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Received: 13 June 2023

Revised: 25 July 2023

Accepted: 27 July 2023

Published: 1 August 2023

Copyright: © 2023 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

axioms

Article

A Method for Extrapolating Continuous Functions by
Generating New Training Samples for Feedforward
Artificial Neural Networks
Kostadin Yotov , Emil Hadzhikolev , Stanka Hadzhikoleva * and Stoyan Cheresharov

Faculty of Mathematics and Informatics, University of Plovdiv Paisii Hilendarski, 236 Bulgaria Blvd.,
4027 Plovdiv, Bulgaria; kostadin_yotov@uni-plovdiv.bg (K.Y.); hadjikolev@uni-plovdiv.bg (E.H.);
cheresharov@uni-plovdiv.bg (S.C.)
* Correspondence: stankah@uni-plovdiv.bg

Abstract: The goal of the present study is to find a method for improving the predictive capabilities of
feedforward neural networks in cases where values distant from the input–output sample interval are
predicted. This paper proposes an iterative prediction algorithm based on two assumptions. One is
that predictions near the statistical sample have much lower error than those distant from the sample.
The second is that a neural network can generate additional training samples and use them to train
itself in order to get closer to a distant prediction point. This paper presents the results of multiple
experiments with different univariate and multivariate functions and compares the predictions made
by neural networks before and after their training with the proposed iterative algorithm. The results
show that, having passed through the stages of the algorithm, artificial neural networks significantly
improve their interpolation performance in long-term forecasting. The present study demonstrates
that neural networks are capable of creating additional samples for their own training, thus increasing
their approximating efficiency.

Keywords: artificial neural networks; extrapolation of continuous functions; approximation of
nonlinear processes

MSC: 68T05

1. Introduction

Long-term forecasting is important for a multitude of reasons. By understanding
the future and its challenges, organizations can strategically plan their development,
optimize the usage of their physical and financial resources, manage risk, and make better
investment decisions. Long-term forecasting is utilized across various fields—business,
healthcare, science, technology, public policy, and more. Long-term forecasting is often
used in practice alongside short-term forecasting. They differ in terms of the periods of
time considered, the accuracy of the forecasts, the methods used, the goals of the forecasts,
etc. Generally, long-term forecasting is characterized by greater uncertainty due to the
changes that can occur over time. The main difficulties and challenges facing long-term
forecasting are as follows:

1. Increased uncertainty: the larger time horizon implies the possibility of more numer-
ous and more significant changes in the environment, objects and subjects, phenomena
and processes, etc.

2. Variability of trends: Long-term forecasts are based on the assumption that current
trends will continue in the future. However, over longer periods, significant changes
can occur and alter existing trends.

3. Insufficient historical data: long-term forecasts often rely on historical data, but in
some cases, the available historical data may not be sufficient.
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4. Unknown or unforeseen events: unknown or unforeseen events, such as natural disasters,
economic crises, or pandemics, can have a significant impact on long-term forecasts.

5. Complexity of the models: for long-term forecasts, more complex models are often
created, and these can be difficult to build, parameterize, interpret, and manage, and
may produce results with high error rates.

When solving a problem involving the extrapolation of continuous functions, neu-
ral networks have a number of advantages over classical mathematical and statistical
methods. They can model complex nonlinear dependencies, work with large volumes of
data, and learn and adapt based on available data. Despite all these advantages, artificial
neural networks (ANNs) have one major shortcoming when it comes to long-term fore-
casting. Well-trained neural networks predict with small error within the initial training
data sample and around its boundaries, but when forecasting beyond the sample, the
error increases significantly.

This paper proposes a method for the iterative building of a feedforward artificial
neural network that approximates an assumed continuous function not only within the
boundaries of the training data sample, but also beyond them. The main working hy-
pothesis is that using forecast data for points close to the boundary as part of the data for
retraining a network will enhance its long-term forecasting capabilities. A mathematical
model is developed to prove this assumption. An algorithm is proposed for building an
efficient artificial neural network that can extrapolate beyond the boundaries of the initial
sample. The main idea is to train a neural network using the available training data samples
to generate additional training data samples outside the initial range of the input–output
data samples. This process is repeated iteratively until additional training samples that are
close to the target prediction point are created. The results of experiments conducted in
MATLAB are presented, and these confirm the advantages of the proposed model.

2. State of the Art

The task of long-term forecasting in many cases boils down to the task of extrapo-
lating a continuous function. Various methods are used in practice, with polynomial or
function extrapolation [1,2], regression models [3–5], time series models [6–8], neural
networks [9–11], etc., being more frequently used.

• Polynomial or function extrapolation: A polynomial (quadratic, cubic, etc.) or specific
function (logarithmic, exponential, sinusoidal, etc.) is sought that fits the existing
data. The found function is then used to compute forecast values outside the range of
available data.

• Regression models: These are used to predict a dependent variable based on one or
more independent variables. A regression model is suitable when there is a linear or
nonlinear dependence between the variables. Forecasts are based on the assumption
that the relationship discovered in the available data will continue to be valid in the
future. There are different types of models—linear, polynomial, logistic, multiple, etc.

• Time series models: These statistical methods analyze data collected sequentially over
specified time intervals to predict future values. These models discover patterns and
trends and extrapolate them into the future. The following models are more commonly
used: auto-regressive, moving average, ARIMA, deep learning with recurrent neural
networks (RNNs) and long short-term memory (LSTM), STL (seasonal and trend
decomposition using loess), and others.

• Neural networks: Neural networks, particularly recurrent neural networks (RNNs)
and long short-term memory (LSTM) networks, are used for extrapolation tasks,
especially with time series data. They can model complex nonlinear relationships, but
they require large amounts of data and can be computationally intensive.

The choice of a specific forecasting method depends on the nature of the data, the
availability of sufficient historical data, the forecast horizon, the level of forecast error
deemed acceptable, and so on. Despite this, neural networks have several advantages for
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the extrapolation of continuous functions, which often make them a more attractive choice
compared with other mathematical and statistical methods:

• Capacity to capture complex nonlinear dependencies: neural networks can model
complex nonlinear relationships between variables, which can be challenging with
traditional mathematical and statistical methods.

• Ability to handle large volumes of data: neural networks can handle large amounts of
data, and this makes them suitable for extrapolation based on large data sets.

• Adaptability: neural networks can learn and adapt based on new data, which means
they can adjust to changes in the data or observed patterns.

The availability of sufficient training samples for the neural network is crucial for
the success of the task. However, in many cases, the available data are insufficient, and
there can be many reasons for this. For instance, the data may be obtained from difficult
or expensive experiments or require experts to collect them, or it may not be possible
to disclose the data because they are confidential, and so on. In such situations, it is
appropriate to generate additional training samples.

The scientific literature describes many experiments in which data augmentation is
used in various domains, including sentiment analysis [12–15], text recognition [16–19],
computer vision tasks [20–23], medical image analysis [24–26], face recognition [27–29],
pose estimation [30–33], and even the formative assessment of trainees [34,35].

There are various techniques for data augmentation that are suitable for different
types of data, e.g., symbolic, rule-based, graph-structured, mixup, and feature space
augmentation [36]. For numerical data, the most commonly used techniques include
polynomial or function extrapolation, trend analysis, generative models, and others.

In polynomial or function extrapolation, the goal is to find a function or polynomial
that interpolates the available data. This function is then used to generate new data points
that lie outside the current data range. Polynomial, logarithmic, exponential, and other
functions are often used for this purpose. However, this approach becomes challenging to
apply when the data have a complex, nonlinear structure [1,37].

Trend analysis is used when the data exhibits a clear trend, such as a linear or expo-
nential trend. This method involves modeling the trend and using it to generate new data
points. It is widely used in time series forecasting [38]. Recurrent neural networks (RNNs)
can also be employed for time series forecasting [39].

Bandara et al. have proposed a model for time series forecasting that seeks similarities
among existing time series. The model utilizes various techniques for clustering time series
and applies different types of recurrent neural networks (RNNs) to subsets of similar time
series. The methodology is evaluated using long short-term memory (LSTM) networks
along with different clustering algorithms, including kMeans, DBScan, partition around
medoids (PAM), and SNOB [40].

Taylor and Letham have developed a configurable forecasting system consisting of
two main components. The first component utilizes regression to perform forecasting,
allowing analysts to select suitable parameters and easily adjust them. The second
component evaluates the accuracy of the forecasts and provides information on whether
the forecasting model is suitable, whether it can be improved, or whether it is advisable
to use another model [41].

In [42], the authors investigate global forecasting models (GFMs), which are trained
on a set of time series. GFMs are implemented using deep neural networks, and they
require an amount of time series data which is often lacking. The authors propose a data
augmentation-based forecasting framework to compensate for data scarcity. They employ
three techniques for generating collections of time series: GRATIS, moving block bootstrap
(MBB), and dynamic time warping barycenter averaging (DBA). The new time series are
utilized in two ways: the pooled approach and the transfer learning approach. In the
pooled approach, a model is trained on the augmented time series alongside the original
time series dataset, while in the transfer learning approach, a pre-trained model is adapted
to the new dataset.
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Generative models aim to learn the probability distribution that generated the training
examples and then construct more examples from the estimated probability distribution.
To generate new synthetic data with the same statistical properties as the available data,
various machine learning models can be used. Examples include generative adversarial
networks (GANs) and variational autoencoders (VAEs). Once trained properly, the model
can generate data that correspond to values beyond the existing data range.

Generative adversarial networks (GANs) are generative models based on game theory.
They have been successfully used to complete various tasks, including the generation of
realistic images [43,44].

Generative adversarial imputation networks (GAINs) are used to impute missing data
by adapting the GAN framework [45]. They employ a generator (G) that observes some
components of a real data vector, imputes the missing components conditioned on the
observed ones, and generates a completed vector. Another component, the discriminator
(D), takes the completed vector and attempts to distinguish between the observed and
imputed components. To ensure that the D learns the desired distribution, it is provided
with additional information in the form of a hint vector. This encourages the generator to
generate completed vectors that align with the desired distribution.

In [46], the possibility of generating synthetic continuous numerical data using gener-
ative adversarial networks (GANs) is explored. Two GAN architectures, GAN and CGAN,
are employed, with a focus on unlabeled continuous numerical data for the purpose of pro-
viding replacement or additional data for the clustering task. The quality of the synthetic
data is evaluated using the XGBoost algorithm.

In [47], a data augmentation workflow called GAN+ is proposed. It utilizes the
Dirichlet distribution and a generative adversarial network. Two schemes are used to
augment the original dataset, ensuring a sufficiently large dataset for the subsequent GAN
training. The results of the experiments the authors conducted demonstrate that the use
of additional training samples improves the performance of the model. The model was
validated in the domain of indoor localization.

Wei Wang et al. investigated the constrained network structures between the
generator G and discriminator D in WGAN. They designed several structures, including
isomorphic, mirror, and self-symmetric structures, and evaluated the performances
of constrained WGANs in data augmentation. Non-constrained GANs and WGANs
were used as baselines for comparison. Multiple experiments were conducted with four
datasets, namely credit approval data, credit data, diabetes data, and SPECT heart data,
using five conventional classifiers. The results showed that the isomorphic WGAN model
achieved the best performance. The authors theoretically demonstrated the effectiveness
of constrained structures [48].

In [49], authors explore several models based on variational autoencoders (VAEs) and
generative adversarial networks (GANs) and analyze the effect of data augmentation when
using small datasets. The analysis considers different characteristics of the training samples,
such as the number of instances and features, and the degree of class imbalance. Modifi-
cations are introduced to the standard methods used for generating synthetic samples in
order to alter the class balance representation. The authors conclude that when working
with small datasets, little computational effort is required to generate additional training
samples that result in a significant increase in prediction accuracy.

A prediction approach using a parallel hybrid neural network with integrated spatial
and temporal features is proposed in [50]. The neural network consists of a 1-D convolu-
tional neural network (1-DCNN) and a bidirectional gated recurrent unit (BiGRU), and
it predicts remaining useful life in real-time. The spatial and temporal information from
historical data is parallel extracted using the 1-DCNN and the BiGRU, respectively. The
proposed model is evaluated using two public datasets (an aircraft turbofan engine dataset
and a milling dataset).

Another interesting work on the prediction of remaining useful life is described in [51].
The authors propose a novel integrated multi-head dual sparse self-attention network
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(IMDSSN) based on a modified transformer. The proposed IMDSSN includes a multi-
head ProbSparse self-attention network (MPSN) and a multi-head LogSparse self-attention
network (MLSN). The MPSN filters out the primary function of the dot product operation,
thereby improving computational efficiency, and a comprehensive logarithmic-based sparse
strategy in the MLSN is used to reduce the amount of computation. Another solution
similar to this is presented in [52].

3. Issues with Long-Term Forecasting via ANNs

Let us take a look at a Net neural network trained with an m number of input–output
samples of the following type:

D =
{[−→

Xj ; tj = F
(−→

Xj

)]}m

j=1
, (1)

where
−→
Xj = (x j1, xj2, . . . xjn ) is a vector of input data and tj = F

(
xj1, xj2, . . . xjn

)
is the

value corresponding to
−→
Xj of the assumed continuous target function. Each of the parame-

ters is limited in a certain interval.

xjk ∈ [α k, βk], αk, βk ∈ R, j = 1, 2, . . . m, k = 1, 2, . . . n.

In general, the absolute prediction error of Net for the functional values of F
(−−→

Xnew

)
and for argument values xnew,1, xnew,2, . . . xnew, n outside the [α k, βk] intervals is

ε =
∣∣∣Net

(−−→
Xnew

)
− F

(−−→
Xnew

)∣∣∣. (2)

This error is as small as the differences between ∆αk and ∆βk.

∆αk = αk − xnew,k,
∆βk = xnew,k − βk.

In other words, if the network is trained on the training sample D, the prediction errors for
points far from its boundaries are much larger than those made when predicting at or near
the sample boundaries.

In Figure 1, graphs of approximations made with neural networks with several dif-
ferent nonlinear functions are shown. The functions are shown in black, and the approxi-
mations made by the neural network are in red. All the networks were trained using the
Levenberg–Marquardt algorithm, and they all used a hyperbolic tangent for the neurons of
the hidden layers. The number of epochs was different, the training algorithm followed
the behavior of the error function, and, depending on this, different iterations could be
obtained in different cases. The speed at which the neural network adapted to the training
data during the training process, denoted by MU, was selected in accordance with the
specific task in the form of a proportional multiplier that is multiplied by the gradient of
the objective function during the update of the neural network weights. This means that a
higher MU value leads to a larger change in the weights at each update, and this can lead
to faster convergence to the optimal values of the weights. On the other hand, a lower MU
value results in smaller weight changes and more stable training. Standard MU values,
such as 0.01, 0.1, or 0.5, were used.

In neural network training, data are typically divided into three subsets: a training set,
a validation set, and a test set. These are defined as follows:

(1) Training Set:

• This is the largest data subset, and it is used to train the neural network.
• The data in this subset are diverse and representative of the approximation task.
• The training subset consists of 70% of all the data.
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(2) Validation Set:

• These data are used to estimate and tune the hyperparameters of the model
during training.

• We use the validation set to control the overfitting of the model and to make
decisions concerning potential changes in the hyperparameters (e.g., learning
rate, number of epochs).

• The data in this subset are representative of the overall data, but they are not
involved in the direct training of the model.

• The validation subset consists of 15% of all the data.

(3) Test Set:

• This is the data set used for the final assessment of the trained model. These
data are used in the final stage of the model assessment after all adjustments and
optimizations have been made.

• The test set is used to measure the generalization ability of the model after the
training is complete.

• The data in this subset are independent of the training and validation data and
are representative of real situations.

• The test set consists of 15% of all the data.
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For the preparation of the training, validation, and test subsets, it is important to
emphasize that the data are randomly split into the specified proportions according to the
ratio 70:15:15.

The following training samples are used to approximate the functions x2 and x3:{
∀xj ∈ [−100 : 1 : 100], x ∈ Z | tj = x2 }201

j=1{
∀xj ∈ [−100 : 1 : 100], x ∈ Z| tj = x3 }201

j=1.

To approximate the function log(x), the sample for training the network is{
∀xj ∈ [1 : 0.5 : 100] x ∈ R | tj = log(x)

}199
j=1,

and that for the approximation of sin(x) is{
∀xj ∈ [−12.8 : 0.1 : 12.8] x ∈ R (in radians)

)
| tj = sin(x) }257

j=1

In the examples shown, the subscript ∀x ∈ [α : step : β] means that the value of the param-
eter x is changed in the interval from α to β by step.

Figure 1 shows that when the network is well trained, it completely covers the graph
within the sample range, i.e., it fully predicts the values of the target function. However, as
the distance from the boundaries of the training sample increases, the errors become larger,
and, accordingly, the graph of the ANN-predicted values moves further and further away
from the graph of the target function. Predictions made for values far from the training
sample boundaries always have a larger error. Table 1 presents the absolute errors of the
neural networks approximating some of the functions considered in the experiments, both
near and far from the boundaries of the interval used in the training samples.

Table 1. Changes in the approximations of some types of functions when moving away from the
boundaries of the training intervals.

Function
Training
Sample
Interval

Absolute
Error at

Net(−200)

Absolute
Error at

Net(−101)

Absolute
Error at

Net(100.01)

Absolute
Error at
Net(101)

Absolute
Error at
Net(300)

Absolute
Error at
Net(500)

y = 2x + 1 [−100:1:100] 2.4 × 10−1 1.79 × 10−4 1.41 × 10−4 1.81 × 10−4 3.96 6.85 × 101

y = x2 [−100:1:100] 1.59 × 104 1 × 10−2 1 × 10−3 1 × 10−2 7.35 × 104 2.34 × 105

y = x3 [−100:1:100] 5.8 × 106 4.84 4.3 × 10−1 3.85 2.35 × 107 1.21 × 108

y = x4 [−100:1:100] 1.43 × 109 1.22 × 104 1.92 × 102 2.58 × 103 7.86 × 109 6.23 × 1010

y = x5 [−100:1:100] 2.9 × 1011 7.21 × 105 3.54 × 104 4.12 × 105 2.4 × 1012 3.12 × 1013

y =
5
∑

i=1
xi [−100:1:100] 3.06 × 1011 3.54 × 109 2.3 × 107 2.77 × 109 3.24 × 1011 3.13 × 1013

y = x−1
x+1 [0:1:200] 3.68 1.96 3.29 × 10−6 3.62 × 10−6 5.3 × 10−1 4.08

y = log(x) [1:0.5:100] - - 3 × 10−3 1.1 × 10−2 1.1 1.61

y = ex [−100:1:100] 1.08 × 1034 6.62 × 1033 2.67 × 1015 7.1 × 1043 1.94 × 10130 1.4 × 10217

In each example, it turned out that near the boundaries of the samples, the errors of
the neural networks were minimal, and the further we moved away from these boundaries,
the larger the errors became.

For the function
y =

x− 1
x + 1

(3)
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the smallest error values were for Net(−101) and Net(−100.01 ), but this was due to the fact
that x = 100.01 and x = 101 were included in the interval from which the training samples
were taken. From the values of x outside the training sample interval, the minimum error
was again achieved near the boundaries.

It is noteworthy that for the periodic functions, when the distance from the boundary
of the training segment increases, a fluctuation of the prediction error is observed. This
is due precisely to the periodic nature of these types of functions (Figure 2 and Table 2).
The graph of the real target function on Figure 2 is in black color and the predictions of the
trained ANN are shown in red color.

Axioms 2023, 12, x FOR PEER REVIEW  8  of  22 
 

In each example, it turned out that near the boundaries of the samples, the errors of 

the neural networks were minimal, and the further we moved away from these bounda-

ries, the larger the errors became. 

For the function 

𝑦 ൌ
𝑥 െ 1
𝑥  1

  (3) 

the smallest error values were for 𝑁𝑒𝑡ሺെ101ሻ  and  𝑁𝑒𝑡ሺെ100.01), but this was due to the 

fact that  𝑥 ൌ 100.01  and  𝑥 ൌ 101  were included in the interval from which the training 

samples were taken. From the values of  𝑥  outside the training sample interval, the mini-

mum error was again achieved near the boundaries. 

It is noteworthy that for the periodic functions, when the distance from the boundary 

of the training segment increases, a fluctuation of the prediction error is observed. This is 

due precisely to the periodic nature of these types of functions (Figure 2 and Table 2). The 

graph of the real target function on Figure 2 is in black color and the predictions of the 

trained ANN are shown in red color.   

 

Figure 2. Graph of approximation of the function  𝑦 ൌ 𝑐𝑜𝑠ሺ𝑥ሻ. 

Table  2. Change  in  the  approximation  error  of  the  𝑠𝑖𝑛ሺ𝑥ሻ   and  𝑐𝑜𝑠ሺ𝑥ሻ   functions when moving 

away from the boundaries of the training intervals. 

Function 

Training   

Sample   

Interval 

Absolute   

Error at 
𝑵𝒆𝒕ሺെ𝟐𝟎ሻ 

Absolute   

Error at 
𝑵𝒆𝒕ሺെ𝟏𝟑ሻ 

Absolute 

Error at 
𝑵𝒆𝒕ሺ𝟏𝟐.𝟖𝟓ሻ 

Absolute   

Error at 
𝑵𝒆𝒕ሺ𝟏𝟓ሻ 

Absolute   

Error at 
𝑵𝒆𝒕ሺ𝟏𝟖ሻ 

Absolute   

Error at 
𝑵𝒆𝒕ሺ𝟐𝟎ሻ 

𝑦 ൌ 𝑠𝑖𝑛ሺ𝑥ሻ  [−12.8:0.1:12.8]  0.7  7.77 × 10-4  3.06 × 10-5  0.78  2.34  0.67 

𝑦 ൌ 𝑐𝑜𝑠ሺ𝑥ሻ  [−12.8:0.1:12.8]  0.42  0.01  3.49 × 10-4  1.52  0.1  0.35 

4. New Concepts and Definitions Needed to Describe the Iterative Algorithm 

A 𝑁𝑒𝑡  neural network is said to be trained on a sampling of input–output samples 

if it has been trained with an algorithm that can find weight and threshold values in the 

network that suitably minimize the error function of the sample interpolation and the test. 

In general, for a single training of a neural network, the prediction error is not zero. 

If the network architecture, the sampling, the transfer functions, or the algorithms selected 

are not appropriate, the errors can be significant and can render the neural network use-

less. 

Figure 3 shows a neural network with inappropriate architecture (one hidden layer 

with  two  neurons)  which  has  undergone  a  single  training  using  the  Levenberg–
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Table 2. Change in the approximation error of the sin(x) and cos(x) functions when moving away
from the boundaries of the training intervals.

Function
Training
Sample
Interval

Absolute
Error at

Net(−20)

Absolute
Error at

Net(−13)

Absolute
Error at

Net(12.85)

Absolute
Error at
Net(15)

Absolute
Error at
Net(18)

Absolute
Error at
Net(20)

y = sin(x) [−12.8:0.1:12.8] 0.7 7.77 × 10−4 3.06 × 10−5 0.78 2.34 0.67

y = cos(x) [−12.8:0.1:12.8] 0.42 0.01 3.49 × 10−4 1.52 0.1 0.35

4. New Concepts and Definitions Needed to Describe the Iterative Algorithm

A Net neural network is said to be trained on a sampling of input–output samples
if it has been trained with an algorithm that can find weight and threshold values in the
network that suitably minimize the error function of the sample interpolation and the test.

In general, for a single training of a neural network, the prediction error is not zero. If
the network architecture, the sampling, the transfer functions, or the algorithms selected
are not appropriate, the errors can be significant and can render the neural network useless.

Figure 3 shows a neural network with inappropriate architecture (one hidden layer
with two neurons) which has undergone a single training using the Levenberg–Marquardt
algorithm for the interpolation of the function y = log(x). The transfer function is a
hyperbolic tangent. The number of training epochs was determined by the algorithm, and
default values of 0.01, 0.1 and 0.5 were used for the training rate. Subsequently, after the
training, when calculating the target function, it is still possible for the neural network to
make errors and deviate from the real functional values of the interpolated dependence.
This, in turn, would inevitably affect the predictive capabilities of such an ANN beyond
the boundaries of the training sample used.
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Definition 1. (A neural network perfectly trained on the dataset.) We will call the artificial neural

network perfectly trained on the sampling of input–output samples D =
{[−→

Xj ; tj = F
(−→

Xj

)]}m

j=1
only after the training has been conducted.

Net
(−→

Xj

)
= tj, ∀

[(−→
Xj

)
; tj

]
∈ D, j = 1, 2, . . . m. (4)

According to Definition 1, the Net network is perfectly trained on a given sampling if,
when calculating the values of the functional dependence F at each of the sampling nodes,
the error is zero.

On the other hand, we must keep in mind that for each sampling of input–output
samples, an infinite number of neural networks can be found and subsequently trained.
Some of the neural networks will interpolate the sample with large errors, others will
perform better, and some of them will be perfectly trained. These neural networks may
have different architectures and different numbers of weights and thresholds. If we consider
feedforward neural networks, which receive n input signals, have r hidden layers, and in
each of which there is an equal number of neurons (q), we will see that the number of all the
connections in the network, i.e., the weights and thresholds that are subject to adjustments
by the training algorithms, is as follows:

p = (r− 1)q2 + (r + n + k)q + k, (5)

where k is the number of output neurons. In another type of architecture, the number of
weights and thresholds can be set by a different mathematical expression, but in all cases, it
will be the number ∈ N.

Definition 2. (Capacity of the architecture of an artificial neural network.) The number of all the
weights and thresholds in the artificial network Net will be called the capacity of the Net architecture,
or simply the capacity of the Net, and will be denoted by pNet.
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It is obvious that the minimum capacity of the architecture of a network is p = 1, and
this is characteristic of a network consisting of a single neuron with no threshold to which
only one input stimulus is supplied. This means that a set consisting of the values of all
possible pNet, though infinite, would be bounded from below, with an exact lower bound
of 1. It should be noted that the capacity of the architecture should not only be related to
the number of hidden layers and neurons they contain, but also to the connections in the
network itself. For example, the capacity of a neural network with more layers may be
lower than the capacity of a neural network with fewer layers, but which also has feedback.

The introduction of the “capacity of architecture” concept enables each particular
neural network Net to be associated with a number pNet, which allows us to explore
neural networks through ordered pairs (Net, pNet). Let Ω be the set of ordered pairs
of all the kinds of networks and their respective capacities that can be trained on the
specific sampling

Ω =
{(

Neti, pNeti

)
/i, pNeti ∈ N

}
. (6)

The set of all the kinds of values of these networks is p =
{

pNeti

}
i∈N . The minimum

value of the capacity of an architecture is 1; therefore p is bounded from below, i.e.,

∃min
{

pNeti

}
i∈N ≥ 1.

Let Ω =
{(

Neti, pNeti

)
/ i, pNeti ∈ N

}
be a set containing the ordered pairs of all the neural

networks trained on the sample D =
{[−→

Xj ; tj = F
(−→

Xj

)]}m

j=1
and their respective capacities.

Definition 3. (Optimal artificial neural network on dataset.) The artificial neural network Net is
optimal for the sampling D only after the training has been conducted as follows:

(1) Net is perfectly trained on D , i.e., condition (4) is satisfied, and
(2) pNet = min

{
pNeti

}
i∈N ,

where the ordered pair is (Net, pNet) ∈ Ω.

Several optimal neural networks may exist for a single sampling and meet the re-
quired conditions of Definition 3, namely, they may be perfectly trained and have minimal
capacity. At the same time, optimal neural networks can be of different types, with different
functionalities, different numbers of hidden layers, and different numbers of neurons.

According to Definition 3, any network that is optimal for a certain sampling is
perfectly trained on the sampling, but not every perfectly trained network is optimal.
In other words, the class of optimal networks is much narrower than that of perfectly
trained ones.

5. A Method for Extrapolating Continuous Functions with Artificial Neural Networks
by Generating New Training Samples

Let us look again at the Net network trained with m number of input–output samples
of the type

D =
{[−→

Xj ; tj = F
(−→

Xj

)]}m

j=1
, (7)

where F
(−→

Xj

)
is a continuous function. Additionally, let the transfer function in the neuron

bodies of the Net also be continuous.
If we assume that the network is perfectly trained on the sample in the interpolation of

the target function F
(−→

Xj

)
, statistically represented by D, then according to condition (4),

Net
(−→

Xj

)
= tjfor ∀

[(−→
Xj

)
; tj

]
∈ D, j = 1, 2, . . . m,
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where

−→
Xj = (xj1, xj2, . . . xjn

)
, xjk ∈ [α k, βk], αk, βk ∈ R, j = 1, 2, . . . m, k = 1, 2, . . . n.

When trying to extrapolate the behavior of F beyond the boundaries of [α k, βk], the

absolute error of Net at values of the arguments
−−−→
Xm+1 according to (2) is

ε =
∣∣∣Net

(−−−→
Xm+1

)
− F

(−−−→
Xm+1

)∣∣∣. (8)

For definiteness, let us consider the case ∀ x(m+1),k > βk. For values lower than the
left boundary αk of the intervals [αk, βk], or in cases where some of the new arguments are
on the right and others are on the left, the reasoning is analogical. The larger the difference

∆βk = x(m+1),k − βk (9)

the larger we can expect the error ε to be. On the other hand, for the perfectly trained Net
and for

−→
B = (β1, β2, . . . βn), we have

Net
(−→

B
)
= F

(−→
B
)
≡ Net(β1, β2, . . . βn) = F(β1, β2, . . . βn). (10)

Due to the continuous nature of the transfer function used in Net, the Net
(−→

Xj

)
, as a

composition of continuous functions, is also a continuous function. Therefore,

lim
∀∆βp→0

Net(β1 + ∆β1, β2 + ∆β2, . . . βn + ∆βn) = Net(β1, β2, . . . βn) (11)

On the other hand, due to the continuous nature of the target function F, we have

lim
∀∆βp→0

F(β1 + ∆β1, β2 + ∆β2, . . . βn + ∆βn) = F(β1, β2, . . . βn). (12)

Then, from (10), (11), and (12), it follows that

lim
∀∆βp→0

Net(β1 + ∆β1, β2 + ∆β2, . . . βn + ∆βn) = lim
∀∆βp→0

F(β1 + ∆β1, β2 + ∆β2, . . . βn + ∆βn) (13)

In other words, although Net
(
xj1, xj2, . . . xjn

)
and F

(
xj1, xj2, . . . xjn

)
are different func-

tions, in an infinitesimal neighborhood of the point (β1, β2, . . . βn), they tend to the same
number. In this neighborhood, according to (9) and (13), we can assume that

F
(−−−→

Xm+1

)
= Net

(−−−→
Xm+1

)
≡ F

(
x(m+1),1, x(m+1),2, . . . x(m+1), n

)
= Net

(
x(m+1),1, x(m+1),2, . . . x(m+1), n

)
,

which gives us sufficient reason to form a new model for Net, created by Net itself:

D1 =
{−−−→

Xm+1; tm+1 = Net
(−−−→

Xm+1

)}
.

If the network is perfectly trained on the new sample D ∪ D1 and we repeat the
process, deviating an infinitesimal distance from the boundaries of the new intervals
[α k, βk + ∆βk], in which the independent variables xj1, xj2, . . . xjn (j = 1, 2, . . . , m + 1) fall,
we will discover an additional new pattern for the training of Net:

D2 =
{−−−→

Xm+2; tm+2 = Net
(−−−→

Xm+2

)}
,

in which the point
−−−→
Xm+2 is infinitely close to the point

−−−→
Xm+1.
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Continuing in this way, we can create an infinite number of new training samples that
form the new sampling

D ∪ D1 ∪ D2 ∪ D3 . . . ,

with which the neural network can be trained.
It is obvious that due to the infinite number of iterations, no algorithm can be created

that will gradually approach the remote value
−−−→
Xtarget and forecast F

(−−−→
Xtarget

)
because this

would take infinite time and resources. However, we could implement an algorithm where
the value to be predicted is approached with steps that are as small as possible (∆βk).
Bearing in mind that in this case ∆βk are not infinitely small numbers, Equation (13) will
not be exactly satisfied, and an additional error term—e—will appear:

Net(β1 + ∆β1, β2 + ∆β2, . . . βn + ∆βn) = F(β1 + ∆β1, β2 + ∆β2, . . . βn + ∆βn) + e, for which
lim
∀∆βk→0

e = 0 (14)

In other words, the smaller the steps with which we approach the prediction values,
the smaller this error will be.

The algorithm used for iterative forecasting aims to predict the values of the target
function using a neural network for point

−−−→
Xtarget =

(
xtarget,1, xtarget,2, . . . xtarget, n

)
which is

relatively far from the sampling boundaries. It consists of four main stages (Figure 4).

(1) Creating an efficient artificial neural network with minimum capacity on the initial sample

In this stage, suitable single-layer and multi-layer networks are sought. The initial
sample is now divided into three groups: 70% of the sample volume is used for training,
15% is used for the validation of the learning process, and 15% is used to independently test
the networks that are found. The search of the neural network is carried out by gradually
increasing the complexity of the architecture, i.e., the number of layers and the number of
neurons are increased gradually with or without another heuristic algorithm until their
upper limits are reached [53]. From the neural networks created in this way, the most
efficient one (with a predetermined minimum error) is selected. Successive increases in the
number of layers and the number of neurons allows the creation of an initial network that
is adequately efficient and has minimal capacity.

(2) Creating a perfectly trained artificial neural network

In this stage, the suitable neural network that was found is repeatedly trained using
100% of the sampling set. The goal of training the neural network using all of the samples
is to achieve as good an interpolation as possible within the given sampling. Repeated
training of the neural network is performed, which is equivalent to increasing the number
of epochs, but which allows the process to be stopped upon reaching an error plateau. The
goal at this stage is to create a perfectly trained network, i.e., and optimal network with
minimum capacity.

At the end of the second stage, the trained ANN has an optimal topology and perfectly
interpolates within the sampling boundaries.

(3) Generating new samples outside the initial sampling

• The number q (q ∈ N) of prediction points that lie between the sample bound-

aries and the target prediction point
−−−→
Xtarget =

(
x(m+q),1, x(m+q),2, . . . x(m+q), n

)
is

determined. The available computing resources and time, as well as the user
settings, are important for determining the number of points q. A greater number
of points leads to more accurate prediction results.

• The intermediate points
−−−→
Xm+1,

−−−→
Xm+2, . . . ,

−−−−→
Xm+q−1 which are evenly spaced

between
−→
Xm and

−−−→
Xtarget are calculated. With different modifications to the algo-

rithm, these points may be calculated differently and therefore they may not be
evenly distributed.
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• The following activities are performed iteratively until the target point is reached:

◦ Using the current AN, one or more points are predicted, successively
taking the points closest to the boundary. The number of these points is
set by the user.

◦ The newly obtained input–output samples are added to the neural net-
work training dataset.

◦ A neural network is perfectly trained on the updated dataset.
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(4) Prediction

With an AN trained on D =
{[−→

Xj ; tj = F
(−→

Xj

)]}m+q−1

j=1
,
−−−→
Xtarget is predicted.

A simplified representation of the algorithm steps is shown in Figure 5.
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6. Experiments and Discussion

The described algorithm was implemented using MATLAB scripts, and after their
execution a comparative analysis of the results was carried out. Error reduction was
observed in all the approximations studied, even when they concerned functions that are
difficult to work with in this regard, such as periodic functions. For more convenient
visualization and tracking of the changes, the following color code is used in the graphs of
the functions approximated by the neural networks:
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Using the indicated color code, the results of the approximations of the neural network
found initially and the same neural network after it has passed through the stages of
the proposed algorithm can be viewed and compared in the graphs of Figure 6. The
neural networks are trained using the Levenberg–Marquardt algorithm, and the transfer
function of the hidden layer neurons is the tangent hyperbolic function. The algorithm itself
determined the number of iterations (epochs) needed and selected them by automatically
changing the speed at which error gradient descent was performed.
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The presented results illustrate some of the experiments conducted using single-
variable functions. Similar results were obtained in the experiments conducted using
multivariable functions. In all cases, the network trained with the algorithm produced
better predictive results than the ANN that was initially found. For some of the functions,
including the three examples

y = 2x + 1, y =
x− 1
x + 1

, and y = x3,

the interpolations and predictions of the ANN almost completely matched the correspond-
ing target function both within and outside the training interval. To further verify the
qualities of the predictive algorithm, we investigate the network performance indicator

e f f iciency =
1

per f ormance
,

where per f ormance is the aggregate performance expressed as errors of the ANN during
training, validation, and testing. Furthermore, a comparison was made between the mean
absolute percentage errors (MAPEs) of the network in predicting the value of the target
function at a specific point x = 150 (which is outside the sample range) both before and
after it had passed through the stages of the algorithm. The results are presented in Table 3.
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Table 3. Change in the efficiency and the absolute percentage error of the network in predicting
y (150) before and after the network had passed through the algorithm stages.

Function
Training
Sample
Interval

Efficiency of the
Original

Network Net

Efficiency of Net after
Passing through the

Stages of the Algorithm

MAPE of the
Initial Net

MAPE of Net
after Passing through the
Stages of the Algorithm

y = 2x + 1 [−100:1:100] 5.88 × 109 3.2 × 1012 0.029% 0.00024%

y = x2 [−100:1:100) 7.4 × 104 8.8 × 1010 31.8149% 6.3355%

y = x3 [−100:1:100] 7.8 × 10−1 3 × 107 31.1204% 0.2488%

y = x4 [−100:1:100] 1.03 × 10−3 2.73 × 103 51.20% 13.79%

y = x5 [−100:1:100] 1.8 × 10−8 1.94 × 10−7 44.85% 37.54%

y =
5
∑

i=1
xi [−100:1:100] 2.23 × 10−8 1.94 × 10−7 50.61% 37.34%

y = x−1
x+1 [0:1:200] 9.25 × 1010 1.79 × 1015 0.51% 0.14%

y = log(x) [1:0.5:100] 1.32 × 1010 1.35 × 1013 7.51% 2.56%

Note: The absolute percentage errors of the networks approximating y = x−1
x+1 are calculated in the prediction

of y (250).

Figure 7 presents the neural networks’ approximations for the y = x3 function. The
bold right part of the graphs shows the additional training samples that were built.
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to prediction point x = 150 with step ∆β = 0.1.

The proposed algorithm can also be used for periodic functions such as y = sin(x)
and y = cos(x), which are traditionally difficult to approximate using feedforward neural
networks. Even in these cases, the use of the iteration algorithm improves the quality of
the networks used (Table 4).
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Table 4. Changes in the efficiency and the absolute percentage error of the network when predicting
the functions y = sin(x) and y = cos(x) at point x = 18.

Function
Training
Sample
Interval

Efficiency of the
Original

Network Net

Efficiency of Net after
Passing through the

Stages of the Algorithm

MAPE of the
Initial Net

MAPE of Net
after Passing through the
Stages of the Algorithm

y = sin(x) [−12.8:0.1:12.8] 5.64 × 10−6 3.84 × 10−3 98.11% 65.33%

y = cos(x) [−12.8:0.1:12.8] 2.51 × 10−5 2.44 × 10−2 74.20% 32.92%

Experiments on the performance of the algorithm were also conducted using multi-
variable functions of different types. The two-variable linear function

y = 2x1 + 3x2 + 1

was studied.
For its interpolation, the neural network Net was trained in the intervals

x1 ∈ [−100 : 1 : 100], x2 ∈ [1 : 1 : 201].

Initially, the efficiency of the ANN was 3.67 × 1011, and the absolute percentage error
(APE) of the prediction for value y at point (x1 = 150, x2 = 250) was 2.17%. After Net
passed through the stages of the algorithm, the efficiency of the network became 7.07 × 1011,
and the APE of the prediction for value y at point (x1 = 150, x2 = 250) became 1.65%.

For the function
y = x1 + x2 + x3 + x1x2x3

a neural network was trained in the intervals

x1 ∈ [−100 : 1 : 100], x2 ∈ [1 : 1 : 201], x3 ∈ [0.03 : 0.03 : 6.03].

At the beginning, the efficiency was 1.25 × 108 and the absolute percent error for
predicting at point (x1 = 150, x2 = 250, x3 = 10 ) was 30.57%. After the additional train-
ing of the ANN using the training samples created by the network itself, the prediction
values approached the target values: the efficiency became 3.97 × 1010 and the error
decreased to 15.68%.

In many cases, the absolute percent errors showed multifold decreases. For example,
when approximating the functions

y = x2 and y =
x− 1
x + 1

the errors of the initial networks were 31.81% and 0.51%, respectively. After applying the
algorithm, the respective errors were reduced to values of 6.34% and 0.14%. In some cases,
the improvements to the original network were so good that even far outside the range of
the given sampling, the approximating neural network almost completely covered the real
function in the area between the sample boundary and the point up to which it constructed
new samples itself (Figure 8).

Figure 8 presents an approximation of the function y = x3. The training of the neural
network is carried out in the interval x1 ∈ [−100 : 1 : 100], and the goal of the network is
to predict the value y(150). Almost immediately after the end of the sampling, the initial
network (in red) starts to deviate from the graph of the target function, and its prediction
for y(150) has a large error. In the second stage, the algorithm optimizes the network. The
approximation of the target function through the optimal network is shown in blue. During
the third stage, the optimal network starts building the additional samples up to point
x = 150 and is continuously trained, both on the main sampling and on the newly created
samples. The approximation of the target function at this stage of the algorithm is shown
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in green. Although very close to the optimal network (in blue), the final version (in green)
has improved qualities, and a comparison with the initial network (in red) shows an error
reduction from 31.12% to 0.25%.
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When working with periodic functions which are typically difficult to approximate,
the algorithm showed something interesting (Figure 9). With feedforward neural networks.
it is quite challenging to transform the initial network into an optimal one, i.e., one that is
perfectly trained on the sample and has minimum capacity. The graphs of the approxima-
tion of the initial network (in red) and the optimal network (in blue) almost match, and
immediately after the end of the sampling, they start to predict with a large error. However,
as the optimal neural network starts to approach the desired external point with additional
samples that it creates itself, and as it is retrained on all the data, its performance starts to
improve (in green).

Axioms 2023, 12, x FOR PEER REVIEW  19  of  22 
 

shown in green. Although very close to the optimal network (in blue), the final version (in 

green) has improved qualities, and a comparison with the initial network (in red) shows 

an error reduction from 31.12% to 0.25%. 

 

Figure 8. Approximation of the function  𝑦 ൌ 𝑥ଷ. 

When working with periodic functions which are typically difficult to approximate, 

the  algorithm  showed  something  interesting  (Figure  9). With  feedforward neural net-

works. it is quite challenging to transform the initial network into an optimal one, i.e., one 

that is perfectly trained on the sample and has minimum capacity. The graphs of the ap-

proximation  of  the  initial network  (in  red)  and  the  optimal  network  (in  blue)  almost 

match, and immediately after the end of the sampling, they start to predict with a large 

error. However, as  the optimal neural network  starts  to approach  the desired external 

point with additional samples that it creates itself, and as it is retrained on all the data, its 

performance starts to improve (in green). 

 

Figure 9. Approximation of the function y = cos (x) by means of a feedforward neural network.



Axioms 2023, 12, 759 20 of 22

7. Conclusions

In general, methods for the approximation and prediction of processes involve dif-
ficulties and produce more inaccurate approximation results when predicting values far
from the boundaries of statistical samples. This applies to both mathematical methods and
neural networks (which are representative of artificial intelligence methods). The iterative
prediction algorithm proposed in this paper is based on two assumptions. One is that
predictions near the statistical sampling have much smaller errors than those far from
the sampling. The second assumption is that a neural network can generate additional
training samples and use them to retrain itself in order to get closer to an initially distant
prediction point. Numerous practical experiments were conducted on single-variable
and multi-variable functions of different types, and a comparison was made between the
predictive abilities of the neural networks before and after the application of the iterative
algorithm. The results showed an increase in efficiency and a reduction in the errors of the
neural networks that passed through the stages of the algorithm.
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