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Abstract: The paper deals with the problem of representation of Horn’s hypergeometric functions via
continued fractions and branched continued fractions. We construct the formal continued fraction
expansions for three ratios of Horn’s hypergeometric functions Hy. The method employed is a two-
dimensional generalization of the classical method of constructing a Gaussian continued fraction. It
is proved that the continued fraction, which is an expansion of each ratio, uniformly converges to a
holomorphic function of two variables on every compact subset of some domain of C2, and that this
function is an analytic continuation of such a ratio in this domain. To illustrate this, we provide some
numerical experiments at the end.
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1. Introduction

Families of hypergeometric functions (such as Appell [1,2], Horn [3-5], Lauricella [6],
and others) were and remain the object of our research, as they have many different
applications both in mathematics and in other fields of science [7-10]. In particular, their
properties [11-14], integral representations [15-18], and representations in the form of
branched continued fractions [19-26] are studied.

In [27], the expansion of the Horn’s hypergeometric function Hy into a branched
continued fraction, which is a continued fraction according to its structure, was obtained.
However, this do not provide an opportunity to apply the well-known results from the
analytical theory of continued fractions through the so-called ‘figure approximants’ (see, for
example, [28])—that is, different approaches to the determining of approximants. Therefore,
the question naturally arises: is there an expansion of Horn’s hypergeometric function into
a pure continued fraction?

In this paper, we give a partial answer to the above question by converting three
expansions of certain ratios of Horn’s hypergeometric functions Hy into continued fractions
as functions of two complex variables. To do this, using the technique of establishing
recurrence relations [29], it is shown that one three- and two four-term recurrence relations
for the function Hy are valid. It is proved that every continued fraction, which is an
expansion of a certain ratio, uniformly converges to a holomorphic function on every
compact subset of some domain of C2, and that this function is an analytic continuation
of such a ratio in this domain. At the end of the paper, we undertake some numerical
experiments.
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2. Expansions

Horn’s hypergeometric function Hy is defined by double power series (see, [3-5])

_(@Damin_ 2%
m,n=0 (Cl)m(Cz)n m!n!’

Hy(a;c1,c0;2) = |z1| < 1/4, 1)

where g, ¢1, and c; are complex constants, ¢; and c; are not equal to a non-positive integer,
(+)x is the Pochhammer symbol defined for any complex number « and non-negative integer
nby (a)g=1,and (&), =ala+1)...(a +n—1),z = (z1,20) € C2.

Let us prove the three- and four-term recurrence relations for function (1).

Lemma 1. The following relations hold true:

(a4+1)(2¢c1 —a)

Hy(a;¢1,00;2) = Hy(a+ 101 + 1,00;2) — z1Hz(a+2;¢1 4 2,02;2)

c1(c1+1)
1
— C—ZQHy(a—O—l,'q—i-l,cz—l—l;z), )
2
2 1
Hy(a;c1,00;2z) =Hy(a+ 101,00+ 1;2) — $21 Hy(a+2;c1+1,c0+4 1;2)
1
Cr —4a
— 2 Hs(a+1,¢c1,c0+2;2), 3
(e +1) 2Hy( 152 2) ®)
a
Hy(a;¢1,¢;2) =Hy(a;c1,c0+1,2) + ————zoHy(a+ 101,00 + 1 2). 4)
c2(c2+1)

Proof. By definition (1), we get

Hy(a;¢1,¢00;2) —Hy(a+1;¢1+1,¢2;2)
= C- (a)2m+n ZTZEL _ i (a + 1)2m+n Zilﬂzg
=0 (c1)m(c)n minl 2=, (c1+1)m(c2)n min!
_ Z (u+1)2m+n71 ZTZg < a a+2m+7’l)
m!n! \ (¢1)m (c1+ 1)m
(3 + 2)amryen (a+1)(a —20)) m'z (a4 Vo1 12128
ms o0 (1 +2)m-1(c2)n  c1(er+1) mint 6= o2+ 1)1 min!
v (a+1)(a+2)z(m-1)4n (a _a+2m+ n) zy'z4
m>1, n>1 (c1+1)m-1(c2)n 1 c1+m m!n!
B B e A
m>Th>0 (c1+2)m-1(c2)n (m—1)in!

m,n>0, m+n>1 (Cz)”

+
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(a + 1)(2C1 — a)z (ll + 2)2m+n 271"23
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Zn (@a+Domsn  2'2Z5

(a4+1)(2¢c1 —a) Z3
= 7 H/(a+2,c1+2,c0;z) — =H7(a+1,c1+1,c0+1;2),
NCES I 7( 1 2 Z) o 7( 1 2 )

and this means that the four-term recurrence relation (2) is correct.



Axioms 2023, 12, 738 30f 10

Let us prove the four-term recurrence relation (3). We have

Hy(a;¢1,¢0;2) —Hz(a+1;¢1,c0+ 1;2)

[e9) [e9)

_ Z (a)2m+n 2711123 . Z (a+ 1)2m+n z;”zg
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+ Z (a+1D)omen (a _a+n ) zi'z}

m=0, n>1 (CZ + 1)11—1 ¢y Cp+n)min!

+ Z (a+1)min1 (a a+2m+n>zlng
>Tn ( Dm(c2+ 1)1 m!n!

(ﬂ + 1)( + 2) 2(m—1)+n szng

(1 +Dm1(c2 +1), min!

() c+n

- ¥
m>1,n>0

+ ¥ (@ +1)omsn—1 (a—co)nzi'z}
>0, n>1 (c1)me2(c2 +1)(c2 +2)u—1 m!n!

at1 y (@+2om-1)4n 2"}
C1 lle,nZO (Cl—f—l)m,l(CZ—f—l)n ( —1)'1’1'
C—a (a+Domrn ZTZZ !

-tz
(e +1) 2 0> (c1)m(c2 +2), g m!(n—1)!
a+1 E (@+2)omin 212y

=2

=2

21
a1 sbso (@ + Dm(c2 + 1)y min!

__fza (a+1)omsn 212y
(e +1) >0 n>0 (c1)m(co +2), min!

1 _
at z1H7(a+2;c1 41,00+ 1;2) €24
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which had to be proved.
Finally,

Hy(a;¢1,¢0;2) —Hy(a;¢1,¢c0 + 1;2)
(

i (@amin 275 i (Wamin 217
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=— 2 Hys(a+1,¢c1,c0 +2,2),
AT 7( 1,2 )

which is the desired three-term recurrence relation. U
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We set

_ Hy(acy,c02)
- H7(a +1;c1,c0 + 1;2)’

_ Hy(a;cq,00,2)
o H7(11 +1;¢1 + 1,C2,'Z)/

Ry (a;c1,c0;2) Ry(a;c1,c0;2)

and

_ Hy(a;c1,002)
- Hy(a;c1,0041L2)°

R3(a;c1,¢0;2)

Then, dividing (2) by Hy(a 4+ 1;¢1 +1,c2;2), (3) by Hy(a 4 1;¢1,¢2 + 1; z), and (4) by
Hy(a;c1,c0+1;2), we get

2(a—|—1)(2c11_a) ., lzz
Rl e, epz) =1 Ry (aci(lc;lcjﬁl, cz) Rs(a+ 1;C§1 +1,0;2) @)
2(616—11—1)21 %22
Rol@er,eyz) =1 - Ri(a+1Lc,c0+1;z) Ry(a+ 10,004 1;2) (6)
and
_a
Rs(g;c1,00;2z) =1+ ca(cp+1) 2 o

Ro(a;¢1,0c0+1;2)°

Using the recurrence relations (5)—(7), it is possible to convert the formal expansions
of the relations Ry (a;¢1,c2;z), k € {1,2,3} into branched continued fractions, as it is for
Horn’s hypergeometric functions Hz and Hy in works [27,30,31]. We will show that for
certain values of the parameters, it is possible to convert the formal expansions of these
ratios into continued fractions.

The following is true.

Theorem 1. A ratio
Ry(a;(a+1)/2,a;2) 8)

has a formal continued fraction of the form

a1z1

1 —— ©)
1+7a322
1+
1+ .
where
a =—4, a - a SR k>0 (10)
Bkl = T M3ki2 = Ty M3k T oy 2 0.

Proof. Wesetc; = (a+1)/2, c; = a. Then, at Step 1.1 from (6), we obtain

421

Ry(a;(a+1)/2,a;2) =1 — Ri(a+1(a+1)/2,a+1;z)
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At Step 1.2, replacing a, c; by a + 1 and ¢ + 1, respectively, in (5), we get

2(11—1—2)(201—{1—1)2 1
c1(c1 +1) § o+1

Ri(a+2c1+1,c0+1;z) Ra(a+2c;+1,c0+12)

Z3

Ri(a+1c1,00+12) =1—

which gives us

421
z2/(a+1)
R3(a+2;(a+3)/2,a+1;2)

Ro(a;(a+1)/2,8;2z) =1—
1_

Since it follows from (7) that

a+2 z
(2t+ D2 +2)

R 2; 1, L =1 '
s(a+2c+1Le+1z) JrR2(11—|—2;C1‘FLCNLZ}Z)

at Step, 1.3 we have

421
z2/(a+1)
z2/(a+1)
Ro(a+2;(a+3)/2,a+2;z)

Ry(a;(a+1)/2,a;2z) =1—

(11)

1—
1+

We will continue with the next construction of a continued fraction using the ideas
outlined in Steps 1.1-1.3.
By analogy, it is clear that for all k > 1, the following relation holds:

Ro(a+2k;(a+1)/2+ka+2k;z)
421
zp/(a+2k+1)
zo/(a+2k+1)
Ro(a+2k+2;(a+1)/2+k+1,a+2k+2;z)

=1-—

(12)

1—
1+

Substituting relation (12) with k = 1 in (11) in Steps 2.1-2.3 we obtain

421
z2/(a+1)
zo/(a+1)
421
zp/(a+3)
z2/(a+3)
Ry(a+4;(a+5)/2,a+4;z)

Ro(a;(a+1)/2,a;2z) =1—
1-

1—

1+

Next, by recurrence relation (12) after the nth block of Steps n.1-n.3, we get

Ro(a;(a+1)/2,a;2) =
1— 421
1_ zp/(a+1)
1+1 Zz/(ﬂ+1)

421
zp/(a+2n—1)
zp/(a+2n—1)
Ry(a+2n;(a+1)/2+n,a+2n;z)
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Finally, by (12), one obtains the continued fraction (9) for ratio (8). [
The following two theorems can be proved analogously.
Theorem 2. A ratio Ry(a;a/2,a;z) has a formal continued fraction of the form (9), where
1 1
3k11 = T g Mk T oop MBke3 T -4, k>0. (13)

Theorem 3. A ratio R3(a; (a +1)/2,a — 1;z) has a formal continued fraction of the form (9),
where

1 1

ki1 = S op o1 k2 = —4, a3z = k> 0. (14)

Tat2k+1 T

3. Convergence of Continued Fraction Expansions

To prove our next result, we recall the following theorem (see, [32], Theorem 4.42).

Theorem 4. If all elements of a continued fraction

1
&)
1+ &

1+
1+,

1+

lie in a parabolic region

; 1 T T
. _R —2in < - 2 _
O, = {w |w| — Re(we™ ") < 5 cos oc}, LY

then the continued fraction converges to a finite value if and only if at least one of the series

[e9)

CoC4...Cop

C3C5...Con41
€3C5 ... Cont1

C4C6 - - - Con42

7

n=1

n=1

is divergent.
The following is true.
Theorem 5. Let a be a real constant such that a # —2k — 1 for all k > 0, and let

Q= U Qu, (15)

—/2<a<m/2

where

; 1
Q, = {z € C?: |z1| + Re(z1e 2%) < gcos2 «,

; 1 ; 1
22| + Re(zpe %) < % cos?a, |zo| — Re(zpe ™) < % cos? tx}.

Then:

(A) The continued fraction (9), whose coefficients are defined by (10), converges uniformly on every
compact subset of (15) to a function f(z) holomorphic in C);
(B) The function f(z) is an analytic continuation of (8) in the domain Q).

Proof. Leta be an arbitrary number from the interval (—7/2, 1/2), and let z be an arbitrary
fixed point from (). It is clear that the coefficients of (9) satisfy the conditions of Theorem 4.
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This yields the uniform convergence of (9) to a holomorphic function on all compact
subsets of (), and, consequently, in whole domain () by virtue of arbitrariness «. This
proves part (A). Proof of (B) is analogous to the proof of Theorem 3 [27], so it is omitted. [

An analogous two theorems could be proved in a similar way.
Theorem 6. Let a be a real constant such that a # —2k for all k > 0, and let
P = U D,, (16)
—n/2<a<m/2

where

; 1
P, = {z € C?: |z1| 4 Re(z1e 2%) < g cos’a,
|23 + Re(zpe™2%) < %cos2 w, |zo| — Re(zpe 2%) < gcos2 }

Then:

(A) The continued fraction (9), whose coefficients are defined by (13), converges uniformly on every
compact subset of (16) to a function g(z) holomorphic in ®;
(B) The function g(z) is an analytic continuation of Ry (a;a/2,a;z) in the domain ®.

Theorem 7. Let a be a real constant such that a # —2k + 1 for all k > 0. Then:

(A) The continued fraction (9), whose coefficients are defined by (14), converges uniformly on every
compact subset of (15) to a function h(z) holomorphic in Q);
(B) The function h(z) is an analytic continuation of R3(a; (a +1)/2,a — 1;z) in the domain Q).

4. Numerical Experiments

By Theorem 5, one obtains

Z2 4\/EIZZ '3 )
ZZexp{l—Z\/Z}’Y(l’ 1_421) - H7<2,2,2,z)

) ) o 3
2, —————— | — 7|2, —— H7(3;=,3;
7( 1—2ﬁ> 7( 1+2¢a) 7( 2 )
a1z
[(FX2) !
T mn
1+ .

=1+ (17)

where
z
v(a,z) :/ et 1dt
0

is an incomplete gamma function, and azy,1 = —4, asxp = —1/(2k+3), agr 3 = 1/(2k+3),
k>0.

The continued fraction in (17) converges and represents a single-valued branch of
the function

) 4,/z1z
> e"p{ - Zﬁ}"(l’ 1(4zl)

) )
=m) (s

(18)

in the domain (15).
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The numerical illustration of series

Zy 4\/2122 3
- 1 P B
ZzexP{l—ZﬁM '1—4zl> :H7(2'2’2'z>
—Z) —Z2 3
2, — 2 ) —y(2,—=— H;(3;2,3;
7( '1—2./—z1> 7( ’1+2,/_z1> 7(3'2'3'z>

16

5, 16 ,

4
=1- 4:21 — =212 + %Z% + Ezl

64
3 3+ 32%2% +... (19

and the continued fraction (17) is given in the Table 1.

Table 1. Relative error of 10th partial sum and 10th approximant for (18).

z (18) (19) (17)

(0.02, —0.05) 0.921335 1.4231 x 10713 9.8450 x 10~ 14
(0.9,-0.7) —-1.9733 1.1404 x 10103 1.2458 x 10~
(0.5,—1.5) —0.559039 22218 x 10702 6.8000 x 10704
(1.1,2.1) —18.7215 3.1446 x 10103 5.0892 x 1004
(2.5,-2.5) —4.7833 1.7296 x 10107 5.8165 x 1070
(1.5,-2.5) —2.61448 5.7421 x 1070 3.9358 x 100
(2.1, -2.5) —3.91426 5.3717 x 10706 1.0927 x 1079
(3,—35) —5.04522 1.3625 x 10108 24661 x 1070
(0.2,10) 0.106699 1.9893 x 10103 6.2873 x 10701
(0.4, —10) —0.27212 2.8133 x 10704 42133 x 1079

In Figure 1la—d, we can see the plots where the 20th approximant of (17) guarantees
certain truncation error bounds for function (18).

5.46x107™ 1.75x107"2
3.90x107™ 1.25x107"2
2.34x10°13 7.50x10°"®
7.80x107™ 250x107"
Re z;
(b)
2.94x10°"2 1.96x107"2
2.10x107"2 1.40x107"2
1.26x 1072 8.40x10°"
4.20x107" 2.80x107™
-10 -8 -6 -4 -2 0
Im z4 Im z4
(©) (d)

Figure 1. The plots where the approximant f(z) of (17) guarantees certain truncation error bounds
for function (18).
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Calculations and plots were performed using Wolfram Mathematica software 13.1.0.0
for Linux.

5. Discussion

In this work, for the first time, expansions of ratios of hypergeometric functions of
two complex variables into continued fractions were constructed. This made it possible to
apply one of the well-known convergence criteria of continued fractions—the parabolic
theorem—to the study of convergence. Numerical experiments showed that the domain
of convergence of the constructed expansions is wider; that is, the problem of studying
the convergence of such fractions remains open. One should the specific periodicity of
the coefficients of the constructed expansions. One should also note that the method
of establishing an analytical continuation remains the same as for branched continued
fractions. More on branched continued representations of the functions of several variables
can be found in the papers [33-40].

Finally, let us point out a rather interesting and promising direction of investigation:
representing discrete hypergeometric series (see, [41]) via branched continued fractions.
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