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1. Introduction

Let B be the open unit ball in C", with the scalar product (z, w) = Y }_; Wy and the
norm |z| = \/(z,z) (here,asusual, z = (z1,...,2zn), w = (wq,...,Wwy),and z = (Z1,...,2n)).
We denote the space of analytic functions on B by H(B), whereas we denote the class of
analytic self-maps of B by S(B) [1,2]. The linear operator Rf(z) = Y, z;D;f(z), where

Dif = aa—zfj, j = 1,n,is called a radial derivative.

We denote the set of all positive and continuous functions on B by W(B). A w € W(B)
is called a weight. Let p € W(B). Then,

Hy(B) = {f € HB) : ||fllny := Slelgﬂ(Z)lf(Z)l < foo}

is called a weighted-type space. This space with the norm || - ||y is a Banach space. A little
weighted-type space consists of f € Hy(B) such that lim|;_,; p(z)|f(z)| = 0. These spaces
have been studied for a long time (see, e.g., [3-9]), as well as the operators acting on them
(see, e.g., [10-17] and the references therein). If y is a nonzero constant, we obtain the space
H*(B) with the norm ||f||ec = sup, . |f(z)| (bounded analytic functions).

Let 4 € W(B). Then, the space

Bu(B) = {f € H(B) : bu(f) := SLEIIEM(Z)IW(Z)I < Foo},

is called a Bloch-type space. With the norm ||f{|5, = [f(0)| + by (f), it is a Banach space.
A little Bloch-type space consists of f € By(B) such that lim;|_,; u(z)|R%f(z)| = 0. We
obtain the Bloch space B and little Bloch space By for j(z) = 1 — |z|?, whereas for u(z) =
(1— |z|*)%, & > 0, we obtain the a-Bloch space B* and the little a-Bloch space Bg. For

) k 0 elk]
(z) = pog,(2) = (1= 12 Tl -5,
=1
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wherek € N, elll = ¢, el =" " 1 €N \ {1} and

nllz=m-. ‘Inz,
——

j times

we obtain the iterated logarithmic Bloch space Blogk (B) = Blogk/ which for k = 1, reduces
to Biog, = Biog- The quantity

1f Iz, = |F(O)] + sup puiog, (2)| V£(2)], ey
B zeB
is a norm on By,g (B). From [Rf(z)| < |Vf(z)| and a known theorem ([18-20]), it follows
that (1) is equivalent to the norm HfHBlogk = [£(0)] + sup,cp Hiog, (2)|Rf (2)] on Biog, -

Suppose a € [elK], +00). Then, for every z € B, we have

a(l+ |z|)
(1-z|) Hln]] =(1—-]z)) Hln]] [k]m

elkl . K] 2
[ —(1— |22 =11 i
— |zJ? Hln ( A1 |zz> (1—|z] )gln (1111 BE +1n e[k])
ko (K]
2 -1 20N,
<(1-|z| )Eln ( 1—|—1nem>lr11_|zz>

(1 1 20, e h g 20\ p e
=(1 |z)<1—|—lne[k]>ln ||2Hln In 1—|—1n H +In =P

§(1—|z2)<1+1n

e[k] k -2] 2a 2] E[k]
ln P |2Hln <1+ln(1+lne[k]>)ln =22

—(1— P2 20\, el o e
=(1 |z)<1+ln[k] In T2 1+In 1+ln H In =122

k (]
[i-2] ¢
xgln <(1+ln<1+lne[k])>ln 1|22>
e

(4] 2a e[k]
§(1—|22)<1+ln [k]>ln1_|z|2<l+ln<1+lne[k])>l le

n
1 1 ] 1 Inl¥ el
“N1+In({1+---+In{1+1In 1+n[k] .. n l—|z|2

elk]

_Cg 1_ |Z Hln |Z|2

2

<2¢,(1—|z InV/ 4 .
<264 |\>]1]1 —

The consideration leading to (2) implies that, for a € [elK], +-c0), the quantity

71 = 1FO)1+ b3 () = [£(0)] +sup(1 ~|2]) (Hln >|Vf< IR

zeB

presents another equivalent norm on Bjqg, .
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We define the corresponding little iterated logarithmic Bloch space By, o (B) = Biog, 0
as the set of all f € H(B) such that

k H a
lim (1 — |z)<HInm T |Z|>Vf(z)| =0.

|z|]—1

For some facts on logarithmic-type spaces, see, e.g., [10,14,21-23].
The product of the composition operator Cy,f(z) = f(¢(z)) and an equivalent form of
the integral operator in [24,25]

@ = [ fot)ziY, zeB, @

where g € H(B), g(0) = 0 and ¢ € S(B), was studied, e.g., in [22,26]. The introduction
of the operators in [24,25] was motivated by some special cases mentioned therein (see
also [27]). Many facts about this topic can be found in [28]. Operator (4), as well as some
related ones, has been considerably studied (see, e.g., [29-34] and the cited references
therein). Beside this product-type operator, many others have been studied during the last
two decades. One can consult the following references: [10,14,15,35,36].

The essential norm of a linear operator L : X — Y, where X and Y are Banach spaces
and || - || x—y denotes the operator norm, is the quantity

IL||ex—y = inf{||L +Kl|xsy : K: X—=Y, Kis compact}.

One of the most popular topics in studying concrete linear operators is characterization
of their operator-theoretic properties in terms of the induced symbols. One of the basic
problems is the calculation of their norms and essential norms [18-20,37-39]. Some recent
formulas for the norms can be found in [11-14,23,26,31].

Let My (f)(z) = u(z)f(z), where u € H(B). The following result was proved in [11].

Theorem 1. Let u € H(B), ¢ € S(B), p € W(B) and MyCy : X — H}7 be bounded, where
X € {B, By). Then,

1 1
1My Cyl| x> = max { el e 5 ilégu(Z)lu(Z)l NG ©)

where the norm on B is given by || f||z = |£(0)| + sup,p(1 — |2]?)|Vf(2)|-

One can try to calculate the norm of M,,Cy, : B* — Hff To solve it, in [13], we had to

change the weight (1 — |z|2)%. The method also works in some other situations [23]. Here,
we employ this idea to calculate the norm of Pg : Biog, (01 Biog, 0) — By (or By, 0). Beside
this, we present a formula for its essential norm, extending the results in [23]. We use some
of the methods and ideas in [13,14,23,26].

2. Auxiliary Results
Our first auxiliary result is a nontrivial technical lemma.
Lemma 1. Assume thatk € N,a € [e[k}, +00). Then,
k S a
h(x) = x[JInl! =, (6)

=1

is a nonnegative and increasing function on (0, e[ik]}
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Proof. The case k = 1 is simple [23]. So, assume k € N\ {1}. We have
— k(4
hie(x) = hg_1(x) In (x) @)
From (7), it follows that
a
M (x) = H,_, (x) Inl¥ (;) ~1. ®)

The recursive relation in (8) implies

= ([ (n(2) - (2) 1) ) 1) b (8) 1

) (here, we regard that

From (9), it follows that /1 (x) is decreasing on the interval (0, -z

[
e
el0l = 1). Hence,

i) 2 ()
:(< . ((me[k] — 1) @ ek — 1) ) k=1 ol _ 1) nlf ek —q
:(( .. ((e[kfl] — 1),3[’“2] _ 1) .. .)e[ll — 1) ~1>0,

for x € (0, -f7], from which the lemma follows. []

Now, we present some point evaluation estimates for the functions in Bog, (B).

Lemma 2. Assume thatk € N, a € [el, 4-00), f € Biog, (B), z € B, and r € [0,1). Then,

_ (a) k+1] 4 alk+1]
@) = £02)] < 4 () (1) 2 -l ), (10
and

£ < 1), max {1141 o il (1)

Proof. Let Vf = (D1f,...,Dynf). Then,

V@—ﬂmh+[Wﬂm@ﬂ\

<b@ (f) /1 |z|dt
NS
_p(a) [k+1) k1] 2
blogk(f) (ln 1_ 2] In =72 ) (12)
From (12), for r = 0, it follows that
a
)= £(0)] < b () (1 - =), (13)
Relation (13), along with the definition of || - || g‘l) and the triangle inequality for numbers,
ogy

implies (11). O

For the next lemma, see [22].
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Lemma 3. Let f,¢ € H(B) and g(0) = 0. Then,

RP§(f)(z) = f(9(2))g(2), z€B. (14)

The following result is closely related to the corresponding one in [40], because of
which the proof is omitted.

Lemma 4. Assume that g € H(B), ¢(0) = 0, ¢ € S(B) and y € W(B). Then, P(f :
Biog, (0r Biog,0) — By is compact if and only if it is bounded and for any bounded sequence
(fidken C Biog, (OT’Blogk,O) converging to zero uniformly on compacts of B, we have

limy (oo || P4 fill5, = O-

3. Main Results

Now, we are in a position to state and prove our main results.

Theorem 2. Suppose that k € N, a € [2¢lH, +0), g € H(B), g(0) =0, ¢ € S(B), u € W(B)
and that P;g : X — By, is bounded, where X € {Biog,, Biog, 0} Then,

Ps = max{ w, sUp H(z)|g(z <1n[k+1] _f /1) a> } (15
1Ppllx—8, 1811 Zegﬂ( )Ig(2)] =702 )

Proof. From (14) and (11), it follows that, for f € Bjog , we have

1P £ 5, =SH§M(Z)\8(Z)f(fP(Z))|
ze

<IIfll5) supp(z)lg(z)| max {1, Tt L } (16)

%8k e [ [

Hence,

1§, < max { gy, sup @@ (10—~ o) b7

zeB

If P;g : X — By, is bounded, then for fy(z) = 1 € Beg, o, we have || fOHBlng =1, from
which together with the boundedness, it follows that

1Pl x5, > IP§folls, = Sugu(Z)lg(Z)l- (18)
ze
Let
TN | SR SN | 5 |
hy(z) =1n =z 0) In a, (19)
and w € B.
Then,

1-Jz| < [1- (zw)| <2 0)



Axioms 2023, 12,491

6 of 12

for z,w € B. Relation (20) together with Lemma 1 implies

jw[ (1~ |Z|)H

(1 [2]) Hln |Vho(2)| = L (21)

- 11— (z,w)]|[IT ln[]] 7

|w|<1—|z|>n’<11n .
o<1 @

|1—<z,w>|H] 1ln T=(zw)]

Inequality (22) along with the fact that /1,,(0) = 0 implies

sup ), <1 23)

web

Let |z| — 1in (21); then, we have hy, € Blog o weB.
If p(w) # 0and t € (0,1), then from the boundedness of Pg X — By and (23),
we have

PS8, =IPShtp() /(g 1B,

_ Inlk+1] a _ Inlk+1l
sup (@) Ig@)l| I e @ @y
>u(w)|g(w)| <ln[k+1] % — Inlk+1] a>. (24)

Note that (24) also holds when ¢(w) = 0.
Let t — 17 in (24), and taking the supremum over B, we obtain

P > sup i(2)|g(z <1n[k+1] 0l ) 25
” ({)”X—)BM Ze]}];y( )|g( )‘ 1— |(P(Z)‘ (25)

Relations (18) and (25) imply
1P s, > max{|g||Hm sup (2)[3(2)| (ln[“” SRS ) } 26)
’ P T lo(@)]

Combining the inequalities in (17) and (26), the formula in (15) immediately fol-
lows. O

Using the test function fy(z) = 1 and the fact that the set of polynomials is dense in
Biog, 0. the following theorem is easily proved. We omit the standard proof.

Theorem 3. Suppose that k € N, ¢ € H(B), g(0) = 0, ¢ € S(B), and y € W(B). Then,
P§ : Biog, 0 — By, is bounded if and only if P} : Biog o — By is bounded and g € H

The following result is a consequence of the previous two theorems.

Corollary 1. Suppose that k € N, ¢ € H(B), ¢(0) = 0, ¢ € S(B), p € W(B) and that
Pf, : Blog,,0 = By,0 is bounded. Then,

a
1§50 = mx { gl sap (2} g (2)| (11 s — 1)
k o 9]

¢(z

Theorem 4. Suppose that k € N, a € [2¢lK, +o0), ¢ € H(B), g(0) = 0, ¢ € S(B), u € W(B)
and Pg% : X — By is bounded, where X € {Blogk/ Blogk,O}' Then,
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(@) If||¢lle =1, we have

Ps = limsu z ln[k+”aln[k+1]a>; 27
B, = limsup (2 a(2) (1 @)

() If||¢lle < 1, we have

IP§le,x—8, = 0. (28)

Proof. (1) Lete > 0and w € B\ {0} be fixed, and

—& e+1
hoe(z) = (i) 0 et ) (gl BAED e e
1— |w| 1—(z,w)

Then,

1_|Z| (Hln |>|Vhws( )|

|w|(1 — |z]) IT 11nm :

1-|z

—(e+1)
1-(zw |‘H] 11“ (| W
o | 1l a(l+|w|) l[k“]ag Ik 4 gk, —€ (29)
1— (z,w) 1— ||

_ [l _a e
<(e+1 |w|(1 DIy I 5 z’<1n[k+11 a _1n[’<+11a)

_ k ] a(l+|w]) 1-
11— (z,0) [T Inl S w]

x (m(m(--- (m% +27'c> ) +27‘[) +2n1n[k+”a>€

—&
k1) % g [k+1]
§(£—|—1)|w|(ln = o] In a)

(ln (ln ( (m‘mﬂn) ) +27r> + 277 — InlF1] a)g. (30)

Relation (29) implies hy,e € Biog, 0, forw € B \ {0}, while by taking limit in relation (30),

we obtain
lim sup b( ) (hw,g) <e+1. (31)
|w|—1
Note also that
lim |hy(0)| = 0. (32)
|w|—1

From (31) and (32), it follows that

hmsuthwSHB <£+1. (33)

|w|—1
If (¢(zx))ren C B satisfies the condition |¢(zx)| — 1 as k — oo, then (33) for

fi(z) = hgo(zk),ﬁ(z)/ k€N,
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implies

limsuprng <e+1. (34)

)
k—+o0 log
The assumption f; — 0 on compacts of B implies that fy — 0 weakly in Bjg o as
k — +co. Indeed, the operator L(f) = f’ is an isometric isomorphism between Bog o/ C

and Hfggk,O' On the other hand, a bounded sequence converges weakly to zero in chggk,O if

and only if it converges to zero uniformly on compacts of B (see, e.g., some reasoning in [3]
and the estimate in (11), and note that the unit ball in Hfggk o is a normal family).

Hence, if K : Bjog, 0 — By is compact, then limy, | o [|Kfx||5, = 0. This fact, (34), and
the estimate

fellisey, 12§ + Kl -5, =[P+ K) (s,
> 1P fills, — 1K fill s,
imply

Hpg + KHBlogk,0_>Bu

> timsup | fell5)_ 117§+ Klls 085,

(8 + 1)_1 k—o0

Zlil;lsup(llpf‘%fkllzsy — [[Kfxlls,)
—00

=limsup || P§ fx| 5,
k—o0

=limsup sup p(z)|g(2)|| fr (¢(2))]
k—oo zEB

zlig{nsw #(zi) 18 (zie) fr(p(zx)) |
—00

=limsu z z Inlk+1] 4 Ink+1] a). 35
msup (21 (20 (I o 5)

From (35) and since K : Bjog o — By is an arbitrary compact operator, by letting
¢ — 40, we have

X .. k1] @ k]
1P e i 05 _III;CILS::PV(Zk)g(ZkN(ln 1— oz in a)‘

Hence,
Pg B B 2 lim su z z (ln[kH] L - ln[kJFl] ﬂ) : (36)
1Pl -+, = lim sup n(@ls ()l { I =1

Letpm € (0,1),m €N, pyy /S 1asm — +oo, and

PoNE = [ flomglia)gi) S, men. ®)

Suppose that (hy)reny C X is bounded and /i — 0 uniformly on compacts of B. We have
P;%(fo) =g € HY, s0

(@R PS¢ () (2)| = 1(2) |8 eome(2))| < lIglmy sup |ie(w)| — 0,

[w|<pm

as k — +oo.
Thus, Lemma 4 implies the compactness of Pgm(p : X — By, foreach m € N.
Since g € H;?, by Lemmas 2 and 3, we have that, for r € (0,1),
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1P§ — Pfgll B, 5, = sup  supp(2)Ig(2)lIf(9(2) = flome(2))
IFl) <1 %<B
ng
< sup  sup u(2)g(2)l|f(¢(2)) — flome(2))]
1719 <1le@lsr
logy
+ sup  sup u(2)[g(2)||f(9(2)) — flome(2))]
IF19  <1le@>r
logy
<llglag  sup  sup |f(¢(2)) = flome(2))]
1719 <1le@l=sr
logy,
+ sup wu(z)|g(z)] (ln[kH] L 11)
lp(z)|>r 1- |§0(Z)| 1_Pm|(P(Z)|
<8l sup  sup |f(@(2)) = flome(2))]
119 <1le@l=sr
logk
+ su 2)|g(z)| (k) 2 k] a). (38)
sop w7 oy
Furthermore,
limsup sup  sup |[f(¢(z)) — f(ome(2))]
" g, S0P
<limsup sup  sup (1—pu)lg(z)| sup |Vf(w)]
m—+00 Hf“(ézl)ogk <1le@)I<r |w|<r
: (1 —pm)r (a)
<limsup ‘ sup || fll =0. (39)
motes (=) T I g™ 7w
logy —
Letting m — +oc0 in (38), using (39), then letting r — 1, it follows that
P3|, < limsup u(z)|g(z <ln[k+” _f /1) a>. 40
1Pg le,Biog, 5, ‘(P(Z)Hlflw( )18(2)] =700 (40)

Relations (36), (40), and the obvious inequality
||P§ HerBlogk‘)B}t 2 ||Pg% ‘|grBlogk,0‘>B]4’

imply (27).
(b) From this assumption, the compactness of Pg : X — By follows, similar to the
operator in (37). So, (28) holds. O

Theorem 5. Suppose that k € N, a € [2¢K, +-00), ¢ € H(B), g(0) =0, ¢ € S(B), u € W(B),
and P(‘g : X — By, is bounded, where X € {Biog , Biog, 0}- Then,

ps — lim sup #(2)|g(z (ln["“] —
|| ¢||E'X_>BV,0 ‘Z|H1py( )|g( )| 1— |q)(z)|

Inl<+1] a) . (41)

Proof. Since P(% : X — By, is bounded, we have qug fo=g € Hyp.
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Assume that ||¢||« = 1. Then,

limsup (z)|g(z)] (k1 — 2 k1] a)
o ) (W ey
a
> limsup p(z)|g(z)] (ln[kH] — = Inl] 11). (42)
l9(z) 1 1= le(2)]

Choose (zx)keny C B so that the following relation holds

limsup p(z)|g(z)] (ln[kH] % — Inl<+1] 11)

p(2)]

|z|]—1 (43)
_ [k-+1] a k1]
Jim (el a0l (1041 ).

If sup; . |@(2k)| < 1, then the fact that ¢ € H,, implies

: k1@ ke,
Jim p(z) (a0 (1041 s~ a) o

Thus, (42) and (43) imply

a
limsup p(z)|g(z)] (ln[kﬂ] —  —Inl*1 a) =0.
\(p(z)|—>li 1- |(P(Z)|

If sup; |@(zk)| = 1, then [@(zg, )| — 1 as m — 4o, for a subsequence (¢(zx,,))men-
Hence,

imsup (2)lg(2) (1049 L~ l*+1la)

12| =1 1-|¢
=limsup u(z)|g(z (ln[kH] i) a).
W(Z)‘j"( stz 1-o(2)|

This, along with Theorem 4, implies the theorem in this case.

If || @l < 1, then P§ : X — B, is compact, so that || P} || x—,, = 0. Since g € H¥o,

we have "
lim su z z <ln[k+1] L Ink+1] u>
|2H1py( )Ig(=)] =70
O R DL 35 ) i —o
(I g e tm wiols(a) =0

Hence, in this case, (41) holds. [

Corollary 2. Suppose that k € N, a € [2¢lK], +0), ¢ € H(B), g(0) =0, ¢ € S(B), u € W(B),
and X € {Biog,, Biog, 0}- Then, the following claims hold.

(a) P(% : X — By is bounded if and only if

max o, SU z 2)| ( Ink+1 _ Inlk+1] a) } < —o0.
{187, sup @) lsta)) (1)
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(b) IfPf; : X — By is bounded, then P;g : X — By is compact if and only if

lim z z ln[kH] _*
o FEIS )|< 1 [9()]

(c) IfPf, : X — By, is bounded, then Pff; : X — By, is compact if and only if

— Inlk+1] a> =0.

lim u(z z ln[kH] .t ln[kH] a> =0.
tim u(:)ls( >|( e
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