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Abstract: In this research work, we suggest two mathematical models that take into account (i) two
categories of target cells, CD4 1T cells and macrophages, and (ii) two modes of infection transmissions,
the direct virus-to-cell (VTC) method and cell-to-cell (CTC) infection transmission, where CTC is
an effective method of spreading human immunodeficiency virus type-1 (HIV-1), as with the VTC
method. The second model incorporates four time delays. In both models, the presence of a
bounded and positive solution of the biological model is investigated. The existence conditions of
all equilibria are established. The basic reproduction number R that identifies a disease index is
obtained. Lyapunov functions are utilized to verify the global stability of all equilibria. The theoretical
findings are verified through numerical simulations. According to the outcomes, the trajectories of
the solutions approach the infection-free equilibrium and infection-present equilibrium when Ry <1
and Ry > 1, respectively. Further, we study the sensitivity analysis to investigate how the values
of all the parameters of the suggested model affect R for given data. We discuss the impact of the
time delay on HIV-1 progression. We find that a longer time delay results in suppression of the HIV-1
infection and vice versa.

Keywords: HIV-1 infection; Lyapunov function; global stability; time delay; sensitivity analysis
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1. Introduction

Human immunodeficiency virus type-1 (HIV-1) has been an area of attention in many
studies for a long time; HIV-1 causes Acquired Immunodeficiency Syndrome (AIDS). World
HIV-1 prevalence reached 38.4 million people by the end of 2021, with approximately 680,000
of people dying from HIV-1-related diseases and an estimated 1.5 million people acquiring
HIV-1 [1]. HIV-1 is an RNA virus that targets the CD4" T cells of the immune system.
Despite efforts by scientists to create measures to battle this virus as well as research on its
immunological and biological features and clinical outcomes, the study of HIV-1 dynamics
and the identification of factors that control the infection process are still of interest.

Various mathematical models of numerous viral infections have confirmed their effec-
tiveness in describing virus dynamics within hosts (see, e.g., [2-6]). Wide research on HIV
infection has been carried out to understand virus dynamics between hosts [7-10]. Further-
more, there are other studies that have examined the dynamics of HIV-1, the progression of
infection, and the dynamics of virus and immune system interaction within hosts [11-14].
Modeling transmissible diseases mathematically has become an important tool in analyzing
and controlling infectious diseases. Models and simulations can help construct and test
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hypotheses, evaluate quantitative hypotheses, provide specific answers, establish the impact
of parameter changes, and provide parameter estimations [15,16].

The traditional method of HIV-1 transmission is through virus-to-cell (VTC) contact,
but recent studies indicate that HIV-1 can also be efficiently spread via cell-to-cell contact.
It is reported that the CTC transmission mechanism can result in roughly 60% of the
total virus infection and that this infection mode shortens the period of virus creation by
0.9 times [17]. Therefore, mathematical modeling should take into account the CTC viral
infection method, which may be crucial to the virus’s ability to spread. Culshaw et al. [18]
built a two-dimensional HIV-1 model with the CTC mode. Then, researchers started
looking into HIV-1 mathematical models that account for both VIC and CTC transmission
modes [19-21]. Although the mathematical analysis of models with CTC transmission
is more difficult, the theoretical conclusions are more plentiful. These models can more
accurately depict the biological process of HIV-1 infection.

The standard HIV-1 dynamics model assumes only that the virus interacts with one
type of cell [22]; this model is based on ordinary differential equations and has been
extended to incorporate the existing time delay that occurs between when a virus enters a
cell and when new particles are created [12,23-26]. It was reported in [11] that the HIV-1
virus is capable of infecting both macrophages and CD4 T cells. An HIV-1 infection model
with two target cells was proposed in [27]; Ref. [28] contains five variables describing the
densities of uninfected CD4* T cells (x7), infected CD4 " T cells (1), uninfected macrophages
(x2), infected macrophages (1), and free HIV-1 particles (v), where (x1,y1,x2,Y2,0) =
(x1(8),y1 (), x2(t), y2(t), v(t)) and t is the time. The model is formulated as:

X = 3} — 71X — Bix1v , @
production of CD4" T cells ~ death  HIV-1 infectious transmission
V1= B1x1v - %y, )
—— —~—
HIV-1 infectious transmission death
Xp = a — 72X — B2x2v p 3)
production of macrophages death  HIV-1 infectious transmission
Y2 = B2x2v — By, 4)
N—— ~—~—
HIV-1 infectious transmission death
0= Mb1y1 + A2toyn - ¢v. ©)
—_—————— ~—

production of HIV-1 from infected CD4™ T cells and macrophages ~ death

Elaiw [29] provided an analysis study of the mathematical model (1)—(5). The model
has been extended in different directions by including an eclipse phase [27,29], immune
response [30,31], time delay [30,32], and optimal drug schedules [33-35].

In the literature, all HIV-1 studies with two target cells have considered only VIC
infection as the mode of infection. Therefore, the purpose of this research work is to develop
and analyze two dynamical HIV-1 models with two categories of target cells and two modes
of infection: VTC and CTC. The second model is an extension of the first one by considering
the effects of four types of time delays. We aim to determine the conditions in which the
equilibrium points reach the state of stability, the effect of including the delay time on the
behavior of solutions of the introduced model, and also the extent to which the parameters
of the model influence the basic reproduction number R for given data.

The paper is structured as follows: The introduction is the first section. In Section 2,
we introduce the proposed HIV-1 model with two types of target cells and two modes
of infection. In Section 3, we incorporate into the proposed first model the discrete time
delays. In both Sections 2 and 3 and for the proposed models; the basic properties are
established—such as the solutions” nonnegativity and boundedness—and calculations are
performed to determine the parameter Ry along with the probable equilibrium points
and the conditions under which they exist, and we examine the global stability of the
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equilibria by using appropriate Lyapunov functions and applying the LaSalle invariance
principle. In Section 4, some numerical simulations are carried out to ensure the theoretical
results. In addition to analyzing sensitivity, we examine the stability of equilibria and test
key parameters and time delays to determine how they affect the dynamics of the model.
Finally, conclusions are provided in Section 5.

2. The Model

In this section, the authors reformulate and analyze the HIV-1 dynamics model to
depict the dispersion of the HIV-1 virus in the host through two ways of transmission of
the infection (VTC and CTC) and in the presence of two types of target cells (CD4 1T cells
and macrophages).

2.1. Model Formulation

The proposed HIV-1 infection model incorporates both VTC and CTC transmission
and two categories of target cells: CD4"T cells and macrophages. The schematic diagram
for the interaction is presented in Figure 1, and the model is as follows:

Xo = ap — vexp — Boxev — Bexgye, £=1,2, (6)
Yo = Bexev+ Bexeye — Beye, (=12, 7)
2
v=) MBy,— go, ®)
=

where B1x1y1 and Baxoy, are the CTC infection rates of the CD4 " T cells and macrophages,
respectively. When the CTC infection mode is neglected, then Model (6)—(8) leads to Model

(1)=5).

A9y * * A0y,
]
Y1 ¥z
pv ; v
U1 —t” ) U2¥o
Bix1v + Bix 0y Baxav + Baxays
Xy X
lel ]”2 x?
Q’l az

Figure 1. Schematic diagram of two target cells model with VTC and CTC infections (Model (6)—(8)).

2.2. Invariant Region

Through the following lemma, we prove that Model (6)—(8) is biologically well-defined.

Lemma 1. Let {, > 0,¢ = 1,2,3; then, there exists a positively invariant compact set for Model

(6)—(8):

Q= {(x1,y1,x2,y2,v) ERL):0<x,y1 {1,0<x0,yp < 0,0< v < 53}-
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Proof. We have

Xg\(xgzo) = Ky > 0, ! = 1,2,
y'g|(w=0) = ‘BngZJ Z 0, for all Xp, 0 Z 0, = 1,2,

2
O] (pp) = Y MOye 20, forall y, >0, £=1,2;
(=1

thus, the positively invariant property of R2, ; with respect to system (6)~(8) has been proofed.
Next, let F; = x4 + y;. Then -

Fo= 0+ 4 = ag — voxg — Oy < ap — 5¢F,
where, §; = min{~y,, %}, £ =1,2. Then

Fg(t) S Ei(sft Fg(O) — ﬂ + %
oy 1,

This shows that 0 < Fy(¢t) < ¢, forall t > 0if F,(0) < {;, where {; = %' Consequently,
0 < x(t),ye(t) < gy forall t > 0if x,(0) + y¢(0) < gy, £ = 1,2. Further,

2 2
o(t) = [Z)\eﬂz]/e(f) —¢o(t) < ZZMW,Q — ¢o(t);
=1 =1

2
thus, 0 < v(t) < 3 forallt > 0if v(0) < {3, where {3 = ¥ )WZQ This guarantees the
(=1
boundedness of x,(t),y,(t) and v(t), ¢ =1,2. O
2.3. Equilibria
To calculate the equilibrium points of System (6)—(8), we solve the following system:

0= ap—vexp — Boxgv — Bexeye, €=1,2, 9)
0 = Bexev + Bexeye — Beye, t=1,2, (10)
2
0=) Ao — gu; (11)
=

then, we obtain that System (6)—(8) has two equilibrium points:

(1) The infection-free equilibrium (IFE) ITy = (x?,O, xg,0,0), where xg = %,Z =1,2,
ii e infection-present equilibrium = (x¥,y*, x%,y%,0*), where
(i)  The infection-p quilibrium (IPE) IT* = (x7, 3, x3,¥5,0%), wh
Xt = adl v = By G (12)
C v+ B+ By 24 ’
and
Ap =8By, By = v 0By + Opve — Bews, Co=0v"By  (13)

for all £ = 1,2, in which v* satisfies this equation:

2
gv* =Y Adey;. (14)
(=1

The basic reproduction number Ry: In infectious disease studies, the basic repro-
duction number, abbreviated as R, is a measure used to describe the contagiousness of
transmissibility of an infectious disease. R signifies the average number of cells that are
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going to be infected by a cell that is already infected and is introduced into a suscepti-
ble cell. Utilizing the next-generation-matrix method approach described in [36], R of
System (6)—(8) can be determined as follows:

The Jacobian of the matrix of new infection terms at IFE is given by:

[ Bix] 0 Bix)
F=| 0 Bxd Baxy |,
0 0 0

and the Jacobian of the matrix of the other terms at IFE is as follows:

% 0 0
V= 0 1) 0 |.

_—)\1191 —}\2192 @

The basic reproduction number is calculated as:
Ro = p(FV1)

where the matrix FV ! is obtained as:

Elx? ﬂlx?/\l /51x(1)7\2 ‘le(]J

1 191 +0 ¢ 3.0 4 0 (pO
FV = Baxy A /52x2+/52x27\2 Bax; |,

¢ ) ¢ 4

0 0 0

and p(FV 1) refers to the spectral radius of V1. Hence,

1/- _ _ _ o
Ro = 2(<1>+‘1f+ \/(<1>—‘1f)2+44>,,¢b>, (15)
where

(i):q_’u‘i‘(ﬁb/‘?:l/}a"'lpb/

Fo = B1x) 5, B1xiM o = Bax) 5, = Bax3As
a — 7 - 7 a — 7 - .
191 (p 192 q)

(16)

In the following Lemmas, we show the condition when v* is positive.

Lemma 2. Suppose that Ro > 1. If ® < 1,¥ < 1, then M = 1%,7 + 1%” > 1.

Proof. Let Ry > 1, then

N =

<q3+‘?+ \/((T)—‘T’)z+44_>b1,13b) >1

— (@9 4y, > 2 (B+F) >0
— (D) +4G, P, >4 —4(D+ T
- 4_7b+¢7b_4_7b¢7a _(;Ea"[’b > (1 _(ﬁa) 1 _lpa)~ (17)
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Since® < 1,¥ < 1,then1— ¢, > 0and 1 — ¢, > 0. Therefore, (17) can be written
as follows:

PotPo—PpPa—Pathy _ o P o

(1=¢)(1—=9a)  (1—=¢a) (1-40)

O
Lemma 3. Suppose that Ro > 1, then the IFE 11* exists.

Proof. First, we have that any equilibrium exists that satisfies Equations (9)—(11). In the
case of the equilibrium IT*, we have v # 0; then, from Equation (11), we find

2
L (18)
= ¢

Adding Equations (9) and (10), we get
Sy =og—yexy, £=12 (19)

Substituting from Equation (19) into Equation (18), we obtain

2 2
¥ Ay y Adevexe
= ¢ = ¢

Since xy = x4(v), vy = y¢(v), £ = 1,2, then we can define a function G(v) as:

2 2
G(v) = ZMW B ZMWX@(U) Ly, 20)
= = ¢

in which x, y, satisfy Equations (9)—(11) for £ = 1,2.
Now, we need to show that 3 v* > 0 such that G(v*) = 0 as follows:
2 2 3
Ifo =0 = Y 240 > 0,thenx(8) > 0,y(6) >0,£ =1,2and §(¢) = — 1 AWTW <0.
(=1 (=1
Next, by calculating G(0) and G’(0), we get:

2 2
G(0) = ZMW B ZMWW(O)
= ¢ = ¢

_ Aypa? (1 B 2 ) N A2y2x) (1 B 2 )
¢ 2— (1= ¢a) +1/(1— )’ 4 2— (1= o) + /(1 — )’

2
G/(0) = - Y. *0x)(0) -1
(=1
My (1= ¢a)* + (1+ Ga) | axdhs V=B + (1+ ) »
- 24) 2 _ 2 ZGD = \2 - 2 '
<l+“¢“é“4’“)> (1§ (HW) (1 a)?

In the next step, we calculate all possible cases of the two functions G(0), G'(0), and
the results are provided by Table 1. As shown in Table 1, the function G(v) in Cases (1-3) is
strictly increasing at v = 0, and G(0) > 0 in Cases (4-6), while G(?) has a negative value.
This means that in all possible cases 3 v* € (0,9) satisfying G(v*) = 0 if the condition
Ro > 1. Therefore, from Equations (12)—(13), we have x; > 0,y; > 0,0* > 0,£ = 1,2. Thus,
the endemic equilibrium IT* exists when Ry > 1. O
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We conclude that for System (6)—(8):

(i) If Ro <1, then there will be only one equilibrium: ITy;
(ii) If Ro > 1, then there will be two equilibria: Iy and IT*.

Table 1. Functions G(0) and G’(0) and their corresponding values for different conditions.

Case Conditions G(o0) Gg'(0)
1 (I_Ja =1, lpu <1 0 00
2 4_){1 S 1/ 1/_)[1 = 1 0 +00
3 Pa<1,Ps <1 0 M —1>0 (from Lemma 2)

_ _ 0 /7
4 Pa < 1,0 > 1 A272% <1Pa51) -0 -
4 Pa
_ - 0/ 7z
5 $a>1,9, <1 Mmnng ( =1\ L _
P $a
_ _ 0 /= 0 /.7
6 Pa > 1,9, > 1 Mrn (4>a_— 1> L Aame (lﬁac_— 1> ~0 -
% ¢ll ¢ l/Ja

2.4. Global Properties

The stability of a system is an important characteristic of its qualitative behavior.
Several stability theories are used in the study of dynamic systems. Among the most
important stability concepts is Lyapunov stability. Using this concept, we can maintain the
future states of a system arbitrarily close to the equilibrium by simply taking the initial
condition sufficiently close to the equilibrium.

A major role is played by Lyapunov functions when studying the stability of dynamical
systems. Many researchers have applied Lyapunov’s method to analyze the stability of
nonlinear systems over the last century [37], and it has recently been widely used in
many studies since this method has many advantages [38,39], including (i) Lyapunov
theory is a useful tool when studying uncertain (especially nonlinear) systems with time-
varying parameters, (ii) the theory provides procedures that are both efficient and insightful,
(iii) in the case of important classes of problems and specific classes of functions, the
theory is underpinned by suitable numerical methods such as those based on linear matrix
inequalities (LMIs), and (iv) this method does not need to find the actual solution.

In the following, and based on Lyapunov’s method and LaSalle’s invariance prin-
ciple (LIP) [40-42], we prove the global stability of System (6)—(8) at the infection-free
equilibrium (IFE) Iy and at the disease infection point (IPE) IT*. Let F/g be the largest

invariant subset of I'; = {(xl,leyl,yz, v) : % = O}, where ¢ = 1,2. Further, we define

the function ®(¢) = { — 1 — In¢. For the purpose of proving global stability, we utilize the
following Lemma:

Lemma 4. Suppose that R < 1; then,

(i) Pa <L, pp <1, <1,and ¢, <1
(ii) ifM=®+Y— DY + @phy; thus, 0 < M < 1.

(
(

Proof. (i) LetRy <1, then

—_

IV
Nl—= N =

(o}

+¥ \/((T)—“I')2+4C[_7bl/_)b)

- ?)2)

A\
S
S

+ ¥+ 1/ (
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Ifd > Y, then

—_
Y

Ql N =
B
+
<l
+
(o)
\
jl

7

thatis g, <1, ¢, <1,and then ¥ < 1.
Similarly, if ¥ > ®, then

(D+Y + (¥ — D))

N\P—‘

_—

thus, we have ¢, < 1,§, < 1, and then, ® < 1.
(ii) Since® <land¥ <1, then d®+ ¥ < 2. Additionally, we have Ry < 1 that is

0< 2(®+\?+ \/(é—?)2+4¢h¢b) <1

<AP+F)— (P+ T+ (DT + 4P, < 4
( Hﬂ < (@+) - DY+ Py < 1
here, ® + ¥ > ®Y since d < 1,¥ < 1. Consequently,

— O<‘i>+l?—q_>1?+(]3blpb§1
= 0<M<1.

This completes the proof. [

Theorem 1. For System (6)—(8), if the value of R is less than or equal to one (Ry < 1), then Iy
is globally asymptotically stable (GAS).

Proof. Let Ry < 1, and construct a function Z¢(x1,y1, X2, Y2,7) as
2

ZW i) *o +Ye
=1 Xy

1 = %A1 (1 - ¢a),
12 = 1A (1 — ¢a),
113 = 0192(1 — ¢a) (1 — ¢a).

[I]

+ 773?)/

where

Clearly, Eo(x1, Y1, x2,Y2,v) > 0 for all x1,y1,x2,y2,v > 0, and Eo(x(l),O, xg,O, 0) =0.
d=
Calculating d—to along System (6)—(8), we obtain
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0 2
2’7@ < f) X+ ) ey + 1130
=1
—_ 2 —_
= ZW <1 - ) (g = voxe — Boxgv — Bexeye) + Y 10(Bexev + Bexgyr — Oeyy)
=1

13 (ZMWW - va>
=1

2 (xé - xg)z 2 5 .0 2 0
=- ZWWT +) (Wﬁexﬁrl%’?s/\f - Wl%)y/z + | YoneBex) —nze v

(=1 (=1
0 2
= - ZWW /) (191192)\1(1 — Pa) P12} + 918222(1 — §a) B2
—191192(1_%)(1_%)(/’)0- (21)

Simplifying Equation (21), we get

(¥ 0)2
= = _ZWW + 01029((1 = Pa)pp + (1 — Pa) P
- (1 - <Pa)( - %))U

0\2
— X
= - ZWW ) — %1029(1 — M)o.

As a result, % <0if Ry < 1for xy,yy,v € (0,00),¢ =1,2. Moreover, ddit = 0 when
x(t) = x%and v(t) = 0,¢ = 1,2, for all . The solutions of System (6)~(8) tend to I, which
has elements with v(t) = 0, so 9(t) = 0. It follows from Equation (8) that

2
0="20(t) = Y _Aedeyi(t) = y,(t) =0, £ =1,2.

Hence, 1"6 = {IIp}, and by applying LIP, we get that I is globally asymptotically
stable (GAS). O

Theorem 2. For System (6)—(8), if Rg exceeds one (Rg > 1), then IT* is GAS.

Proof. Formulate a function E1(x1, Y1, X2, Y2, v) as:

— 2 v o) W * 02
=1 X; vi U

MOy
e = * gk 7
‘ngg'()

Clearly, Z1(x1,y1, X2, Y2,v) > 0 for all xq,y1, x2,y2,v > 0, and Eq (x7,y7, x3,3,0°) = 0.

where

0=1,2. (22)

Calculating d% along the trajectories of (6)—(8), we get
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@:iv 1_xi %+ y’f 1—0—*{)
at E:lw x ) Y Y -
R X () — s — Boxo— B % By —
=Y ell1- * (g — yoxp — Boxgv — Boxeye) + | 1 " (Bexev + Bexyye — deyy)
(=1 /
,U*
+(1— U) (ZAMW q)z)). (23)
(=1
Simplify Equation (23), and in the following steps we apply the following conditions
for IT*:
ap = yox; + Bex;v* + Bexjy;, =12, (24)
Oey; = Bex;o" + Bexjyg, (25)
2
gv* =) Aibeyj, (26)
(=1
2 -
= Y Ae(Bexjo” + Bexjy;)- (27)

We get

*

x —x x — —
- Z’YM(/ (k) + Z’? [(1 - ) (Bexjo™ + Boxjy; — Bexev — Bexeyy)

*

+ (1 - i;) (Bexev + Boxgye — ﬂzye)} (1 - Z) <g/\ﬂ9ﬁ/z - CPU>-

Collecting the terms of the last equation, we have

*

E V(XE*XZ)z Zv Kok | @ .k Xy * Z
T Y velle P + Z;’M Bexpv™ + Bexyyy — Bexyv” xf — Bixiy; %
+Bexjv + Bexjye — Sy — ﬁmv% — Boxyy; + 1953/27} + ZMWW

=1

* 2

U *

— v ——Y Ay, + @v*.
L=

Then,
d‘—'l ( 4 )2 2 * % * *XE * R 4k yz
== ZWW + Y e [2Bex;o" — Bexjo X + Bexyv + Bexyyr — ﬁzxsz
=1
* 2
+ 217@ 2Bexyyr — 5@9%@ ﬁzxwzf] + Y (A = T1elBeye
=1 =1
2 * v U* 2 * %k 0 E 3
- ZMWWZT* -5 Y Ao+ Y Ae(Bexiv* + Bexiyp)- (28)

/=1 (=1 (=1
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Simplifying Equation (28), we obtain

2 2 * *
xe - X . X [ ¢ X0y
= —§ ,’YW e) + Y ieBexiv’ [2 a xe T y* a Xva*yKe]

=
+ Zﬁgﬁgx*y* {2 M xé]
=1 o Xp  xg

* 2
+ Z)\gﬁgxgv {1 + yr _ % — yﬁv} + ZMBK’CZ]/Z [1 + ye 2 _ W*U }
=1 yé v Yo © l

The last equation can be reduced to

%) 2 2 * * *
— X . . X xgvy %
= = _waiﬂ) + Y iieBexjv {3 -t L y*}
=1 )

2 v Bk XZ Xy
+ Y ieBexiy; 2—;2—7

=1 Xy
2 *
%,k Bk Ye % Yo
+ /\g (Xp0 +)\g X |:1+*—*— * :|
KZ%( Bexy Bexjy;) y; v yio

Yo, Yot
+ ¢ gx Y |: " - + " —1].
277 Pexv” |- vty

Now, from Equations (22) and (25), we have #j,B,xjv* = A¢[Box)v* + Boxjy;], 0 = 1,2;
then, we get

2
Fich

7:—2’757712 +ZW,BM[U [ T T T, T T

¥ R * ok X* v U*
+Z’7£:fo€y£ |:2— o :| +Z77Z,Bfov [1+W__W* :|
(=1 Xy -xg =1 Y

2
. 4 v*
+ Y iieBexio” [U -8 1};
=1

Yy y,0
hence,
2
dE, Lo (n-xp) o u[a X Xy v
— M, -t/ ’7 3 _ - Jk _ Jt -
. ZWW x +£W.fozv % X0y ¥
x* Xy
+ tpex { -£- ]
42117‘3 fyf X/ xZ
where

BS - * :1/2/
Xp o xXjotyy Yo
x*

2< L4 X g2
Xy Xy

In this case, x;,y;,v* > 0if Ry > 1; then —— az < O0forall x5,ypv >0,¢ =1,2. It can

dt

be seen that % = 0if and only if (xq(t),y1(t), x2(t),y2(t),v(t)) = (x5, y5,x3,y5,0%).

Therefore, the solutions of System (6)—(8) tend to Fll = {IT*} and IT* is GAS when
Ro > 1according to LIP. O
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ye(t) =

Xe42(0

3. The Model with Delay

We incorporate into System (6)—(8) the discrete time delays. The model takes
the form:

Xp =g — yoxg — Bexgv — Bexeye, £=1,2, (29)
= Bre lxy(t — op)v(t — oy) + Bee L lxp(t — ap)ye(t — 0p) — Sgye, £=1,2,  (30)
2
U= Z/\gﬁge_wwéyg(t —@y) — Qu. (31)
=1

In this model, the loss of the cells during the delay period [t — 0y, t] is given by e €,
where €/ > 0,¢ = 1,2. The factor e~ represents the loss of the infected cells during the
delay period [t — @y, t], where gy > 0,{ = 1,2.

3.1. Properties of Solutions

Let Y = max{oy, @1, 02, @, }, and denote by C the Banach space of continuous func-
tions mapping the interval [-Y, 0] into R2 ;. For System (29)(31), we consider the initial
conditions B

xe(§) = xe(§), y ( ) = Xe2(8),v(8) = x5(8), £=1,2,
xj(¢)>0,j=12,...,5 ¢ € [-Y,0], (32)

where (x1(8),..., x5(€)) € C([-Y,0],R ). Thus, there exists a unique solution for System
(29)—(31) with initial conditions (32) (see [43]).

Lemma 5. Solutions of System (29)—(31) that satisfy the initial conditions (32) are non-negative
and are ultimately bounded by t > 0.

Proof. We have X/ |,,—o= &y > 0; hence, x;(t) > 0. From Equations (29)—(31), we have:

t

/ ﬁefﬁ”(t*g)xe(é—w) (& — o) Bre” "y (& — o)y (& - Uz))dé £=1,2,

0

o(t) = x5(0)e " + Z/e PEON 9050y (& — ) dE.

These show that y,(t) > 0,¢=1,2,and v(¢t) > 0 forall t > 0.
Define Fy(t) = e €%x;(t — 0y) + y4(t), ¢ = 1,2, and from Equation (29), we have
hm n sup xo(t) < 55,0 =1,2. Asaresult,

—€y0y

— yee” % (t —0y) — Sgy(t)
< ape % — 5y (e xy(t — 0y) +yo(t)) < ap— S0F(t),

= Kye

where 6, = min{v,, 8}, = 1,2. Hence, tlim sup Fy(t) < {;, where {; = %,@ =1,2. Thus,
—00 ¢

we get tlim supy(t) <, forall t > 0. On the other hand,
—00

2

2
o(t) = Y AeBe™ Py (t — @) — go(t ZM‘W g - Z 0ee = go(t);
(=1 (=1 =
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N . . 2 4
then 0 < ov(t) < {3 forallt > 0if v(0) < {3, where (3 = Y, )WZQ Consequently,
(=1
x¢(t),ye(t), ¢ = 1,2, and v(t) are ultimately bounded. O

3.2. Equilibria

To calculate the equilibrium points of the System (29)-(31), we solve the following
system:

0 =ay—ypxe — Bexev— Bexeye, =12, (33)
0= ﬁge_ef”‘x@v + Bge_qaé)(gyg — %y, £=1,2, (34)
2
0= Ay, — gu. (35)
(=1
As a result of the calculations, two equilibrium points can be found:
(1) Infection-free equilibrium (IFE) ITy = (x?,O, xg,0,0), where xg = %,E =1,2.
(ii) Infection-present equilibrium (IPE) IT = (%1, 71, %2, 72, &) with the following defini-
tions of each component:
i " =B+ \/B} +4A,C,
X=——"F =z~ W= = , (36)
Yo+ B+ Bede 24,

and
Ay =10Bs, By =00Ped+ 0070 — Peoge™ ", Cp = Brage '3, (37)
where ¢ = 1,2 and 7 satisfies the following equation
2
@7 =Y Ay, (38)
(=1

The basic reproduction number R(: As in the previous method in Section 2.3, we
calculate the basic reproduction number Ry of System (29)-(31) by implementing the
next-generation-matrix method [36] as follows:

Ro = p(ﬁvfl),

where the Jacobian of the matrix of new infection terms and the Jacobian of the matrix of
the other terms at IFE are given, respectively, by

i Bre—€171xY 0 Bre €171%Y
F= 0 Bae™€2%2x)  Boe~2%2x) |,
0 0 0
% 0 0
V= 0 t 0 |.
—A1Be 8P ), 9,0 292 ¢
Thus,
1/ 4 - \/ A .2 A
RO:E S+Y+\/(D-F) +49y ), (39)

where
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D = o+ Py, ¥ = Pa + G,
Bre—1 x(l) R ﬁlg*(elﬂﬁrsl@l)x?)\l - Bze—€2f72xg . ‘[323—(6202+82¢02)ng2

¢a:T,¢b: p s Ya 5, W p

In the following Lemmas, we show the condition when there is a positive value for 3.

(40)

Pp Py
- > 1.

$a 1-4a

Lemma 6. Suppose that Rg > 1. If & < 1,¥ < 1, then M =

Proof. Similar to the proof of Lemma 2. O
Lemma 7. Suppose that Ry > 1, then the IPE I1 exists.

Proof. First, we have that there exists any equilibrium satisfying Equations (33)—(34). In
case of the equilibrium I'T, we have v # 0; then, from Equation (35), we find

2 —E&y@y
3 Abee™™ %y
=1 4

Substituting from Equations (33)—(34) into the last equation, we get

ief(emm@) (/\we B Amxz) _s—o.
=1 ' Y

Since x; = x/(v), yo = y¢(v), £ = 1,2, then we can define a function G(v) as:

O(o) = Yo twrrace) <MM - W) —
(=1 4 ¢

in which x, y, satisfy Equations (33)-(35) for ¢ =1, 2.
Now we need to show that 33 > 0 such that () = 0 as follow:
)

2 —(epop+e

Ifo = o = y M (;mw” > 0, then x,(8*) > 0,y,(6*) > 0, = 1,2, and
/=1

G(6%) = — § Ao v

=1
Next, by calculating G(0) and G’(0), we get:

2 0
G(0) = Y e (ererreran) (AL Ave o)
=1 4 ¢

:43”1 (1 2 >+¢’b72 (1 2 )’
1 2 (1—¢a) +1/(1— ) & 2— (1= o) +/ (1= )

5 Pp $a+1 P Pa+1
el() E . (NS ) PR LN (R L
Z%( (¢ — 1) ) 2%( (ha —1)° )

We calculate all possible cases of functions G(0), G’(0), and the results are provided
by Table 2. As shown in Table 2, the function G(v) in Cases (1-3) is strictly increasing
at the point v = 0, and G(0) > 0 in Cases (4-6), while G(¥) has a negative value. This
means that in all possible cases 3 3 € (0,9*) satisfying G(9) = 0 if the condition Ry > 1.
Therefore, from Equations (36)—-(37), we have ¥, > 0, j, > 0,3 > 0,¢ = 1,2. Thus, the
disease equilibrium IT exists when Ry > 1. O
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From the above, we obtain:

(i) If Ro <1, then there will be only one equilibrium I1p;
(ii) If Rp > 1, then there will be two equilibria Iy and IT.

Table 2. Functions G (0) and G’(0) and their corresponding values for different conditions.

Case Conditions _(7(0) I )
1 (ﬁﬂ = 1/¢7u S 1 0 +OO
2 43{1 <1, llAJa =1 0 oo
3 $o <1 o <1 0 M —1>0 (from Lemma 6)
4 $a < 1,90 >1 M(lﬁuA—1>>0 _
ﬁ2 [
5 $a > 1,9, <1 @("A’“il) ~0 B
‘Bl ¢a
6 $a>1,9,>1 qsb'h(‘ﬁaA_l)th/}b'YZ (%A—l) >0 B
B1 Pa B2 Pa

3.3. Global Properties

For System (29)—(31), as in Section 2.4, we verify the global asymptotic stability of both
ITy and IT. i

Let flg be the largest invariant subset of I, = {(xl,leyl,yz,v) : % = 0}, where
¢ =1,2. For the purpose of proving global stability, we utilize the following Lemma:

Lemma 8. Suppose that R < 1, then,

@) o<1,y <1, <1,and P, < 1;
(i) IfM=&+Y—dY + ¢y; thus, 0 < M < 1.

Proof. Similar to the proof of Lemma 4. O
Theorem 3. For System (29)-(31), if Ro < 1, then I1y is GAS .

Proof. Let Ry < 1 and construct a function Eo(xl, Y1,X2,Y2,0) as:

[

2
0= Y1 lx%@(ﬁf) + eemwl
=1 X

l

2 %
0 [ (Bexelt = £)0(t =€)+ Pexalt — Ewelt - ) e
=1

2 @
F ) A [yt = )de + oo,
=1 0

where
i1 = 819 e~ (C10FaR) (1 _ ),
fla = B Ape(@2FED) (1 _ B, (41)
i3 = 0192(1 — ¢a) (1 — §a).
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Clearly, Eg(x1,y1,x2,2,v) > 0 for all x1,y1,x2,y2,0 > 0, and Eo(x?,0,x3,0,0) = 0.

dx
We calculate dito as:

dEO 2 ﬁ 1 x(/? X+ iﬁ eezafy'
= 14 - )4 14 14
at 5 X =1

2

+ Y 710 (Bexev — Bexa(t — op)o(t — oy) + Bexeye — Bexe(t — o0)ye(t — 07))
=
2
+1773) e A0 (ye — yolt — @y)) + 30.
=

Using Equations (29)-(31), we find

dEO 2 . X(Z) ~
e Y de(1- o (g — yoxp — Boxov — Boxeyy)
(=1 ¢
2 —_
+ Y e (Boe= (= 0y)v(t — o) + Brexy(t — 0p)ye(t — 0y) — Beye)
=

2
+ Y e(Bexev — Bexa(t — op)v(t — 0¢) + Pexeye — Bexe(t — op)ye(t — 0y))
=1

2 2
+ 173 Ze_eéwz/\gﬁg (]/g — yg(t — CD[)) + 173 Z/\gﬂge_gzwéyg(t — (Dg) — @7j30. (42)
/=1 /=1

Collecting the terms of Equation (42), we obtain

= 2
dEO — 2 ~ (x/ _xg) 7(6’10’14»81(@1) n llecl)
T _;WWT + 0dagp| Are (1 llJa)T
0
+ )\2(37(62024%2@2)(] — 4)”)'32(;2 — (1 — (f)a)(l — IIAJH)> 0. (43)

Simplifying (43), we get

~ 2
dy 0)

2 Xp— X R Y
dt:_ZWW('Wf+m%ﬂ¢+?—%%—%%—%%—UU
=1

2 (x;—x(l})z N
:—wa—jj—~ﬂﬁwﬂ—MW
=

As a result, dd—%’ < 0if Ry <1 for x,ys,v € (0,00),¢ = 1,2. Moreover, % <0=0
when x,(f) = x2 and v(t) = 0,¢ = 1,2, for all t. The solutions of System (29)—(31) tend to
fg, which has elements with v(t) = 0, so 9(t) = 0. Hence, from Equation (35), we get

2
0=0(t) = ZAgﬂgeigﬂwyZ(f —wy) = yg(f) =0, ¢(=1,2.
(=1
Hence, Iy = {ITy}, and by applying LIP, we get that [Ty is GAS. [

Theorem 4. For System (29)—(31), if Rg > 1, then I1is GAS.
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Proof. Define Z1(x1,y1,x2,12,0) as

Eplofz) - ewsa(z)

T x(t— ot — )
+€Z%Wﬁzxwo/®< %5 )dff

Jo(H=5p D)

ZAMW W’/ ( )dC+v®( ).

[

N

+

o~
Hl"N
—

where

Me @185, Ae~(@nte@) (‘Bljlﬁ + Blflyl)

N 1710 ’

_ Aze—SZCDZﬁZgZ /\2@ (5272+52(02 (ﬁ2x20 + ﬁz_nyz)

o = — = (44)
Ba%o ¥ Ba%o@

Clearly, El(xl,yl,xz,yz, ) > 0 for all x1,y1,x2,Y2,0 > 0, and Z1 (%1, 91, %2, ¥2,3) = 0.
Calculatmg 1 along the trajectories of (29)-(31), we get

r: 2 b
Z (1 _ ) Dég — YoXg — ,Bexﬂf - IBZXZW)

2
+ ) et <1 zz) (Bee™txy(t — op)v(t — oy) + Bee™xy(t — o)yt — o) — Opyy)
/=1 ¢

X xy(t —op)o(t —oy) x¢(t —oy)o(t —oy)
+Z’7£,52x20(fﬂ? %5 +1n oo
Xy xe(t—op)ye(t —oy) <xe(f —0p)ye(t —oy) ))

+ X — — +1In

Ewm e X W XeYe XeYe

t— @) Yot — @y)

+ Y A 0,0,e 65@(%’ yu( — D +ln<

g_; e 7 e Ve

~ 2
+ (1 — Z) (Z/\gﬁge_sﬂwyg(f — (Dg) — gDU) .
(=1

Thus,
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dH 2 . LT 7
1 EW 1—— —vexe) = Y110 ( Bexev + Bexeye — Boxev=- — Bexgye =~
Xy Xy

(=1

+ 27715 (Bex(t — ap)v(t — op) + Bexe(t — 0p)y,(t — 07) — e Oyyy)
=

+ ZW( Bexy(t —oy)v (f*‘fz)% *szz(ffﬁe)ye(t*w)i + 7Y Ww)

+ 2774 (ﬁexev — Bexy(t —op)o(t — o) + ﬁffﬂ?ln<x€(t —ou)olt o) )>

=1 *eo

x¢(t — op)ye(t — ov) >)

XeYe

2
+ KZ’? <BKXEW — Bexo(t — ap)ye(t — o¢) + BeXee 1n(
=1

2 ye(t — @)
+) <Ml9z€£”w‘w, — AgBpe™ 1Py (t — @¢) 4 AgByge S0t ln<>)

=1 Ye
2 2 &
+ Y Ay (t— @p) — v — Y A Iy (t — @)+ ¢0. (45)
=1 (=1

Simplifying Equation (45), we then have

d*—'l 2 z_ Xp 5 Xy
ZW 1T— =2 ) (g — yoxp) +Y 70 ﬁexwx*/ + ﬁfxzyz;/

(=1

- Zﬁeeemﬂzyz + 2'74 <—ﬁexe(t —op)o(t — Ufz)% — Boxo(t —op)ye(t — Ué)% + ee‘”‘fﬂe‘ﬂfz)
= = ,

' iﬁ[ﬁffﬂﬂn<xé(t e af)) + iﬁﬁzfz?e ln<xZ(t —0u)ye(t = (712)>

=] X =] XeYe

: Yot — @)
+ Z ()\gﬁge_qw[yg — Agﬂge_gﬂwy[(t — C’Ug) + )\gl%yge_gfwf 11‘1())

=1 Ye
2
+ ) A Pty (t — @) — gv — Z)\eﬁ/f? 9y (t — CW) + ¢d. (46)
P} P

Collecting the terms of Equation (46) and applying the equilibrium conditions for IT:

=YXy + Be%e0 + BeXee, =1,2,
By = Bre 1% T+ Bee” %y, £=1,2,

2

2
99 =Y MO %G, = Y 71,Be%5,
(=1 =1
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we get
o = N C Tt ) P %
T Z; [—WWW + 70 (Be%e0 + BeXir) (1 - x/)
ot —o)o(t—op)ge s xe(t—op)ye(t —oy)
— Xyp0 — - X o
MeBeXy 20y, TeBeX¥e 202
_ e~ B o~ _ . xp(t —oyp)o(t — 0
+’7zﬁzxzv+77zﬁzxzyé+Wﬁ4xwln< ol fczv( 0)

bt ln<x4(t ot Ug)) + ﬁeﬁefgﬁln(lw_‘m)
e Ye

oyt — @7 2
—ﬁzﬁzww} + ) 7eBe%0. (47)
Yoo =}

Using the following equalities

ln<x£(t—ffz)v(t—w)> :ln<fz>+ln(xe(f—(fe)fj({—<fz)]7e>+1n<y~ﬂ7>,
X0 Xy YpXp0 Yoo
ln(xz(f—ffe)]/e(f—ffz)> :1n<ff> +1n(xz(f—0€)ye(f—ffe)>,
XeYe X¢ XeYe
ln(W(t — ‘DD) - 1n(W(tf (DZ)U) +1n<Wf>,£ =12, (48)
Ye Yo Yo

Equation (47) becomes

= 2 xp — %) o %
t=-) [ﬁeww + ¢ (o0 + ﬁzxz]/e)@<xj>
=1

dt Xy
e <®<x4(t — UQZ;— w)y&) N ®<W)>
+70Be%e§0© <x£(t - U;Zﬁ(t 7 ) ] '

d= d=
Therefore, —tl < 0for all xp,y5,v > 0,f = 1,2. It can be seen that d—tl = 0if and

only if (x1(t),y1(t), x2(t), y2(t), v(t)) = (&1, 1, X2, §2, T). Therefore, the solutions of System
(29)~(31) tend to T} = {IT} and ITis GAS when R > 1 according to LIP. [

4. Numerical Simulations

System (29)—(31) is analyzed numerically in this section, with a thorough discussion
of numerical sensitivity analysis and illustrating the results of Theorems 3 and 4 numerically.
Furthermore, we investigate the impact of temporal delays on the system’s dynamic
behavior. To solve Systems (29)-(31) numerically, we rely on our calculations based on
fixed parameters obtained from the modeling literature; see Table 3.

Table 3. Parameters and their corresponding values (29)-(31).

Parameter Value References  Parameter Value References  Parameter Value Source
aq 10 [44-46] ap 0.03198 [31] €] 0.2 [47]
71 0.01 [28,46,48] Y2 0.01 [33,34] € 1 Assumed
a1 0.5 [24,27,49] ¥ 0.1 [27] €1 1 [32]
M 6 [32] Ao 6 [32] € 1 [32]
@ 2 [46]
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4.1. Sensitivity Analysis

Especially in pathology and epidemiology, sensitivity analysis plays a crucial role
in modeling complicated interactions. By analyzing sensitivities, we can determine what
parameters work best to curb the spread of the disease or the crime. Calculating the sensi-
tivity indices can be done in three different ways: directly through direct differentiation, by
a Latin hypercube sampling method, or by linearizing the model and solving the obtained
linear algebraic equations.

In this study, direct differentiation is used since the indices can be expressed analyti-
cally. In cases where variables vary with respect to parameters, then the sensitivity index
can be determined by partial derivatives [50]. As a function of a parameter, the normalized
forward sensitivity index of R is expressed as follows:

R, _ # ORy
S = R (49)
where i is a given parameter. The sensitivity indices for each parameter included in R
are calculated using Equation (49). For instance, the sensitivity index of a parameter value
with respect to 81 is computed as

Ro_ P1IRo _ 11 [ (® =) Py + 240
bRt 2R @0 s,

The sensitivity index of R is shown in Figure 2 and Table 4 based on the parameter
values in Table 3 and the values oy = 1,05 = 0.7, 01 = @, = 0.2, 81 = 0.00003, B, = 0.00003,
B1 = 0.0005, and B, = 0.00001.

Clearly, a1, a2, B1, B2, ﬁ_l, Bz, A1, and Ay have positive indices. In terms of sensitivity,
1 is the most important parameter and BZ is the least important. In this case, there is
a positive relationship between the persistence of the infection of the disease and the
increase in the values of the parameters aq, a3, B1, B2, B1, B2, A1, and A, while keeping other
parameters constant. The remaining indices are negative, i.e., the value of R decreases as
71,72, %1, 02,9, €1,€2,€1, €2, 01,02, @1, and @; values increase.

Table 4. Sensitivity index of Ry.

Parameter Sensitivity Index Parameter Sensitivity Index Parameter Sensitivity Index
a 0.999 ay 9.141 x 10~° € —6.399 x 10~°
T —0.999 T2 —9.141 x 10~° £ —1.373 x 1072
B1 6.864 x 1072 B2 9.140 x 10~© € ~1.828 x 107
B1 9.313 x 107! B2 1.651 x 10~° ) —2.000 x 1071
a1 —9.313 x 107! % —1.651 x 107° o —6.399 x 107°
M 6.864 x 1072 Ao 9.140 x 107© @1 —1.373 x 102
@ —6.865 x 1072 € —2.000 x 107! @ —1.828 x 107°
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Forward sensitivity indices

Parameters

Figure 2. Forward sensitivity analysis of the parameters on R.

4.2. Stability of the Equilibria

We analyze in this part the dynamic behavior of Model (29)-(31) numerically using
MATLAB with the dde23 solver. In order to carry out the numerical simulation, we take
the following considerations:

- The chosen delay parameters are cy = 1,02 = 0.7, @1 = @, = 0.2,
- We pick three different initial conditions for System (29)—(31):

L1z (x1(8), y1(8), x2(8), y2(8), v(£)) = (700,5,1.5,0.005,15);

1.2: (x1(8),y1(8), x2(8),¥2(¢), v(¢)) = (500,3,1,0.02,12);

L.3: (x1(&),y1(E), x2(&),y2(&),v(&)) = (300,1.5,0.5,0.03,8), where § € [— max
{0’1,(72,601,602},0].

By choosing different parameter values of the infection rates B1, B2, f1, and Ba, we
have the following outcomes:

Scenario 1 (Stability of ITy): We select f; = 0.00003, B, = 0.0005, B; = 0.00003,
B2 = 0.00001. This gives Ry = 0.1105 < 1, and the solution of system (29)-(31) converges
asymptotically to the IFE Iy = (1000, 0,3.198,0,0). Figure 3 shows that the concentrations
of both uninfected CD4" T cells and uninfected macrophages increase and reach healthy
values x; = 1000, x, = 3.198, while the concentrations of other compartments rapidly
decline and reach zero. This affirms the global stability of I'ly, and the numerical results in
this scenario coincide with the result of Theorem 3. In this case, HIV-1 is cleared, and the
case simulates the state of a healthy person without HIV-1.

Scenario 2 (Stability of I1): We consider B1 = 0.0005, B = 0.005, Bl = 0.0002,
B2 = 0.0001 to obtain Ry = 1.3478 > 1. The solution of System (29)—(31) converges asymp-
totically to the IPE IT = (747.095,4.14,0.899,0.114,5.110). In Figure 4, we can observe the
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a

existence and the stability of the equilibrium IT that is proved in Lemma 7 and Theorem 4.
This point represents the situation of an HIV-1 patient; that is, HIV-1 infection will persist.
Accordingly, the infection rate is one of the main factors in disease control during HIV infection.

Effect of the time delay on the stability of the equilibria: The parameter R, pro-
vided by Equations (39) and (40), depends on the time delay parameters oy and @, £ = 1,2,
which can change the stability of equilibria. We select 81 = 0.0005, B, = 0.005, B; = 0.0002,
B> = 0.0001 and 07, 03, @1, and @, will be varied to show the impact of time delay parame-
ters. We examine the following cases:

Casel: 0y =0 = w1 =wy =0;

CaseIl: 04y =0.3,00p = 0.5,01 = 0.4, @, = 0.2;

Case IIl: 01 = 0.8,0p = 0.1,01 = 0.3, @0, = 1.3;

CaselV:oy =16,00 =12,01 =14, @0, =1.1.

In Case I, Ry becomes the form given by Equations (15),(16), and System (29)—-(31) is
reduced to System (6)—(8). With the above values, we solve Model (29)—(31) with the initial
conditions I.1. Furthermore, the basic number Ry is calculated, and the values are equal to
{1.9381,1.3408,1.2965,0.5614} for each case, respectively. The impact of the time delay on
the solution of our system is shown in Figure 5; it is apparent that when time delays were
included, the number of uninfected cells of both CD4"T cells and macrophages increased,
while the number of other categories decreased.

Without loss of generality, suppose T = 07 = @1 = 0p = @»; then R can be expressed
as follows:

1/+ - o - L.
Ro(T) = 2(c1>+‘{f+ \/(¢—‘P)2+4¢b¢b>, (50)
where
éz(]}a‘f'(ﬁb/ fP: l)’[’ﬂ—'—lﬁb/
. Ble—elrx? . ﬁle—(el-&-ﬁl)rx(l))H - ’Bzefeﬂx(z) . 13267(ez+£2)rx(2))\2
=——F = y Y= —7—=, Py = . (51)
th ¢ () ?

Using the values of the parameters given in Table 3, we obtain the following:

(i) If T > 0.7035, then Ro(7) < 1, and the IFE Iy is GAS;
(i) If T < 0.7035, then Ry(t) > 1, and Iy will become unstable.

The values of R and the stability case of Iy are shown in Table 5 for selected values
of time delay. Clearly, with increasing time delays, R( decreases, which accords with the
findings of Section 4.1. As a result, the number of infected cells increases with decreasing
time delay and vice versa. For more investigation, with a small time delay, the contact
between virus or infected cells with healthy cells is faster and produces more infected cells.

Table 5. Values of Ro(7) for System (29)—(31) with different values of the time delay 7.

T Ro(7) Stability of I,
0.0 1.9381 unstable
0.15 1.6684 unstable
0.3 1.4427 unstable
0.45 1.2535 unstable
0.6 1.0947 unstable
0.7035 1 stable
0.85 0.8838 stable
1.0 0.7831 stable

1.15 0.6978 stable
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Table 5. Cont.
T Stability of ITj
2.0 stable
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Figure 3. The numerical solutions of Model (29)-(31) for 81 = 0.00003, B, = 0.0005 , B; = 0.00003,

P =

0.00001 with three different initial conditions.

The infection-free equilibrium ITy =

(1000,0,3.198,0,0,0) is GAS whenever Ry < 1. (a) Uninfected CD4™ T cells; (b) Infected CD4™ T cells;
(c) Uninfected macrophages; (d) Infected macrophages; and (e) HIV-1 particles.
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Figure 4. The numerical solutions of Model (29)-(31) for ; = 0.0005, 8, = 0.005, B; = 0.0002,
B> = 0.0001 with three different initial conditions. The infection-present equilibrium IT =

(747.095,4.14,0.899,0.114,5.110) is GAS whenever R > 1. (a) Uninfected CD4 T cells; (b) Infected
CD4™T cells; (c) Uninfected macrophages; (d) Infected macrophages; and (e) HIV-1 particles.
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Figure 5. The numerical solutions of System (29)-(31) with four different sets of delay parameters and
with B1 = 0.0005, B, = 0.005, B1 = 0.0002, B, = 0.0001. (a) Healthy CD4™ T cells; (b) HIV-1-infected
CD4™T cells; (c) Healthy macrophages; (d) HIV-1-infected macrophages; and (e) Free HIV-1 particles.
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5. Conclusions

In this paper, two HIV-1 infection models with two types of target cells CD4" T cells
and macrophages cells and two modes of transmission VIC and CTC were considered. The
second model is a modification of the first one but incorporates four time delays. We proved
that the two proposed models’ solutions are non-negative and bounded. We proved that
each model has two possible equilibrium points: infection-free equilibrium (IFE), which
is always present, and infection-present equilibrium (IPE), which is present if the basic
reproduction number R > 1. The basic number R governs the dynamic behavior of the
model: if Ry < 1, then the IFE point is GAS, and if Ry > 1, then the IPE point is GAS. In
order to verify the theoretical results and investigate how the time delay affects the model
solutions and the system’s dynamic behavior, we conducted some numerical computations.
From those computations, it was noticed that:

(i) The trajectory diagrams tend towards the IFE when the reproduction number Ry < 1,
as shown in Figure 3. One significant finding from these figures is that for different ini-
tial conditions assumed for the model categories, their trajectories still point towards
the IFE over the passage of time. These findings also confirm the global asymptotic
stability analysis results, which were presented in Section 3.3.

(ii) The trajectory diagrams tend towards the IPE for different initial conditions when the
reproduction number Ry > 1, as shown in Figure 4, which confirms that the point
IPE is GAS when Ry > 1. Consequently, the model leads to an outcome in which the
person is infected with HIV-1.

(iii) From Figure 5 and Table 5, increasing the time delay causes a decrease in the re-
production number, resulting in an increase in uninfected CD4™ T cells, resulting
in a decrease in viral load. That is, time delay contributes a very significant effect
in governing the dynamic behavior of the system and should not be neglected in
HIV-1 modeling.

We also studied the sensitivity analysis to show how the values of all the parameters
of the suggested model affect Ry for given data, and we saw that the persistence of the
disease and the increase in the values of the parameters a1, a3, B1, B2, B1, B2, A1, and A, are
positively correlated.

We assumed in this paper that: (i) the growth rate of uninfected cells is given in the
form U(x) = a without proliferation of uninfected cells. In many recent studies, it has
been suggested that the growth rate of uninfected cells can take several forms such as:

7
Xmax

(a) growth rate with simple proliferation ¢ (x) = a + sx (1 — X ) where s is the rate of

growth and xmax is the maximum capacity of uninfected cells in the human body [27,51,52],

and (b) growth rate with a full proliferation U (x,y) = « + sx (l - ﬂ) [53]. On the other

Xmax
hand, it has been reported in [44] that HIV may be able to infect cells in the thymus and
bone marrow and thus lead to reduced production of new uninfected cells. In this case, the
production of uninfected cells « is a decreasing function of the viral load as a(v) = k’%'
where k is a constant [44]. These forms add some difficulties to the analysis of the model;
therefore, we leave them to future work. We mention that our model can be extended in
different directions by (i) considering the mutations of HIV, (ii) including the stochastic

interaction, and (iii) considering the diffusion of cells and viruses.
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