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Abstract: The aim of this article was to provide improved estimates for the («, §)-norm of a bounded
linear operator. In particular, our results enabled the determination of new upper bounds involving
both the Berezin number and the Berezin norm of bounded linear operators that act on reproducing
kernel Hilbert spaces. Through our analysis, we hoped to enhance the understanding of the properties
and behavior of such operators and contribute to the development of new mathematical tools for
their characterization and application.
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1. Introduction

The numerical radius and Berezin number of an operator have been widely studied in
various fields, including engineering, quantum computing, quantum mechanics, numerical
analysis, and differential equations, due to their numerous applications. In this article, we
focused on characterizing the Berezin number and the Berezin norm. To achieve this goal,
we introduced several key concepts and properties of bounded linear operators on a Hilbert
space. Our aim was to provide a comprehensive overview of the relevant background
material and to establish a solid foundation for our subsequent analysis of these important
operator measures.

Consider a complex Hilbert space £ equipped with an inner product (-,-) and the
corresponding norm || - ||. Let £(£) denote the C*-algebra consisting of all bounded linear
operators on &, including the identity operator I. An operator T € L(&) is said to be
positive if (Tx,x) > 0 holds for all x € £, denoted by T > 0. For a positive bounded
linear operator T, there exists a unique positive bounded linear operator T'/? such that
T = (T'/2)2. Moreover, we define the absolute value of T as |T| = (T*T)/2. It is worth
noting that |T| > 0.

Let T € L(£) be a bounded linear operator, and consider the operator norm ||T||,

defined as || T|| = sup {||Tx\| ;x el x| = 1}, and the numerical radius of T, denoted by

w(T), defined as w(T) = sup {\(Tx, x)

that w(T) < ||T||, where the equality holds if T is a normal operator, i.e., T*T = TT*. More-

over, the operator norm and the numerical radius are equivalent, since HZLH <w(T) <||T|

;xel, x|l = 1}. It is straightforward to verify
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forany T € L(&). Notably, we also have w(T) < w(|T|). The operator T is normaloid if
w(T) = ||T||. Some properties of the numerical radius can be found in [1].

Sain et al. introduced in [2] the (&, 8)-norm on the space £(€) of bounded linear
operators on a complex Hilbert space £. Throughout this paper, we will use the notation &
and f to denote non-negative real scalars, satisfying («, 8) # (0,0). The («, f)-norm is a
mapping || - || : £(£) — R*, defined as follows:

IThep:=  sup \/alTx2 + Bl(Tx, 2]

[[x]|=1,xe&

This norm captures the joint effect of the operator norm and the numerical radius of T,
with the relative weight of each component determined by the parameters & and . Note
that ||T||, is indeed a norm on L(&) since it satisfies the three properties of a norm:
non-negativity, homogeneity, and triangle inequality. Additionally, we can observe that
IT|[o1 = w(T) and ||T|j10 = ||T||, takinga =0, 8 = 1,and « = 1, B = 0, respectively,
yield the same formulas as for the numerical radius and operator norm. Another notable
instance of the (&, B)-norm occurs when we choose « = f = 1, which leads to the modified
Davis-Wielandt radius of the operator T € £(&), denoted by dw*(T) (see [3]). In [2], it
was established that:

Vat B (T) < | Tllap < /al TI + Bw?(T) < /at 4pe(T). M)

Let A be a non-empty set and F(A) be the set of all complex-valued functions defined
on A. A subset £ of F(A) is called a reproducing kernel Hilbert space (RKHS) on A
if it is a Hilbert space (with identity operator ) and if the linear evaluation functional
E, : Eo — Cdefined by E,(f) = f(u) is bounded for every u € A. By applying the Riesz
representation theorem, we can establish the existence of a unique vector k;, € € for each
# € Asuch that f(u) = E,(f) = (f, ky) holds for all f € 4. It should be noted that the
function k; is commonly referred to as the reproducing kernel for the point y. On the
other hand, the function K : A x A — C is defined as K(u,v) = ky(p) and is known as the
reproducing kernel for £,. It is worth mentioning that we can express K(j,v) as the inner
product of k, and ky, that is,

K(p,v) = (kv ky)
forall 1, v € A. It should be noted that the collection of elements {k, ; € A} is commonly

known as the reproducing kernel of £,. Additionally, we use the notation E, = Hlljﬁ for

u € A to represent the normalized reproducing kernel of £5. Another important point to
mention is that the set {E}, ; 1€ A}isacomplete setin Ex.

The Berezin symbol or Berezin transform of T € L£(£,) is a bounded function T :
A — C, which was introduced by Berezin [4,5]. It is defined as T (i) = (Tk;,k;) for u € A.
If T = T* is self-adjoint, then T () € R. Furthermore, if T is a positive operator, then
T(p) > 0. The Berezin symbol is a useful tool in the study of Toeplitz and Hankel operators
on the Hardy and Bergman spaces and has been extensively investigated. It plays a crucial
role in various problems in analysis and is known to uniquely determine the corresponding
operator. A comprehensive understanding of the Berezin symbol can be found in several
references, including [6-9] and their cited sources.

The Berezin set and Berezin number of an operator T are defined as the set of all
Berezin symbols T(p) for i € A and the supremum of |T(u)| over all € A, respectively.
Specifically,

Ber(T) := {T(y); ue A} and ber(T) := sup |T(u)| = sup |<TE,,@>‘.
HEN HEN

We demonstrate that ber(-) is a norm on £(&, ) by straightforward calculations. Moreover,
we establish the inequalities 0 < ber(T) < w(T) < ||T|| forall T € L(E,). However,
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Karaev [10] has shown that Hzﬂ < ber(T) does not hold for every T € L(€, ). Notably, we
observe that ber(I5) = 1and |(Tky, k)| < ber(T)||k,||> hold for all reproducing kernels
ky. Similar to ber(T), we found in [11] the following concept:

Coer(T) := inf{ |(Tky, ky.)

; uE A}

The Berezin norm of an operator T € L(&€,) is defined by
T ler = sup { [(Thy k)5 v € A}

The statement refers to two normalized reproducing kernels, denoted as /IEM and k,, belong-
ing to the space £, (as defined in [12]). It is important to note that the norm || - ||pe, does
not necessarily satisfy the submultiplicativity property. Additionally, it should be noted
that the equality
I Tl[ber = Tl = sup || Tyl
uEA

may not hold for all T in £(€4) (as discussed in [13]). A notable observation is that the
Berezin norm satisfies the inequalities
ber(T) < | Tlber < | Tllge; < ITll, VT € L(EA). e

It is worth noting that the inequalities (2) can be strict in general. Nevertheless, Bhunia
etal. proved in [14] thatif T € L£(&4) is a positive operator, then

ber - ”T”ber (3)

It is important to emphasize that the equality (3) may not hold for self-adjoint operators, in
general, as demonstrated in [14].

This article aimed to provide new estimates for the (&, §)-norm of a bounded operator,
as well as new upper bounds involving the Berezin number and Berezin norm of bounded
linear operators on reproducing kernel Hilbert spaces.

The article is organized as follows: Section 2 contains several lemmas that are necessary
to prove our main results. In Section 3, we introduce a bounded linear operator T € L(E)
and provide a new numerical value for it:

p(T) = sup {1/ Tx|> ~ |{Tx,x)

Zoxel x| :1}.

In Theorem 1, we introduce an alternative expression for the (&, f)-norm, which enabled
us to derive the following improved estimate:

Vit Bw(T) < | Tllap < Vo + pw(T) 4+ Vap(T).

Next, we aimed to generalize the concept of the («, f)-norm to bounded linear operators
acting on reproducing kernel Hilbert spaces £(€, ), which we defined as follows:

~ ~ =2
Il = sup Vel T2 + Bl (TR, B |-
}46

In addition, we defined a numerical quantity associated with a bounded linear operator T
on a reproducing kernel Hilbert space £, as follows:

Poe(T) = sup {\/ TRy | — |(TRy, )

2,‘ 75]4 EEA}.
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We present a number of results regarding the (a, f)-norm. Specifically, we proved the
following two results. Firstly, for every T € L£(€,), we established the following inequality:

Vot Bber(T) < [|T|2% < v/a+ Bber(T) + Vapper(T).

Secondly, we showed that for T, S € L£(€,), the following two assertions are equivalent:

. b b b
@ N7+l = ITlag + ISleg-

(i) There exists a sequence {yy} in A such that

ber
w,B7

b
wp IS

tim (a(Sky,, Thy,) + B (R Thy, ) Sk Ky, ) ) = IIT

n—o00
where /k\}ln is the normalized reproducing kernel of £, at y;, for every n.

2. Fundamental Lemmas

This section contains important lemmas that were essential for achieving our objectives
in this paper. These lemmas establish fundamental properties of complex Hilbert spaces
that we used extensively in our proofs. Throughout this section, we use the notation £ to
refer to a complex Hilbert space with an inner product denoted by (-, -) and a corresponding
norm denoted by || - ||.

Let us start by introducing a key lemma that was instrumental in our analysis. The
following lemma, proposed by Kittaneh and Moradi in [15], refines the well-known Cauchy-
Schwarz inequality and provided a foundation for our subsequent analysis.

Lemma 1. Forany x,y € £, we have

1
[ ) < [y llixllyl+ Q(HXHZHJ/HZ - |<x,y>\2) < [l Iyl

Remark 1. We can derive a useful inequality from Lemma 1 that relates the inner product of two
vectors to their norms. Specifically, for all x,y € &, we have

2 2
()" < =PIyl + §|<x,y>|||x|| [[yll- 4)

Wl

Buzano demonstrated an interesting inequality, which is presented in the following
lemma and proven in [16].

Lemma 2. Suppose that a,b,e € ‘H and e has a unit norm. Then, we have

[(a,e) (e, b)] < S ([lall [[o]] + [{a,b)]).

NI~

This inequality was used in our subsequent analysis to derive an important result.
In the next lemma, we present a useful inequality from [17] that relates the inner
products of three vectors x, y, and z in a Hilbert space &:

Lemma 3. Forany x,y,z € € and v € [0, 1], we have

2 2
vl(ey) [+ (=02 < P (max {vllyl, (= v)l2) + o1 =) (,2)]).
We used this inequality in our subsequent analysis to prove a specific result.

3. Main Results

In this section, we present our main results concerning the («, §)-norm of Hilbert
space operators and a new (&, B)-norm of operators in reproducing Kernel Hilbert spaces.
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Our first main goal was to provide an improvement to the recent inequality proposed by
Sain et al. To achieve this, we first define the numerical value of an operator T € L(£) as
follows:

p(T) = sup {3/ Tx|> — {Tx,x)

The value can be shown to be well-defined by observing that for any x € £ with ||x|| =1,
we have:

Zoxel x| :1}.

2
0< \/|\Tx||2— [(Tx,x)|" = || Tx = (Tx, x)x|| < [|Tx|| + [{Tx, )| < | T|| +w(T) < 2| T].

It is straightforward to see that the function p(-) is a semi-norm on &, satisfying the
property that p(T — AI) = p(T) forall T € L(€) and A € C. Moreover, we can show
that p(T) < 2||T|| holds for any T € L(&). Before we proceed, we need to establish the
following lemma:

Lemma 4. Let x,y € € with ||y|| = 1and «, B > 0. Then, the equality
x|+ Bl{x, y) P = [Vax + (Va+ B~ Va) (x vyl ®)
holds.

Proof. We have the following calculations:

IVax + (Va+p y||2
ZWIIXH2+2(\/1X2+0<!5 +(Vat+p () Pllyl?

= /x| + (2\/w2+aﬁf2a+oc+ﬁf2\/a2 +ocﬁ+o<>|<x,y>|2

= af|x|? + Bl (x, y) %

Therefore, the equality of the statement is true. [

Theorem 1. The («, B)-norm on L(E) satisfies the following equality:

ITllep=sup [VaTx+ (Va+p—va)(Tx,x)x]. (6)

||x]|=1,xe€&
Proof. By replacing x with Tx and y with x in relation (5), we obtain the following inequality:
|| Tx || + BI(Tx, x)|* = | VaTx + (Va+ p — Va)(Tx, x)x|?,

when ||x|| = 1. Taking the supremum over all unit vectors x in £, we obtain the relation of
the statement. [

Corollary 1. The («, B)-norm on L(E) satisfies the following inequality:
max{v/a||T||, v/Bw(T)} < [|Tllap < v/ + Bw(T) + Vap(T). )
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Proof. The first inequality is evident from the definition of the («, f)-norm. Using the
triangle inequality on the right-hand side of the equality in Theorem 1, we deduce that,
when ||x|| =1,

|VaTx + (Va+ B —vVa)(Tx, x)x|| = ||\/a + B(Tx,x)x + a(Tx — (Tx, x)x)||
< v+ BI{Tx, x)| + val||Tx — (Tx, x)x||

— aF BI(Tx, )] + vay I x| — [(Tx, x) 2
w(T) + Vap(T).

Taking the supremum over all unit vectors x in £, we obtain the required relation. [

Remark 2. From relations (1) and (7), we deduce

Va+pw(T) < [[Tllap < Va+ pu(T) + Vap(T). ®)

Comparing the upper bounds of inequalities (1) and (8), we notice that any of them can be greater
than the other. For &« = B = 1 in relation (8), we obtain an estimation for the modified Davis—
Wielandt radius of an operator T € L(E) [18,19]; thus,

V2w(T) < dw*(T) < V2w(T) + p(T).

However, we have H—;“ < w(T) and p(T) < 2||T|| for every T € L(E); hence, we deduce that
w(T) < dw*(T) < (4+ V2)w(T). Therefore, the numerical radius norm is equivalent to the
modified Davis—Wielandt radius.

Remark 3. If we take two real numbers o, p > 0 and v = =& B in Lemma 3, then we obtain

B
#] ()P + Bl(x,2)|* < ||x||2(max{auyn%ﬁnzHZ} +Vap|(y,2)])- ©)

For non-zero vector x € £, by replacing y with in relation (9), we deduce

|| x|
2
aflx?+ B|(x,2)|" < [l max {a, Blz]|*} + v/aBlx]||(x,2)]. (10)
By replacing x with Tx and z with x in relation (10), we obtain the following inequality:
2
|| T2 + B|(Tx, %) 2 < || Tx|[2 max {a, Blx|[2} + v/aBl| x| (T, x)|-

Taking the supremum over all unit vectors x in £, we obtain the following inequality for the
(«, B)-norm:

1Tl < /ITIP max {a, B} + /aB| Tl|w(T). (11)

From relation (1), we have the upper bound of || T ||, as \/acH T||? + Bw?(T), and from relation

(11) the upper bound \/H T||>max {a, B} + /aB|| T||w(T). Comparing the two upper bounds,
we find

VolTIR + pe?(T) < /ITI2 max {a, B} + /aB|| T|lw(T (12)
forall T € L(E) and o, p > 0.
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Theorem 2. Let T € L(E) and let af # 0.
If we have ||T||, = \/||T||2max {a,B} 4+ \/aB|T||w(T), then T is normaloid.

Proof. Using inequality (12) and obeying condition (i),
[T]lap = \/|\T||2max {a,B} + \/aB| T||w(T); then, we deduce

ITllp = /ol TI2 + p?(T).

However, taking into account ([2], Theorem 2.3), we obtain the statement. [J

Theorem 3. Let T € L(&) and let a, > 0. The following inequality holds:

1Thog < L 0m12 + 2 0 + o). 13

Proof. Utilizing inequality (4) for both pairs of vectors (x,y) and (x,z) yields

1
[ y)|? < 3l 2|yl + | X, y) | [l |y
and . )
(x,2)|* < gIIXIIZIIZH2 + §|<x,Z>IHXHIIZ||,

for all x,y,z € £. Multiplying the first inequality by « and the second by g and adding
these relations, we obtain

o ) 2+ Bl A < L2 (gl + Bz1R) + 211 ol e, 90 Il + 1 2) ) 1)

for all x,y,z € £ and for every a, B > 0. For a non-zero vector x € £, by replacing y with

—— in relation (14), we deduce

2
el + Bl ) < B (a1l + el + Blex 2 lal). @)
By replacing x with Tx and z with x in relation (15), we obtain the following inequality:

T+ BT, 0 < LTI (0t i) + 2 (@l ) + B¢, 2 1)

2
< WA oy ) + 2l (s Tl ) + oo (T 12).

Taking the supremum over all unit vectors x in £, we obtain the following inequality for
the (a, B)-norm:

2o < TPy 2T gy 1 puor),

Consequently, the inequality of the statement is true. [

To shift our focus to the new norm of RKHS and its related inequalities, we introduce
(Ea,{-,+)) as an RKHS on a set A with an associated norm || - ||. We proceed by introducing
the (&, B)-Berezin norm on L(&y ).
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Definition 1. For non-negative real scalars « and B satisfying («, B) # (0,0), let us consider the
mapping || - ||2el§ : L(Ep) — R defined as follows:

2
7

Il = sup Vel T2 + B (TR, Ry
H

where /k\y is the reproducing kernel associated with €.
Next, we provide a specific example to demonstrate how to compute the («, f)-norm.

Example 1. Consider the reproducing kernel Hilbert space C? on the set {1,2} with standard
orthonormal basis vectors e and e as kernel functions, defined by e;(j) = 6; ; fori,j € 1,2. Here,
0; j denotes the Kronecker delta function, which takes two arguments and returns 1 if the arguments

are equal, and 0 otherwise. The reproducing kernel for C? is simply 0i j-
As a finite-dimensional space with dimension 2, C? is equipped with the usual Euclidean norm.

Let T = ((1) 1) be a 2 x 2 matrix. The (1,2)-Berezin norm of T is equal to

2
IT|% = sup}¢||Tei||§;z+z|<Tei,ei>czr .
i€{1,2

We clearly have

||T€1||é2 =1 and ||T€2\|é2 =2
Additionally,

(Tey,e1) =1 and (Tep,er) = 1.
Therefore, we have: || T| 11’82’ =2.
Theorem 4. The norm ||T|| - satisfies the following inequality:

8| Tl + Befr(T) < (max{a, B} + v/aB) I TII%, (16)
foralla,p>0and T € L(Ep).
Proof. By replacing x with Tﬁy, y with ky, and z with E}, in relation (9), we deduce
] (Th ko) |* + B (T ) [* < 1T, 12 (max {el[Rul?, BllRu I} + /B (ko K| )
< || Thy| P ( max {a, B} + v/aB).

Taking the supremum over all 3, v in A, we obtain the relation of the statement. [

For T € L(&y ), we define the numerical value of the operator T«

Poe(T) = sup {\/ITRul> — |(Th By} B € €4}

Another result in this paper related to the (a, §)-norm is as follows.

Theorem 5. The (w, B)-norm on L(E,) satisfies the following inequality:

max{ /|| T, /Bber(T)} < |IT

bt < JITIE max {a, B} + \/apTll ber(T). (17)

ber
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Proof. The first inequality is evident from the definition of the (&, f)-norm. For the second
inequality, by replacing x with Tk, and z with k, in relation (10), we find

~ ~ ~ 2 ~ ~ ~ ~
| Thy |1 + BI(Thy, k) | < ||Tku||2max {a, B} + /apl| Thy || [(Thy, ky) |-
Taking the supremum over all y in A, we prove the relation of the statement. [

Theorem 6. The («, B)-norm on L(E) satisfies the following inequality:

o+ 2|7l
1Tl < ¢ P T2, 4 T (T, + Bber(T)). (8)

Proof. By replacing x with TEA and z with Eﬂ in relation (15), we find

- PO Tk, |2 ~ 2.~ ~ S
TRl + B (T B ) < 2 () + 2 1l (el Tl + B (T Y ).

Taking the supremum over all i in A, we prove the relation of the statement. [

Theorem 7. The («, B)-norm on L(E,) satisfies the following equality:
IT|I5% = sup IVaTky + (Vo + B — Vo) (Thy, Kk - (19)
H

Proof. By replacing x with TEH and y with E, in relation (5), we obtain the following
equality:

| Thyl|? + BI(Thy, ) [ = || VaThy + (Vo + B — /) (Thy, K )eu|%,

knowing that ||@ || = 1. Taking the supremum over all y in A, we obtain the relation of the
statement. [J

Corollary 2. The (a, B)-norm on L(E,) satisfies the following inequality:
Vit Bber(T) < || T|IEE < /a+ per(T) + v/apper(T). (20)

Proof. Using the triangle inequality on the right-hand side of the equality from Theorem 7
and applying the Cauchy-Schwarz inequality, we deduce

| (Thy k) [* 4+ BTy Ko |* < al TRy |12 + BTy Ky 2
= ||\/&T%;¢ \/ﬁ Va)( Tkyrky>k14||
< Vot BTk, k)| + V|| Thy, — (Thy, ky k|
= Vat BHTRu R |+ vVay TR — (TR R
&+ Bber(T) + v/apyer(T)-

Taking the supremum over all y in A, we obtain the relation of the statement. [

To establish the following result, we needed to make use of Buzano’s inequality, which
is a generalization of the Cauchy-Schwarz inequality and can be found in [16]. The Buzano
inequality is stated as follows (see [16]):

Lemma 5. Let a,b,e € H with |le|| = 1. Then,

(Nall 1ol + |a, b))

NI~

[(a,e) (e, b)| <
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Theorem 8. Let T € L(EA). Then,

1025 < a1+ BT s 77| 4 Eper(r?).

ber

Proof. Let y € A and 7(}, be the normalized reproducing kernel of £5. Applying Lemma 5
witha = T%y, b= T*E,, ande = %ﬂ and utilizing the arithmetic-geometric mean inequality
yields

[(Thy, ) > < 5 (I Tkl 1T Rl + 1T, K1)

o~

~ o~ 1 s T *7
(T2 )| + 5 (T Thy, Je) V(T Tk Ry 2

~ o~ 1 P PPN
[Tk k)| + 5 (T Ty k) + (TT ke, Ky )

IN
NI N = N2 N - N e

~ o~ 1 . ISP
(T, K| + 2 (T T+ TT)ky k)

1 * \ T
LT+ TT)k k).

IN

ber(T?) +
Therefore, we obtain
af| Thy||? + BTk, k) [ < S [(T%ky, k) +<< T*T—i—TT*)—i—ocT*T)k k)

<

NI N

ber(T?) +ber(‘i(T*T+ TT*) + wT*T).
Since £ S(T*T+TT*) 4+ aT*T > 0, using (3), we obtain

a|| Thy |2 + Bl(Thy, k) |? < gber(Tz) + Hi(T*T+ TT*) +aT*T

ber

By computing the supremum of the last inequality over all possible values of y in the set A,
we obtain the desired inequality. O

As a consequence, we have the following;:

Corollary 3. Let T € L(Ep). Then,

ber*(T) < inf[ 1

Bl
1
ber(T?) + AT T+ TT e

Jlrﬁ (HaT*T—O— E(T*T—i- TT*)

+ g ber(Tz))]

ber

<

N =

Proof. The combination of Corollary 2 and Theorem 8 results in the following statement:

1
ber?(T) < tx—l—,B(

The first inequality in Corollary 3 can be obtained by finding the infimum over both g and
«. The remaining inequality can then be derived by considering the specific values of f = 1
anda =0. O

aT*T + g(T*T+ TT*)

+ 'gber(T2)).

ber

It is well-known that for every T € L(€4), we have

ITIES < \/all TIZ, + pber’(T), 1)
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for every &, B.

The bounds of the (&, B)-berezin norm were the subject of study in the above theorems.
Now, we investigate the conditions under which equality holds. Our analysis commences
with a theorem that identifies operators T satisfying the equation

ITIES = \/alI T2, + Bber’(T).

Theorem 9. The following conditions are equivalent for T € L(E), assuming that af # 0:
(W) |IT|2% = |/« TIIZ, + Bber’(T).
(2)  There exists a sequence {y;} in A such that

tim [Tk || = 1Tl and  Jim | (Tky, s, )| = ber(T)

where E,}. denotes the normalized reproducing kernel of €, evaluated at y;.

Proof. “(2) = (1)”. Suppose there exists a sequence y; in A such that the following limits
hold:

tim [Ty | = | Tz, and  Jim |(TF, k)| = ber(T). 22

Here, E,]. represents the normalized reproducing kernel of £4 when evaluated at ;. So, by
using (22), we observe that

~ ~ =~ 2
||T|2f’ﬁf:suK\/w||TkV]|2+/3|<Tky,k;¢>|
He

. o 2 b -~ 2
> tim /| Thy [+ BTk, )|

_ 2 2
= \/uc||T||b~er + Bber(T).

By utilizing (21), we establish the assertion (1), as required.
“(1) = (2)”. From the definition of ||T| E,eﬁr, it follows that there exists a sequence v,
in A such that

2

7

I

E,Q‘Br = 71151;)10 \/‘X”Tic\vn ||2 + IB| <T7(\Vn/7(\1/n>

where Ev,, denotes the normalized reproducing kernel of £, evaluated at v;,.
It is evident that both sequences {|(Tky,,ky,)|} and {||Tk,,||} are bounded in the
set of real numbers. Therefore, there exists a subsequence {an} of v, such that both

{\(Tﬁ,ﬂjfvnj) |} and {|| TEW,] |} converge. Therefore, considering condition (1), we have

2
a|| T2 + Bber’(T) = (|| T|5%)

, - ~ ~ 2
:].lglolo (‘XHTkanHz+IB}<TkVn/-’kan>’ )

= alim || Thy, [ + B lim |(Tky, Ky, )|’
j—ro0 ] j—oo ] ]

< a lim || Tk, || + pber?(T)
] ]

< o T|2.. + pber(T).
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As a result, we can conclude that

tim |17k, || = 712,

and we can similarly demonstrate that

11m| ky, , Vn |—ber( ).
]—00 ]

Thus, by selecting yi; = vy, for all j, we verify the desired assertion (2), and the proof is
thereby concluded. [

In the next theorem, we provide a necessary and sufficient condition for the equality of
the triangle inequality related to the norm || - Hber This theorem is important, as it helped
us understand the behavior of operators in the associated normed space and allowed us to

determine when the inequality is strict.

Theorem 10. Let T,S € L(Ep). Then, the following assertions are equivalent:
(i)
(i) There exzsts a sequence { yn} in A such that

ber ber ber

: = IRV ber o ib
hm (lx<5k,un’TkVn> +IB<k,un’Tan><Sk]/’n/kVn>) - HT” er”SHae[gr

n—oo

where E,n is the normalized reproducing kernel of Ex at y, for every n.

Proof. Notice first thatif T = 0 or S = 0, then the equivalence between (i) and (ii) is clear.
Assume that T # 0and S # 0.

“(i) = (ii)”. Let ||T + S||ber = ||THber + ||SHber There exists a sequence {i, } in A
such that

Tim (] (T + Sk, I + BT + )k R )) = (ITIEG + ISIEE* @3)
On the other hand, for all n € N, we have
al|(T + Sk, I + BIC(T + Sy, )
= a| Thy, |* + 298 ((Sky,, Thy, ) ) + |k, |+ 1Tk o)
o+ 298¢ (B(Ri T, }SF K ) ) + 1S, Ko )
= | TRy I + BTy, K ) + | S, I+ BI (ST Ky )
+ 29 ((Sky, Thy,) + B(Rs Thy ) (S ) )

2 o~ o~ A~ o~ o~
(HTHber) (HSHber +2’“<Sk‘un/Tan> +,B<kyn/Tan><Skl/ln’an> .

IN
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Moreover, by applying the Cauchy-Schwarz inequality, we observe that

| (T + 8V, I+ BI((T + )y )
< (ITI55) + (ISU)” + 2 (@l TR, | 11K, | + B1 (TR Ky )| (Ko K )
< (ITlEE)* + (Islag)’

23/l TR, I + BI(TRy B v/ | I+ Bl (SR )|
< (ITIES)? + (US1B5)2 + 20T v/l Sy, I+ Bl (S By )
< (ITII)” + (ISIIEs)® + 20Tl s
(ITI5 + 1S115%)*

2

Letting 1 tend to 400 and using (23) implies that

. b b b
tim (55l 1+ Bl(SRu B ) = ITIE 155,

This yields

b
Tim /SR, I+ 1SR i) = 5155

Similarly, we obtain

b
Tim /o TRy, I+ BI{ TRy, By = 1T (1)
This immediately shows that

tim. |ee( Sk, Thy, ) + B Ky Ty ) (ks Ky} | = I TIIEE 1ISIIE-

n—oo

Thus, the desired assertion is proved.
“(ii) = (i)”. Suppose that there exists a sequence {y, } in A such that

lim (D‘<Si€ﬂn/ Tli{\,”n) + 180(\]4;1/ le\ﬂn) <Si€\}‘n’i€]f!n>> || THber ||SH}X)e‘BI" (25)

n—oo

where /IEM is the normalized reproducing kernel of £, at y,, for every n. By proceeding as
above, we prove that for every n € N, we have

~ ~ ~ ~ ~ o~ 2
‘a<5k1‘»n’ Tk]'{n> + :B<k]4n/ Tk]'{n> <Sk}4n’k]4n>

~ 2 ~ o~ 2 ~ 2 ~ o~ 2

< (@ll TR, I+ BTy, K ) ) (11K 17 + B (S K
~ 2 ~ o~

< (al TR, I + BTy, K ) (ISIES)?

< (ITI%%5)% (IIs11%5)>.

Thus, by letting n tend to 4-co in the above inequalities and using (25), we obtain
_ ~ 2 S~ 2 b
Tim (@l Thy, I + BTy, ) ) = (1T (26)
Using similar arguments as above, we infer that

tim (]S, I+ B1(Ki, k) ) = (ISIES)”. 27)
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On the other hand, according to (25), we obviously have

}%mt <“<57€Hn' T/I;Pln> + IB(];V'?’ T/I;‘u”><57€yn//]€}ln>) - ||T

byl 1 o (28)
Hence, an application of (26), (27), and (28) proves that
(T8 + 1125)* = tim (a Thy, |+ B1( TRy o))
+2lim Re (MSEM, TRy ) + B Tkt ) (ks Ko >)
+ lim (al|Sky, |+ B1(Sky, K )
= lim (| (T + S)ky, |+ BI{(T + )y, K )

2
np)

IN

(IT+ 15> < (ITI5Ss + (IS

Therefore, we deduce that ||T + S Hzeﬁr = THEeﬁr +Is Hzeﬁr as required. [

As special cases, we derive two important consequences of the theorem. These results
highlight the significance of the (a, §)-norm in characterizing the behavior of operators in
the associated normed space.

Corollary 4. Let T, S € L(Ep). Then, the following assertions are equivalent:
(i)  ber(T+S) = ber(T) + ber(S).
(ii)  There exists a sequence {py } in A such that

~

im (K, Tk, ) (Skyu,, Ky, ) = ber(T) ber(S),

n—o0

where E},n is the normalized reproducing kernel of Ex at uy, for every n.
Proof. This follows by letting («, f) = (0,1) in Theorem 10. [

Corollary 5. Let T,S € L(Ep). Then, the following assertions are equivalent:
@ T+ Sllge = ITllge, + 1S llgere
(ii)  There exists a sequence {py } in A such that

tim (Sky,, The,) = 1Tl 155
where Eln is the normalized reproducing kernel of € at y, for every n.

Proof. This follows by letting («, f) = (1,0) in Theorem 10. [J

4. Conclusions

The reproduction of kernel Hilbert spaces (RKHSs) has applications in many fields,
including statistics, approximation theory, and group representation theory. It is known
that the Berezin number has been studied for the Toeplitz and Hankel operators on Hardy
and Bergman spaces. We found more characterizations based on inequalities for the Berezin
number and the Berezin norm in a series of papers.

This article aimed to provide new estimates for the («, )-norm of a bounded operator,
as well as new upper bounds involving the Berezin number and Berezin norm of bounded
linear operators on RKHSs.

We presented an alternative formula for the («, )-norm on £(&, ), as well as various
estimates. Additionally, we provided a characterization of the («, f)-norm when T is
normaloid, and in Theorem 3 we found a new upper bound for the («, f)-norm of an
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operator T. We introduced the (&, §)-Berezin norm and studied certain properties that
characterize this norm.

In Section 3, we introduced a bounded linear operator T € £(€) and provided a new
numerical value for it:

p(T) = sup {\/IIT2]2 — [{Te,x) s v e &, e =1}

Next, we aimed to generalize the concept of the («, )-norm to bounded linear opera-
tors acting on RKHSs £(€, ), which we defined as follows:

= ~ =2
I = sup Vel T2 + Bl (TR, B |
ne

We presented a number of results regarding the («, )-norm.
Finally, we showed that for T, S € L(&,), the following two assertions are equivalent:

. b b b

@ T+l = ITlxg + ISlag-

(i) There exists a sequence {}/,, } in A such that
lim (MSE Tky,) + Bk, Tk, ) (Sky,, k >) — ||| Pe |15 ber
00 Hnr Hn Hnrs Hn Hnr ™ n tx,ﬁ tX,‘B’

where E},n is the normalized reproducing kernel of £, at y;, for every n.

This paper introduced ideas that could potentially initiate further research in this field.
Subsequently, we plan to explore additional connections of the («, §)-Berezin norm and
investigate its potential for generalization.
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