 AMET gt

/\([+1) A+

/
Proof. Taking p(z) = (I RK,[f(z)) and using the properties of the operator IR} ( and the
calculus made in the proof of Theorem 6, we deduce

1 (m+D(+1) n (n—2)(1+1) N
z (A([ —wr2) -+ D% M@~ X2 - ((+1) IRMf(Z))*

dt =

Al=n+2)=2(+1) 2(1+1)(n—1)—2An = IR} §(t) — ¢t

Al=—n+2)—(1+1) _/\([—n+2)—([—|—1)/ 2
A(L+1)

Al—n+2)—(1+1)

p(z) + zp'(z), z el

In these conditions, the fuzzy inequality (15) becomes <% zp/(z) + p(z)) <
Foyh(z), z € 4. Applying Lemma 2, we obtain F,(yp(z) < Fy(y)8(2), z € U, where

A(1=n)—(1+1)

9(z) = L n+[2 n+2[+1r+1 L A dt, z € U, equivalent with

)\([-‘rl) /\(H»l

‘FIR’):,[f(il) (IRR/[f(Z))I < ‘Fg(u)g(Z),Z e sl

The convex function g satisfies the differential equation of the fuzzy subordination (15)
%zg’ (z) + g(z) = h(z), therefore it represents the fuzzy best dominant. []
Corollary 2. Taking the convex function b(z) = (za;r# iny, 0 <a<1andfe Awhich
satisfies the fuzzy inequality

1 (mn+1)(+1) n (h—2)(1+1) .
Firy s (Z(A([_Hz) Sy (O Ry ([H)IRA,J(Z))JF
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Al—n+2)—2(1+1) 2(+1)(n—1) —2An [z IR} §(t) —t
AMl—n+2) — (1+1) _/\([—n+2)—([+1)/ Mtz dt) < Fyunh(z),  (16)

z € M, then
i
FIRE f(s1) (IR} (f(2)) < Fguno(z), z €4,

and the fuzzy best dominant represents the convex function
A(1Sn)—(1+1)
_ 2(1-a)[A(=n+2)=(+1)] pz ¢ A(FD
9(z) = (2a-1) + d-al (A(K n+2)) ((t+1) ) 0 +1 dt, z € 4.
A1)z AHD

/
Proof. Taking p(z) = (I RK/J(Z)) and by Theorem 7, we can write the fuzzy inequality

A
(16) as o) (srassr 2 (2) +8(2) ) < Foquh(2), 2 € 4.
!
Using Lemma 2, we have F, >p(z) < }'( y8(z), written as fIRx[f(u)<IRK,rf(z)) <

A(1—n)—(1+1)

Miznt2)—(141) A-n)—(t+)
Fg(il)ﬂ(z) andg(z) = = n+2) [+1 0 MEDdt =
A1)z A
Al—nt2)—(1+1) An)(141) (o IES! 2(1—a)A(1—nt2)—(14+1)] pz (At
n a— —a —n — zZt +
(- n+2 !+1 f £ooAE =1 dt =(2a—1)+ A—n12)—(1+1) 0 1 dt,z €

A(14+1)z T AHD)z AT
4, is the fuzzy best dominant. [

Example 2. Lef h(z) = z+l Z and f(z) = 224z, 2 € 4, as in the Example 1. Forn =1,1=1,
/
A =2, we have IRilf(z) =472 + z. Then (IR%rlf(z)) = 8z + 1. We obtain also

n+1)([+1 n—2)(l+1 n A(l—n+2)—=2(1+1
%(r(r(fn&%;(rln IR} '(z) 4A(I£n+%§5(l)+1) IR} [f(z)>+ ‘A(([ n+2)) ‘(([+1*)> -

e e = (o ) 2 P e

2arct
where IR3 1(z) = 122% + z. We have g(z) = 221 o }Httzdt =2 %[.

Using Theorem 7 we deduce F((36z+3) < Fy <z+l) z € i, generates Fy(8z+1) <

]-'u(Z— - mi;%\[),z e sl

3. Fuzzy Differential Superordination

In this section we deduce interesting properties of the studied differential operator
IR} | by using the fuzzy differential superordinations.

Theorem 8. Considering a function b convex in U such that (0) = 1, for f € A suppose that
! /
(IRK,[f(z)) is univalent in &, (IRK/[jm(f)(z)) € QNH[L,1], where m > 0, and

Fouh(z) < Firy s (IR}f(2), z €4, (17)
then
~ /
Fow0)8(2) < Firy 3, () () (IRR I (f) (Z)) ,zel,
and the fuzzy best subordinant represents the convex function g(z) = ‘Z"‘}nt% fo )™t

Proof. The function J,,(f) satisfies the relation z™™13,,(f)(z) = (m+2) [; t™f(t)dt, and
applying on it the operation of differentiating, we get

z2(In(P))'(2) + (m+ 1) I () (2) = (m +2)}(z)
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and applying the operator IR} | we get

z(IRY I () (2))" + (m+ 1) IR} Ty (F)(z) = (m+2)IR} f(2), z € 4. (18)
By applying the differentiation operation to relation (18) again, we obtain

1

52 IR In (1) ()" + (IR}, 3In(1)(2)" = (IR} (i(2)) = € &

In this condition, the fuzzy inequality involving differential superordination (17)
becomes

1 1 li
Fonh(z) < FIRE 3 (P() (WZ(IRK,Ijm(f) (z))" + (IR} Im()(2)) > 19)

Denoting
p(z) = (IR} In(1)(2)', z€ 4, (20)
the fuzzy inequality (19) takes the following form

Fosh@ < Fo (g2 () 4(2)), 2t

m+2

From Lemma 3, we deduce

fg(ﬂ)g(z) < fp(u)P(Z)r z ey,

written as
/
Fo)8(2) < Firy 3, () () (IRR I () (Z)) , zEeY,
and the fuzzy best subordinant represents the convex function g(z) = "ﬁﬁ NG o b(Ht™tlde. O

/
Corollary 3. Considering h(z) = (ZH;F#, witha € [0,1), for f € A, assume that (IRK/ﬁ(z))

is univalent in &, (IR}‘\/[’Jm(f)(z)), € QNH[1,1] and

Foh(2) < Firy s (IR} 6(2)) ) z € 44, 1)

then
Fo9(2) < Firy 3w (IR}, In(1)(2), z €4,

2(1—a)(m+2) pz gmtl

Zm+2 0 Frdt+

and the fuzzy best subordinant represents the convex function g(z) =
20 —1,z € .

/
Proof. From Theorem 8, denoting p(z) = (I RY (Im(f) (z)) , the fuzzy inequality (21) becomes

Ll)h < fp(il ( +p( )> z € .

|/\—|—

From Lemma 3, we obtain F s 9(z) s)P(z), written as

Fa)8(z) < Firy 3, (7)(s0) (IRR I (F) (2)), zey,

and

_m+2 z m+1 _m+2 'Z(zafl)t+1m+l
8(z) = Tt [ nertar = 2 [Py
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dt+2a—-1, zel,

_2(1—a)(m+2) /-z g+l
N ZM+2 0o t+1

is the convex fuzzy best subordinant. [

Example 3. Let h(z) = ;r;f and §(z) = z> +z,z € U, as in Example 1. Forn =1,1=2,A =1,
!/
we have IR%’zf(z) =824 zand (IR%/zf(z)) = 182 + z univalent functions in 1.
For m = 3 we get J3(f) (z) = Z% foz t3(t2 + t)dt = %zz + z and leg(f) (z) = 2(33(f))/(z) = %Zz +

z, 11,L,2)33(z) = 3%(2) + 32(33)'(z2) = W24z and IR1,05(F)(z) = P2+ 7z
s0 <IR%,233(f) (z)) 00, +1eanH[L1].
101 1
We deduce g(z) = fo t+1tt4dt nZ(SH ) 124—*—@—1—2—1.

Applying Theorem 8, we get

1—z 16
F < F —
u<z+1>_ u<3Z+1), z €y,

10In(z+1) 10 5 10 5 00
SET ) 22 2 q) < == ,
fu( 5 Z4+Z3 322+22 1)_]‘11(27Z+1> ze i

induce

Theorem 9. For a convex function g in &, consider h(z) = m#ﬂzg’(z) + g(z), where z € 41, Re

/ !/
m > —2. For f € A assume that (IRX’[f(z)> is univalent in 81, (IRxlljm(f)(z)) e QNH[1,1]
and

Fouh(2) < Firy (a0 (IR% (), z ey, (22)
then
!
Fa)8(2) < Firy 3,,()(w) (IR} Im(f)(2)), ze€4L,
and the fuzzy best subordinant is g(z) = ;‘nﬁ fo HEm gt

!/
Proof. Taking p(z) = (I RY (T (f) (z)) , z € 4, and following the ideas from the proof of
Theorem 8, the fuzzy inequality (22) takes the form

Fhanh(z) < fmu)(

and from Lemma 4, we deduce

written as

fg(u)g(z) < Firy 3,y IRR T (F) (2))', zey,

and the function g(z) = ;"t% fo (t)t™+1dt represents the fuzzy best subordinant. [

/!
Theorem 10. For a function b convex such that h(0) = 1 and f € A assume that (IRR,[f(z)) is

Mf()

univalent and € QN H[1,1]. The fuzzy inequality

Fopsnh(z) < ]:IR‘A‘,[f(u)(IRR,[f(Z))// z ey, (23)
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implies the fuzzy inequality

IR} j(2)
Fau8(2) < ]:IR}:,[f(u) /\’; ,ozel,

and the convex function g(z) = 1 o b(t)dt represents the fuzzy best subordinant.

Proof. Set p(z) = w

!/
zp’(z) +p(z) = (IRK,[f(z)) ,z el
Then the fuzzy differential superordination (23) becomes

€ H[1,1] and applying differentiation operation, we get

Foh(z) < Fouy (20'(2) +9(2)), zed

Applying Lemma 3, we get
Fasy8(z) < Fpunp(z), z €4,
written as
IR} (f(z)
]:g(il)g(z) < ]:IR;“'[f(u)T/ z € Y,

and the fuzzy best subordinant represents the convex function g(z) = % fOZ h(t)dt. O

Corollary 4. Considering the function h(z) = 2-1zt1

z+1
suppose that (IRK,[f(z)) / is univalent and 21 € QN HI[1,1]. If the fuzzy inequality holds

z

convex inih, 0 <a <1, forfe A

Fouyh(z) < Frry s (IR} f(z)),  zey, (24)

then the fuzzy inequality holds

Fow8(z) < Frre joy—=— Z€HY,
and the convex function g(z) = 2(127_'1)1n(z +1)+2a—1, z € 4, represents the fuzzy
best subordinant.
Proof. From Theorem 10 denoting p(z) = w
(24) becomes

, the fuzzy differential superordination

Fouyh(2) < Fop (20 (z) +9(2)), zei
Using Lemma 3, we get J-"g(u)g(z) < ]-"p(u)p(z), written as

with

1 /= 1 2 (2a—1)t+1
o2 = 1 [Toar=1 [ Ly
zz(lzi_pl)ln(z+1)+2a—1, z €,

and g is the convex fuzzy best subordinant. [J
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Example 4. Let h(z) = Z%{andf(): Z2+z,z€ W Forn=11=2A=1,as

!
in Example 3, we obtain IR1 f(z) = 822+ z and (IR%j(z)) = %2z + 1 univalent in 4,

IR{,f(z) _
z

=82 11eQnHL1.
We get g(z) = 1 [ H=dt = Ll(ZZH) —1.
From Theorem 10, we get

1—z 16
]:u<z+1> fu<Z+1) z € M,

fu<21“(zz+1)—1> g]-'u(gz—kl), zel

imply

Theorem 11. Let a function g convex in 1 and take the function §(z) = zg'(z) + g(z). Let

/
f € A and assume that (IRK [f(z)> is univalent K, [f( 2 € QN H[1,1] and the fuzzy inequality
involving superordination

Fouyh(z) < Frrn s (IR} f(z)), zey, (25)
holds, then
IR} f(z)
Fouo(z) < }—IRx[f(u) -, = Z €y,
and the function g(z) = 1 fo t)dt represents the fuzzy best subordinant.
Proof. Denoting p(z) = IRK'Z[f(Z) € H[1,1], applying the differentiation operation on it, we

getzp'(z) +p(z) = (IRKI[f(z))’, z € Y, and the fuzzy inequality (25) is

Fow (20'(2) +9(2)) < Fyra (z0'(z) +0(2)), z el

By Lemma 4, we derive

Fou8(z) < Fouyp(z), z€ 4,

written as

IR} §(2)
fg(u)g(z) < J:IR" f(u)/\%/ z e,

and the best subordinate is g(z) = 1 fo

Theorem 12. Considering a function b convex such that H(0) = 1, for f € A suppose that

n+1 ! n+1
(W) is univalent and III;{.,*:(()) € QN H[1,1]. When the fuzzy inequality holds
= <7 zIRYT(2) )
b(s)0(2) < Firn (30 W z €, (26)
then
IR}T(z)

Fo(8(z) < -FIR;\‘,[f(LI)W, z € 4,

and the convex function g(z) = 1 foz h(t)dt represents the fuzzy best subordinant.
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n+1
Proof. Denote p(z) = 111;{“ ff(( )) € H[1,n], applying on it the differentiation operation,
. IR (2) IR} }(z))’ IR (2 :
we derive ! (z) = SN o) (RN o) 4 ) () i

condition, the fuzzy inequality (26) takes the following form
Foenh(z) < Fpun (20'(2) +9(2)), ze4,
and applying Lemma 3, we get F(()9(z) < Fy(y)P(2), z € U, written as

RnJrlf(Z)
fg(ﬂ)g(z) S fIRR’[f( IRK [f( ) 7 VAS u/

and the fuzzy best subordinant becomes the convex function g(z) = 1 fo
Corollary 5. Considering the function §(z) = % convexinih,0 < a <1, forfe A
2R () IR (2)
assume that TRY G is univalent and W € QN H[1,1]. When the fuzzy inequality
ZIRn+1 ( )
Fo(wh(2) = Frry () W , ZEY, (27)
A
holds, then
Rn+lf(Z)

]:g(il)g(z) < 'FIR“[f( z €,

VIR i(z) 1

and the convex function g(z) = M1 n(z+1)+2a —1, z € U represents the fuzzy best
subordinant.

IRnJrlf( )

o) the fuzzy inequality (27) has the form

Proof. Applying Theorem 12 for p(z) = TRY )+

Foh(z) < Fouy (20 (2) +9(2)), zed,

and from Lemma 3, we derive Fy()9(z) < Fy(up(2), ie.,

- IR} (z) "
g(il) ( )— IRR,[f(il) IRR/[f(Z) 7 S 7
and the function ) . 2 D41
z 2 (2a — 1)t +
g(z)_E/o b(t)dt_é/o s
2(1

= T_a)ln(z—i-l) +2a—1.
g becomes the convex fuzzy best subordinant. [

Theorem 13. Considering a function g convex in 4, define b(z) = zg/(z) + ¢(z), z € U. For
IRV (2) IR} ()

IR} (§(z) IR} (7(2)
inequality involving superordination

f € A, assume that ( ) is univalent € QN H[1,1] and satisfies the fuzzy

F <F 2IRYf(2) ,
b(0)0(2) < Firy (s R G ) zey, (28)
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F, (z) < F R“Hf( ) b
glz) = IR —_— zc U,
a(t) 380 IRY f(z) ’
and the fuzzy best subordinant represents the function g(z) = % foz h(r)dt.
IR (z) . . . . .
Proof. Denote p(z) = IRY ) € H[1,1] and differentiating this relation, we derive

n+1
zp'(z) +p(z) = (Zﬁin (f ())> z € $l. With this notation, the fuzzy inequality (28) becomes

Forw (20 (2) +8(2)) < Fpuy(20'(2) +0(2), z€s

From Lemma 4, we obtain Fy(y9(z) < Fy(s)p(2), z € &, written as

F, (z) < Fign w ze i
g()8\Z) = JIRY (f(10) IRK’[f(Z) ’ ’

where g(z) = 1 fo t)dt is the fuzzy best subordinant. [J

Theorem 14. For a function b convex such that h(0) = 1 and for f € A assume that W

2(1+1 —1)—-2A IR" f(t)—t
[+ DIRL) — (0= 2)IRY§)] +(1- xriem) — ey Jo gt

is univalent and (IRK’[)‘(Z)), € QN H[1,1]. When the fuzzy inequality

Fyao(2) < Fing oo e a7 e [0+ VIR — (- DIRYIG) ]+ @9)

(+1 2(l+1)(n—1) —2An 2z IR} (f(t) —
(17)»([—n+2)—([+1))7A([—n+2)—([+1)/0 Mtz dt)'

for z € L holds, then

Fa)8(2) < Firy (s (IR} f(z)), zey,

and the convex function g(z) = ( — i n +2 T +1 fo "““) dt is the fuzzy best subordinant.
/\([+1) A(l+]

/
Proof. Setp(z) = (I RRﬁ(z)) € H[1,1], with p(0) = 1, we obtain after differentiating this

relation that .
p(z)+ = rH(»2+) )([H)zp’( ) = (= n+[2)l 1)z {(“"’ UIRK,Tlf(Z) - (“_Z)IRK,IT(Z)%L
1— [+1 _ 2 (n=1)-2An ez IRR GO 5
( /\([—n+2)—([+1)) A(l—n+2)—(1+1) Jo t2 )

With the notation above, the fuzzy differential superordination (29) becomes

Fyao (=) < For (5maear S @ +oE), e

and from Lemma 3, we deduce Fsy9(z) < Fp5)p(2), z € U, which implies
Fas)8(z) < ]:IRK’[f(il) (IRX,[f(Z))// z e,

(l n)—(+1)
and the convex function g(z) = A= "+[2 - +(2[+1[)+1 N A dt is the fuzzy best

AI+1)z RGO

subordinant. O
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Corollary 6. Considering the function (z) = % convex in i, 0 <a <1, forfe Aas-

sume that x5y | (0o DIRYE) = (0= 2IRY )|+ (1 st o) -
/

n42) ()
2/\(([:11‘18:12_)1_)(_[31‘;1 N IRA"jz(t)itdt is univalent and (IRR/[f(z)) € QN H[1,1]. When the fuzzy

inequality involving superordination

Fouh(z) < f[R;/[f(u)([/\([inJr[;;li EE [(n+ DIREZ) — (0= 2)IRY ()] +  (30)

(+1 2(1+1)(n—1) —2An =z IR} (f(t) —t
(1_A([—n+2)—(t+1))_A(r—n+2)—(t+1)/o £2 dt)’

for z € Y holds, then

Fas8(z) < »FIRX,[f(LI)(IRR,[f(Z))// z e,

A(l—n)—(I4+1)
and the convex function g(z) = 2(1 —a) A([fnx{lz,)nigf(l&l) I Al(:r:) dt +2a — 1 is the
A1)z AHD

fuzzy best subordinant.

!/
Proof. From Theorem 14 for p(z) = (I RR/J(Z)) , the fuzzy superordination (30) is

Fi(h() < Fpcw) (A([_ ffgl_)(u 7y (2) +p(2)>, zedl,

and from Lemma 3, we get F(5y8(z) < Fp5)p(2), z € U, equivalent with

]:g(u)G(Z) < flR}\‘,[f(u)(IRK,[f(z»,/ zed,

and the convex function

)t([—n—i—Z) — ([_|_1) z A1=—n)—(1+1)
g(z) = Al=n+2)—(I41) /0 h(t)t A1)

)\([+1)Z A(I+1)

dt =

Al—n+2)— (1+1) / (20 - 1)t 41 Moomten
A(l=n+2)—(1+1) 0 t+1
AMi+1)z AT

A1=n)—(1+1)
AMl—n+2)—(14+1) /Zt D)

A(—ni2) (D)
Al+1)z awm o I

represents the fuzzy best subordinant. O

2(1—a)

dt+2a—1

Example 5. Let the convex function h(z) = 15 in 4, §(0) = Land j(z) = z* +z, z € 8. For
n=11=1, A = 2, as in Example 2 we get IR} 1§(z) = 42* 4 z and (IR%/lf(z))/ =8z+1¢€
QNH[L 1.
+1) (141 n n—2)(I+1 n
Assume that function 1 (m11{ () — mﬂ{/\,[f(z))—k
A(l=n+42)-2(1+1) _ 2(1+1 2An pz IRT F(H)—t
)\(([ n+2)) (([+1)) - )E([ft)l(+2)f)([+l) o —E—dt= %(ZIR%J( )+ IR%,lf(Z)>
+2 Mdt 36z + 3 is univalent in 8, where R:f(z) = % (R'}(2))  + 3RY(z) = 322 + 2,
1(2, 2 1)f(z) = z(1(1,2,1)f(z)) = 422 + z,
IR3 1§(z) = 1222 + z.

z1-t,) 4, 5 z  2arctgyz
We deduce g(z) = T Jo 5 ftrdt =2 N

(o8]
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Using Theorem 14, we get
u ] — u 4 ad

imply
z  2arctgy\/z
F — - — oY | < F .
u<2 3 ﬁ )_ u(8Z+1), z e

Theorem 15. Setting the function g convex in L, consider b(z) = %zg’ (z) + 9(z). As-
sume that W [(n FDIRY() — (0= IR HE)] + (1~ s =)

!/
}E([:rli:»z L) [fl‘; IS IR} ‘fz Lt is univalent for f € A and (IR}‘L,If(z)) € QN H[1,1] for which

the fuzzy superordlnatzon

Fa(y) (A([ — n/\J(r[;gl_)([Jr 1)29'(2) +9(Z)> < (31)

Firggo (a2 i 0+ DIRITE) — (= 2) IR 2]+

1+1 2(1+1)(n—1) —2An [z IR} f(t) —t
(1_A([—n+2)—([+1)>_A([—n+2)—([+1)/() 2 "”)'

holds for z € A\, then

Fa)9(2) < Fry f(u)(IRK,[f(Z))/, z ey,

/\(1 n) (141)
where g(z) = A= “Jﬂz - +2[+1[ =) N M) dt represents the fuzzy best subordinant.

)L([+1) /\(I+])

/
Proof. Denoting p(z) = (I RR/J(Z)) , differentiating it and making some calculus, we ob-
. A(1+1
tain a2y (2) +0(2) = e [(n +DIRYTf(Z) — (v = 2)IRY i(2)| +
(1 - [+1 ) _ 2 (n—1)—2An 2 IRA'[;U) dt, z € 4. With this notation the fuzzy

[—n+2)—(I+1) A(l—n+2)—(1+1) Jo
differential superordination (31) takes the following form

A+ 1 ,
Fg(u)(A([nin;)([H)zg <Z)+g(z>> =

A(L+1)
fp(u)(/\([—n+2)—([+1

From Lemma 4, we deduce F()9(z) < Fy(y)p(2), z € 4, equivalent with

)zp’(z) +p(z)), z €Sl

Fas)8(z) < ]:IRR,‘f(LL)(IRK,[f(Z))// z €,

A(l—n)—(H—l)

and g(z) = Al "+[2 Hglﬂl)ﬂ N AL dt represents the fuzzy best subordinant. [
/\([+1)Z A+

4. Conclusions

The primary goal of the study described in this paper is to present new results con-
cerning fuzzy aspects introduced in the geometric theory of analytic functions in the hope
that it will be useful in future research on sustainability, similar to how numerous other
applications of the fuzzy set concept have prompted the creation of sustainability models
in a variety of economic, environmental, and social activities.
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The operator IR} | resulted from the convolution product of the Ruscheweyh deriva-
tive and multiplier transformation from Definition 6. In Definition 7 of Section 2 we
introduced a new subclass of functions in 4. Fuzzy inequalities involving subordinations
are studied in the theorems of Section 2 using the convexity property and involving the
operator IR}  and functions from the newly introduced class. Moreover, examples are
provided to establish how the findings might be applied. In Section 3, fuzzy inequali-
ties involving superordinations regarding the operator IR} | are established and the best
subordinants are given. The relevance of the results is also illustrated using examples.

As future research, the operator IR} | studied in this paper could be adapted to
quantum calculus and obtain differential subordinations and superordinations for it by
involving g-fractional calculus, as seen in Ref. [28]. In addition, coefficient studies can be
done regarding the new class introduced in Definition 7 such as estimations for Hankel
determinants of different orders and Toeplitz determinants or the Fekete-Szegd problem.
Hopefully, the new fuzzy results presented here will find applications in future studies
concerning real life contexts.
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