@ axioms

Article

On Modified Interpolative Almost £ —Type Contraction in
Partial Modular b—Metric Spaces

Dilek Kesik 1@, Abdurrahman Biiyiikkaya 2*® and Mahpeyker Oztiirk -%**

check for
updates

Citation: Kesik, D.; Biiytikkaya, A.;
Oztiirk, M. On Modified
Interpolative Almost £—Type
Contraction in Partial Modular
b—Metric Spaces. Axioms 2023, 12,
669. https://doi.org/10.3390/
axioms12070669

Academic Editors: Kamsing
Nonlaopon, Ali Shokri, Daniela

Marian and Daniela Inoan

Received: 17 May 2023
Revised: 26 June 2023
Accepted: 5 July 2023
Published: 7 July 2023

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Department of Mathematics, Faculty of Science, Sakarya University, Sakarya 54000, Turkey;
dikekkesik@gmail.com

Department of Mathematics, Faculty of Science, Karadeniz Technical University, Trabzon 61000, Turkey;
abdurrahman.giresun@hotmail.com

Sakarya University Technology Developing Zones Manager Co., Sakarya 54000, Turkey

*  Correspondence: mahpeykero@sakarya.edu.tr

These authors contributed equally to this work.

Abstract: The current study attempts to identify a new generalized metric space structure, referred to
as partial modular b—metric, that extends both partial modular metric space via b—metric space and
explains the topological aspects of the new space implementing examples. In addition, a new contrac-
tion mapping referred to as modified interpolative almost £ —type contraction is determined, which is
an interpretation of interpolative contraction bestowed with almost contraction and £ —contraction as
well as a simulation function and a fixed point theorem that encompass such mappings in the context
of partial modular b—metric space is demonstrated. In conclusion, an example and an application
that endorse the main theorem’s outcomes are offered.
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1. Introduction

Fixed point theory in metric structure provides a broad occasion for researchers. The
most notable outcome of this theory is Banach contraction maps, which were pioneered by
S. Banach [1] and have undergone several generalizations and expansions.

The metric function and the metric space structure are effective due to obtaining
different generalized distance functions by adding new features to this function, changing
some of the metric ones, or both. Numerous experts have achieved new topological
structures and brought them to the literature. One of the most basic generalizations of
metric space obtained with a general triangle inequality regarding a constant greater or
equal than one is the b—metric function, which was acquainted by primarily Bakhtin [2] in
1989 and then, mainly, by Czerwik [3,4] in 1993 and 1998.

In 1994, Matthews [5] offered up a partial metric space structure with an aspect of the
self-distance of each point in space that may not be zero. Furthermore, this space has various
application areas and allows researchers to study in both subsections of mathematics as well
as many other fields, such as computer domain and semantics. Mustafa et al. [6] established
anew generalized distance function called partial b—metric in 2013 by integrating the ideas
of partial metric and the b—metric function. Subsequently, in 2014, Shukla [7] modified the
concept of partial b—metric by changing the first definition’s last assumption.

Any distance function’s physical meaning is fundamentally understandable and easily
described. However, in this regard, the idea of modular metric, which Chistyakov [8]
suggested in 2010, has a distinct appeal from metric one, and numerous useful discoveries
connected to this function have been produced since this year. Following that, the concept
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of modular metric has been expanded to the notion of modular b—metric claimed by Ege
and Alaca [9] in 2018.

In addition, Hosseinzadeh and Parvaneh [10] developed an innovative generalized
metric function entitled partial modular metric space and provided some new insights on
this space, considering modular metric and partial metric functions. However, to remove
inconsistency in non-zero self-distance and triangular inequality, Das et al. [11] modified
the notion of partial modular metric in 2022.

As a result, more general metric function structures exist in addition to the above structures.

Throughout the research, the symbol N represents the set of all positive natural
numbers, whereas R represents the set of all non-negative real numbers.

2. Preliminaries

In this section, we provide reminders of some fundamental concepts and characteristics
that will be useful in the outcome of our work.

Definition 1. Let p : M x M — R be a function on a non-empty set M and s > 1 be a real
valued constant. Thereupon, for all x,y, z € M, we listed the below circumstances:

+p(zy) —p(z2);

o4)p(x,9) < slp(x,2) +p(z9) —p(2,2)] + 200, x) + (3, ));
p4") p(a,y) < slp(x 2) +p(z9)] — p(z, 2).

Taking the above axioms into consideration, we conclude that

(1) el 1) =p(y) =p(yy) S x =y
(p2) p(x, %) < plx,y);

(03) p(x, ) = p(y, x);

(p4) p(xy) < p(x, 2)

(

(

*  theaxioms (p1 — p4) are satisfied = p is a partial metric function w.r.t. [5].
o theaxioms (p1 — p3, p4’) are satisfied = p is a partial b—metric function w.r.t. [6].
e theaxioms (p1 — p3, p4’’) are satisfied = p is a partial b—metric function w.r.t. [7].

Chistyakov [8] identified the modular metric function as the one below.

Definition 2 ([8]). Let w : (0,00) x M x M — [0, 0] be a function defined by w, (x,y) =
w(A, x, y) on a non-empty set M. If, for all x,y, z € M, the circumstances
(w)wr(x,y) =0,VA >0 x =y
(w2) wrx,y) = waly, x), YA > 0;
(W3) Wrru(r,y) < walx, 2) +wplz,y), YA, 1 >0
are fulfilled, then the function w is called modular metric.
If we consider the below axiom with a constant s > 1 instead of (ws3), then we achieve that w
is a modular b—metric acquainted by Ege and Alaca [9]:
(@5') Wrtp (i 9) < 5[wn (x,2) + wpl2,9)], VA, 1t > 0.
Further, it seems that the modular b—metric space and modular metric space coincide in case of
s =1, and the sets

M ={x € M:3X = A(x) > 0such that w) (x, 1) < o0} (10 € M)
are mentioned as an modular b—metric space (around xp).
Furthermore, for additional details, see [12-15].

Definition 3 ([10]). Let @ : (0,00) x M x M — [0, 00| be a function defined by @, (x,y) =
@ (A, x,y) on a non-empty set M. For all x,y, z € M, if the conditions

(@1) @r(x, 1) = @A (1, y) = @r(y,y) & x =y, VA, 4 > 0;

(@2) @r(x, 1) < @x(x, ), VA > 0;

(@3) @r(1, ) = @r(y, 1), VA > 0;
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(@4) @rip(t,y) < @ (1, 2) + Oulz, y) — LTGRO ) 0

are provided, then the function @ is termed a partial modular metric.

Subsequently, the notation of the partial modular metric function was redefined by
Das et al. [11] in 2022 by considering the below conditions instead of the () and (@4) of
Definition 3:

(@) @r(x,y) = @ulx y) and @x (. x) = @r(x,y) = @ (5,y) & 2 =y, VA, 4 > 0.
(@4') @rip(,4) < @ (1, 2) +@p(2,) — @a(2,2), VA, 1 > 0.
We utilize the definition of partial modular metric as defined by Das et al. [11] throughout
the study.

On the other hand, researchers have used some auxiliary functions to achieve more
diverse results in fixed point theory. In this context, we use the new control functions
identified by Khojasteh et al. [16] entitled simulation functions, as noted below.

Definition 4 ([16]). A function ¢ : [0,00) x [0,00) — R is a simulation function provided that

the subsequent requirements are met:

(¢1) £(0,0) =0,

(C2) ¢(L,v) <v—tforall,v >0,

(C3) if {13}, {vs} are sequences in (0, 00) such that 1i_>m Iy = li_>m v; >0
300 300

limsup ¢(15,v5) <O0.

3—00

In the sequel, Z indicates the collection of all simulation functions. Further, from (&),
it follows that ¢(1,v) < Oforall: > v > 0.

Definition 5 ([16]). A mapping Y : M — M is referred to as Z-contraction on a metric space
(M, d), according to { € Z if the inequality

@Y%, Vy),d(x,y) >0
is fulfilled, for all x,y € M.

Furthermore, choosing ¢ € Z as ¢(1,v) = qu —tfor all ,v € [0, c0), the prominent
contraction, entitled Banach contraction, is attained.

Remark 1 ([16]). Presume that Y is a Z-contraction. Forall1 > v > 0, the statement &(1,v) < 01is
true, and also, d(Yx, YVy) < d(x, y). In turn, we deduce that Z-contraction mapping is contractive,
and eventually, continuous.

Moreover, the notation of the simulation function has been generalized in many
directions. For some of them, see [17-24].

Let ¥* be denoted as the set of all ¢ self-mappings on [1, +o) such that (a) =1 <
a = 1, which own non-decreasing properties.

In 2018 and 2022, S. H. Cho [25,26] identified the specification of simulation functions,
as stated beneath.

Definition 6 ([25,26]). Consider 1 is a real-valued mapping on [1, o0)?, which satisfies the ensuing
circumstances.

(m) n(L,1) =1;

(m2) n(L,v) <v/e, Ny,v>1;

(n5) n(Lv) < ﬁ(g)) , Vv > 1, where p € ¥*;




Axioms 2023, 12, 669

4 0f22

(n3) for any sequence {15}, {v;} C (1,00) with1; <v;, V3=1,23,..

Iimy; =limvyv, >1 = limsu L,v:) < 1.
soe s T %Y Z’_)001977(3 5)

If the requirements (1) — (12) — (113) are met, n is called an L-simulation function. Besides, 1] is
Ly —simulation whenever the conditions of (111) — (115) — (173) hold.
Also, note that 7(1,1) <1, Vi>1.

L stands for the class of all £-simulation functions 77, and Ly stands for the collection
of all £y —simulation functions 7 : [1, oo)2 —R.

Example 1 ([25,26]). The functions n,11p,1; : [1,00) X [1,00) — R that are identified below,
belong to Ly.

() mbv) =200 s 1ke (01

(i) ne(Lv) = % , Yi,v>1,where $:[1,00) — [1,00) is non-decreasing and lower

semi-continuous self-mapping on [1,00), that fulfills $=({1}) = 1;
(iif)
if (L,v) =(1,1),

1,
p(Lv) = ZLPIIEZ/L))’ ifv <y

71))], otherwise,

Vi,v > 1, where A € (0,1).
Note that if (1) = ¢ for 1 > 1, then 1y, g, 11p € L.

Jleli and Samet [27] proposed an intriguing idea termed © —contraction and verified
the subsequent theorem in 2014.

Theorem 1 ([27]). The self-mapping Y on a complete metric space (M, d), is referred to as
O —contraction, which means that, a constant k € (0,1) exists such that the expression

dVrVy) #0 = DAV Vy)) < [O(d(x 9)]"

is provided for each x, y € M, while O : (0,00) — (1, c0) is subject to the succeeding circumstances

(91) O is non-decreasing;

(O29) for each sequence {15} C (0, c0), li_>m o) =1« 1i_1>n i, =0%;
j—roo 300

(O3) the terms r € (0,1) and q € (0, co] exist such that lim % =q.

1—0+
Thereupon, Y owns a unique fixed point.

Next, Liu [28] added the following new criteria instead of the condition (93) and
reproved the same theorem under new conditions.

(D3") O is continuous.

Define © = {O : (0,00) — (1,00) : O holds (D7), (92) and(D3') }.

E. Karapinar [29] (also, improved version [30]) recently proposed a new idea indicated
as interpolative contraction and derived a fixed point theorem that included interpolative
Kannan-type contraction mapping, as stated below:

Theorem 2 ([29,30]). A self-mapping Y : M — M, on a complete metric space (M, d), meeting
the inequality

d(Vx, Vy) < 0ld(x, V)" [d(y, V)]
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with constants 6 € [0,1) and a € (0,1), for all x,y € M — Fix()), wherein Fix()) signifies the
set of fixed point of ), enjoys a unique fixed point.

3. Partial Modular b—Metric Spaces and Some Topological Characteristics

In this section, the construction of a new structure using a new distance function and
the investigation of various topological properties are proposed.

Definition 7. Consider a non-empty set M and a real-valued constant s > 1. A map @ :
(0,00) x M x M — [0,00]| is regarded as a partial modular b—metric (briefly ?gf;‘gf[) if the
subsequent terms are met: for all x,y,z € M,

(@1) @r(x 1) =du(x, x) and dp(x,x) = Or (v, y) = Da(y,y) & x =y YA, u>0;

(@2) @xr(x,x) <@r(x,y), VA >0;

(@3)  @a(x,y) = Da(y, x), VA > 0; )

(@3) @riu(t9) < 5[0 (1, 2) + Bpl2,9)] — Ba(2,2), YA u >0

Then, Mz is a partial modular b—metric space, which is abbreviated with partial

myms

Definition 8. In addition to the axioms @1, @y, and @3, a T‘”"‘“[ @ on M is regarded to be
convex if it meets the condition specified below:

(@5) @riplny) < s[xa@n(v2) + @z )] - Pz 2),

forall x,y,z € Mand forall A, u > 0.
Definition 9. Regard & be a T‘”"‘a[ on a set M. For a given xy € M, we set up

e Mgy(n) = {;(e/\/l:)}im @A(xg,x):c},forsomecZOand
—00
o Mi(n) ={xeM:3N=Ax) >0,&:(0 1) < o}

Then, Mg and M are called ?gfﬁ;a; centered at .

Every partial modular space is undoubtedly a ?&tﬁ.‘n“; with the parameter s = 1, and

every modular b—metric space is a T&t",}{‘; with the same parameter and zero self-distance.
However, the contrary of these facts does not have to be accurate.

Asa T“t"‘“[ is a partial modular when s = 1, the class of iPﬁf;,}.‘aﬁ[ is larger than the
class of partlal modular metric spaces. We illustrate how a Tf,‘{%“ﬁ[ on M¥% may be neither a
partial metric nor a modular b—metric.

Example 2. Let M = Rand @ : (0,00) x M x M — [0, 0] be characterized as

~ _ 2
@r(xy) =e Ma—yl

forall A > 0 and for all x,y € M. Then, & is a L4 on M. We currently possess, in fact,

mym

cf)(?c,?c)—e)‘l?c x| —O—EVI?C ?cl

= y(?C/?C),
My — ?cl =e M-y =ety—y =0,

o ((f)l) e
e M — g —0=>|?c y|—0:>7c—y
o (@) :@r(x, 1) =e M- ;c| <lx—yl? <eMax—y* =da(x,y), forall A > 0.

o (@3):@r(xy)=eMax— y| =eMy— ?d =d)(y, )forallA>0
*  (&4) : By considering the inequality (x — y [ (z— y)z}, we have

ef/\|?(— y|2 <2eH [|7( - z|2 + |z — y|2] = 2[67/\.|?C - z|2 +ef/\.|z — yﬂ,

that is to say |x — y|* < 2(|x - y|2). Thereupon, we get
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~ _ 2 _ 2 — 2
Oru(ty) = M| —yf =MW |z — 242 —y|> —e Mz — 2

< e’)‘.e’”.2[|;( — 2 4]z — y\z] —e Mz — 2]
= 2.e_/\.€_”|7( - z|2 + Z.e_)‘.e_”]z — y[z — e_’\|z — z|2

<2eM|x— 2P + 2.1z —y)P —e Mz — 2

=2.[@) (1, 2) + Du(z,y)] —Dr(2 2).
@ is a P on M withs = 2.
Example 3. Consider M = Rand @ : (0,00) x M x M — [0, 0] to be reqarded as

_Jx—glf

@ (x, ) 1

+max{x,y}, q>1,

actial - __ng—1
mym With s = 2177

forall A > 0 and for all x,y € M. Then, @ isa P

Definition 10. Let M be a P and {x}, oy be a sequence in M. Then:

(i) the sequence {x;};cy is termed @—convergent to x € M if and only if @, (%, x) —
@) (x, 1), as 3 — oo. Also, the point x is termed the @ —limit of {x; }

(i) {%},en is termed &—Cauchy if

3eN”

i @) = i, ) = i, (%)

(iii) M is entitled &©—complete if every Cauchy sequence in M is @ —convergent to an element
X o s
x € M} wherein zlggowA(xz,,x) =@y (x, x)-

(i) Afunctiony : Mg — M is called & —continuous in M if the sequence {x; }, .y C M

P @ @
satisfying x; — x as 3 — oo, whenever Yx; — Vx.
Lemma 1. Every P & defines a modular b—metric w, where

wi(x,y) =20, (x,y) — Dr(x, 1) — Oa(y, 1) 1

Proof. Owing to the fact that @ is a i])g,f‘r}f[, @ fulfills (&1) — (&4). We shall now demon-

strate that the axioms (w1, wa, w3') of Definition 2 are met.

(w1)If x = y, from (1), the expression w) (x,y) = 0, VA > 0 is attained. Suppose that
wy(x,y) = 0, VA > 0, then 2@, (x, y) — @r(x, x) — @r(y,y) = 0, which yields that

20, (x,y) = @x(x, x) + @a(y,y). By (&1), we achieve

20, (x, 1) <20\ (x,y) = Br(x, 1) + ®r(y,y) = (1, x) < Dr(y,y),
and similarly

20 (y,y) < 20 (1, y) = @r(x 1) + Da(y,y) = Or(y,y) < Or(x %)

Consequently, we gain @, (x,y) = @, (x, 1) = @, (y, y), which means that x = y.
(w2) wr(x,y) = 20r(xy) — a1 x) — DAy, y) = 20 (y, 1) — Da(y,y) — Dr(x, 1) =
wa(y, 1)
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(w3') From (&1), we get @a 1, (1, x) = @x(x, x) and @) 4, (3, y) = @A (y,y), Y1,y € M and
VA, u > 0. Hence, we have

D)1, 1) S D) (x,y) = 0 Dy (x,y) — Dr(x,x) < s(Da(xy) — Da(x %)),
and
Dr(y,y) <@\ y) = 0 < @Dpr(x,y) — Oa(y, y) < s(Dr(xy) — DAy, ),

which implies that

20, (1, y) — (1) — Da(y,y) < 52D (3, y) — @a (1, 1) — DAy, y))-

Now, considering (&4) and the above inequality, we obtain
Wrp(x y)

=205 (%, y) — Oy (1) — Drtp(y, y)
=20 (1, y) — @A (x, 1) — Duly, y)
< 2(s[@x(x,2) + @y(2,9)] — Du(z,2)) = Dalx 1) — Dp(y, )
= (2507 (1, 2) — Du(x, 1) — Ba(2,2)) + (250y(2,y) — Da(2,2) — Dp(y,9))
<520, (x,2) — @u(x, 1) — Da(2,2)) +52Du(z,y) — @r(2,2) — Du(y,y))
= 5((202 (%, 2) = Dula 1) = Da(2,2)) + (20u(2,y) — D1 (2,2) = Du(y, )

= s(wa(x 2) + wy(zy)).

Accordingly, it appears that the proof is completed. [

Lemma 2. Consider & is a partial modular metric on M and {x;} sen is a sequence in M.

(1) {%},en is a @—Cauchy sequence in the ﬂ’ﬂff,}f‘; if and only if it is an w—Cauchy sequence in
the modular b—metric space M, induced by Phie @

(ii) A ?gﬁﬁ;g‘ % is complete if and only if the modular b—metric space M, induced by ?gﬁﬁ;&‘
@ is complete. Furthermore,

lim w (5, ) = 0 & lim [20; (%, x) — ®a (%, %) — Da(x,x)] =0

3—00

or

31320“]/\(?(3’?() =0« 31320@/\(?(3’?() = 31Lr£10(@A(x3,x3) =d)(x, 1), YA > 0.

(iit) {a},en is D—convergent to x* € M ifand only ileg{)lo @p (x5, 1) = 3,;1132100@)‘(7(3’7("1) =
@) (x*, x*),YA > 0,a5 5 — .

Proof. We begin by emphasizing that every @—Cauchy sequence in the P M is

an w—Cauchy sequence in modular b—metric space M,. Let {x;} sen be a @—Cauchy
sequence in ﬂ’&:",}{‘; M. Apoint i € R exists such that, for any ¢ > 0, there is a natural
number 3 fulfilling |@, (x5, 1) — 7| < § forall 3, m > 3¢. Thence,
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|wa (2, 2m) |

=20, (%5, am) — @A (%5, ) — Dp (%, 1)

= |@a (x5, %) —h+ 1 —Bp (%5, %) + D (A, %) — 1+ T — Dp (%, )|

< @A (% 2n) — 1| + |7 = Dx (%, )| + @A (%, ) — 1| + |l — Dp(2m, 20|
<itititi=se

forall 3, m > jc. As aresult {1;},.y is an w—Cauchy sequence in M.

Subsequently, we attest that w—completeness of M, entails @—completeness of M.
Indeed, if {x;}, <y is a @—Cauchy sequence in M, according to above discussion, {x; }, <
is an w—Cauchy sequence in M, too. Due to the fact that modular b—metric space M, is
@—complete, we infer that an element y belongs to M, exists such that lgn wx(x5,y) = 0.

3 o0
Hence,
lim [20, (%, y) — @a(%5, ) — Dr(y,9)] = 0

3—00

which implies

lim [, (15, y) — @2 (%5, %) + Da (%5, 4) — @a(y, )] = 0.

3—00

Thereupon, li_1>n (@) (x5, y) — @) (y,y)] = 0. Further, we attain
2 (0]

lim [0, (%, y) — @A (%, )] = 0.

3—00

Consequently, 2’li_>rr010 @)(x5,y) = Da(y,y) = ;,h—>nolo @, (x5, 13)- Also, from (@), we achieve

Dr(yy) < lm 0r(x,y) = Hm &r(x, %) < lm &) (x 2m). 2

On the other hand, @, (x;, 1) < 5{&3%(7@,4) +(f)%(y,7(m)} — (f)%(y,y). Letting n,m — o0

oo, D2t ) < Um_ sy (s, 9) + L, sy (g 2n) = im0y (4,9)

(3)
= o\ (y,y)-

From (2) and (3), we obtain lirg @)\ (45, n) = @a(y, y); thatis, {#;},cy is a @—convergent
3,M—>00

sequence in M.

It will be demonstrated that every w—Cauchy sequence that belongs to M, is a
@—Cauchy sequence in M. Consider ¢ = % Then, a natural number 3p € N exists such
that wy (x5, 1) < % for all 3, m > 39. Because

D (%5, %) < DA%, %50) = — DA (%5, %30) < — DA (%5, %3),

which follows

D (%5, %50) = 202 (%5, A30) — D (%5, A30) < 201 (%5, 239) — DA (%5, %3)

and
DA (%5, %50) — DA (K50, 30) < 202 (%5, 430) — Da (%5, 45) — DA (X350, 430)

< wp (%, %) < 3-
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Hence, the inequality

. . . 1
D%, %5) < D2 (%5 70) < W2 (%5, 0) + P (X0, %30) < 5 + D2 (%0, 230)

indicates that the sequence {@, (x;, ;) } is bounded in R and an element / € R exists such
that a subsequence {@, (., x4, ) } Of {@) (%3, %3)} is convergent to /i € R, which means,
khjf}o Op (s ) = 1.

Now, we prove that {D,(x;,%;)} is a Cauchy sequence in R. Since {x;},y is an
w—Cauchy sequence in M3, for given ¢ > 0, there is a natural number 3, such that
w) (%5, 1m) < eforall 3,m > 3. Thus, for all 3, m > 3¢, we have &, (73, 13) < @ (a3, 4n) and
thereby,

@2 (23, %5) — O (A, 2m) = O (5, 2m) — DA (%m, 2m)

< w3, xm) < e
Therefore, we achieve lim & A (%, 45) = h.
3—0

On the other hand, for all 3,m > 3., we have
| @A (%5, 2m) — | = @A (%5, 0n) — DA (%5, %5) + Da (5, 5) — 1
< |@a (%5, am) — @A (%5, )| + |2 (5, %) — 1

< W (x5, 1) +|@a (%5, %) — ).

Hence, 3,111?300 @) (43, 4n) = h and consequently, {x;},.y is a ®—Cauchy sequence in M.
Conversely, consider that {#; }, -y is an w—Cauchy sequence in M. Then, {x;},y is
a @—Cauchy sequence belongs to M7 and so it is convergent to a point x € M7 with

31i_r>10106’?7A(a3,?c) = 3,EQM@A(@,M) =®d)(x,x),VA > 0.

For a given € > 0, a natural number 3 exists such that @, (x, ;;) — @x(x, x) < § and

I

Dp (75, %5) — Dx (2, 1) < Dx(am, 45) — Da(x, 1) <
Thereupon, we obtain
|wa (5, 1)
= [20, (%, x) — Da (%, %5) — @r(x 1)
= |Dx (%5, 1) — Da(%, ) + Dal%, 1) — Dr(2 7))
= [@r (%5, 1) — Da(7, 1) + Dr(x, 1) — Dal73,%5) + Da(%, 1) — Da( 7))
< @a (7, 1) — @r(2 )| + [@r (1, 1) — Dal3, %) | + [@a (%5, 1) — D (7))
<% <e

whenever 3 > 3. Therefore, M, is w—complete. Finally, lgn w) (x5, x) = 0and so,
3 o0

Lo [0 (35, ) — @35, )] + 1o [0 (x5, 1) — Dax 2)] = 0.
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Furthermore, we have the following statement for all 3, m > 3,

3/}515100[(%(?(;,, %n) — @xr(x, 1)

< 313?0 [5 [c@%(&,,x) +(f7%(?(,/?(m)} - @%(?c, x) —@x(x, ?c)}

< 313{}0[ %(?(;,/?C) %(?c, 7()} + lim {5@%(7@7@) — D) (%, x)} =0.

O

Given that the b—metric is discontinuous in general, the partial modular b—metric is
not continuous. As a result, the ensuing critical lemma plays a vital role in establishing our
key findings.

I:emma 3. M%isa :Pg;ﬁ}f;‘ with‘ the parameter 5> 1. Presym? that {;(3} sen and {ys} o are
@&—convergent to x and y, respectively. The following expression is acquired.

FO (1 y) = 50 (1, %) = Oy, y) < lim infdx (15, 55) < lim sup Da (5, 55)

< 5@y (1, 1) +5°@2 (3, y) + 2D (%, ).

In particular, if @) (x, y) = 0, then we have lgn @, (%3, ;) = 0. Moreover, for each z € M, the
3 (e

subsequent expression is met
1y ~ c e e~ . ~
s@a(2) — D) (x 1) < lim inf @) (x5, 2) < lim sup @i (%, 2)
<s@)(x,x) + 5@, (%, 2)-

Also, in case of &, (x, x) = 0, we get
1
(1, 2) < lim inf @)y (x5, 2) < 1i (1, 2) < s®dy\(x, 2).
SO 2) < lim inf @) (35, 2) < lim sup @, (x5, 2) < 501 (x 2)

Proof. Considering the statement (4), we achieve

@11 y) < 5|y (1,5) + Dy (15,9)] = Dy (5,%5)

Sﬁ(b%(?&?@) %(7(5 y)
< 5y (17) +5[5(@) (13,35) + @y (15,9) ) — D (35,55)]

< 5@y (1,7) + 5701 (%, 35) + 57D (4, 9)-
Since @, (1, 1) < @yu(x, x) for p < A, we have

@) (1 y) < s@)(x, ) +5° D) (135, 13) + 5°Da (5, 9),

which yields
@) (1 y) — sDx (3, 75) — 5@ (13, y) < 7Dy (35, 55)- )

Likewise,
@ (%3, 45) < 5DA(1, 1) + 52D (1, y) + 5@ (3, 45)- ®)
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If the lower limit is applied as 3 — oo on both sides of inequality (4), considering x; — x
and y; — y, we acquire

1 1. ) N
2P (wy) = s 1) — Baly y) < lim infd) (5, 35)-

Also, taking the upper limit as 3 — oo in (5), we gain

Tim sup @, (1, 43) < sD) (1 1) + 5@ (1, 5) + D1 (1, 9)-

Since ;,12130 inf@, (x5, ;) < 31er<>10 sup @, (x, y;), we achieve the first desired result. If &, (x, y) =

0, via the triangle inequality, we procure @&, (x, x) = 0, and @, (y,y) = 0. Therefore, we
have lgn @) (x3,y;) = 0since @, (x,y) = @)(x,x) = @r(y,y) = 0. Moreover, for each
3 (e}

z € M7, we obtain

D) (x,2) < 5{@%(&?@) +@%(?¢,'Z)} — @3 (%, %)

< s[@a (1, %) + DA (%5, 2)],
such that it follows that
1
ZD\(x,2) —@Dy\(x,x) < lim inf @ (%, z).
56%(7( z) — @) (%, x) Jim in D (%, 2)
Similarly
@) (x5,2) < 5[&3%(7@,,7() +cf7%(?c,Z)} —@%(?c, x)

< s[@p(x5,x) +Da(x, 2)].

Owing to @, (x, x) < @u(x, x) for u < A and taking the upper limit as 3 — co with x; — x,
we conclude
312210 sup @y (x5, 2) < s@)(x, x) +5D) (%, 2).

Further, since 1i_>m inf@,(x;,2) < li_r)n sup @, (x3, z), we achieve the desired result. [
3—c0 300

The following outcomes are critical in our future thoughts, and the proofs can be
completed with respect to [31,32].

Lemma 4. Consider M is a PgIG. Then, a sequence {x;},cy on M is 0 — &—Cauchy
if lirﬁn @) (x5, xm). Moreover, M is said to be 0 — &@—complete if for each 0 — &—Cauchy
3,M—00

sequence in M, there is u € M, such that

311_{‘1010@A(7(;,,7ﬁn) = 2wl%r_r}oocf?,\(;»(é,u) =®)(u,u)=0. (6)

Lemma 5. If PRIU M is @—complete, then it is 0 — &—complete.

Lemma 6. Consider M isa (Pgl‘;%f‘s[, Vi Mg — Mg isamapping and ¢ € [0,1). If {13},
is a sequence in M, where x;11 = Vx; and

D (%5, %41) < c@p(x-1, %) @

for each 3 € N, then the sequence {x;}, . is 0 — @—Cauchy.
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4. Some Fixed Point Results in the Context of Partial Modular b—Metric Spaces

This section puts forward a new contraction mapping termed as modified interpolative
almost £ —type contraction, as well as a new fixed point theorem using such mappings

. . t' [
within the context of P55

Initially, let A, represent the set of all ¢ self-mappings on [1,+o0) satisfying
the conditions

*  ¢isanon-decreasing mapping,
e ¢(a) <a,foralla>0.

Definition 11. Consider that M is a P with a parameter s > 1. A mapping Y : M5 —
% is referred to as a modified interpolative almost € —type contraction if a, B € (0,1) exist with
a+ B <sfanda+2B > sV andalso, 7 € Ly, D € O and ¢ € A, such that

1 (9(s" 0 (Vi V3)), O(Cle ) ) =1, ®)

where B y 3
C(x,y) = ady(x, y) + Bl@r(x, Yx) — Dr(y, Vy)|

©)
+(s" — = B)p(tan (),

for all distinct x,y € M — Fix(Y) and for all A > 0.

Theorem 3. Let M5 be a &—complete PSS withs > 1and Y : M — M5 be a modified
interpolative almost € —type contraction mapping. Then, Y admits exactly one fixed point.

Proof. Assume @) € M is an initial point and we shall construct {x; },y by:

G+1=YVx;, forallz € N.

If there exists some 390 € N such that x;, = 5,41, then 39 becomes a fixed point of V.
Consequently, we presume that x, # x.+1 for all k € N. By using (8) and (1), we obtain

1< 7(0(s" @) (Vg Yaz41)), O[Cx5 2341)])

p(O[C(2.1:1)])
p(O (P ar (V. V541)))

<

that is,
¢(D (5”“@,\ (y?(é,yxg,ﬂ))) <P(9[C(%, 5+1)])-

Because O € © and also given features of the function ¢, the above inequality gives

sP@) (11, 4542) < 5P @) (11, 1542) < C(x5, x541), (10)

where

C(7 +1) = adi (23, 55+1) + Bl DA (75, V5) — O (41, Yg+1) |
+(sF —a — 5)4’(%@%(?@/%@“))
= ad (15, G+1) + Bldr (15, %11) — @O (41, %42) |

+ (5P —a— B)p (Lo (1, 1542))-

From (&), we have

Do (x5, 1542) < 85[0 (35, 4541) + Dr (41, G42) | — DA (X541, G 41) -
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Now, we utilize the representation «; instead of @, (x;, 1;+1). Thereupon, we conclude that

D (%41, G41
C (1 1) = ares + Bliy = K341 ] + (9 —a — ﬁ)@(K;, + K1 — M)
and so, by using ¢ € A, the inequality (10) becomes
sPry 1 < ak; +‘3’K3 —K3+1’ + (sP —a— /5)(p<K3 + K1 — ‘OA(’%SWH))

(11)
< ary + Pl — K| + (87 — a0 — B) (15 + K311).

If we assume «; < x;,1, then, we deduce that |K3 — K3+1‘ = K341 — K;, thereby, from (11),
we achieve that

sPics 1 < oy + Bkz41 —15) + (87 —a — B) (k5 + K541),
and by simple calculations, we get x; 1 < 5’7;2’3 k5. Since & + 2 > s”, this causes a con-
tradiction due to our assumption. Hence, we yield that k1 < «; such that |k; — &;41| =
K3 — K341 By (11), we get

sPig1 < iy + By —xc51) + (8P — a0 — B) (165 + 16541)

which implies that
sP
K3+1 < MK?"
sP

Denoting ;%55 by d and as a + 2B > s¥, we have @, (41, G12) < 0@x (x5, 541) with
0 <6 < 1. Thus, by Lemma 6, {x; } .y is a 0 — @ —Cauchy sequence on the > —complete

?g;ﬁ;g‘. Owing to Lemma 5, the space is also 0 — @f* —complete; it entails that u € M

exists such that

nlr%i_}rr}_w@)\(;(é,m) = nl_i)rfoocfh(;(é,u) =&, (u,u) =0. (12)

Thus, {%},cy, that implements

10 (Y V1)) 0 [ () |) 21

has a subsequence {?(5(1) } Taking (175) with ¢ € ¥*, O € @ and ¢ € A, into account, the
above inequality gives

sPHl@, (’%(nﬂ,yu) < C(’%m,”) = 0Dy (’%(l)'”) * ﬁ“m ("é(lyy’%(l)) a @A(u’yu)’
+(sF —a— /3)4’(%‘7’% (’%(l)'y”))
< a0 (10 ) + B[ @1 (0 150001) = @2 (0. V)|

+ (s —a—p)dy (?(ﬁ(z)ryu)-
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Thereby, letting I — +-c0 and considering (12), we achieve

P&y (u, Yu) < sPH1d, (u, Yu) < LII’E sPHL@) (Vag, Yu)
n o]

< lim C(x,u)

n—+00
< (8P — )@y (u, Yu) < sPd,(u, Yu)
which implies

lim C(;(ﬁ(l),u) =@y (u, Yu). (13)

[—+o00

Moreover, we presume that x; # u, for infinitely many 3 € N, without losing generality. So,
utilizing (8), we have

17(9 (5P+1@(y;@,yu)),o[0(@,u)]) > 1.

Likewise, by (175), we obtain

9(9 (s @r (Y5, 1)) ) < 9(O[C(x5,w):
Owing to i € ¥* and O € ©, we procure
PN (Va, Yu) < C(x5,u).
Further,
sP@p (u, Yu) < sPH @y (u, Vi) + @n (Vg V)] — @r (Vs Vi)
< sPH@p (1, Yag) + 57102 (Y, Yu)

< 5p+l(f))\(u, yz(;,) + C(’Qa/u)‘

In the above expression, taking the limit as n tends to co by considering (12) and (13), we
attain

P im sPt@ i .
@) (u, Yu) < lim P 0) (Y, Vu) < lim C(x;, 1) = "0 (u, Yu).

Thereupon, we obtain ET sPTL@, (Vag, Yu) = sP@) (u, Yu). Thus, letting
n [ee]

1= O (57103 (Y, ) )

and
vy = O(Clx,1))-
By (173), we have lim ¢; = lim v; = O(s"®)(u, Yu)) such that limsup#(s,v;) < 1.
3—00 3—00 3—r00

However, this causes a contradiction. Thus, @, (1, Yu) = u = @) (u,u) for all A > 0, that is
to say u is a fixed point of V.

As a final case, to obtain the uniqueness of fixed point, we need to accept that another
fixed point u* € M with u # u* exists such that Yu* = u*. Utilizing (8), we write

1< ;7(0 (5”“@A(J7u,yu*))/9[c(”/“*)]) < w(g(fgﬁgilg;;);/)u*)))
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owing to the fact that i and © are nondecreasing functions, the above expression entails
sPHL@) (Vu, Yu*) < a@dy (u,u*) + B|dy (u, Yu) — @p(u*, Yu*)|
+ (5" — = g (Lm (1, V"))
< ady (u,u*) + Bl@x(u,u) — @p(u*, u*)|
+ (8P —a—p)dr(u,u”)
< (8" = B)on(u,u”),
which causes a contradiction. We gain that u is a unique fixed pointof Y. O

4.1. Consequences

In this subsection, we initially recall the concept of £ —type or £ —contraction, which
was put forward by Fulga and Proca [33] in 2017, involving the term

E(xy) =d(x,y) +1d(x, Yx) —d(y, Yy)l.

If we select « = B in Theorem 3, then we achieve the ensuing result.

Corollary 1. Consider that M5 is a &—complete PR withs > 1and Y : M5 — M is

m,ms
a mapping. Presume that « € (0,1) with2a < s? < 3a, 7 € Ly, O € @ and ¢ € A, exist
such that

1(9( @r e ), 00 (n0) + (& ~ 2000 (Jan (eI ) 21,

where
E(xy) = dr(x,y) + |@r(x, Vi) — Dr(y, Vy)|, (14)

for all distinct x,y € M} — Fix()) and for all A > 0. Thereupon, Y owns a unique fixed point.

If s = 1, our results obtained from Theorem 3 are valid in the context of partial modular
metric space.

Corollary 2. Let @ be a partial modular metric and MY, be a @—complete partial modular

metric space, and Y : M}, — M7, be a mapping. Presume that o, € (0,1) witha +p < 1
and a +2B > 1,5 € Ly and O € O exist such that

1(9(@4 (Ve V9)), 9(Colw ) = 1,
where
Cs ) = 2@ (1) + Bl (1, V) = @ (5, V)| + (1 — & = B)dS (. V),
for all distinct x,y € M}, — Fix()) and for all A > 0. Thereupon, Y owns a unique fixed point.

Proof. Aswell ass = 1, we consider ¢ € A, as ¢(t) < t for t > 0, then, we achieve the
desired consequence. [J

We procure the subsequent result if we choose @ = 8 in Corollary 2.
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Corollary 3. Let (Df)\ be a partial modular metric and M, be a @—complete partial modular
metric space. Also, Y : M7, — M, is a mapping. Further, let there exist x € (%, %), neLly
and O € O such that

1(D(0r(Vx, Vy)), Olal(x, y) + (1 = 2a)Dp (1, Vy)]) 2 1,

where £ (x, y) is defined as (14), for all distinct x,y € M, — Fix(Y) and forall A > 0. Thereupon,
Y owns a unique fixed point.

Following that, we provide some additional corollaries concerning # depending on
the selection of L.
Corollary 4. Let M5 be a @—complete ﬂ’&?rin“s[ withs > 1and Y : M} — M be a mapping.
Presume that k € (0,1) and a, p € (0,1) with a + p < s¥ and « + 2 > s and also, P € ¥*,
O € Oand ¢ € A, exist such that

(0 (s V) < [9(O(C(x )

where C(x, y) is defined as (9), for all distinct x,y € M — Fix(Y) and for all A > 0. Thereupon,
Y owns a unique fixed point.

k
Proof. Assume that 7, € Ly, thatis, n(,v) = [lplp(zjl))} with k € (0,1), the proof can be

easily obtained. [

Corollary 5. Let M} be @—complete (P&‘:‘r;“s[ withs > 1and Y : M} — M be a mapping.
Presume that k € (0,1) and « € (0,1) with 2a < P < 3x and a +1 > s and also, € ¥*,
O € Oand ¢ € A, exist such that

p(0 (7102 (Ve V) ) < [P(O(C* (x )]
where
C*(x,y) = ady(x, y) + a|@xr(x, Vi) — Or(y, Vy)|
(15)
(" — 2009 (1o (x, V),

for all distinct x,y € M}, — Fix(Y) and for all A > 0. Thereupon, Y owns a unique fixed point.
Proof. Considering « = B in the expression of C(x, y), the proof follows Corollary 4. [

Corollary 6. Let M’ be a @—complete ﬂ’&?ﬁr&[ withs > 1and Y : M} — M be a mapping.
Presume that o, p € (0,1) witha + p < sP and a + 2B > sP and also, p € ¥*, O € O and
¢ € Ay exist such that

YO C(x.9)))
¢(P(O(C(xv))))’

where C(x, y) is defined as (9) and ¢ is a non-decreasing and lower semi-continuous self-mapping
on [1,00), satisfying ¢~ ({1}) = 1, for all distinct x,y € M} — Fix(Y) and for all A > 0.
Thereupon, Y owns a unique fixed point.

p(o(s" o)) <

Proof. Contemplating the function 17 as 7y € Ly, i.e., 74(,v) = %, the proof

follows as in Theorem 3. [
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Remark 2. Corollary (6) can be redefined by considering « = B in the expression C(x, y). Moreover,
as in Corollaries (2) and (3), by taking s = 1 in Corollaries (4) and (6), various consequences can be
achieved in the context of partial modular metric space, too.

Example 4. Let M = [0,1] and consider the partial modular b—metric by

forall x,y € M — Fix(Y) and for all A > 0. Bear in mind that M is a &—complete T?rfb%“;
with the parameter s = 2.

Moreover, let the mapping Y : M7 — M be verified with YV x = %. Now, we demonstrate
the contractivity conditions of Corollary 1, that is, the conditions

1(9(s" @A Ye V1)) O1C (ww)]) 2 1, (16)
where C*(x, y) as defined in (15), the constants x = L € (0,1) and 3p > 0 such that sV = %—(1;(,
which satisfying the statement 2n < sP < 3w, and contemplating the y = ny, i.e., n(L,v) = %

with k = 5 € (0,1) satisfied x, y € M — Fix(Y) and for all A > 0. In reality, we also yield to
maintain the criteria of the Corollary 5. For this, we select € Y* as ¢(a) = a® and further, the
function O : (0,00) — (1,00) by O(a) = ¢“.

Without disregarding the broader case, we believe that x > y > 4/ %&%{.

Thereupon, denoting f = sPT1@, (Vx, Vy) and g = C*(x, y), from (16), we achieve

O el (@90 e
n(O(f),O[g]) = vOf) l[J(ef) T2 T (17)
where
x_y)? N2
f=saVn Vy) = i(1)|4 A4| +ioma{y )= 21(1{60;) 2410x

and, by considering ¢ € A,
8§ = C" (v y) = ada(x, y) +a|@xr(x, Vx) — Da(y, Vy)|
+(sP — 2“)?(%@2)»(?(/ yy)),

2 _x|? 2
:%P{Aﬂ +max{x,y}+‘)(/\4| +max{x,%}—7|y A4| —max{y, }

|

y
11 1 1A% 1
+(1o—22)4’(2| 7 +zmax{76/i}>

2_.2 2
Xy |4x—y| x
) +’C_H” T e T 20

_ 1[|?c—y|2 +
=3 A X+

_ 356x2—648xy+30142 n 21x—10y
- 6400 200 -

Thereby, (17) turns into
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9 (3567(27648xy+301y2+21x—10y> 21(x—y)? 21x]
9 o) - _

n(O(f),Olg]) = 62{10 6404 600~ 40

’ —51961x2+10,968xy—56915% | 9(11x—10y)?
64001 +—m

%

e

) ( 10,96842—10,887x2 | 9(11x—10y)2 >
4001 2007
>e > 1,

that is to say that all the terms of Corollary 1 are fulfilled. It is obvious that Fix()) = {0}. On the
other hand, if we select the constant k much closer to point 1, then one can achieve a wider interval
for the x and y.

4.2. An Application to Homotopy Theory

This section includes an application of homotopy theory that supports the validity of
our results.

Theorem 4. Regard (M, ®) as a &—complete Tg;m‘, and Y, A is an open and closed subset of
M, respectively. Consider H : A x [0,1] — M to be an operator fulfilling the ensuing terms.

(@) x # H(x, 1) forevery x € A\Yand € [0,1).
(b) Forall x,y € Aand ik € [0,1), we have

9(D (s @ (H(x0), 1y 1)) ) < [$(O(Clx )

where
C(x y) = ady(x,y) +af|dr(x, H(x 1) — Oa(y, H(y,1))|

+(sP — Za)q)e@z/\(?(/?'[(.t//‘)))’

(c) ¢ :[0,1] — Ris continuous and holds the subsequent inequality

s@) (H(x, 1), H(x, 1)) < [9() — ()]

forall 1,1 € [0,1) and Vx € A.
H(-,0) admits a fixed point < H(-, 1) admits a fixed point.

Proof. Construct the ensuing set
X={1€0,1]:x=H(x, ) for some x € Y}.

(=) Presume that H(+,0) enjoys a fixed point. Then, X is non-empty; thatis, 0 € X. Itis
necessary to verify that in [0, 1], X is both open and closed. Utilizing the connectedness,
X = [0,1] is met. As a result, (-, 1) enjoys a fixed pointin Y.

The closedness of X in [0, 1] shall be indicated. Let {1;} ; € X with; — 1 € [0,1] as
3 — oo. The aim is to show that ; belongs to X. Owing to(; € X forn =1,2,3,..., 5 €Y
with x; = H(x;, ;) exists. Also, forn,m € {1,2,3,...}, we have

@) (2, ) = OA(H (%3, 13), H (%n, 1))
(18)

< 5@ (H(xs,15), Hxg, tm)) + 5@ (H (5, tm), H (%, tm))-
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Also, from (b), we obtain
PO (s@r(H (x5, tm), H (2, tm)))) < (O (7 A (H (%5, tm), Hn, 1))

< [P(D(C (3, 1)))]* (19)

where

C a3, 1) = 4 (x5, ) + 1| @A (3, H (33, 1m)) — D2 (i, H (i )|
+(sP — 2a)(p(§@2A(7farH(’fm"m))>

< a@) (x5, xm) +adp (H(xg, t5), Hxg, tm))
+(sP — Za)go((ﬁA(?(é,?ﬁn) + @ (2, H (2o, tm) ) — %@A(?ﬁnr’ﬁn))

< a@p (%5, am) + adp (M (x5, 15), H(xg, tm))
+(sP — 20) @, (%5, m)-

Thereby, by using the properties of i and © and also, contemplating the above, the inequal-
ity (19) turns into

5@\ (H (%, tm), H(2n, tm)) < (8P — ) @x (x5, ) + a@p(H (25, 43), H (5, tm))-

In turn, if we combine the last inequality with (18) and consider (c), we obtain

D%, ) < [P(1) — P(i0)| + (87 — ) D (%5, ) + %WJ([) —P(w0)l,
which implies

() < (s )90 -yl

By the convergence of {1;}, 5 With 11, m — oo, we attain

3N

lim @, (x5, xn) = 0.

3,/M—00

This means that {x;}, . is a @—Cauchy sequence in M. Due to the &@—completeness of
(M, ®), x* € A exists such that

@) (x" ") = 51320@A(?C*/?<3) = lim @, (%, %n) = 0.

Moreover,

Dop (25, H(x" 1)) = @y (H (%, 15), H(x", 1)) 20
20
< 5D (H (%3, 15), H(xg 1)) + sDr (M (a5, 1), H(x", 1))

Similarly, we have
PO (s (H(x5,1), H(x1)))) < (D (P @ (H(35,1), H (2" 1))))
(21)
< [P(O(Cla, 1))))* < P(O(C(x5, 1)),
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where
Clr, ") = ad (%, )+“|@A(?(5/H(’<af 1) —@r(x" Hix' 1))l
+(5p—2“)4’( D22 (75, M (1", 1) )
< adp (7, x") + a|@r (7, H(x 1) — Oa(x", H(x" 1))
(57 = 20) (@1 (15, 17) + D (" H(x1)) = L (a7, 1))
Consequently, keeping the properties of  and © in mind, from (21), we conclude that
sON(H (x5, 1), H(x" 1)) < (s — ) Da (3, 17)
+ald (x5, Hx, 1)) — D", Hx" 1)
+(s” —2a)Dp (x*, H(x5, 1)),
and thereupon, by using (c), the expression (20) becomes
@ (x5, H(x" 1) < [P(15) = ()] + (P — &) Da (%5, 1)
+a|@a (1, 1, 1) — Dalx, Hix" 1)
+(sP — 20)Dp (x*, H(x*5,1)).

Letting 3 — oo in the above, we obtain ILm @) (x5, " (x*,1)) = 0 and hence
3 o0

Bp (" H(x)) = Jim @1 (1, H(x,0)) =0,

which entails that x* = H(x*, ). Since (a) is provided, we gain x* € Y. Thus: € X and X
is closed in [0, 1].

To obtain the openness of X in [0,1], regard that 1y € X. Thence, 1y € Y with

0 = H(w, 1) exists. Due to the openness of Y, r > 0 exists such that By, (10,7) € Y in

M. Considering £ = %(Q;\(m, )+7)>0witha € (0,1) and s > 1 provided that

a+1 > sP, there exists #(e) > 0 such that [(1) — (i) < eforall s € (19 — F(e), 10+ B(e))
because 1 is continuous on . Let ¢ € (19 — &(e), 10 + 9(¢)), for

P € B, (x0,7) = {x € M :&xr(x, 0) < Dr(0,0) +7},

we obtain

@ (H(x, 1), 0) = @oa(H(x, 1), H(x, 10))
(22)

< s@) (H(x, 1), Hix, 10)) +5@x(H (%, 10), H(a0,10))-

Also, using (b), we have

P(O (@ (H(x 10), H (70, 0)))) < 9(O(sP T da(H (1, 10), H (w0, 10))))

< [p(O(Clx )" < p(O(Clx w))),

(23)

where
Clx, 1) = ad(x, 0) +«|@r(x, H(x, 10)) — @a (20, H(20,10))]

+(s" = 20) (Lo (x, H(w,10)) ),

< (8P — )@ (x5, 1) +adr (H(x, 1), H(x, 0))-
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So, in a similar way, the inequality (23) becomes
5@ (H(x 10), H(w, 0)) < (87 — )@ (5, 17) + adr (H(x, 1), H(x 10))
and subsequently, considering (22) and the inequality (c), we achieve
Or(H(x 1) ) < [9(1) = (o) + (7 =)D (x5, x") + S [9(1) — 9(0)]
< (149190 = (o) + (8 — @) (@r (20, 0) +7)
<1+ %)e+ (5" —a)(@r(0,0) +7)
< @) (0,0) +7

and H(x,t) € B, (10, 7). Therefore,

H(-,1) : Bs, (0,7) = Bz, (20,7)

for every fixed ¢ € (19 — 9(¢), 1 + ¥(e)). Now, Corollary 5 can be applied to derive that
(-, 1) enjoys a fixed point in A. Owing to (a), this fixed point must belong to Y. Therefore,

(10— 8(e), 10+ 9(e)) C X,
and thus we deduce that X is openin [0,1]. O

5. Conclusions

In conclusion, according to the attractiveness of b—metric, partial metric, and modular
metric spaces, we derive a new generalized metric space structure referred to as partial
modular b—metric space, which improves the results of the work of Das et al. [11] and Hos-
seinzadeh and Parvaneh [10]. Furthermore, we describe certain key topological properties
and provide instances to back them up.

On the other hand, in the context of this space, we establish a fixed point theorem
based on the concept of interpolative type contraction, which was created by Karapmar [29]
and has been a valuable source for researchers working on establishing a more general
contraction mapping. In addition, we look at a family of simulation functions that have
& —contraction and almost contraction mappings. There are still vacancies in the sense of
Tgﬁ;“s{ for fixed point outcomes. We demonstrate a basic application of homotopy theory.

It should be highlighted that the findings of this study can be advanced in various ways.
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