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Abstract: Viscoelastic damping phenomena are ubiquitous in diverse kinds of wave motions of
nonlinear media. This arouses extensive interest in studying the existence, the finite time blow-up
phenomenon and various large time behaviors of solutions to viscoelastic wave equations. In this
paper, we are concerned with a class of variable coefficient coupled quasi-linear wave equations
damped by viscoelasticity with a long-term memory fading at very general rates and possibly damped
by friction but provoked by nonlinear interactions. We prove a local existence result for solutions to
our concerned coupled model equations by applying the celebrated Faedo-Galerkin scheme. Based
on the newly obtained local existence result, we prove that solutions would exist globally in time
whenever their initial data satisfy certain conditions. In the end, we provide a criterion to guarantee
that some of the global-in-time-existing solutions achieve energy decay at general rates uniquely
determined by the fading rates of the memory. Compared with the existing results in the literature,
our concerned model coupled wave equations are more general, and therefore our theoretical results
have wider applicability. Modified energy functionals (can also be viewed as certain Lyapunov
functionals) play key roles in proving our claimed general energy decay result in this paper.

Keywords: existence results; general energy decay; quasi-linear wave equations; variable coefficient
wave equations; viscoelastic damping

MSC: 35L05; 35L15; 35L70

1. Introduction

We are concerned, in this paper, with the initial boundary value problem (IBVP) for a
coupled system of two quasi-linear space-variable coefficient wave equations whose energy
is inhibited by viscoelastic dampings with long-term memories and possibly inhibited by
frictional dampings, but provoked by nonlinear interactions. More precisely, we consider

|0¢u|P102u — py div(A; Vi) — div(A; VZu)

+ /joo g1(t —s) div(A;Vu)(s)ds

+ a110su + 41200 = f1(u, )
9:0]°20%0 — pp div(A2 Vo) — div(A, Voro)

in Q2 x (0, +0),

+ /_’ g2(t =) div(A V) (s)ds )

+ an0tu + axnodiv = fr(u,v)

u=0v=0 onT x (0,400),
u=u v=7o" in Q) x (—00,0),
9:u(0) = u!, 3;0(0) = v} in0Q,
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in which: u = u(x,t) and v = v(x,t), (x,t) € Q2 x (0, +00), are the unknowns of IBVP (1);
(2 is a nonempty bounded open subset of the N-dimensional Euclidean space RV, of which,
the boundary, denoted by I (i.e., I' = 9(2), is smooth enough (say, is in the %2 class); N is
a given positive integer; p; and py, as well as y1 and 5, are given positive constants; A4
and A; are given RN*N-valued functions depending merely on space variables; a11, a1,
ap1 and apy are given functions which depend merely on space variables; g; and g, the
so-called relaxation functions, are given functions mapping R (throughout this paper,
R4 denotes the closed interval [0, +0c0); see our notational conventions at the rear of this
section) into itself; f; and f, are given real-valued functions defined in R?; the given
functions ug, vy, #1 and v, are initial data of the unknowns of IBVP (1); d; denotes the
partial differential operator % ; V denotes, as usual, the gradient operator (axl, el GXN)T on

the N-dimensional Euclidean space RN, with d,, denoting the partial differential operator
)

EA k=1,...,N; dive denotes formally the divergence of the vector field

= (91, on) = (@1(x1,...,xN), ., on(x1,. .., xN))

N
thatis, dive = Z dx, ¢x. We shall explain later the sense in which the coupled quasi-linear

viscoelastic varfablle coefficient wave Equations (1); and (1), as well as the homogeneous
Dirichlet boundary condition ‘u = v =0on I x (0, +c0) (i.e., (1)3) are satisfied.

As with coupled parabolic equations (see [1,2] and the references cited therein), the
coupled wave equations in IBVP (1) have important implications in Physics. The assump-
tion that the coefficients A; and A, depend on space variables indicates that the underlying
media/material is inhomogeneous. The assumption that the constants p; and p, are posi-
tive indicates that some of the structural properties of the concerned media/material are
influenced significantly by the vibrating velocity. To include the terms

/_too 1(t—s)div(A1Vu)(s)ds, and

/_too 82(t —5) div(A;Vo)(s)ds

in the model Equations (1); and (1), we stress that, in our concerned scenario in this paper,
the wave motions of the concerned media/material are suppressed by its viscoelasticity
(the kinetic energy is inhibited, the viscosity is influenced by the velocity, and the aftereffect
or memory of div(A;Vu) sustains for infinitely long time in the media/material); see
Reference [3] for the description of viscoelasticity phenomenon and the explanation of
the inducing mechanism of this phenomenon. The terms a110;u + a120;0, 10U + 2207,
f1(u,v) and f(u,v) are incorporated to emphasize that the waves u and v are ‘strongly’
coupled to a certain extent; we shall impose some suitable conditions on the coefficients
a11, a12, ap1 and apy (see Assumption 5) to ensure that the term a110;u + a1,0;v, together
with the term a9 + 42700, plays a role as frictional damping.

Partial differential equations describing the dynamics of viscoelastic materials have
enormous implications to applications of these materials in engineering and scientific
communities; the governing equations incorporate hereditary terms to stress that the
aftereffect in the materials can not be neglected (see References [3—6]). In theoretical study or
engineering applications, the aftereffect of some materials could be neglected for sufficiently
large time, while the aftereffect of the other materials could last in infinitely long time
periods. Let us point out again that, as indicated by the structure of the model equations in
IBVP (1), the aftereffect of the material concerned in this paper could last in infinitely long
time periods.

Since viscoelastic materials play important roles in diverse application areas (as al-
luded before), many experts in mathematical communities have been, in the last two
decades, attracted into studying the dynamics of viscoelastic materials from mathematical
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perspectives. Mufioz Rivera [4] studied the large time behaviour of a class of viscoelastic
equation, defined in bounded open subset of Euclidean spaces, in which the aftereffect
in large time was neglected, and proved that the associated energy decays exponentially
as time approaches infinity. Mufioz Rivera, Lapa and Barreto [5] established later some
similar energy decaying results for plate equations. Aassila, Cavalcanti and Soriano [7]
established exponentially decaying and polynomially decaying estimates for the energy
of a constant-coefficient wave equation governing the vibration of materials occupying a
domain whose boundary is of viscoelasticity under different conditions, respectively; in the
meanwhile, they justified that the assertion that the energy approaches zero as time goes
to infinity holds for all linear viscoelastic wave equations on bounded domains subject to
homogeneous Dirichlet boundary condition. The idea in References [5,7] is strikingly illu-
minating for later study of problems for viscoelastic wave equations; see References [8-27]
and the vast references cited therein. For example, Cavalcanti, Domingos Cavalcanti and
Ferreira [8] considered the following initial boundary value problem

t
|0su|°O?u — Au — AP u + / g(t—s)Au(s)ds —you =0 inQ x (0, +0c0),
0
u=0v=0 onI x (0,+00), )

u=1u’ 9;u(0) = u' in(;

they proved, under certain conditions on the relaxation function g, that IBVP (2) admits
global weak solutions in H} (2; R?) whenever > 0, and that the energy E(t) associated
to the corresponding u decays exponentially whenever v > 0, where

1 1 1
_ p+2 2 2 2 2
E(t) = / [0pu(£) [P dx + / |Vu(t)|“dx + / |Vouu(t)|"dx, te€R;.

The (quasi-)linear wave equation (when p = 0, the model Equation (2); is linear) in

ot
IBVP (2) includes two damping terms, namely, the viscoelastic damping / g(t—s)Au(s)ds
0

and the frictional damping o;u. If p = 0, these two dampings seem to be equivalent
in the sense that the energy of both IBVP (2) incorporating merely viscoelastic damping
and IBVP (2) incorporating merely frictional damping decays exponentially. Hence it is
interesting to compare the intensity of these two terms in inhibiting the energy of solutions
IBVP (2) with p > 0. In this direction, Cavalcanti and Portillo Oquendo [9] obtained some
interesting results. Berrimi and Messaoudi [10] studied viscoelastic equations including
nonlinear source terms, and proved that the associated energy decays to zero as time goes to
infinity whenever the initial values is sufficiently small. Cavalcanti, Domingos Cavalcanti
and Martinez [11] extended in a certain sense the results in Reference [8] and proved that
the energy of viscoelastic equations with general relaxation function g (which has a slow
decaying rate compared to the one in Reference [8]) could also approach zero as time goes
to infinity. The system of coupled viscoelastic wave equations has also been studied by
several mathematicians in recent years. Han and Wang [12] studied the initial boundary
value problem for a coupled system of viscoelastic wave equations with two nonlinear
frictional damping terms, that is

t
0?u — Au + / g1(t —s)Au(s)ds + |9su|™ 20 = f1(u,0) in Q x (0,+c0),
0

t

070 — Ao + / go(t —8)Av(s)ds + 90| 100 = fo(u,0)  in Q x (0, +c0), 3)
0

u=v=>0 on T x (0,+400),

u(0) = u°, 3u(0) = ut, v(0) = o°, 9;0(0) = ! in (;

they proved, under some additional conditions, that IBVP (3) is globally well-posed and
provided a blow up criterion for IBVP (3) under some other conditions; as alluded above,
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the nonlinear terms |8tu|’”’18tu and \Btv|’”’18tv, playing roles as frictional dampings,
bring in dissipation mechanism in the energy of the system (3). Said-Houari, Messaoudi
and Guesmia [13] and Mustafa [14] extended the results in References [8-11] to IBVP (3)
with the nonlinear frictional dampings removed. As could be seen evidently from IBVP (3),
the structural properties of the concerned materials do not depend on the velocity of the
vibration of the materials. Liu [15] considered an initial boundary value problem which is
more close to IBVP (1), our working model problem in this paper, namely

t
|0¢u|P P U — Au — 41 A0%u +/ g1(t—s)Au(s)ds + f1(u,v) =0 inQ x (0, +c0),
0

t
|0:0]°Pd%0 — Av — 728070 + / &2t —s)Av(s)ds + fo(u,0) =0 inQx(0,+0), (g
0
u=v=0 onT x (0,+00),
u(0) = u%, 3u(0) = u!, v(0) = °, 9;0(0) = ! in O,

with p > 0; he established under certain additional conditions some uniform decaying
estimates for the energy of IBVP (4). He [16] reported some uniform decaying results for
the energy associated to IBVP (4) under some other conditions. The other more interesting
existence and stability results concerning viscoelastic (quasi-)linear wave equations could
be seen in References [17-29] and the references therein.

As can be infered from the above review: The model equations considered in the
aforementioned references only reflect that the concerned materials are homogeneous in all
directions and that the aftereffect is all neglected for large time. But it seems to be more
realistic that the materials are inhomogeneous in directions and that the aftereffect could
influence the materials all the time. This motivates us to study space-varying viscoelastic
wave equations with infinitely long memory of which both improve the mathematical
difficulty of the paper. As could be seen later, we shall not assume that p; = pp; it is
obvious that p; # p; has significant physical implications. Aside from these innovations,
the nonlinearity in IBVP (1) seems to be more general than those studied in the existing
references. Our goal in this paper is to prove under some conditions that solutions to
IBVP (1) exist globally in time whenever their initial values are sufficiently small, and prove
under some additional conditions that the energy associated to some of the global in time
solutions approaches zero as time escapes to infinity.

Assumption 1. Fori=1,2, A; € €*(Q;RN*N), the set of uniformly continuous functions of
which partial derivatives whose orders not exceeding 2 are all uniformly continuous (2. For every
x € O, the matrix A;(x) is symmetric, i = 1,2. And 0; is assumed to be strictly positive, where
the constant 9; is given by

©)

Assumption 2. The relaxation function g; is strictly monotonically decreasing, maps the closed
interval Ry into itself and satisfies

+o0
0< /0 Qi(s)ds < p;, i=1,2.

The derivative function g}, of the relaxation function g;, is locally Lebesgue integrable in R (in
other words, the function g; is absolutely continuous in the interval Ry), i = 1,2. There exists
a nonincreasing absolutely continuous function ¢; mapping R into itself and a function K; €
€2([0,7;];R) (with r; a given positive constant not less than g;(0)), which is strictly increasing
and strictly convex, and satisfies K;(0) = K!(0) = 0, such that
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Ki(t) < Ky(t) or Ko(t) < Ky(t) forall t € [0, min(ry,12)], (6)
that
8i(t) < =Gi(HKi(gi(t)) forallt € Ry,
and that there exists a positive constant &; satisfying
-1
K (9)

lim =, i=12
0=0% (max(Ky,Kz))" (6)

with (max(Kj, Kz))F1 denoting the inverse of the derivative of the function max(Ky, K3).
Assumption 3. The constants p1 and p satisfy min(p1,02) > 0 and (N — 2) max(p1,p2) < 2

Assumption 4. f; is locally Lipschitz continuous in R?, and satisfies f;(0,0) = 0,i = 1, 2. There
exists a function F(u,v), defined in the whole space R?, such that

F(u,0) = /Oufl(ﬁ,o)dﬁ—i—/ovfz(u,ﬁ)dﬁ, 0o ER, %)

or equivalently 0, f1(u,v) = 9, fo(u,v), u, v € R. f; satisfies the growth condition at infinity:
There exist four absolute constants Y1, Lo, p1 and p; satisfying min(tq, Lo, p1, p2) > 0 and
(N —2) max(py, p2) < 2, such that, for every pair (u,v)" € R?, it holds always that

|fiC, o)) S Ei(JuP (P24 [l 4 o] 4 ol ol ), i=1,2. 0 (9)
Assumption 5. For every x € ): a1p(x) = ap1(x); and the matrix

<ﬂ11(x) ﬂlz(x)>

an (x) an(x)

is semi-positive definite. a;; belongs to the Banach space € ((2), the totality of uniformly continuous
real-valued functions defined in 2,1, j = 1,2.

For the sake of convenience of our later presentation, we write

1

= — | VIgAVedx, i=1,2, 9
T peHlim (o) ||V¢||LZQRN/ ©)

and write for every p > 1 satisfying (N —2)p < 2N:

o sup @ 10)

peHL(Q)\{0} ||V(P||L2(O;]RN)
For every given o € R, we denote henceforth

o o
Uy = sup Xty pmax(1—4,0) (11)

() TR\ (00)T) (K TY)
Hereafter, we associate to 4;; (i, j = 1,2) the following constant

T
a a
X1y ,012,001 020 = sup | /O (31) (ai a;i) (1/12) dx| 12)

(91.91) " (92.92) T €L*(QR?),
(@ry1) " HLzm;Rz):H(4’2,!/12)T l2or2)=1
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To improve the readability, we would like to give some remarks on our list of five
standing assumptions (see Assumptions 1-5 for the details) of this paper.

Remark 1. By applying the celebrated Sobolev—Poincaré inequality (see [1], THEOREM 1, p. 292),
we can conclude that x, given by (10) is a positive constant. In light of Assumption 1 on the

coefficient matrix A;(x), the term / VT 9A;V pdx is well-defined and {; given by (9) is also a
Q

positive constant obeying

1 1 1

S (@) ey I (A0 A i o

where 0; is given by (5), and tr denotes the trace operator of square matrice, i = 1,2.

Remark 2. By imposing the restriction (6) in Assumption 2, our principal aim in this paper is
to quarantee the twice continuous differentiability of the function max(Ky,Ky) in the interval
[0, min(ry, rp)]. The restriction (6) can be probably removed via introducing the notion of subd-
ifferential in convex analysis, or via utilizing Dini’s derivatives, together with some complicated
calculations techniques.

Remark 3. Let & € Ry.. We can prove, based on the notation U, given by (11), that
4yt < Vulx+y), (xy) € RE.

Based on Assumption 4 ((7) and (8), in particular), we could obtain the following lemma by
some routine but tedious calculations.

Lemma 1. Let F(u,v), f1(u,v) and f,(u,v) be three functions given as in Assumption 4. For
every pair (u,0) " € R?, it holds always that

1o +L2(p1+1)|u|p1+2 19} +L2(P2+1)|u|p2+2

F(u,v)| <
[E(u0)] p1+2 pa+2
+Ll+tz<p1+1>|u‘pl+z+2Lz|v|f’1+2 2k, 0|22
o1+2 p1+2 p2+2

Eolo[f1t2  Eyofe2t2
p1+2 p2+2

+

where L; is exactly the one given in (8) in Assumption 4,i =1,2.
Remark 4. By some routine calculations, we have immediately that

[(a11)* + (a12)* + (a21)* + (a22)* [l 1()

2111 ooy + 1812017 () + 32170y + 1022170 -

2
(%1'11111112/‘721/‘122) <|
</

This, together with Assumption 5, implies that 34, a1, a5 ,a0, given by (12), is indeed a
non-negative constant.
Notational Conventions. R is the field of real numbers; R, = [0, +c0); R_ = (—o0,0]. For

@ : Q — R, we write formally V¢ = (V¢) . For 1 < p < +oo, LP(Q) denotes, as usual,
the classical Lebesgue space. The Hilbert space H' ((2), equipped with the inner product

(00)" = [ (o +V gVip)dx, (13)

denotes the totality of square-integrable functions defined in (2 whose first order partial
derivatives, in the distributional sense, are all square-integrable functions in (2. Hé (Q)
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denotes the totality of functions in H!((2) having zero as their boundary values in the
trace sense, or equivalently, H} ((2) is the completion of the totality Ceomp (2) of infinitely
differentiable functions defined in (2 having compact support in the Hilbert space H!(Q);
inheriting the inner product (13) from H!(Q2), Hl (Q) is also a Hilbert space. We write
I~ 152 () and || - || Hl () for the norms induced by inner products of the Hilbert spaces

H'(Q) and H}(Q2). Let H be an inner product space, we write (1, )y for the inner product
of the space H. Let X be a Banach space with X its topological dual, and | an interval; we
write (t,f)x x for the duality pairing (of the Banach space X and its dual X’) and denote
by €w(J; X) the following space

{o:]—=X; ]2t —= (¥, 9(t))x x € Rforevery p € X'}.

The rest of this paper is organized as follows. In Section 2, we prove that solutions to
IBVP (1) exist globally in time whenever their initial data are sufficiently small. In Section 3,
we provide a general decaying estimate on global-in-time solutions to IBVP (1); the estimate
implies that global-in-time solutions to IBVP (1) decrease to zero as time goes to infinity,
whenever their initial data satisfy some additional conditions. In Section 4, we provide
several concluding remarks.

2. Global Existence Results Concerning Solutions to IBVP (1)

In this section, our main aim is to prove the global existence of solutions, whose initial
data belonging to a certain function space, to IBVP (1). We shall first demonstrate the
local existence of solutions to IBVP (1) via utilizing the Faedo-Galerkin method, and shall
then prove the desired global existence by establishing a priori estimates and a standard
continuation argument. For the sake of convenience of our later presentation, we write, in
the sequel, for every T € (0, +o0):

S[O,T] = {(u,v)T;u,U : O x (=00, T = R,
ulaxo,1):%laxjo1 € Cw((0,T]; Hj(0)),
Attt 0,1, 90l 0,1 € ([0, T); HH (),

ulowe ,oloxe. € LR HY(Q)) }, (14)
and for every 0 < T < +00, we write similarly
Spo,1) = {(u,v)T; u,v: Qx (=00, T) > R,
(1,9) | (—oo,1) € S ¥T € (0,T) . (15)
Definition 1. Let T € (0, +c0). The pair (u,v)" € Sio,r) is said to be a local weak solution,

in the interval [0, T|, to IBVP (1) provided that the following two equalities hold for every pair
(¢, 9)" € H}(;R?) of test functions:

. P1 vl
p1+1/n|atu(t)| atu(t)godan/QV 0 A1Vou(t)dx

—p1+1/O|u1|plu1(pdx—/0VT(pA1Vu1dx

+/()t/OVT¢A1(Vu(s)—/_Soogl(s—T)Vu(T)dT)dxds

- /Ot /Q o(fr(u(s),v(s)) — ap10:u(s) — a;pdv(s))dxds, te€ (0,T), (16)
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and
' 02 L oT
P /Q [9ro(t)| atv(t)lPdX—F'/Qv PAVa0(t)dx
1
R P2 _ T
011 Q|U1| v1pdx /QV YA Vordx

+/0f/QvT1/JA2(Vv(s) _/_Soogz(S—T)Vv(T)dr)dxds
= /Ot/olp(fz(u(S),v(S)) — ap104u(s) — ap0:v(s))dxds, t€ (0,T). (17)

Definition 2. Let 0 < T < +o0. (1,0)" : Q x (—o00, T) — R? is said to be a weak solution to
IBVP (1), in the interval [0, T), if for every 0 < T’ < T, (u,v) | o« (—co,1"] 15 @ local weak solution,
in the interval [0, T'], to IBVP (1). In the case that T = +oo (or equivalently, (u,v)T € Sk,
see (15) for the definition of S, ), (u, )" is called a global weak solution to IBVP (1); otherwise,
(u,v) " is still called a local weak solution to IBVP (1).

To every solution pair (#,v)" € Sjo,1) (see (15) for the definition of Sjg 1)), with

0 < T < +oo, to IBVP (1), we associate the following functional (a certain Lyapunov
functional candidate)

1 +2 +2
E"?(t) = m\latu( )Hi}:ﬁz P +2||at ot )Hizpz+2

1 oo
500 [ si()ds) /Q VT u(t) A Vu(t)dx
+ % /Q V " 0su(t) Ay Vosu(t)dx + %(gl oM V) (8)
1 +o0 .
ol [ sals)ds) /O VT o(t) A Vo(t)dx
1 1
+5 /Q VT 3r0(1) A2 Vayo(t)dx + 5 (82 0 Vo) (1)
- / F(u(t),0(t))dx, te€[0,T), (18)
0
where F is given by (7), and the operation “¢”, associated to two given functions @ ¢

L°°(Q RNxN ) and ¢ € L*(0,+0), is defined, in a formal way, as follows: For every

o9 = [ _st=9) [ @) - 96D @(p(0) — y(sDards. (19
Lemma 2. Let @ € WV ((Q; RN*N), ¢ € WL>(0, +-00). For every
P < leoc([_oo/ T)/ H&(Q))

satisfying ¢|qxjo1) € HL ([0, T); H}(Q)), it holds that

i((go‘wat) [ ss [ 97 p@vp(a )

— (g o® V(p)(t)—Z/_ g(t—s)/QVTE)tgo(t)<DV(p(s)dxds, te (0,7).
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Proof. Conduct some routine calculations, to obtain
(P o0 - [ s [ VToeveinix)
= (g o® Vo)t 2/+oo ds/ V' 0ig(t)®V (t)dx
+2/ (t—s) / V'ip(t)®(Vo(t) — Vo(s))dxds
= (¢’ o® Vo)(t / (t—>s) / V'0:i(t)®Ve(s)dxds, te (0,T),

in which the “="in the second line follows immediately from the very definition of the
expression (g o® V¢)(t) (see (19) for the detail). [

The differential identity in Lemma 2 is of great importance in our later calculations
and will be used frequently in proving our main results in this paper. For example, we
shall employ Lemma 2 as one of the main ingredients in the procedure of deducing an a
priori inequality which plays a key role in proving the following local existence theorem.

Theorem 1. Suppose that Assumptions 1—4 hold true, and that the space-varying coefficient a;;
belongs to the Banach space ¢ ((2), i, j = 1,2. Then for every initial datum pair

0T € L®(R_; H}(;R?))
and every initial datum pair (u',0')" € H}(Q;R?), IBVP (1) admits a local weak solution
(u, v)T € S[O,T] (see (14) for the detailed definition of the notation S[O,T] ), in the interval [0, T], in
which T is a certain postive time instant depending merely on (2, A1, Az, f1, f2, 81, 2, P1, P2, 011,

a1, ap1, ax , u°, v°, ul and vl

Please notice that we do not use Assumption 5 in Theorem 1 temporarily, instead, we
used a weaker condition that ‘a;; belongs to the Banach space ¢'(Q2), i, j = 1,2". We shall
prove Theorem 1 via the very standard Faedo-Galerkin procedure.

Proof. Thanks to Assumption 1, by recalling theory on elliptic partial differential equations,
one can find: One orthonormal basis, designated by {e;, }*°_,, of the Hilbert space L?((2) is

n=1’
composed of the solutions of the following eigenvalue problems

div(AiVei) = )\1'61‘ in Q,
e; =20 onl.

By using mainly the divergence theorem, we have
/ VTe,»kAiVe,-gdx = — / Cik div(AiVez-f)dx
(0] 0
= Aig / eixAjejodx
0]

e ifk=g,
o ifk £

Since A; € €?((;RN*N) (see Assumption 1), for any positive integer 1, we have
ein € €%(Q),i = 1, 2. Let us introduce the following two sequences of approximate
solutions

k
ug(x, Ze1]®uk] x,t) Z”k] Jeyj(x
1
= k€N, (20)
v (x, 232] ® Tyj(x, 1) ka] Jeaj(x

j=1
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As with (20), to construct sequences of approximate solutions is one of the main steps
in applying the Faedo-Galerkin scheme to prove local existence result of evolution partial
differential equations. After some calculations, we can find that (uy, o) given by (20) is
approximate solution pair to IBVP (1) if and only if

Ui (t) = (i (), - e (£), By (1), - T (1),
Gr1 (), -, T (1), T (), -+, T (1)) T (21)

is the solution to the following Cauchy problem
£ / £ "
/Q | 2 j(t)er;|! Z j(t)erjeredx
j=1 j=1
t
+ Avgitge (t) + Avgity () — Arg /700 81(t = s)iigy(s)ds

k
+ Zﬁ;q(t) /Qalleljelgdx

j=1
k
~/
+ gvkj(t) /() arpesjerpdx
]:
k k
= Qfl 61] 2 62] euzdx tGR.;,_,g:l,...,k,
]:1 =1

k
/ |];ﬁ;q-a)ezjwz];ﬁ%(t)ereZmdx

v
+ AZmﬁkm(t) + )\me)';(,m(t) — Ao /_ gz(t — S)ﬁkm (S)dS (22)
k .
+ Zﬁ;c](t) / a21€2]’62mdx
pt Jo
k
+ Zﬁ,’{](t)/ axesierydx
j=1 o
k
= sz(g ﬁkj(t)elj, Zl ﬁkj(t)62]')€2mdx, teRy,m=1,...,k,
= =
a(t) = /Q 1O ()eydx,
Tre(t) = / vo(t)ezgdx, teR_,0=1,...,k,
Jo
i,(0) = /Q uteqpdx,
00 (0) = /Ovlezgdx, 0=1,...,k

In accordance with (21), we write

O = ([ u d,...,/ 0t d,/ 1 d,...,/ Leyd,

() (/Q”()enx .Q”()elkx Qut’nx 'Ouelkx
/Uo(t)621dx,...,/ vo(t)ezkdx,/ vlezldx,...,/ vlezkdx)T, teR_.
Q Q Q Q

Then the Cauchy problem (22) can be recast into the following Cauchy problem for a
functional differential equation
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[x]

/
k

(t) =

<

{uw) = Fi(Ue(t), Uys), tERy, )

Uy = up inR_,

where Uy (T) = Uy (t +7), T € R_, and F : R¥* x L®°(R_; R*) — R* is locally Lipschitz
continuous. Then by a variant of the classical Cauchy-Lipschitz existence theory, the
Cauchy problem (23), or equivalently, the Cauchy problem (22) is locally well-posed in
Hadamard’s sense. As a consequence, by applying a standard continuation argument,
we can prove, based on the aforementioned local well-posedness result, that the Cauchy
problem (22) (for system of ordinary differential equations) admits a unique solution

(1 (£), ., i (£), B (£), - .., B (£) T

in the classical sense in [0, T*), the maximal interval of existence. Thus the pair (uy, v) " in
the form (20) is well-defined. Let us now introduce the following auxilliary functional

Ze(t) = B (1) + [ Flue(t), ou(t))dx
1

+2
L0l

— p1+2
_17||atuk<t)” (Q) + U’2+2(Q)

L1t2
00 . T
+50m= [ gis)ds) [ VT u(t) A V(b
1 1
+ E/QVTatuk(t)Alvatuk(t)der E(gl oM Vuk)(t)
1 oo -
+50n= [ ga(s)ds) [ Vot A Von(t)x
1 1
+5 /O VT a0k (1) A2 Varoi(Hdx + 5 (32 0% Vor) (1), 1€ [0,T7). (24)

Differentiate Zy (t) and simplify further the obtained result, to yield

1 1 t
E(gi oM Vu)(t) + E(g’z o2 Vo) (1) — /700 g1(t—s) /Q V " 051 (t) A1 Vi (s)dxds

_/j gz(f—s)/QVTatvk(t)szvk(s)dxds—/t

- ,/_:o 82t =) [ dou(t) div(A2Voy(s) dds

n /Q it (1) fr (g (1), 03 () )dx + /Q 3rox(8) fa (1), v (1)) dx

B atuk(t) ! a1 a2 afuk(t)

/Q(atvk(t)) <0121 ﬂzz) <atvk(f)>dx

/O ity () fi (1 (1), v (1) )dx + /(2 3r0p (1) fa (g (1), vp (£))dx

+ %H11/H12/ﬂ21,ﬂzz(Hafuk(t)H%Z(Q) + ||atvk(t)||%2(()))/ te [0/ T*)- (25)

Before continuing our proof, it is worth noticing that the unique existence of solutions
to the Cauchy problem (22) and solutions to the Cauchy problem (22) depending continu-
ously on their initial data are both attributed to the local Lipschitz continuity of F in the
right hand side of the partial differential equation in the Cauchy problem (22), and that the
maximal existence time instant T*, independent of k, depends on 2, Ay, A, f1, f2, 81, 32,

. g1t —s) /Q dtuy(t) div(A Vug(s))dxds

1, P2, 411, A12, A21, azp , u°, 00, ul and o'
Thanks to
P1 2
pr+2 pi+2

by the Fenchel-Young inequality, it holds that
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ab| < p1 b , a,beR,
bl < ol B S
from which it follows further that
p1+2
a11|8tuk(t)\2dx
/Q +2 LPHZ Q)
2 p1+2 *
+ m”at”k( )||Lp1+2 t€[0,T). (26)
And similarly, we have
02 p2+2
Ay |00 (#) Pdx <
[ om0 <P ol e
P2+2 *
+ m”at k( HLp2+2 telo,T7). (27)

In view of the Fenchel-Young inequality

1 1 (p1+2)(p2+2)
labe| < ——— [a]P1 2 + pTMPZH MM npttn g b,c € R,
2

p1+2 (p1+2)(p2+2)

which follows directly from the identity

0102 +p1 + P2 1 i 1 _
(p1+2)(p2+2) p1+2 p2+2

with the aid of the experience gained in the procedure of deriving (26) and (27), we have,
after some routine but careful calculations, that

1 2
|/Q a120¢u (t)0rvg (t)dx| <P1 > (t )”;};2
1
+ m” 1ok (t )||Lp2+2(0)

(p1+2)(p2+2)

_._Lpl—i-pz)” ap|| 12T , te[o,T). (28)

2)(pp+2)
(pr+2)(p2+2 L%(Q)

And analogously, we have

01+2
( )||L/J1+2

| /Q sty ()30 (x| <

LP22(0

1 +2
+ 5 lae(0)II;
oo l[9rok(t) |

(P] +2)(p2+2)

P2t 1t P2 et )
S P D210y | , te[0,TH. (29
(p1+2)(p2 +2) e o

By utilizing the growth condition (8) upon the nonlinearity f; (i = 1,2) in Assumption 4,
we obtain immediately

| 3ue(®) 1 e (0, 0 <k [ 1@uae (0l ()7 e+ [ [Py (1) (1) P2
+L1/Q|af”k(t)||”k(t>|pl+1dx+L1/O|atuk(t)‘|0k(f)|p1+1dx

[ 0nn(t) [on() P dx + By [ nn(t) fon(t) ke [0,T).
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By virtue of observing
1 p1+1
p1+2 p1+2

inspired by the experience gained in deducing (26)-(29), we have, by applying also the
Fenchel-Young inequality, immediately that

=1, (30)

/Q\atuk(t)||uk(f)\pl+ldx< +2/ |9 (£) P+ 2dx

P1+2 (p1+2)
P1+ / lup(t)] ¥ dx

P1+2
1 +2
= P15
(P1+1)(Pl+2)
1+1
AL k<>\| e tenT). @3l
P1+2 (p1+D(p1+2)

p1+1 (Q)

In view of the coercivity condition on A; (see Assumption 1), we have by applying
the Sobolev-Poincaré inequality (see Remark 1) that

(l’l“)J(rP]ﬁZ) (p1+1)(p1+2) (P1+1)(+P]1+2)
[y (¢ )H plp-%l—l s S (Kpnen) T [Vt )HLz((p)l,.RN)
p1+1 Q) p1+1
(p1+1)(p1+2) (1+1)(p1+2) T (P11 (01 +2)
SKpe2) T (G) P /V ug(t) A1 Vug(t)dx) #1025 (32)
G

see (9) and (10) for the detailed explanations on the notations {1 and « (,, 11, 12, Tespec-

p1+1
tively. Combine (31) and (32), to arrive at
1 2
S s Ol O+ < s arm ()55
1 T (p1+D(01+2)
+ %11</Q \% uk(t)A1Vuk(t)dx) mtz o, te [0, T*), (33)

in which the positive constant .#, is given by

1 p1+1 (p1+1)(p1+2) (p1+1)(p1+2)

1= p+2( p1+11<+p11+2>> Pt (gy) TR

With the help of the experience of deriving (33), we conlude similarly that

/ +1 1 p1+2 p1t+ )
|9y () [[ox (B) |1 dx < 19ettk ()15, 22 ) + O s
0 o1 +2 L+20) " p UEETOEE o
1 p1+2
< g a1
1 T (p1+1)(p1+2)
+ ///12(/0 V o (t) A Vor(t)dx) 2172, t€[0,T), (34)
in which the positive constant ., is given by
1 e+l (Plerl])j_q1+2) (m;;i(_gﬂ)
2= pﬁlli"ll+2)> (¢2)

With the help of the experience of deriving (33) and (34), we arrive at
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(P2 +1)(p1+2)

1
pa+1 p1+2 P TS
/Q|at”k(t)||”k(t)| 2 dx<p1+2||at”k( Mip 2 to +2 ue(H)[ oD o
1
p1+2
< gl I
(p2+1)(p1+2)
+///13(/ V() A Vug(t)dx) 272, t€[0,T), (35)
in which the positive constant .#{, is given by
L _ptl 1 (Pzt}ll)if?ﬂ) @) WZ;i(SH)

( (p2+1)(p1+2) )

3= o1 +2 i

With the help of the experience of deriving (33)—(35), we conlude that

) 1 42 o1 +1 (P2+1)J(rf’11+2)
(Ol () e < g a5 ) + S (0] | et
1 +2
< g IR 0155
1 T (p2+1)(p1+2)
.ty [ VoD AVoudx) T, e o, T, (36)
in which the positive constant .#{, is given by
1 o1+1 (Pz*pll)ir?ﬂ) (&) (Pz;i(gﬂ)

= 7( +1)(, +2))
14 01 42 (r2 p1+p11

Based on the algebraic identity (30), we apply the Fenchel-Young inequality, to obtain

: 1 2
/Q 13sug ()| g (1)1 dx < gl Mo )
+1 2 *
B w2 ) tE 0T, (37)

o1+2

Mimicking steps in deriving (32), having the notations in (9) and (10) at our disposal,
and based on the coercivity condition on A; (see Assumption 1), we apply the Sobolev—-
Poincaré inequality (see Remark 1), to arrive at

+2 2 +2
(816,75 ) < ()2 V(D103 v,
1+2

< (Ko 12) 2 (81) oy / V (1) A1 Vg (t)dx) 2,

which, together with (37), implies directly

+2
ek (153

Ay (t )1+ dx <
S Ol (0 e <

1 ' T p1+2 *
+///15(/Qv w (DA Vi (Ddx) ™2, te[0,T"),  (38)

in which the positive constant .Z{; is given by

o2 +2

1 _p1+1

5= +2(Kp1 12)P12(gy) 2

With the aid of the experience of deriving (33)—(36), we conlude that
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. (P2 +1)(p1+2)
1 2 et Th
[0rui ()| |0k (1) dx < 9 ()17 (B
/Q p1+2 2o T p1+ 2 92*;] (o2 )(p +2) @

1 p1+2 1 oT ey Mo x

< g IO o) el [ VT Vo) W, teoT), (9

in which the positive constant .Z{; is given by

1 p1+1 (02+1)(p1+2) (p2+1)(py +2)

== o1+l 20142
6= 4 +2(K(p2+p11>(+p11+2)) (¢2)

Combine (33)-(39), to arrive, after some simple calculations, at

(P1+1)(p1+2)

' 6L
D01 1), o)) < 2 P O3 ) + Ak [V ()0 Vi)

(P1+1)(p1+2)

ML /O VT 0 (F) Ay Vo (£)dx) 12

(2 +1)(py+2)

ML /O VT () Ay Vi (£)dx) 02

(p2+1)(py+2)

ot ([ Vo042V or(tdx)

+2

4L /Q VT (£) Ay Vg (1)dx) 2

(p2+1)(p1+2)

([ Vo) AVa(tdn) I, te o,T7). (40)
Mimicking the steps as in deducing (40) from (33)—(39), we could prove similarly that

(P1+1)(pp+2)

v (15, )+ A2 9T () Ar Vg (1)) 2

Lr2t2(0

/Q dr0g (1) fo (1t (), 0p (1)) dx < pf{f .

(P11 (pp+2)

([ VT o(t) A Vo (1)) 7

(P2 +1)(pp+2)

(| V() AV (t)dx)

(P2 +1)(pp+2)

+ //1214L2(/() V o () Ay Vo (t)dx) %272
1 T (p1+1)(pp+2)
ML /Q VT () Ay Vg (£)dx) 202
1 T o2 *
4 M ( /Q VT ou(H) AV (Hdx) 2, t e [0,T*). 41)

in which the positive constants ///211, ///212, //1213, ///214, ///215 and //1216 are given by

(P1+1)(p2+2) (p1+1)(pp+2)
1 2+ 1
=2 ) T (@)
P2 + 2 pp+1
(P11 (p2+2) (p1+1)(p+2)
1 ‘02 + 1 oo +1 207 +2
= > 2
2 = 02+ 2( P1t7125rpz+2) ) (C )
(P2 +1)(pp+2) (P2 +1)(pp+2)
1 P2 + 1 ( 1 205 +2
= +1)(pp+2 ) F2 (51) 02+
23 = 02 +2 (P2 - <+Plz )
o+ 1 (p2+1)(pp+2) (P2+1) (02 +2)

oo+l 20,12
24 02+ 2( P2;12(+Plz+2) ) (€2)
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(p1+1) (02 +2) (p1+1) (02 +2)
1 _p2+1 L ey
%= 5, +2( %) (¢1)
and
1 p2+1 p2+2

S +2(sz+2)p2+ (C2) 7,

respectively. Plug (26), (27), (28), (29), (40) and (41) into (25) and simplify the obtained
result further, to arrive at finally

4+6L1 4+6L2H f(t )Hp2+2

L2 t2(0

01+2
L o 0% +

(p1+1)(p1+2)

o /O V() A Vg (1))

Ei(t) < A7+

(p1+1D)(py+2)

([ VT o(t) A Vo (1))

(P2 +1)(p1+2)

T ///113L1(/() VT ui () Ay Vg (t)dx) ™ 2142

(P2 +1)(p1+2)

L ( / VT o (H) Ay Vo (£)dx) 2

p1+2

+. M5k / V e (8) Ay Vg (£)dx) "2

(p2+1)(p1+2)

+///116L1(/QVTUk(t)szvk(f)dx) .

(141 (pp+2)

+‘//1211L2(/QVT“k(t)Alv”k(t)dx) ate

(P1+D)(pp+2)

—l—/%zlzhz(/a VT'Uk(t)AQVUk(t)dx) 2pp+2

(P2 +1)(pp+2)

+ ///213%2(/(.2 V T (£) Ay Vi (t)dx) 2272

(P2+1)(pp+2)

+ ([ VT o(t) A Vo (1))
1 T (p1+1)(pp+2)

+///25L2(/QV ug(t) A Vg (t)dx) 227
1 T 212

ML /(2 V0 (£) Aa Vg (£)dx) 2

+ %allr‘Ierﬂer”zz(Hatuk(t)||%2(Q) + ||atvk(t)||i2(g))/ te[0,T%), (42)

in which the positive constant .#? is given by

P1 +2 (p11+2)(p2+2)

tp1tp2 P1P2F01 7P
=Py, PO
o200 AR T () (e +2) T i
2 (p142)(pp+2)
+7|| A Hpi’ 22 +w|‘ ||Wz)
+ + .

With the aid of the definition Zi(t) (see (24) for the details), by some routine but
careful calculations, we arrive at
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(p1+1D)(py +2)

ML ( /Q VU (4) Ay Vi (£)dx) 02

(P1+1)(p1+2)

+ L /Q VT o (1) Ay Vg (t)dx) i

(P1+1)(p1+2)

1 +o0
<Ay Gn— [ g16)ds) [ Va4 Vu(tydx)

+///11(§(y2—/0 gz(s)ds)/nv vk (t) AV (t)dx)  21+2
3 (1 oo T
< (5(m — /0 1(s)ds) /Q VT (£) Ay Vg (£)dx

1 (p1+1)(p1+2)

+E(}lz—/()+oog2(s)dS)/QvTvk(t)szyk(t)dx) 20142

(P1+1)(p1+2)

<M () 7, (43)

in which the positive constant .#7 is given by

3 1 1 +00 _ (p1t1)(p1+2) 1 1 +00 _ (p1t1)(p1+2)
A1y = 110 100,42 max( A4y (5 (1 —/ 1(s)ds)) T, My (5 (42 — / 82(s)ds)) T )
2012 2 0 2 Jo
see (11) for the detailed explanation on the notation U (,, 11, +2) and see Remark 3 for its
(g2
applications. Take similar steps as in deriving (43), to get
1 T (p2+1)(p1+2)
ML ( /Q V(£ Ay Vg (t)dx) 2
1 T (p2+1)(p1 +2)
([ Vo) A Vo (1))
3 (p2+1)(p1 +2)
S (Ee(t) 7, (44)
in which the positive constant ./, is given by
3 1,1 +oo _ (pzzl)(p%ﬂ)
My = 11T iy maxX( M (5 = [ ga(s)ds)) T
2p1+2 70
1 1 +o00 _ (P2 +1)(p1+2)
MGl = [ sas)ds)” I,
see (11) for the detailed explanation on the notation U ,, 1)(,, +2) and see Remark 3 for its
o e B
applications. Take similar steps as in deriving (43) and (44), to get
1 T (p1+1)(pp+2)
e[| V() A Vug(t)dx)
1 T (p1+D(p2+2)
b /O V0 (H) Ay Vo (£)dx) 202
3 (P1+1)(pp+2)
Sty (Bi(t)) %2, (45)
in which the positive constant .Z;) is given by
3 1.1 oo _ (p1+1)(pp+2) 1.1 +oo _ (1 +1)(pp+2)
M =00 o max( (5~ [ (@) B A [ s ),
02

see (11) for the detailed explanation on the notation U ,, ;1)(,,+2 and see Remark 3 for its
T

applications. Take similar steps as in deriving (43), (44) and (45), to get
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(P2 +1)(pp+2)

M5e[| V() A Vug(t)dx)

(P2 +1)(pp+2)

AN /O V0 (H) Ay Vo (£)dx) 202

(P2 +1)(pp+2)

S (E(D) P (46)
in which the positive constant .3, is given by

p2+1)(pp+2)

400 _
My = L2005 (11009 12) max(///23( (11— /0 gi(s)ds)) 2™

20 +2
p2+1)(pp+2)

MGl [ g AT,

see (11) for the detailed explanation on the notation U ,, 1)(s,+2 and see Remark 3 for its
T
applications. By the Fenchel-Young inequality, we have

2 2 P1 P2
10s14i (E) 172 ) + 110+0k ()| 72 ) < (pl ot ot 5) meas ()

2 2
+ pinat”k( O,

Lp1+2
+—2 o <>||"2+2 (47)
o2 12110l

Plug (43), (44), (45), (46) and (47) into (42) and perform some simple computations, to
arrive at finally the semi-linear differential inequality

EL(t) S M+ M E(t )

4/ = F’l 4/ p2+2
+ M5 (E(t) T + Ay (Ex(t)) 2
4 (p2+1)(p1+2) 4 (p1+1)(pp+2)
+ s (E(t) 17+ g (Ei(t)) 27
(p1+1)(p1+2) (p2+1)(p1+2)
A (Er(8) T Ly (Er(E)
(p1+1)(p2+2) (p2+1) (2 +2)
+3) (E(t) 2+l (Ei(t) P, te[0,TY), (48)

in which .#723, .43, //lf, //lf, //lé and ,///64 are given by

4 2 P1 P2
%1 = %1 + %ﬂll,ﬂlz,ﬂ21,a22(p1 + 2 + p2 + 2) meas Q,

My =4+ 6max(Ey,E2) + 25, 019001 0220

p1+2

1 +eo _pi2
M = (G = [ ()

p2+2

—+o00
M= MG~ [ gals)ds)

_ (p2+1)(p1+2)

4 1 1 +o0 (
M= MG — [ gale)ds)) P

and
p2+1)(p1+2)

Yoo N
My = //fzsb( (1 — /0 gi(s)ds)) 2+
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respectively. By careful calculations, we have

[ul][e1+2 [E e
k k

Ek( ) Lp1+2 _(2 p +2 Lp2+2

p1 +2
1 e 1.0 0

+5(m —/0 gl(s)ds)/ V') A1 Vudx
1

5 [V uk A Vuddx 4 2 (319" Vud) (0)

+oo
+%(V2— /O 82(s)ds) /Q V o)Ay Voldx
+ % /Q VTU}(AZVU}(dX + 1(g2 o2 va)(o)

L(7<pl+2) (51) (/ \VAR? ANuEdX)#

— (x 5 P2+2 5 /J22+2 VT sz’()odx 92;2
02+ 4 0 k
1 e 7,0 0
+f(m - /0 g1(s)ds) / vV u) Ay Vuddx
VT A1V 1g A1y
LVidx + 5 (810 1) (0)
(Hz—/o g2 (s)ds)/ V) A, Voldx
1
*3 /QVTU ArVogdx + 5 (82 o2 Vo) (0)
1 +2
<o ) @) / V0 A Vildx)

1

+p72+2(xp2+2)92+ (@) (/ V004, voldx) %

“+o0
+%(V1— A gl(S)dS)/QVTuOA1Vude

1 1
+5 /Q VUl Ay Vuldx + E(gl o1 vu?)(0)

—+oo

+%(Vz*(0 gz(s)ds)./QvTUOszvodx
3 Vo AV 4 (g2 0% V) (0) <,

where the nonnegative constant % is given by

Gy — pl+2<xm+z P e ((AD) g ||w°||§;+£RN)

"o +2(sz+2 )2 Cz\l\/Tz Mm@ IV G
0= [ 81y (A2 iy |95 B
40Dl (195 By + [ 811V B gz
00— [ 8206)45) 1 o((42)2) () IV B m

42 V(A2 (199 B ymy + /O“”gz<s>ds||w“lliw(R,,.Lz(n;RN)))'
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Let us introduce an auxiliary Cauchy problem

p1+2 p2 12
G =M+ MG+ MG T+ MG 2
(Pz;l)(ﬂ%ﬁ) (Pﬁzl)(P%H)
p1+ + %6 P2+

+ MEG dy

(p1+1)(p1+2)

_,_//ll';?lg 201+2 +///132g 201+2

(p1+1)(pp+2)

+MHG T MG

(P2 +1)(p1+2)

(P2 +1)(pp+2)

(49)

fort € [0,T%),

Since the right hand side of the differential equation in the problem (49) is smooth (and
hence, is locally Lipschitz continuous), by the classical Cauchy-Lipschitz existence theory of
ordinary differential equations, the Cauchy problem (49) admits a unique solution, denoted
by ¢4 (t), in an interval [0, T**), where T** is a certain constant fulfilling T** € (0, T*]. It is
not difficult to conclude: Both ¢(t) and T** are uniquely determined by 2, A1, Ay, f1, fo,
g1, 82, P1, P2, 11, 412, A1, ax , u°, v9, u' and v!; ¢ (t) is strictly increasing in the interval
[0, T**); and T** can be chosen arbitrarily in the interval (0, T] with T given by

1

T = min(T*,

in which IT = max(g, 3) with ¢ given by

2 given by

and « given by

@) (@ 1)’

B DR N e L e S O e ks
c= M + My (1 “)+<//f3(1 o )+ (1 o )
1)(p1+2) (p1+1)(p2+2)
401 _ (02 + 401 _
s 20(p1 +1) A 2a(p2 +1) )
1)(p1 +2) (P2 +1)(p1 +2)
31 (p1+ 301
-l 2o +1) ) 2oy +1) )
5.4 (P1+1)(e2+2) 30 (+1D)(2+2)
My M1 +2) | M2 +2)
y=— +
o 20 2
M3 (02 +1) (01 +2) | AE(p1 +1) (02 +2)
20(p1 +1) 20(p2 +1)
A (pr+1)(0142) | A5 (p2+1) (01 +2)
20(p1 +1) 20(p1 +1)
A3 (pr+1)(02+2) | A3 (p2+1) (02 +2)
2a(pp + 1) 2a(pp + 1) ’
& = max (#PZZLZ

(02 +1)(p1+2) (p1+1)(p2+2)

20142

20, +2

(p1+1)(p1+2) (p2+1)(p1+2)

20142

201 +2

(p1+1)(2+2) (p2 +1)(Pz+2))‘

20,42

202 +2
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max(|u () 3

Thanks to 0 < 5 (0) < %, by standard comparison theory of ordinary differential equa-
tions, we deduce from (48) and (49) that

E(t) <9(t) fortel0,T). (50)
Now let us put T = % min(2, T) . In light of (50), we have by recalling that the function
4 (t) is strictly increasing in the interval [0, T) D [0, T]
E(t) <9(t) <9 (T) fortel0,T],

and have further by recalling (24) and performing some more elementary calculations

2
908 oy 1) Py o N0y ) < 22 ) 0y <01 torte 0,7, 1)

5
A
in which: the positive constant ./ is given by

1 1 +oo 1
ara(ﬂz—/o 82(9)‘15)/5)/ (52)

and ¥ (T), a constant in the sense that it is independent of k and ¢, depends on (2, A, A,

fi, f2, 81, 82, P1, P2, 411, 412, 421, azp , u°, 00, u'l and v
Since p; > 0 and p; > 0 (see Assumptions 3 and 4), we have

My —mm(g (11— /(]+oog1(8)d5)f

pi +2 < 2(p; +1), iz19
pi+2<2(pi+1), o

This, together with Assumptions 3 and 4, and the Rellich-Kondrachov theorem (see [1],
Theorem 1, p. 286), implies that the Sobolev embeddings

H}(Q) — LFT2(Q), and
H}(Q) — LPiT2(Q)
are both compact, i = 1, 2. By applying the Banach—Alaoglu theorem (see [30], Theorem 3.16,
p- 66), we can prove, via utilizing (51) and by applying the aforementioned compact
embeddings H}(Q2) —— LPiT2(Q) and H}(Q) <> LPiT2(Q), i = 1, 2, that there exists
a pair (u,0) " (whose restriction to Q2 x [0, T] could be proved to be weakly continuous

with respect to time ¢ in the Hilbert space H} (€2;IR?)), and a subsequence {iy} of {k} (that
is, a strictly increasing sequence in N) such that

u;, — uweakly* in L®(0, T; Hj (Q)) as k — oo,
v;, — v weakly” in L®(0, T; Hj(Q2)) as k — oo,
O, — Opu weakly™ in L*(0, T; Hy(Q2)) as k — o,
0;v;, — 0y weakly™ in L (0, T; 8(0) )ask — oo,

and such that

+2
|8tuik(t)|918tuik(t) — |9pu(£)|P10su(t) in Lﬁ‘l“( )ask — oo,

|8tvik(t)|f’28tvik t) — |atv t)|F’28tv( ) as k — oo,

( (
fi(ui (1),0;, (£) — fi(u(t),o(t)) in L™
) ) i (Pl+2 p2+2 p1+2 pp+2

Falug, (1), 93, (5)) = fa(u(t), o(t)) in L BT

.n<p]+2 po+2 pp+2 p2+2)
p1+17pp+17 p1+17pp+1 (Q) as k — 00,

p1+1’Pz+1’P1+1’P2+1)((2) ask — oo.
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In addition, for every pair (¢, )" € H}(€2;R?), it holds that

1
p1+1

1 i i
— o i1 /Q | Z{/Quleljdxelﬂpl Z%/()uleljdxelj(pdx
= =

/Q @yt (1) |71y, () pix + /Q VT pA Vo, (Hdx

ik
—/ VT¢A1V(Z/ uleljdxelj)dx

N /Ot /Q VTq)Al(V”ik(S) — /_Soo g1(s — 7)Vu, (t)d7)dxds

- /Of /Q @(f1(ui (s),vi (s)) — a110su;, (s) — a1204v;, (s))dxds, t € [0,T], (53)

and
1 T
o | om0 (ydx + | VT pA Vo0, (1)dx
o i £
- v eydxes; v eyidxeyipdx
P2+1 O = O 2j 2j = 0 2j ZJIP
ik
—/QVTIIJAZV(Z;/Qvleyderj)dx
]:
t s
+/O /QVTIIJAZ(Vvik(s)—/_oogz(s—T)Vvik(T)dT)dxds
t ~
- /0 /Q (i, (5), 03, (5)) — an1dyu;, (s) — adsvy, (s))dxds, te[0,T].  (54)
By recalling that

ik
Z/ uo(t)eljdxelj — u%in L®(R_; H}(Q)) as k — oo,
ik
) /O vo(t)ezjdxezj — 0% in L®(R_; H{(Q)) as k — oo,
=1
ik
Z/ uleljdxelj — ulin H}(Q) ask — oo,
=174
ik
Z/ vleyjdxer; — o' in Hy(0) ask — oo,
=174

we could conclude, based on the idea of passing to the limit of (53) and (54), that (u,v) "
the limit of (u;,, vik)T, satisfies (16), (17), (1)3 and (1)4.
Lastly, we can mimick steps in [9,23], to show that (u,0)" € S [0,7]- To summarize,

(u,0) T, the limit of (i, vik)T, is indeed a local solution, in the interval [0, T], to IBVP (1) in
the sense of Definition 1. The proof is complete. [

7

Remark 5. Illuminated by the integral identity
t
/0 /o V! @AV (5)dds = /Q VT pA; Vg, (£)dx

ik
—/()VT¢A1V(Z/Quleljdxelj)dx, te[0,T], V¢ec H(Q),
j=1
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and by the integral identity
/ / VT pA,Voto; (s)dxds = /Q VT A Voo, ()dx
: i
—/ VTlpAzV(Z/ vleyjdxey;)dx, t€[0,T],
Jo p=gle

we conclude that

vy € Hj(Q),

0? uj, — o?u weakly* in D'(0, T; H&(Q)), ask — oo, and
9fv;, — 97 weakly™ in D' (0, T; H} (Q)), as k — oo.

Besides, enlightened by the integral identity

1
[ 1w (9)Prapu, Jpdrds= g /Q|atuik<t>\matuik<t>¢dx

- p11+1/ | / u el]dx61]|“’1 2/ uleljdxel]-q)dx,

and by the integral identity

t
[} [ ey ooy ()pards = . [ oo (0100, (1) g

I
1 1
- v eyidxeyi|P? / v'eridxeripdx,
p2+1/()]§/() 2jdxes;| /;_Q ajdxes;p

we conclude that

|9¢u;, [P10Fu;, — |9¢u|P10Fu weakly* in D'(0,T; L
|9¢0;, |20 0;, — |9y0|P20Fv weakly* in D' (0,

€[0,7], Voel*Q),

c€[0,T], VYyel?*(Q),

L2(Q)), ask — oo, and
T;12(Q)), ask — .

To sum up, the solution (u,v)" € Sjo,7) (see (14) for the definition of Sy 7)) in the sense of
Definition 1 whose existence justified by Theorem 1 satisfies automatically

o7u, 97v € D'(0, T; HY(Q)), and [9;u|1d?u, |00|P2d70 € D'(0, T; L*(Q)).

Remark 6. By re-checking the proof of Theorem 1, we may find that the restriction on the symmetric
matrices-valued A; function, defined in the domain (2, (see Assumption 1 for the details) could be

weakened to: A; € W (Q) satisfies

TA.
ess inf ¢ Ai(x)¢ >0, i=1,2,
xeQ, gTéf
¢eRN\ {0}

and may find that the restriction that a;; € €' (Q) on the coefficient a;; in Assumption 5 could be
weakened to ajj € L®(Q),i,j=1,2. For the sake of convenience of our calculations, unless stated

otherwise, we abide by Assumptions 1 and 5 in the rest of the paper.

Theorem 2. Suppose that Assumptions 1-5 hold true. For every pair

W, 0T e L®(R_; H}((2;R?))
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1) =

and every pair (ul, o) " € H}(Q;R?), IBVP (1) admits a solution (u,0v) " € S(o,T) in the sense
of Definition 2, in which [0, T), is the maximal existence time interval of the solution pair (u,v) "

with the maximal existence time instant 0 < T < oo independent of (u,v) " but depending on (2,
Alr A2/ fl/ er 81, 82, P1, P2, 411, 412, 421, 422, uO/ 001 ul and vl-

Proof. Theorem 2 can be proved by a standard continuation procedure. And therefore we
choose to leave out the detailed steps in this paper. [

Lemma 3. Suppose that Assumptions 1-5 hold true. E""(t) defined as in (18), associated to
every pair (u,v) " of solution, in the interval [0, T), to IBVP (1) in the sense of Definition 2 (see
Theorem 2 for the existence of (u,v) "), is non-increasing in [0, T).

Proof. Mimicking steps conducted in (25), we have

EM(0) =3 (g o Va) (1) + 5(gh o7 Vo)1)

dt
) I P ) T

which, together with Assumptions 2 and 5, implies immediately that E*?(t) is indeed
non-increasing in the interval [0, T). The proof is complete. [

Theorem 2, having Theorem 1 as its basis, states that to every initial-datum pair
(u,2°) " € L¥(R_; Hy(%;R?))

and every initial-datum pair (u!,0')" € Hcl) (Q; R?), there corresponds a weak solution
pair (u,0)" € S(o,7) in the sense of Definition 2 to IBVP (1), in which [0, T) is the maximal
existence time interval of the solution pair (#,v) ". Now it is natural to start to investigate
the global existence of solutions to IBVP (1).

To make it convenient to present our other results in the rest of this paper, let us
introduce two auxilliary functionals

= [ s1(6)ds) [ Tu() Arvu(t)dx

+ i /Q VTatu(t)Alvatu(t)dx + %L(gl <>A1 VM)(t)

+ %(Vz — /;oo g2(s)ds) /Q VTv(t)AZVv(t)dx

47 Vo) Aot + (g2 0% To)(6) — [ FGu(t)o(t)dx, te0,T) ©6)

() =5

and

(],tl—/OJroogl(s)ds)/OVTu(t)A1Vu(t)dx

+ % /Q V' osu(t) Ay Vosu(t)dx + %(g1 oM Vu)(t)

+ %(yl - /0+oo 22(s)ds) /Q VT o(t) A Vo(t)dx

2 [ T a4 aw(tdx+ 3 (520" Vo)(0) ~ [ Fu(t),o(0)dx, teloT) 67

We shall see below that our global existence and general energy decay results hold
true only for solutions to IBVP (1) having small initial data. To measure such smallness, we
need introduce the following two constants
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448 (k1 +Ea(pr + 1)) . 4.8 (1) +Eo(py+1))

Pr=

p1+2 p2+2
4/// b L 1
p1+2
and
by 8Lyt 8Ll Ao MYy AL, M5 59)
pr+2  pat2 o +2  pp+27
in which the constants ///161, ///162, ///163, ///164, ///261, %262, ///263 and ///264 are given by
2
= (2o (60)
— [ gi(s)ds
2
ity = (— 2l o) % (61)
- fo g1(s)ds
2
= (— o2l ), )
— o gi(s)ds
01(Kpy42)? | pp2 £
My = ( 2 ) T (4E"°(0)) %, (63)
— fo gi(s)ds
Ta(Kp42)* me2 n
M3 = ( P )T (4E40(0)) 2, (64)
Ha2 — fo &2 (S)dS
2
Ay = (— 2V 12 ) % 65)
pa— [ ga(s)ds
02 (Kpy42)? p1+2 oL
My = ( )T (4E0(0)) 7, (66)
U2 — fo 82(5)‘715
and
2
M = ( @(K”*” )57 (4E"2(0)) %, (67)

M2 — fo s)ds
respectively, where the constant {; is given as in (9), i = 1, 2, and E*?(0) = E*?(t) |~ can

be formulated explicitly as

+2 +2
a1 1ot 11

E"? (0) LP1 +2 p >+ 2 LP2+2

01 +2
+
o= [ i) [ vTuO(o)ANuO(o)dx
1/ 1
+ 5 /Q VI ul A Vuldx + §(g1 oM vu)(0)
—+o0
+%(y2—/0 gz(s)ds)/QVTUO(O)AZVUO(O)dx

1 T, 1 1 A0 _/ 0.0
+2/QV v A Vo dx+2(g2<> V0°)(0) OF(u ,0°)dx.

Please consult (18) for the detailed expression of E*?(t).

Lemma 4. Suppose that Assumptions 1-5 hold true. For every weak solution pair (u,v) ' € S/0,1)
to IBVP (1) with [0, T) the maximal existence interval of (u,v) ", if the associated functional I(t)
given by (56) satisfies 1(0) > 0 and the associated constants By and By, given by (58) and (59),
respectively, satisfy max(p1, B2) < 1, then I(t) > 0 holds forall t € [0, T).
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Proof. Thanks to the assumption that I(0) > 0 and to the continuity of the function I(t),
there exists a time T; € (0, T), such that

I(t) >0, te[0,Ty] (68)

By the very definition of I(t) (see (56) for the details), we have

J0=10)+ 30— [ s15)d) [ TTult) 4 Vutix

+ % /Q V T 0pu(t) Ay Vo (t)dx + %(gl oM Vu)(t)
300 [ o)) [ oAV
47 [ VTR0V + 3 (g2 Vo)), teT] )

where the functional J(t), associated to the solution (u#,v) " to IBVP (1), is defined as in (57).
Combine (68) and (69), to arrive at directly

—+o0

%(M*.O g1(S)ds)/Q VT u(t) A Vu(t)dx
1 too

+10n= [ ae)ds) [ Vo) AVo(dx <J(1), te [0, (70)
In light of the definition (57) of the functional J(¢), we have
J(t) < E¥°(t) < E*®(0), te€0,Ty], (71)

where the second ‘<’ follows from the non-increasing monotonicity (see Lemma 3 for the
details). Substitute (71) into (70), to arrive at immediately

(1 — /O+oo g1(s)ds) /Q VT u(t) Ay Vu(t)dx

+ (o — 0+°° @ (s)ds) /O VT o(t) Ay Vo(t)dx < 4E"(0), € [0, Ty]. (72)

By Lemma 1, we have

b+ (pm +1) +2 2Lz +2

|/ ))dx \\—”n e e O
Ei+Ea(p2+1) +2 2L2 +2
+T” Ol feap S0
MH (£)]|°1+2 o(t )HP1+2
p +2 LP1+ZQ Lp1+2

L, +2
+ a0 g, te 0T (73)

Having the notations in (9) and (10) at our disposal and based on the coercivity
condition on A; (see Assumption 1), mimicking steps in deducing (32), we apply the
Sobolev-Poincaré inequality (see Remark 1), to conclude

+oo
IO o) < A= [ s1(9)ds) [ VTuAVubds 74

And similarly, we have
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+oo
IO o) < Adn = [ s1(6)ds) [ VTuAVuds,  75)
+o0
IOl ) <@ = [ 1)) [V Tu(t) A Vu(t)a, (76)
and
PRtz L " e(s)ds) [ VT u(t)AyVu(t)d 77
lu(®3% g < s = [ 21(9)ds) [ VTu(t) A, Vue)a 77)

Having the notations in (9) and (10) at our disposal and based on the coercivity
condition on A; (see Assumption 1), mimicking steps in deducing (32) and (74)—(77), we
apply the Sobolev-Poincaré inequality (see Remark 1), to obtain

—+o00
o2 ) < Mi(pa= [ g2(e)ds) [ TTo()AVo0dx.  (78)
And analogously, we have
00
[0 o) < M= [ ga(s)ds) [ VTo()AVo(t)ax, 79)
+oc0
[0 gy < M= [ ga(s)ds) [ 9 7o(t) A V0(t)ex, (80)
and oo
o2 ) < il = [ (o)) [ Vo AVodr 6D
Plug (74)—(81) into (73), to obtain
By [ I
|/ £)dx| < B / gl(s)ds)/nv u(t) Ay Vu(t)dx
—+00
+'[i(]42—/0 gz(s)ds)/QVTU(t)A2VU(t)dx, te€[0,Th],

where the constants 1 and 8, are defined as in (58) and (59), respectively. Owing to the
assumption that max(B1, 2) < 1, it follows that

|/ F(u(t),v(t))dx| < — ( - (:Oo Q1(s)ds) /Q YV u(t) Ay Vu(t)dx
+ %L(yz - /O+°° 2 (s)ds) /Q VTo(t) A Vo(t)dx, te[0,Tr]. (82)
This, together with the definition (56) of I(t), implies that
I(t) >0 forte[0,Ty]. (83)
Lastly, to finish the proof, we introduce
T, =sup{0O<T' < T;I(t) >0, te[0,T)}

Obviously, T does not exceed T. By a contradiction argument, we shall show that T,
coincides actually with T. We assume to the contrary that T, < T, then by the definition
of T, as well as the continuity of I(t), we have immediately that I(T,) > 0. Enlightened
by the procedure of deriving (83) from (68), we have therefore I(T,) > 0. Thanks to the
continuity of I(t), there exists a T, < T3 < T such that I(¢) > 0 holds for all ¢ € [0, T3]. This
contradicts the definition of T,. This implies indeed that T, coincides actually with T. In
other words, I(t) > Oholds forall t € [0,T). O
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Theorem 3. Suppose that Assumptions 1-5 hold true. For every weak solution pair (u,v)" €
Spo,r) to IBVP (1) with [0, T) the maximal existence interval of (u, v) T, if the associated functional
I(t) given by (56) satisfies I(0) > 0 and the associated constants B1 and By, given by (58) and (59),
respectively, satisfy max(B1, B2) < 1, then T = +4-o0. In other words, weak solutions to IBVP (1)
exist globally in time whenever their initial data satisfy 1(0) > 0 and max(B1, B2) < 1.

Proof. We shall prove, by a contradiction argument, that T is exactly +oco. Let us assume
that T < +co. Following the idea used to obtain (72) in the proof of Lemma 4, we have

(g — 0+oog1(s)ds)/QVTM(t)AIV”(t)dx
_|_/QVTatu(t)A1V3tu(t)dx
+ (pp — O+wg2(s)ds)/QVTU(f)AZVU(t)dx
+ [V Ta() A Vot

+o0

<41 + (- [ gl(s)ds)/QVTu(t)A1Vu(t)dx

+ /Q VT (t) Ay Vanu(t)dx + (g1 oM V) (£)
= [ g6 [ VTo04Vo(ax
+ /O VT 90(H) AsVao(H)dx + (g2 0™ Vo) (1)
=4J(t) <AE“P(t) <4E*°(0), te€[0,T).
This, together with (9) (see Remark 1 for the details), implies that

maX(Hvu( )”LZ QRN)” Hvatu(t)H%Z(Q;]RN)/

4
Vo) T2 qmny IV (D12 mn)) <

7 E“?(0), te0,T), (84)

which, together with (10) (see also Remark 1 for the details), implies further
max(|u(t) HHl Q)/Hatu(t)lléé(m,

4(1 + 2
[o(6) g gy 100002 ) < 22T

u,v

W E*“(0), te€][0,T),
where the positive constant .#;, given by (52), is independent of the time variable t. Now,
by a standard continution procedure, we could obtain a time Ty > T such that IBVP (1)
admits a solution in [0, Ty). This contradicts the assumption that [0, T) is the maximal
existence interval of IBVP (1). This implies immediately that [0, T'), the maximal existence
time interval of the solution (u,v)T, coincides actually with Ry. In other words, the
solution (u,v) " exists globally in time. The proof is complete. [

3. General Energy Decay Results Concerning Solutions to IBVP (1)

Let us now associate to every solution (1,v) " to IBVP (1) the functional

p1+1 (1) [0gu(t)|Prapu(t dx+/ VT u(t) Ay Vogu(t)dx

p +1/ |8tv |P28tv dx+/ VT szaﬂ)()

1 u(t) a1 a u(t)
+ 2 /Q <v(t)) (ai ai) (v(t))dx' (85)
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As we shall see, L1 (t) plays a role of the energy perturbation, and one differential
inequality concerning the functional L;(¢) plays an important role in proving our main
results in this paper. This inequality can only be established for those solutions whose
initial data are small. To give a precise sense by which we mean the smallness, we need to
introduce two useful constants #; and #»:

2
b= (@B (0)F (1, + 21 4 el L)y @ ('fj;f 2"y
p1+2 p1+2 w— 7 g1(s)ds

%) Eo(p2 +1) T1(1p,42)* )WzTﬂ
p2+2 P22 g — [P g1(s)ds

2
+(4E"(0)) 7 (B + Lalpr 1) G (i”oﬁ) ar
Pt2 = [ gi(s)ds

PZ

+ (4E"7(0)) 7 (kg +

Ei1(p2 +1)(4E"°(0)) ? G1(rpy42)° £252
P2 +2 1 — [o7 g1 (s)ds ’

(86)

P 2
iy = (4B (0)) % (1 + 2 4 a1 1) Cz(izﬂ) n2
p1t+2 p1+2 P‘Z_fo ¢>(s)ds
b B +1) T2 (Kp,12)* e
P42 pat2 Ty — [ g(s)ds

E,(4E"°(0) 2 GalKp 42)? T
p1+2 1y — fo+°° g2(s)ds

Ei(o2+1) 02 (Kpy+2)? 2
o2 +2 U2 — f0+°° 22(s)ds

Lemma 5. Suppose that Assumptions 1-5 hold true. If the associated functional 1(t) given by (56)
satisfies 1(0) > O, the associated constants By and By, given by (58) and (59), respectively, satisfy
max(B1,B2) < 1, and the associated constants hy and hy, given by (86) and (87), respectively,
satisfy max(hy, fp) < %, then weak solutions to IBVP (1) exist globally in time, and render the
associated functional L1 (t) given by (85) to satisfy

(87)

L’l(t)<p11+1/0|8tu(t |Pl+2dx+m/ 90 (H) |2+ 2dx
+ /Q VT u(t) Ay Varu(t)dx + /Q VT 90(t) A Vo (t)dx
—%(yl—/()+oog1(s)ds)/QVTu(t)thu(t)dx—%(yz— 0+oog2(s)ds)/QVTv(t)AZVv(t)dx
- fo*i i h G 6 oM
e : oy / " gz(s(fz(sé?z(s)ds(<gz—Ggé)oA2 Vo)(t), tERy, (88)

where G is a positive constant yet to be determined later.

Proof. Asmentioned in Lemma 5, thanks to the assumptions I(0) > 0 and max(B1, f2) < 1,
it follows from Theorem 3 that L; () exists globally in time. Recalling (85), we differentiate
L1 (t), to arrive at
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! _ 1 142 n+2
Ll(t)—ﬁ/nwtu(t)w Pt +1/ 100 (1) 2dx
+ /Q VT uu(t) Ay Vau(t)dx + /Q VT ar0(t) Ay Vayu(t)dx
—yl/QVTu(t)thu(t)dx—VZ/QVTv(t)AZVU(t)dx
—|—/_toogl(t—s)/QVTu(t)A1Vu(s)dxds
+/joogz(t—s)/QVTU(t)A2Vv(s)dxds
+ [ A@O,0) + oL, o0)dx, teRr (89
By some routine calculations, we have
/t (t—s)/ VT u(t) Ay Vie(s)dxds — /vTu(t)A Vu(t)dx
70081 5 1 H1 H 1
—+o0
=—(n— [ &) [ Tu(h)AVu(t)dx
—/_t gl(t—s)/QVTu(t)Al(Vu(t)—Vu(s))dxds, t € R, (90)

Since A; satisfies the coercivity condition that ¢; > 0 with ¢ given by (5) (see
Assumption 1 for the details), from the Cauchy-Schwarz inequality it follows that

—/ g1(t—s) / VT u(t) A (Vu(t) — Vu(s))dxds

Nl—=

(1(t —5))?
/ /Q 1 ( t—sl Ggl(t—s) VT”(t)Alvu(f)dxds)

Nl—

(/700/Q (g1(t—s) — Ggh(t —)) (VT u(t) = V' u(s)) A (Vu(t) — Vu(s))dxds)

_ Yot (1(8)? I oA
- foJroo g1(s)d
4

Nl—=

’ /O VT u(t) Ay Vu(t)dx

1 +00 )2 /
—fo+°°g1(5)ds/0 gl(s(ggl( é)g;(s)ds((gl—G&)OAl Vu)(t), teRy,

which, together with (90), implies

/j gl(t—s)/QVTu(t)A1Vu(s)dxds—yl/QVTu(t)A1Vu(t)dx
—+o00

<= 20— [ o)) [ VTult) A Vu(dx

) 2
e 6 G GRS T, <R, o
0

where G is a sufficiently large positive constant. Since A; satisfies the coercivity condition

that ¥, > 0 with &, given by (5) (see Assumption 1 for the details), it follows by mimicking
steps in deducing (91) that
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t ,
/_ (t—s) /QVTv(t)AZVv(s)dxds—yz /Q V 'o(t) Ay Vo(t)dx
<=2 ™ ea()ds) [ VTo()AVo(h)d
< - Jla- [ sa0)ds) [ Vo)A Vo(t)dx
1 () o o
+ ‘u2_f0 ds/ gz(S)*Ggé(S)d ((gZ ng) Vv )(t)/ tERJr' (92)

By recalling Assumption 4 (especially (8)), by recalling the experience of deriv-
ing (31), (33)-(36), and by utilizing mainly the Fenchel-Young inequality, we have

[ ()3 0),0(0)) + o(0) o w(1), (6
iy [ (RO 4 )22+ Ju(t) 12
JrLl/OIu(t)l|v(t)|r’1+1dx+Ll/O|u(t)||v(,g)|pz+1dxJrLl /(.)\M(t)||v(t)|92+1dx
o [ (0P + o017 4 fo(t) P+
+L2/o|”(t)”“(t)|pl+ldx+b/ \v(t)llu(t)l’”“derLz/Q\v(t)||u(t)\m+ldx
b b(p+1)

B 2B Dy s

1 Lz( 2—|—1)

L p2+2
+ ( 1+p " P )lu ()||Lp2+2
L2( 1+1) o142 Ll( 2+1) 242
+ k1 + ——57)lu (t)||L1p1+z 0y 12 |u ()HLP2+2
Lz Ei(p1+1) pr+2
+(L2+p1+2+ 12 )lo ()HLp1+2

%) Li(po+1 +2
+(L2+P2+2+ 22 D) oo 12352
2 Li(o2+1 2
T o0l o + (2 + )>|| O1E% e 93)
With the aid of (74), (75), (76), (77), (78), (79), (80) and (81), we combine (89), (91), (92)
and (93), to obtain
Li(t) < |a u(t)|Pr2dx + —— L |8 o(t)|P22dx
B e+ t p2+1 t

+/ VTatu(t)Alvatu ) dx+/ VTatv(t)szatv(t)dx
0 0

(- 7)(;11 O+Oog1(s)ds) /QvTu(t)ANu(t)dx

F= P [ o) [ TTo0 AV

1 (@) ey o
e b 5 Gy (e s ot T

! " (gz(s))z — Gol) o2 Vo
+yz—f0 ds/ (s — Ggy (o) (82— Gg2) o2 Vo)1), LE Ry

This, together with the assumption

max(fiy, fip) < 1,

~
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implies that the proof of Lemma 5 is complete. [

As with Ly (t) defined by (85), the following energy perturbation functional associated
to each solution pair (1,v) " to IBVP (1) is of great importance:

W) /_toogz(t—s)(v(t) — o(s))dsdx. (94)

Lo(t) = [ (div(ArVau(t)) -
+ /Q (div(A2Vao(t)) —

As with what we did in Lemma 5 for Ly (t), we shall establish a useful differential
inequality for L, (t) in the following lemma.

Lemma 6. Suppose that Assumptions 1-5 hold true. If the associated functional I(t) given by (56)
satisfies 1(0) > 0, the associated constants By and By, given by (58) and (59), respectively, satisfy
max(B1, B2) < 1, then weak solutions to IBVP (1) exist globally in time, and render the associated
functional Ly(t) given by (94) to satisfy

Lg(t)<5/0+°°g1(s)ds/0vTu(t)Alw(t)dx
—+o00
+5.0 gz(s)ds/OVTv(t)AZVv(t)dx
- (/()+oog1(s)ds—5g1(0))/ VT 0 (t) Ay Vagu () dx
— (/Oﬂogz( Yds — 6g2(0 / VTatv( t) Ay Voo (t)dx

- /'+°° (5)ds [ o) +2ax
o1+1Jo 81 'l

s)ds / 30 () P2+ 2dx
0

_p2+1

[,y (a2 (Gt
+ #11(g1 oM Vu)(t) + #51(g2 022 Vo) (1)
(

~ Wa(g1 o™ Vi) (1) = W (gh o™ Vo) (t),  t € Ry, (95)

where the positive constant ¢ is given arbitrarily, the positive constants W11, Wia, Wa1 and Way are
given respectively by

1 +o0 +o0 2 +00
Hn= s [ s+ [ ga(s)ds 4 S Hmamananll [T,

26 0 0 4
2 u,0 u,v
(Kz}:;) b ((szwz)zmﬂ(&)le(m _4E+oo(;1)(s)ds)pl + (K2pz+2)2m+2(Cl)’ﬂﬁl(H1 _4E+00(;1)(S)ds)pz
0 0
4E%°(0
+ (Kzp,+2) 1 2(E)PH (—— f0+00(gl)(s) ds)‘”), (96)

1 (k2)?(K2p,42) 21 T2(Z1)PTT2(4E(0) )1
Mo =55+ ,
26 25(p1 +1)?

97)
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1 oo +oo 2 too
V=55l = | ga(s)ds)? + /O ga(s)ds + 2 %”’“Zu'“ﬂ'“ﬂgz /0 g2(s)ds
3(’{2}“2)252( 2p1+2 +1 4E"(0) 2py+2 1 4E*°(0)
+ =5 (K2py12) P (82) P = )P+ (Kapy12) P22 (22) P = P
d po— Jy ga(s)ds e p2— Jy ga(s)ds
4E(0)
+ (12p,12)%072(G2) = )PZ> (98)
" p2— Jy ™ g2(5)ds
" (k2)? (13py+2) 272 (Z2)P> T2 (4E*¥(0))
1 (k) (2 12) %22 (82) P P2 (4EM(0))P
Vo =55+ 26(py +1)2 ' (%9)

Proof. As pointed in Lemma 6, in view of the assumptions I(0) > 0 and max(B1,B2) < 1,
we conclude by Theorem 3 that L, () exists globally in time. Differentiate both sides of the
Equation (94), to yield
t
L) =m [ _si(t=s) [ VT u(t)A1(w(t) = u(s))dxds
t t
- /Q / g1(t —5)V  u(s)dsA; / 1(t—s)V(u(t) —u(s))dsdx
t
- / gt —s) / Vo (t) ALV (u(t) — u(s))dxds
) 0

—/toogg(t—s)/nW(u(t)—u(s))dxds—/twgl(t—s)/QvTatu(t)Alvatu(t)dxds
1

p1+1
f/n/j gz(t—s)vTv(s)dsAzfj g2t —5)V(0(t) — v(s))dsdx
- [ stt=9) [, Va0 A o) ~oands — [ ghte—s) [ B o) —oe))ana
- /—too g2(t =) /o v 2r0(t) A2 Voo (t)dxds — le+1 ./oﬂo 82(s)ds /Q |0vo(t) P2 2dx
—/_Qfl(”(t)’v(t))/joogl(t_s)(”(t)_”(S))dex_/QfZ(“(t)'v(t))/

o -
+ [(and(®) + and(e) [ gilt—s)(u(t) - u(s)dsdx

/()+oog1(s)ds/o 10 ()71 2dx + 2 /_toogz(t—s)/()VTU(t)AZV(U(t) — v(s))dxds

t 2 (t—s)(v(t) —ov(s))dsdx

+ ./[.)(azlatu(t) + axoio(t)) /_too (t—s)(v(t) —o(s))dsdx, teR,. (100)

We shall split (100) into several parts, and we shall treat each part separately. By some
routine calculations, it is not difficult to find that

M1 /_toogl(t—s)/(.) VTu(f)A1V(u(t)—u(s))dxds
a /Q /—too g1t =)V u(s)dsAs /_:o §1(t —s)V(u(t) — u(s))dsdx
= /Q/_toogl@—s)VT(u(t)—u(s))dsfh /_twgl(t—s)V(u(t)—u(s))dsdx

+ (u1 — /0+ 21(s)ds) /joo g1(t—s) /Q VT u(t) A1V (u(t) —u(s))dxds, teRy. (101)
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But by exploiting the positive definiteness of A; (see Assumption 1, especially (5), for
the details) and by mainly utilizing the Cauchy-Schwarz inequality, we have

@' A(x)yp <

1) T i B oo - N
2(py — fOJroogl(S)ds)(P Ar(x)p + 25(,”1 /0 g1(s)ds)yp A1(x)p, @, e RY, x € Q.

This implies immediately

t 5f+°°g1(s)ds
/mgl(t—s)/QVTu(t)Alvw(t)—u(s))dxdsgz(yl 0 O+oogl(s)ds>/QVTu(t)A1Vu(t)dx
1

+o0 A
o= [ @)@t V), teRe 02

Besides, by using again the positive definiteness of Ay, as in (102), and by employing
Jensen’s inequality, we have

[ st asar [ qi-suas
<[ nlt-sas [ it -UE) T AUENS, U e, bRY), teR,,
which implies directly
/Q/_toogl(f*SWT(“(f) — u(s))ds Ay /_;gl(t*s)V(u(t) — u(s))dsdx
< /Q /_too g1t —s)ds /_; g1(t =)V (u(t) — u(s)) A1V (u(t) — u(s))dsdx
= ./OHo g1(s)ds(g1 oM Vu)(t), teR,. (103)
Plug (102) and (103) into (101), to obtain
# /,too&(f—S)/QVTu(t)AlV(u(t) — u(s))dxds
—/Q/ngﬂt—s)VTu(s)dsAl [wgl(t—s)V(u(t) — u(s))dsdx
<§ /O+Oog1<s)ds /Q VT u(h) A Vu(t)dx + .47 (g1 M Vu)(t), teRy, (104)

with the positive constant ./ given by

7 _ 1 oo 2, [T
M= 5= [ s+ [ (o). (105)

And similarly, we have also
t
i /_oogz(t—s)/OVTv(t)AZV(v(t)—v(s))dxds
t t
J— J— T — —
/Q/_oogz(t s)V v(s)dsA, /_oogz(t s)V(v(t) —v(s))dsdx
o [T T 7 Ay
< /0 22(s)ds /Q VT o(t) A Vo(t)dx + 4% (32 6™ Vo)(1), tER,, (106)

where the positive constant ./, is given by

7 _ 1 e 2, [T
My = 5(‘”2 —/0 22(s)ds) +/O o(s)ds. (107)
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Thanks to the positive definiteness of A; (see Assumption 1, especially (5)), taking
steps similar to those in the derivation of (102), we can prove

—/_:ogg(t—s)/ovTatu(t)Alwu(t) — u(s))dxds
S‘(Sglz(()) /Q V1 9su(t) A1 Vosu(t)dx — *(81 oM Vu)(t), tERy, (108)

and ,

-/ g’z(t—s)/QVTatv(t)szw(t)—v(s))dxds
0¢7(0 1,
<ng() /Q V '0;0(t) Ay Voo (t)dx — 2—5(g2 oM Vo) (t), teR;. (109)

Apply the Fenchel-Young inequality, use the notations introduced in (9) and (10), and
conduct some routine calculations, to obtain

[ a9 [ W(u(t) — u(s))dxds
Eo 5
S /—oo it =) /O (2(K2p1+2)2p1+2(€1)‘01+1 (4E%2(0))
n (120, +2)%172(Z7 )P HL(4E?(0) )1
20(p1 +1)2

= 5g1(0) Ha u( )||2Pl+2
2(K2p1+2)2P1+2(€1)P1+1(4Eu,v(0))p1 t 1201+2((2)

e [ gt =9) [ 1u(t) — uts) Paxas

[Beu(t) |22

lu(t) — u(s)|2> dxds

26(p1 +1)2
< (581 (0) Ha U ||2,l;1+22 %12<g1 <>A1 vu)( )/ te R+, (110)
2(K2p1+2)2P1+2(€1)P1+1(4Eu,v(0))p1 L2012

with the positive constant .#/, given by

(k2)? (kop, +2)%1+2(Z1)P1 H2 (4E°(0)) .

7 _
My = 25001 + 1) (111)
To proceed further, we need the help of the following inequality
/ VT asu(t) A1 Vayu(t)dx + / VT a0(t) Ay Varo(t)dx
Q o)
—+00
<4I(t) + (41 — / 21(s)ds) /O VT u(t) A Vu(t)dx + /(2 Vo () Ay Vagu(t)dx + (g1 o™ V) (1)
0
—+00

+ (po — A 22(s)ds) /Q V 'o(t) Ay Vo(t)dx + /O V '0,0(t) Ay Varo(t)dx + (g2 042 Vo) (1)

=4](t) <4E"7(0), teRy, (112)

which can be proved via applying Lemma 4 and using (56) as well as (57). With the help
of (112), we can prove easily

[[0ru(t)] |i§,1)1++22 < (k2py42)% 1+2(€1)p1+1(/0 VT 9pu(t) A Vagu(t)dx)P !
< (kapy 122 A ) [ VT ou(t) A VA (tdx. (113)

This, together with (110), implies
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‘atu |platu )
/ / 01 +1 (u(t) — u(s))dxds

< 1T /Q Vo (t) Ay Vau(t)dx — Al (g) o™ Vi) (), teR,.  (114)
By applying (112), we take steps similar to those used to obtain (113), to arrive at

00 (1)I%53 ) < (kapr2)¥* 2@ 4B (0))2 [ VT or0(t) A2 Vro(t)dx

With this at our hand, we can use the idea similar to the one utilized to establish the
inequality (114), to prove successfully that

- [w gh(t—s) /Q atv(;zi:altv(t) (v(t) —v(s))dxds

<@ /Q V10w (h) AVou(t)dx — M(g5 o™ Vo) (1), tERs, (115

where the positive constant .7, is given by

(12)% (K2p,12) %2 2(L2)P2 T2 (4E°(0) )P2
26(pp +1)2 '

My = (116)

With the help of Assumption 5 and the notations in (9), (10) and (12), by mainly
exploiting the Cauchy-Schwarz inequality and Jensen’s inequality, we have

/Q(auatu(t)+a128tv(t))/ngl(t—s)(u(t) —u(s))dsdx
n /[‘l(azlatu(t) + axdyo(t)) ./'t @2 (t — ) (0(t) — v(s))dsdx

_ <8tu(t)>T<a11 alz) it =s)(u(t) —u(s))ds)
o\orw(t)) \an an)\ [* gt —s)(o(t) —o(s))ds
oru(t) T /a a oru(t)
<L) G ) Gato)e

t —S)(u — Uuls S T t —S)u — U(s S
+1 f_tzgl(t ))E (t; UE ))d ) (Zi ZZ) (%:2%—53208 _U((S))));ls>dx
T
<[] (o) (Gt o
s Zmemmsn [ ([ g0 - u()a) + ([ galt =)o) - o(6))ds)’
T
< [, () (o ) (G
i Zowamonse [ [ g oyis [1 gt 9lu(t) (o s

+/; 8a(t = s)ds [ _&a(t=s)fo(f) —v(s)|2ds} dx

az1  ap

;
S /Q (ggg} (an m) (giZ((:Ddx +3(819M Vu)(b) + . 435(320™2 Vo)1), tERy, (117)

where the positive constants .#7; and .#;, are given respectively by
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2 “+o00
My = L) %an'zlz'un'uzzgl /o g1(s)ds, (118)
and )
+oo
///273 — (r2) %“11212,u21,u22§2/() 92(s)ds. (119)

With the growth condition (8) in Assumption 4 at our hand, we can prove via applying
the Cauchy-Schwarz inequality and using the notations in (9) and (10) that

f/Qfl(u(t),v(t))/joogl(tfs)(u(t)—u(s))dsdx
- / Fa),0(8)) [ galt = 5)(0(t) — o(s))dsdx
<af gl(t—s)/ |f1(u(t),v(t))|2dxds+%/ngl(t—s)/nm(t)—u(s)|2dxds
2/ g2(t=3) [ |faln |2dxds+% t _&a(t=s) [ [o(t) = o(s)Paxds
<anm? [ _st—s) (uumniz;;% )55 + o175,
oW + IO + IewI3 ) as + U208 (g oh vy

t
2p1+2 2pp+2 201 4+2
13022 [ galt =) (Ju(®) 35 + lu(OIZ5 + Ju(t) 2575

[2P2+2 12022

2p1+2 2py+2 20542 @2
HIOOIE + 0P + o252 ) ds + B2 g o2 7)1

oo 2p1+2 2p,+2 20142
—asita)? [ ga(s)as (222 + () P2 + Hu(t)HLé';L

o) 252 + o) 1252 + ()22 + 2 )% o™ Vu) (1)

L2p1+2 L2p2+2 L2p2+2
e 2p1+2 2py+2 20142
+302(2)2 [ ga(s)ds (o) 2257 + () 22275 + () 2,2

oW+ IO + e@IE) + (22 g ot v, ter.. (120

[2p2+2 1202+2

In view of the assumptions I(0) > 0 and max(B1, B2) < 1, we conclude by Theorem 3
the inequality (72) holds true in R;. This, together with the notations in (9) and (10),
implies

(O3 < (22727 VTu(t) Ar Vu(t)d)

4E*?(0)

< 212 (gg )Pt ol v Tu() A Vu(t)dx, (121

< o2 PG e o) | ¥ A vu(nax, a2

e (6) 275 < (a2 20y (—E @y / VT u(t) Ay Vu(t)dx, (122)
Hi1— 0 81(

| ' : 4E**(0 1
[[u ()”igpj;—z < (k2p;42) 21t2(7y)P +1(V1—f0+°°( ) )P /QVTu(t)A1Vu(t)dx, (123)
[o(IPL2 < (a2 3Gy (— 2Oy [ V4700, 020

H2 = Jo gZ(
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222 (k 2p242 (7, P2t 4E™(0) & / VT u(H) A, Vo(t)dx, (125

()]} 55,2 < (K2p,+2) (C2) <#2 - f0+°°g2(s)ds) N (t)A2Vo(t)dx, (125)
and

2212 (e 2P242 (75 )Pt E70) Pz/ V'o(t)AyVo(t)dx. (126

PO < (a2 200 e [ o ATetar. 129

Plug (121), (122), (123), (124), (125) and (126) into (120), to get

~ [ Ao [ g1t - u(s))dsax
—/()fz(u(t),v(t))[ 2t —s)(v(t) —v(s))dsdx

:3(51(}41)2///174/+ <1(s ds/ VT u(t) Ay Vu(t )dx—l-( )"0 (g1 0™ Vu)(t)

261
—+oo

436, (E2) 24, /0 (s)ds /Q VT o(t) A Vo(t)dx

+

08 (o2 Vi), 1y,

where the positive constant J; is given in an arbitrary way, the positive constants .#7, and

M}, are given respectively by

4E"?(0
My = (K2p1+2)2p1+2(€1)p1+1( f+°°(g)(s)ds P
— [ a
4E"%°(0
B +°°(gl)<s) )
0
4E"%°(0
+(K2p1+2)2m+2(§1)p1+1( —f+°°(gl)(s)ds e,
0
and
7 2p1+2 p+1 4Euv(0) P
My = (K2p1+2) (C2) (
M2 — fo s)ds
4E (0)
+ (x 2pp+2 p2+1 P2
( 2p2+2) (CZ) (‘uz . fOJroo gQ(S)dS
4E"%°(0
+ (kg 1272 (0 © ).

M2 — 0+°° $2(s)ds
Pick 41 and 4; so that

5
361 (k1)* ]y = 362 (o)* M5, = 3,
to yield

[ A,00) [ st —5)(u(e) — us)asax
- [, futt)o >/ g2t —5)(0(t) — v(s))dsdx

<§/0 gl(S)dS/Q VTu(t)thu(t)derE/o gz(s)ds/!.) Vv To(t) Ay Vo(t)dx

2 7 2 7
n M(gl oM Vu)(t) + %(gz o2 Vo)(1),

tER,.

(127)

(128)

(129)
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Plug (104), (106), (108), (109), (114), (115), (117) and (129) into (100) and perform some
routine but tedious calculations, to finish the proof of Lemma 6. [

Remark 7. In some occasions, we are inclined to establish an inequality similar to (117) without
the term .
' atu(t)> <Llll a12) (atu(t))
dx. 130
/Q (atv(t) ay  ax) \orv(t) * (130

To this end, we actually have several different approaches. For example, by using the Cauchy—
Schwarz inequalities (in several different forms), we have

/O(anatu(t) +a128tv(t))/_toogl(t—s)(u(t) —u(s))dsdx
+/ (a21atu(t)+a228tv(t))/t 22t — 8)(0(t) — v(s))dsdx

oru(t) ay a [t g1t —s)(u(t) — u(s))ds
- / <atv t > <a2 ai) <ftoog2(t —s)(o(t) — v(s))ds)dx

1

(s)ds—¢,
< / dru(t) w 0 oru(t) i
T 2(k2)? Jo\9r(t) 0 L sle)ie—tg(0) J\aro(t)
2

2 [ ([ et =)(u®) —u(s)ds\ ' (an ap)
T /(ft ot —s)(v(t)—v(s))ds) <a21 zm)

o=y 0 (1111 alz) Soeogi(t =) (u(t) —u(s)ds)
Wé—z an an)\ [* gt —s)(v(t) —v(s))ds

AL
i
L

/
2)’

J{1111 412,421,422

I 82(5)ds—02(0)
dS —ng / VTatu( )Alvatu( )d
(s)ds — 3g2(0 ))/QVTatv(t)AZVBtv(t)dx
01 0o

max(

fo+oog1( )ds —0g1(0 fo (s)ds — dg2(0 ))

st 90— (e ([t = 5)(o00) = o(s))s)?

1

—+00
<§(/0 g1(s)ds — 0g1(0 /v Oru(t) Ay Vsu(t)dx

1 +oo
+ 5 /O 22(5)ds — 5¢2(0)) /Q VT 90(t) AsVayo(t)dx
(Kz)z%all,ﬂu,ﬂﬂraﬂ max gl — €2 )
8 Jo = g1(s)ds — 6g1(0)" [ ga(s)ds — 6g2(0)

/Q{/toogl(t—s)ds/tmgl(t—sﬂu(t)—u(s)2ds
+/_too32(t*5)d5/t g2 (t —s)|o(t) — v(s)|*ds | dx

1

!
2

+oo
<§(/0 g1(s)ds — 6g1(0 /v Opu(t) Ay Vu(t)dx

(/O'H"’ $2(s)ds — 6g2(0 / VTatU( ) Ay Voo (t)dx
+ M3(g10™M Vu)(t) + .M35(32 0% Vo)(8), tER, (131)
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where the positive constants My and MY, slightly different from 47, and .4}, in (117)
(see (118) and (119) for the details), are given by

%'53 _ (K2)4%g11,ﬂ12,ﬂ21,a22€1 max gl
8 fo s)ds — 6g1(0 )
2 ) / + g1(s)ds, (132)
Jo = g2(s)ds — 6g2(0) " Jo
and )
//2273 — (KZ) %ﬂllfﬂlZ/ﬂZI/ﬂngZ max gl
8 fo s)ds —6g1(0 )
@2 /+°°
ds. 133
Jo™ g2(s)ds — 8g2(0 )) ,  S2s)ds (133)

As mentioned above, compared to the estimate (117), the last three lines of the sequence (131)
of inequalities do not include the term (130). As will be seen, this could be beneficial to relatively
wide choice of portions of the energy functional E**(t) (see (18)), in the procedure of constructing
modified energy functionals.

As with Lq(f) and Ly(t) (see (85) and (94), respectively), the following energy per-
turbation functional will be useful in our later presentation: To every pair (1,v)" € Sg N
(see (15) for the definition of Sk, ), we associate the functional

f g1(s)ds t
L3(t) = f0+ 0g1( \ds /0 (s)./t_S/QVTu(r)A1Vu(r)dxdrds

— s)d t

12 +fo ’ / 22(s) / / V '0(r) A Vo(r)dxdrds, t€R,y. (134)
o (s >ds : - Jo

Lemma 7. Suppose that Assumptions 1-5 hold true. If the associated functional 1(t) given by (56)

satisfies 1(0) > 0, the associated constants By and By, given by (58) and (59), respectively, satisfy

max(B1, B2) < 1, then weak solutions to IBVP (1) exist globally in time, and render the associated
functional L3 (t) given by (134) to satisfy

—+o00

La(t) <2 — | g1(s)ds)/0VTu(t)A1Vu(t)dx

+2(is — O+°° £2)d5) [ VTo(t)4:Vo(0)dx

f0+oo (s)ds (21 oA V) (t)

2f 1(s)ds
Uy — 2(s)ds A R
- Zf J(5)ds (g20™2Vo)(t), teR,. (135)

Proof. Differentiate directly L3(#) (see (134)) with respect to t, to arrive at
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(1) =1 Jo " g1(s)d /0+ gl(s)ds/OVTu(t)A1Vu(t)dx

Jo " s1(s)ds
oo oo
;+{gglfl)(s>ds /0+ gl(s)/QVTM(t—S)A1VM(t—S)dde
0
+y2f_f°g ds/@ (S)ds/QVTv(t)A2VU(t)dx
2(s

yzf_Jrngz() ds/o (s)/{)VTv(t—s)AZVv(t—s)dxds

0

(g — 0+oog1(s)ds)/QVTu(t)A1Vu(t)dx

Vlf_Jr{nggo:il)deS /joog1(t—s)/QVTu(s)A1Vu(s)dxds
0

+o0
+ (p2 — ; Q2(s)ds) / VT o(t) Ay Vo(t)dx

szJrng (5)ds ds/ gz(t—s)/QVTU(S)A2VZJ(s)dxds, teRy. (136)
o &2(8 -

By direct calculations, we have

/jw g1(t—s) /O VT u(s) A Vu(s)dxds = 1 /j g1(t— s)/ (VT u(t) = V' u(s)) Ay (Vu(t) — Vu(s))dxds

2/ 81 t_s/ Tu(t) + VT u(s)) A1(Vu(t) + Vu(s))dxds
_/, gt —s) / VT u(t) A1 Vu(t)dxds
:%/j gl(t_s)/Q(vTu(t)+VTu(S))A1(Vu(t)+Vu(s))dxds

+0c0

+ %(gl oM Vu)(t) — g1 (s)ds/Q V'u(t)AVu(t)dx, tcR,. (137)

And we have analogously

/_:ogz(t—s)/QVTU(S)AZVU(s)dxds:%/_twgz(t—s)/()(VTv(t)+VTU(S))A2(VU(1‘) + Vo(s))dxds
1 oo :
5@ V)~ [ ga)ds [ VoA vondx, e R,

This, together with (136) and (137), implies immediately

"+ 00

L4(t) =2 (ylf/.MOg (s)ds) / VTu(t)A1Vu(t)dx+2(y2—/O Z(S)ds)/QvTv(t)Azw(t)dx

2 f = 52)5 ./_00 g1(t=5) [ (TTu(t) + VT u(s) A1 (Vu(t) + Vu(s))dxds
FZZ}fo gz) /7 go(t—s) /Q(VTz;(t) + V" 0(s)) Ax(Vo(t) 4+ Vo(s) )dxds
L gi(s)ds, 4 o — [y gals)ds,
f L(5)ds (1o V() - 2HM&U% (8207 V0)(1), tER,. (138)
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Thanks to Assumptions 1 and 2, it holds that

t
/ au(t— s)/ (VT u(t) + V() A1 (Vu(t) + Vu(s))dxds > 0,
o « teRy,
/ @t —s) /Q(VTv(t) + VT 0(s)) A (Vo(t) + Vo(s))dxds = 0,
which, together with (138), implies that the proof of Lemma 7 is complete. [J

To obtain our claimed general energy decay result, we need to design various mod-
ified (perturbed) energy functionals by adding energy perturbation functionals to the
conventional energy functional E*”(t) (see (18) for the precise definition). Here, we are in
a position to introduce the modified energy functional

3(t) = moE" () + mqL1(t) + mpLo(t), t € Ry, (139)
where my, is a positive constant yet to be determined later, k = 0,1, 2.
Lemma 8. Suppose that Assumptions 1-5 hold true. Then there exists a triple
(mg, my,mp) " € (0, +00)°,
such that each solution (u,v) " to IBVP (1) makes the following differential inequality hold:
1

< —
(t) 01 Jo

1
o o Pl dro() P2
3 oo .
_E(”l_/o gl(s)ds)/QV W(E) Ay V() dx
3 oo .
_E(Vz_/o gz(S)ds)/QV v(t)AaVo(t)dx
- /O VT 9 (t) A1V (t)dx — /Q V90 (t) A Vayo(t)dx

= Jo " gi(s)ds 12— Jo % g2(s)ds
+ ) +o00
3Jy &i(s)ds 3Jo  &a(s)ds

whenever its initial datum (u®,°,ut,v')T € L*°(R_; H{(2;R?)) x H}(€;R?) render the
associated functional 1(t) given by (56) to satisfy 1(0) > 0, the associated constants By and B,
given by (58) and (59), respectively, to satisfy max(B1, B2) < 1, the associated constants hy and
Ty, given by (86) and (87), respectively, satisfy max(fiy, ip) < %, and the constants #1, and W51,
given by (96) and (98), respectively, to satisfy

(g10™1 Vu)(t) +

(2042 Vo)(t) forae t€Ry, (140)

m— fo % g1(s)ds

00 10 10 ’
6f4r g1(s)ds max(——= = )
0 0+ g1(s)ds f0+ g2(s)ds

M2 — f0+°° $2(s)ds

oo 10 10
6 7% ga(s)ds max(—— =
0 0+ g1(s)ds f0+ g2(s)ds

M1 <

(141)

W <

;

Proof. Thanks to (139), it follows that

T = mO%E”'U(t) L () + moL(f) forae t€ Ry,

where (mg, mq, mz)T € (0, +oo)3, as in (139), is yet to be determined later. By Lemmas 3, 5
and 6, this, together with (55), (88) and (95), implies
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1 o0

—+o00
(m1 —my A g1 dS / |atu |Pl+2dx +

(< 1 —m O gz(s)ds)./[‘2|atv(t)|92+2dx

= p1+1 o2 +1
+ (6my /O+oo Q1(s)ds — 71(;41 — /O+oo g1(s)ds)) /Q VTu(t)A1Vu(t)dx

+ ((5m2/0 92 (s)ds — 7(;42 =,

+00
+ (m1 —mz(/o gl( )dS - (Sgl / VTatu )Alvatu( )d

82(s)ds)) / vV o(t) A Vo(t)dx

+ (my — mz(/OJroo g2(s)ds — 6g2(0))) /Q V 10:0(t) Ay Varo(t)dx + mp#41 (g1 o™ Vu)(t)
my e (1(5))?
/o &1(

R PR S G (81 = Gh) o Va) (1) main (g2 02 Vo) 1)
my +oo (82(s )) I\ Ay mg m A
T e ds/ ) — Ggl(s) (82— G82) 0 Vo) (1) 4 (57— ma¥a) (87 0% V) (1)
T
+ (% —my#2)(8s o2 Vo)(t) + (mz —my) /Q (gggg) (21 Z;i) (ggg:;)dx forae. tc Ry. (142)

Since g; : Ry — (0, +00) is strictly decreasing, g; is of bounded variation and is
therefore Lebesgue measurable, i = 1,2. For any G > 0, it is easy to show that

(8i(s))?

0< ————F—~ <gils) <gi0), secRy,i=12 143
gi(s) —Gg;(S) gz( ) gl( ) + ( )

It is also obvious to see that

@2 _,

im seRy,i=1,2. 144
G—+o0 gi(s) — Ggi(s) ’ (149

By Lebesgue’s dominated convergence theorem, we combine (143) and (144), to obtain
+o0 . 2
. (5:))*

G-t Jo  gi(s) — Ggl(s)

By recalling the limit theory of one-variable functions and in view of (145), we conclude
that there exists a Gg > 0 such that

ds=0, i=1,2. (145)

ds <

) — Ggi(s) 24 f0+°° gi(s)ds

/m (8i(s)) (i = Jo ™ 8i(5)ds)? G>Gy i=1.2 (146)
0o &ils , - a

With (146) as one of the main tools, we have here by some routine computations

! ~ (g(s) 1 ot
e e coga<s>ds“gl - Gost) B V0

4 o (g1(s))? . f0+oo 5)2 o
— Jo " gi(s)ds </0 81(5)—(3081(5)[1 24f0 )ds >((g1 Goga) o™ Vu)(t)

Ay
6f0 gremt Vi) 6fo+0081(5)d5

M1 — f0+°° gl (S)ds Ay B Go(p1 — fo g1( I Ay
+ 6f+oo o et V() 6 (s)ds (gl o™ Vu)(t)
+o0
fo s)ds ~ Go(p — Jo  &1(s)ds) (¢h oM Vu)(t) forae tcR,. (147)
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With the aid of (146), we take several steps similar to (147), to arrive at

%) S 2
: s)ds /+ gz((gz( ) ds((g2 — Gogh) o2 Vo)(t)

wa— fo~ s) — Goga(s)
Vzé_fofo o) (820 Vo) ()
0(p2 — fo ds)

(g5 012 Vo)(t) forae. teRy. (148)

6o

Now we are ready to choose appropriate values of the parameters § and m;, i = 0,1, 2.
Actually, there are many ways to accomplish this goal. For instance, we can pick

m =4, my= max( T 10 10 ) (149)
fo (s s)ds’ fo s)ds
+o00 +0<>
S— min(fo 5 gl((()s)) Jo - )
81 Zfo ds max( f+°° 9 T 0 s)
O+00 gZ(S) M2 — fO oo dS ) (150)
2¢>(0) Zfo s)ds max(j+0° YN jmlo )ds>
and
10 10 10 10
mp = max (max( = e ), 2sup § max(#ix max(—— )
f0+ g1(s)ds f0+ £2(s)ds { 0+ s)ds’ fo s)ds
Go(pa — [ gals)d Go(pa — s)d
o(p2 +0f00 82(s) s),%zmax( 10 10 o(p2 fo S)
6 [, &2(s)ds 0 s)ds’ fo ds 6f0
max(B1, B2) < 1, max(fhy, hp) < 411 and (141) is satisﬁed}). (151)

It is not difficult to find that when the parameters 6 and m;, i = 0, 1, 2, take the values
shown above, it holds that

+o00 +oo
my *ﬂlz/o gl(S)dS < -1, mp *mz‘/o gz(S)dS < -1,
400 m +o0 3 400
omy [ i) = Fon— [ @) < =S — [ sils)ds),
sy [ ga(s)ds — ™ ™ ga(s)ds) < 2 ™ ea(s)d
mo [ ga(o)ds = G [ ga(o)ds) < —5Gn— [ salo)ds),
oo 10 Foo oo Q1(s)ds
m;—m s)ds — 8¢1(0 <4—7/ s)ds — 20 0)) < -1,
1= e =0(0) €4 S s(e)ds = S T 0)
too 10 +oo Jo7 ga(s)ds
m; —m s)ds —6¢7(0)) <4 — / s)ds — 29 0)) < -1,
1=l gale)ds = 092(0) <= ([ ga(a)ds = SR a(0)
Go(pa — [ d
%—mz“fﬂlz— : +f0 , %—mz%z— ol +of00 82(5)d5) 20,
6.Jo 6 Jo ™ 82(s)ds
)d - d
my —my <0, mp#q; < fo g1(S S, \]12 {80 $a(s)ds
6f0 6 [y g2(s)ds
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In view of the fact that the term (130) in (142) is non-negative, by some routine
calculations, we conclude immediately: This, together with (142), (147) and (148), implies
that the proof of Lemma 8 is complete. O

Theorem 4. Suppose that Assumptions 1-5 hold true. For every quadruple
(u®, 0%, ut, o) " € L®(R_; H{ (Q;R?)) x HY(;R?)

of initial datum, if it renders the associated functional I(t) given by (56) to satisfy 1(0) > 0, the
associated constants By and By, given respectively by (58) and (59), to satisfy max(B1, B2) < 1,
the associated constants hy and hy, given respectively by (86) and (87), to satisfy max(hy, hip) < %,
and the associated constants #11 and W1, given respectively by (96) and (98), to satisfy (141), then
the corresponding global in time solution (u,0)" € Sg, (see (15) for the definition of Sg.) to
IBVP (1) makes the associated energy E*?(t), given by (18), satisfy

EYO(t) < @y ! (wz /O ' min(& (s),@‘z(s))ds)) forallt € R, (152)

where the positive constants @1 and @, depending on (u®,v°,ut, o)

variable t, and ¢ = is the inverse function of ¢ (t) which is given by

, is independent of the time

min(ry,r7) ds .
H(b) f/t ) forall t € (0, min(rq,72)]. (153)

Remark 8. By Assumption 2 (in particular, the restriction (6)), we conclude that the % (t), given
by (153), is well-defined as a continuous function, that it takes non-negative real numbers as its
values, and that it obeys

K () = forall t € (0, min(rq,72)].

1
~ sK'(s)

This implies, in particular, that the function J¢ (t) is strictly monotonically decreasing in the
interval (0, min(rq, rp)]. We have directly by applying the definition (153) of ¢ (t)

lim 27 (t) = 2 (min(ry, 1)) = 0.

t—min(ry,rp)~

We apply Assumption 2 again and the definition (153) of % (t), to get lim+ H(t) = +oo. In
t—0

conclusion, # (t), given by (153), is a strictly decreasing continuous function mapping the interval
(0, min(ry, rp)] onto the closed interval R.. This implies, among other things, the inverse function
A~V of H, appearing in (152), is well-defined, and ¢~ actually maps the closed interval R ;
onto the interval (0, min(ry,72)].

Proof of Theorem 4. In view of (18), (82) and (140), we have

(01 +2)(p2+2)

p1+1) (o2 +2) + (o1 +2)(p2 + 1)

E“?(t)
p2+2

p1+1 (o1 +1)(o2+2)+ (p1 +2)(p2 + 1)) /O ut) P

p1+2

PP Bl i e e e D MGGl

(o1 +2)(p2+2)

+oo
T D T ) 86 [T AT

(p1+2)(p2 +2)

“+o0
(01 + D02 +2) + (01 +2)(02 +1) )z - /0 82(5)45) /(z v o)Az Vo(t)dx
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1(2 _ (p1 +2)(p2 +2)
2 (p1+1)(p2+2) + (o1 +2)(p2+1)
1

) /Q VT 9puu(t) A1 Vo (t)dx

(o1 +2)(02+2) T
2 e O 1) Jo ¥ PR 4Vo
_ (p1+2)(02+2) ulb) o X
RS Es ey RACORIG)

+ A (g1 00 V) (t) + (g2 0™ V) (1)
(01 +2)(p2+2)

N R R
1 301 +2) (02 +2) 4o

16 G T D) 1y 8 f O AT
1 301 +2) (02 +2) 4o

- 1(6 - (Pl ¥+ 1)(P2‘}'2) i (Pl +2)(P2 +1)>(y2 _/0 gZ(s)dS) /Q VTU(t)AZVU(t)dx

+ A (1 0M Vi) (t) + My (2 0™ Vo) (1)
— MBE(8) + A8 (g1 0™ Vu)(t) + A5 (g2 042 Vo) (t) forae. t € Ry, (154)

in which the constants .#, .# and .3 are given respectively by

s 11— Jo " gi(s)ds (p1+2)(p2+2)
= Jo T gi(s)ds 2001 +1)(p2+2) +2(p1+2)(02 +1)° (15
s 2= Jo " ga(s)ds (p1+2)(p2+2)
T e ds  An A D+ D+ 2+ e+
and

27 (i +D)(p2+2)+ (1 +2)(p2 + 1)

Case I. K1 and K, are both linear.
By some routine but tedious calculations, we have

2'(H) min(&y (1), &2(t)) < — AZE"” (t) min(& (1), E2(t)) + A4 min(Zy(t), E2(1)) (g1 9™ Vu)(#)
+ . min(& (), & (1)) (g2 02 Vo)(1),

< — M EY (D) min(G1(1), (1)) + 4531 (8) (g1 0™ Vi) (8) + A6a(1) (82 0™ VO) (1),
< — M EVP () min(G (1), Ga(t)) — 431 (81 o™ Vu) () — M35(85 o™ Vo) (1),
< ABE (1) min(E) (1), 8a(8)) — AT SE (1) forae t e R,

or equivalently, we have

(jt (//[4 E*P(t) + 2(t) min(§1(t),§2(t)))

=M ;t E"¥(t) +2'(t) min(&1(t), &2(t)) + J(t)% min(& (t), & (1))

— MSE"? (£)min(&;(t),&(t)) forae. t € R,. (158)

AMPEYP(+) 4+ I(t) min(&1(t), &2(t)) ~ E*?(t), more precisely, there exist two positive con-
stants ///58 and ///68, such that

/j/gE"m)<//sz“fv<t>+:<t>mm<¢l<>¢2< ) < %E“”( ) teRe  (159)

Therefore, we deduce from (158) immediately that
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% (AE (1) +3(t) min(Z1(1), 62(+))) <~ 45 min(Zy (1), E2(4)) (AZE" (£) + 2(t) min(§1(#), 2(1))).

This, together with Gronwall’s Lemma, implies

(AEE" (1) +3(t) min(& (1), Ga(1)) < (AFE(0) +3(0) min(G1(0), §2(0)) )e 45 hmin@(©&0ds, ¢t e R,
By recalling the afore-mentioned equivalence (159), we realize that this implies
EYP(t) < MBe= B [ymin@i(&)2()ds R (160)
where the positive constant ./ is given by
M = M (ALE"(0) +3(0) min(E1(0), $2(0))). (161)

Case I1. Ky or Ky is non-linear.
We combine J(t) (with 6 and m;, i = 0,1, 2 given as in (149), (150) and (151), respec-
tively) and Ls(t), to associate with each solution (#,v)" to IBVP (1) a new functional

F(8) = 2(8) + ng( 0, teR,. (162)

Obviously, F () > 0 for all t € R... Besides, by Lemmas 7 and 8, there exists a positive
constant //lf such that

Ev2(t)

F'(t) < -
M

forae. t € Ry. (163)

For example, we could put .2} = //1/9 with

A= min(} (o1 +2)(p2 +2)
2 9’(P1+1)(P2+2) (Pl +2)(P2+1)'
fo s)ds)( P‘Z_fo (s)ds) )
24 [ ga(s)ds(p1 — fo ds ) +24 [;F° )ds o — [ ga(s)ds)
In this situation, we have
FI() =2(0) + 2 14(0)
CEve) o1 p2+2 o142
T (m+1 <p1+1)<pz+2)+<p1+2)<pz+1>)”at”( Miriz o
_ 1 _ P1+2 02+2
(P2+1 (o1 +1) (02 +2) + (01 +2) (02 +1>)”a”’( M2
17 [ Vot Vot Y T a0t Ay Vago(f)dx — = (g 0™ ¥ ey
=38 Jo ¥V PHOATORx — g5 [ TR ATIR(x — g n ot V(T O
- (41— 0*°°g1<> )(Vz— 0 82(s)ds) I R e ' O L
Jo™ g2(s)ds( m fo $)ds) + fo " g1(s)ds(p2 — fo™ g <>ds>) 5'® el Jo7 g2(s)ds
fo s)ds)( ﬂz*fo 82(s)ds) En(f)

= < - fora.e.t € Ry,
f0+ g2(s)ds(py — fo ds —l—f ds(;@—fo ds)) ///19
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which implies directly

ot ot
/ E"?(s)ds < —///19/ F(s)ds = .4, (F(0) — F (t)) <.#7F (0) forallt e Ry.
0 0

This, in turn, implies

+00 t t
/ E“(t)dt = lim | E"*(s)ds < limsup | E““(s)ds < .42F (0). (164)
0 t=+400 Jo t—4o0 J0

Fix provisionally t (sufficiently large if necessary) in the interval (0, 4-c0), write

- /_t /(.)(VTu(t) — VTu(s) A (Vu(t) — Vu(s))dxds,
= /_:o/Q(VTU(f) — V0(s)) Aa(Vo(t) — Vo(s))dxds,
and pick a q € (0, +00) such that

min(l, r, 7’2)
q81(0)
min(l, 1, 1’2)
482(0)

w(t) <

€ (0, +).
V() <

We assume first that % (t) = 0 and ¥ (t) = 0. In this case, we deduce from (154) that

T (1)< = MFE (1) + A7, (81 0™ Vi) (1) + Ay (g2 0™2 V) (1)

<
< — MEEYO(t) 4 g1(0). 8 % (t) + $2(0). 45 (1)
= — MSE"P(t) forae. tcRy.

This, together with the equivalence J(t) ~ E*?(t), implies that the energy E"7(t)
associated to the system (1) the decays exponentially as time ¢ escapes to infinity. Let us
now assume that % (t) > 0 and ¥ () > 0 when t is sufficiently large. Without loss of
generality, we assume that % (t) > 0 and #'(t) > 0 for all t € R. With Jensen’s inequality
as one of our main tools, by some routine but tedious computations, we arrive at

Ao — g (Jee (@8 (081t = 9)) [ (VT u(t) = VTu(s)) Ay (Vult) - Vuls))dxds
K1 (Cl(gl ISV )(t)) =K ( fioo fQ(VTu(t) _ vTu(s))Al(vu(t) — Vu(s))dxds >
f Ki((ae (1)g1(t —5))) [o(VTu(t) = VT u(s)) A1 (Vu(t) — Vu(s))dxds

s It [ (VT u(t) — VTu(s))Al(W(t) — Vu(s))dxds
qf Ci(t—s)Kq(g1(t—9)) [o(V —VTu(s)) A1 (Vu(t) — Vu(s))dxds
Cl(f)
qf (=81t =5)) [o(VTu(t) = VTu(s)) A1 (Vu(t) — Vu(s))dxds  q(g; o™ Vu)(t)
R0 = — A0 forae. t e Ry. (165)

Since Kj is strictly increasing (see Assumption 2 for the details), it follows immediately

1 oM Vu)(t
(g10™ Vu)(t) < iKH(—W) forae. t € Ry, (166)
And analogously, we can prove
! A2 V t
(8202 Vo) (t) < iK;l(—W) forae. t € Ry. (167)
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Combine (154), (166) and (167), to obtain

(5 < — MFE (1) + 473 (81 0™ Vi) (1) + Ay (g2 0™ V) (1)

8 I KA 8
< — L/fstu’v(t) + j:ll Kl—l(_q(gl © VM)(f)) + ///12K2—1(

Let us define a new function K(t) by giving

K(t) = max(Kq(t),Kp(t)) forallt € (0, min(ry,r7)].

It is not difficult to check that K(t) is strictly increasing and strictly convex. Put

E%2(t)
Euv (0)

B(t) = K'(20 )3(E) + E*O(1)

where the positive constant ¢ is suitably chosen so that

Eu,v(t)
COEu0(0)

By direct computations, we deduce from (168) and (169) that

_ eo3(t) K" E"°(t) . d d

ﬂ/(t) T Euwo (0) (80 Eu0 (0) ) a
d

< ZE() — BB (DK (60

E"(t)
E“?(0) dt
EY(t) . AE . E%P(t)
Ew0) " g < OEE()

_1,_a(gy o™ Vo)(t)
Eu,v(()))KZ (— gz(t)

By applying Assumption 2, we have

E*?(t) + K/ (gg

%8 EWO (¢t
+ q12 K/ (SO ( )

Ki'(9)

lim i =,
soor K1(6)

By applying the method of change variable, we have furthermore

i KTU(K(0)

frnd E‘,
60+ 6 !

a(gh o2 Vo) (h)
g1(t) q &2 (t)

) forae. teR,.

forae. t € Ry,

< min(ry,rp) forallt € Ry.

)2 (1) + - E*7(8)

o1 a8 Vi) (o)

) forae. teR,.

(168)

(169)

(170)

By recalling the limit theory of one-variable functions, we conclude that there exists a

positive constant p < min(ry, ), such that

KN (K'(6)) <280, i=1,2.

171)

whenever the positive variable ¢ does not exceed p. With (171) as one of our main tools, by

applying mainly the Fenchel-Young inequality, we have

u,0 /<>A1 u u,0 /<>A1 u
Keo pmtahii™ (- T8 MO0, < i e Bt + k(i (- 1882 700
<K (e o KK o g 3) — Ka (K
alg) o V(1)
1(t)
B, B algh o™ Vi (h
S0 K gy T G

By analogy to (172), we have

forae. t € R;.

(172)
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L1, a(gh ot Vo)(t)
K a(t)

We substitute (172) and (173) into (170), to conclude

E"0(t) g, E2(1) ) als o4 Vo) ()
E%0(0)  * CE%0(0) &a(t)

K'(eg ) < 2be forae. t € Ry. (173)

Euwv (0)

/ i u,v _ 8 ru,v U Eu,v(t)
g'(f) < Fri (t) — A E*(H)K (g0 EM(O))
N 288048 E*P(t) K (e E*(t) - AE (g oM Vu)(t)
g Ew(0) E%(0) ¢i(t)
266045, EMO(t) K'(e E""(t) - M (gh 042 Vo)(t)
q  E*(0) “E%(0) &(t)
oty BV () V() A (81 0% Vi) (t)
b E=2(0) " " E**(0) &)
q 1
N 280{’2///182 E"?(t) K'(e E"P(1) - //llgz(gé %2 Vo)(t)
g Ew(0) E%(0) Ga(t)
8 ru,v / Eu'v(t)
— My E"C (1)K (g9 E“”(O)) forae. t € Ry. (174)

With Lemma 3 (in particular, (55)) and (174) as our main tools, we perform some
routine computations, to arrive at

8 1o u,v
_ (& M V(1)
¢1(t)
250?2///182 Eu'v(t)
q  E%(0)
_ M85 o™ Vo) (1)
Ga(t)

— MBS OK () minEa (1), 62()

§'(t) min(&1(t), 2(t)) <

min(&y(£), & (1))

Eu,v (t

K (0 gy ) min(Es (1), E2(1)

min (G (t),¢2(t))

< — k(o ey min(g (1), &a(1)) — 4302

_ _ruo
E72(0) 5 th (t) forae.teRy, (175)

in which, .#]°, .#}° and K(t) are given respectively by

MBEH(0) 2

M0 = q (&3 + to ),

€0
,///210 = Zmax(j/fl,%fz),
and
K(t) =tK'(t) forallt € (0,min(ry,ro)]. (176)

The strict increasing monotonicity of K’(#), the strict convexity of K(t) and the con-
tinuity of IC(t) imply that the function () is strictly increasing. For the sake our later
presentation, we introduce the auxiliary functional

0(t) = g(t) min(&((t), & (t)) + APEC(t) forallt € Ry, (177)
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Since .#)° > 0, §(t) ~ E*?(t). More exactly, there exists, as with (159), positive
constants ///111 and ///211, such that

AP < EM(H) < 3ME(E) forallt € Ry (178)
With the help of (175) and the definition (177) of §(t), we have

& 10d

7 (1) =1/ (1) min(& (6), &2(6)) + ()5 min(Ga (1), E2(1)) + 450 4 E¥2(0)

MK (e EZ:(((t))) )min(¢1(t), & (f)) forae. t € Ry,

which, together with the equivalence (178), implies

Pt
¢ t
7 (t) < —°K (0o } E(())) )min(¢&(t), & (t)) forae. t € Ry, (179)
where the positive constant ¢ is appropriately picked so that
A5 (8) .
SOW < min(ry, ;) forallt € Ry.

Based on the differential inequality (179), we perform some routine calculations, to
yield

T
o,
0 ’C(eo Euv (0) )
1

/ min(&1(s), §a(s))ds <

_EW(0) (Ui ds

-G L <

B0 /mi“f{}”” ds_

S so//llll m;ﬁ(;}(w K(s)

_ E"?(0) (80///111E(t)>
eo M E®*(0)

forall t € Ry, (180)
where the function 7 (t) is defined as in (153). It is not difficult to observe that

min(ry,r2)  Jg .
H(t) = /t m for all t € (0, min(rq,77)],

where the function KC(t) is given as in (176). By recalling that the function .7 (t) is strictly
decreasing (see Remark 8 for the detailed explanation), we deduce from (180) that

50///1115(’5)

10 11
eo MM

-1
< Ewo(0)

| /0 t min(Z(s),&2(s))ds) ) forall t € Ry,

which, together with the equivalence (178), implies directly

A )

Eu,v t <
( ) 80,//411 Eu,v(o)

'/Ot min(G(5), Ga(s))ds) ) forall £ € Ry

This, together with (160), implies that the proof of Theorem 4 is complete. [
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4. Conclusions

In this paper, we studied the initial boundary value problem (that is, IBVP (1)) for a
coupled system of two quasi-linear viscoelastic space-variable coefficient wave equations.
We proved (see Theorems 1 and 2 for the details), under some seemingly natural conditions
on A1, Ay, 11, 12, P1, P2, 1, f2, &1, £2, A11, 412, 21 and ap), via the celebrated Faedo-Galerkin
method, that IBVP (1) admits a local solution in the sense of Definition 1 and 2 for every
initial datum in the space

L®(R_; H} (Q;R?)) x H}((;R?).

Based on our new obtained local existence results, we proved, via establishing a priori
inequalities, a global existence result for solutions, having small initial data, to IBVP (1) (see
Theorem 3 for the details). Based on our new established global existence result, we proved
via constructing various modified energy functionals (functionals, equivalent to the energy
functional E*?(t), defined by (18), of IBVP (1) and can be seen as Lyapunov functional
from other perspectives), that if the initial data satisfy some additional conditions, then
global in time solutions would decrease to zero, at the optimal decaying rate in a sense
given by Remark 2.3 in Reference [22], as time escapes to infinity; see Theorem 4.
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