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Received: 8 July 2023

Revised: 4 August 2023

Accepted: 10 August 2023

Published: 12 August 2023

Copyright: © 2023 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

axioms

Article

Finsler Warped Product Metrics with Special
Curvature Properties
Lingen Sun, Xiaoling Zhang * and Mengke Wu

College of Mathematics and Systems Science, Xinjiang University, Urumqi 830017, China;
107552100610@stu.xju.edu.cn (L.S.); 107552100637@stu.xju.edu.cn (M.W.)
* Correspondence: zhangxiaoling@xju.edu.cn

Abstract: The class of warped product metrics can often be interpreted as key space models for
the general theory of relativity and theory of space–time. In this paper, we study several non-
Riemannian quantities in Finsler geometry. These non-Riemannian quantities play an important
role in understanding the geometric properties of Finsler metrics. In particular, we find differential
equations of Finsler warped product metrics with vanishing χ-curvature or vanishing H-curvature.
Furthermore, we show that, for Finsler warped product metrics, the χ-curvature vanishes if and only
if the H-curvature vanishes.
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1. Introduction

There are several non-Riemannian quantities in Finsler geometry, such as the distortion,
the (mean) Cartan torsion, the S-curvature, the (mean) Berwald curvature and the (mean)
Landsberg curvature. We view the distortion and the (mean) Cartan torsion as non-
Riemannian quantities of order zero, and the S-curvature, the (mean) Berwald curvature and
the (mean) Landsberg curvature as non-Riemannian quantities of order one. Differentiating
these quantities along geodesics, we obtain some non-Riemannian quantities of order two.

In this paper, we will consider two non-Riemannian quantities χ = χidxi and
H = Hi jdxi

⊗ dx j on the tangent bundle TM:

χi :=S.i|mym
− S|i,

Hi j :=
1
2

S.i. j|mym,

where S denotes the S-curvature of F and “|” and “.” denote the horizontal and vertical
covariant derivatives with respect to the Chern connection, respectively.

Shen [1] showed some relationships among the flag curvature, the S-curvature, the
χ-curvature and the H-curvature. Cheng and Yuan [2] obtained a formula of χ-curvature
for (α, β)-metrics. Based on this, they showed that the χ-curvature vanishes for a class of
(α, β)-metrics. Shen [3] discussed several expressions for the χ-curvature of a spray. They
showed that sprays, obtained by a projective deformation using the S-curvature, always
have vanishing χ-curvature. They established a Beltrami theorem for sprays with vanishing
χ-curvature.

The non-Riemannian quantity H was introduced by Zadeh [4] and developed by some
other Finslerian geometers [5,6]. Xia [7] obtained some rigidity theorems of a compact
Finsler manifold under some conditions related to H-curvature. They proved that the
S-curvature for a Randers metric is almost isotropic if and only if the H-curvature almost
vanishes. In particular, S-curvature is isotropic if and only if the H-curvature vanishes.
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Tang [8] showed that Randers metrics have almost isotropic S-curvature if and only if they
have almost vanishing H-curvature. Furthermore, Randers metrics actually have zero
S-curvature if and only if they have vanishing H-curvature. Mo [9] gave a characterization
of spherically symmetric Finsler metrics with almost vanishing H-curvature. Zhu [10]
showed that the χ-curvature vanishes if and only if the H-curvature vanishes for general
(α, β)-metrics under some conditions. Sevim and Gabrani [11] showed that, on Finsler
warped product manifolds, the χ-curvature vanishes if and only if the H-curvature vanishes.

The warped product metric was introduced by Bishop and O’Neill [12] to study
Riemannian manifolds with negative curvature as a generalization of Riemannian product
metrics. The notion of warped products was extended to the case of Finsler manifolds by
Chen-Shen-Zhao [13] and Kozma-Peter-Varga [14], respectively. These metrics are called
Finsler warped product metrics.

In [15], Shen and Marcal considered a new class of Finsler metrics using the warped
product notion introduced by Chen-Shen-Zhao [13], with another “warping”. This metric
is consistent with static spacetime. They gave partial differential equations (PDEs) charac-
terization for the proposed metrics to be Ricci-flat. Furthermore, they explicitly constructed
two types of non-Riemannian examples.

In this paper, we obtain differential equations of such metrics with vanishing χ-
curvature or vanishing H-curvature. Then, we obtain that the χ-curvature vanishes if and
only if the H-curvature vanishes. The main results are as follows.

Theorem 1. Let F = α
√
φ(z,ρ) be a Finsler warped product metric on an (n + 1)-dimensional

manifold M = R×Rn (n ≥ 2), where α = |ȳ|, z =
y0

|ȳ| , ρ = |x̄|. Then, the χ-curvature vanishes if
and only if the H-curvature vanishes.

A Finsler metric F is said to be R-quadratic if its Riemann curvature Rv is quadratic in
v ∈ TuM [16]. Najafi-Bidabad-Tayebi [17] and Mo [6] showed that all R-quadratic Finsler
metrics have vanishing H-curvature, respectively. For a R-quadratic Finsler warped product
metric, we have the following result.

Corollary 1. Let F = α
√
φ(z,ρ) be a Finsler warped product metric on an (n + 1)-dimensional

manifold M = R ×Rn (n ≥ 2), where α = |ȳ|, z =
y0

|ȳ| , ρ = |x̄|. Suppose that F is R-quadratic,
then the χ-curvature vanishes.

2. Preliminaries

Set M = R×Rn with the following coordinates on TM:

x =
(
x0, x̄

)
, x̄ =

(
x1, . . . , xn

)
,

y =
(
y0, ȳ

)
, ȳ =

(
y1, . . . , yn

)
.

Furthermore, consider a Finsler metric as follows:

F = α
√
φ(z,ρ),

where α = |ȳ|, z =
y0

|ȳ| , ρ = |x̄| and φ is a suitable function on R2.
Throughout this paper, our index conventions are as follows:

0 ≤ A, B, . . . ≤ n,

1 ≤ i, j, . . . ≤ n.
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For a Finsler warped product metric F = α
√
φ(z,ρ), the fundamental form 1 =

1ABdxA
⊗ dxB is given by:

(1AB) =

 1
2φzz

1
2 Ωz

y j

α
1
2 Ωz

yi

α
1
2 Ωδi j −

1
2 zΩz

yi y j

α2

,

where Ω := 2φ− zφz. Then:

det(1AB) =
1

2n+1
Ωn−1Λ,

where Λ := 2φφzz −φ2
z .

Henceforth, assume F is non-degenerate. In this case, the inverse of (1AB) is:

(
1AB

)
=

 2
Λ (Ω − zΩz) −

2
Λ Ωz

y j

α

−
2
Λ Ωz

yi

α
2
Ωδ

i j +
2φzΩz

ΩΛ
yi y j

α2

.

Proposition 1 ([15]). F = α
√
φ(z,ρ) is strongly convex if and only if Ω, Λ > 0.

The spray coefficients GA are defined by:

GA :=
1
4
1AC

[(
F2

)
yCxB yB

−

(
F2

)
xC

]
.

The Riemann curvature of F is a family of endomorphisms:

Ry = RA
BdxB

⊗
∂

∂xA : TxM→ TxM,

defined by:

RA
B :=2

(
GA

)
xB −

(
GA

)
xC yB yC + 2GC

(
GA

)
yC yB −

(
GA

)
yC

(
GC

)
xB .

For the Riemannian curvature RA
B of the Finsler warped product metric F = α

√
φ(z,ρ),

we have [15]:

R0
0 =[ρ2(U + zV)Wz − (2ρ2W + 1)(Uz + V + zVz)]α

2

+ [2(V + W)(Uz + V + zVz) − (Vz + Wz)(U + zV)

+ 2U(Uzz + 2Vz + zVzz) −
1
ρ
(Uρz + Vρ + zVρz)

− (Uz + V + zVz)
2
− (U − zUz − z2Vz)Vz]

〈
x̄, ȳ

〉2,

R0
j =z[(2ρ2W + 1)(V + Uz + zVz) − ρ

2Wz(U + zV)]αy j

+ [z(U + zV)(Vz + Wz) − 2zU(Uzz + 2Vz + zVzz)

+ (U − zUz − z2Vz)(5W −Uz) −
1
ρ
(Uρ − zUρz − z2Vρz)]

〈
x̄, ȳ

〉2 y j

α

+ [(U + zV)(Uz −V + zVz − 2W) + (V − 3W)(U − zUz − z2Vz)

+
1
ρ
(Uρ + zVρ)]

〈
x̄, ȳ

〉
αx j,
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Ri
0 =[ρ2Wz(V −W) − (2ρ2W + 1)Vz]αyi + [(2W −V −Uz)(Vz + Wz)

+ 2U(Vzz + Wzz) −
1
ρ
(Vρz + Wρz)]

〈
x̄, ȳ

〉2 yi

α

+ [(Uz −W)Wz − 2UWzz +
1
ρ

Wρz]
〈
x̄, ȳ

〉
αxi,

Ri
j = − [2W + (2ρ2W + 1)(V + W)]α2δi

j

+ [(V + W)2 + 2U(Vz + Wz) −
1
ρ
(Vρ + Wρ)]

〈
x̄, ȳ

〉2δi
j

+ [2W(2W − zWz) + Wz(U − zW) −
2
ρ

Wρ]α
2xix j + [(V + W)

+ z(Vz + Wz)(2ρ2W + 1) + (ρ2(V + W) + 1)(2W − zWz)]yiy j

− [2zU(Vzz + Wzz) + (3U − zUz − zV + 5zW)(Vz + Wz).

−
z
ρ
(Vρz + Wρz)]

〈
x̄, ȳ

〉2 yiy j

α2 + [−(2W − zWz)
2
− 2U(Wz − zWzz)

+
1
ρ
(2Wρ − zWρz) + Wz(U − zUz − z2Wz)]

〈
x̄, ȳ

〉
xiy j

+ [−(V + W)2 + (Vz + Wz)(U + 3zW) +
1
ρ
(Vρ + Wρ)]

〈
x̄, ȳ

〉
x jyi,

where
〈
x̄, ȳ

〉
:=

∑n
k=1 xkyk,

U :=
1

2ρΛ

(
2φφρz −φρφz

)
, V :=

1
2ρΛ

(
φρφzz −φzφρz

)
, W :=

1
2ρΩ

φρ. (1)

Thus, the Ricci curvature of F = α
√
φ(z,ρ) is [15]:

Ric := RA
A

=[−(2ρ2W + 1)(Uz + nV + (n− 3)W) − 2(nW + ρWρ − ρ
2Wz(U − zW))]α2

+ [2U(Uzz + nVz + (n− 2)Wz) −
1
ρ
(Uρz + nVρ + (n− 3)Wρ)

+ nV(V + 2W) + W((n− 5)W + 2zWz) + Uz(2W −Uz)]
〈
x̄, ȳ

〉2.

3. χ-Curvature

In this section, we first derive the expression for the χ-curvature of a Finsler warped
product metric F = α

√
φ(z,ρ). Then, we obtain differential equations of such metrics with

vanishing χ-curvature.

Lemma 1 ([15]). For a Finsler warped product metric F = α
√
φ(z,ρ), the χ-curvature of F is

given by:

χ0 = (
1
ρ

Ψρz − 2UΨzz − 2WΨz)

〈
x̄, ȳ

〉2

α
+ (2ρ2W + 1)Ψzα,

χi = [2zUΨzz −
z
ρ

Ψρz + 2(U + 2zW)Ψz]

〈
x̄, ȳ

〉2

α2 yi

− z(2ρ2W + 1)Ψzyi
− 2(U + zW)Ψz

〈
x̄, ȳ

〉
xi,

where
Ψ := Uz + (n + 2)V + (n− 1)W.
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Lemma 2 ([15]). For n ≥ 2, Aα2 + B
〈
x̄, ȳ

〉2 = 0 if and only if A = 0 and B = 0, where A, B are
functions of z and ρ.

Lemma 3. For n ≥ 2:

Aα2yi + B
〈
x̄, ȳ

〉
α2xi + C

〈
x̄, ȳ

〉2yi = 0 (2)

if and only if A = 0, B = 0 and C = 0, where A, B, C are functions of z and ρ.

Proof. “Necessity”. Suppose that (2) holds. Contracting (2) with yi, we have:

Aα2 + (B + C)
〈
x̄, ȳ

〉2 = 0.

By Lemma 2, we obtain A = 0, B + C = 0.
Thus, (2) can be simplified as B

(
α2xi
−

〈
x̄, ȳ

〉
yi
)
= 0. Contracting it with xi yields:

B
(
ρ2α2

−
〈
x̄, ȳ

〉2
)
= 0.

We obtain B = 0. Thus, A = 0, B = 0 and C = 0.
“Sufficiency”. It is obviously true. �

Theorem 2. Let F = α
√
φ(z,ρ) be a Finsler warped product metric on an (n + 1)-dimensional

manifold M = R×Rn (n ≥ 2), where α = |ȳ|, z =
y0

|ȳ| ,ρ = |x̄|. Then F has vanishing χ-curvature
if and only if φ satisfies Ψz = 0.

Proof. “Necessity”. Suppose that F has vanishing χ-curvature, i.e., χ0 = 0,χi = 0. For
χ0 = 0, by Lemma 1 and Lemma 2, we obtain that: 0 = −2ρUΨzz + Ψρz − 2ρWΨz, (3)

0 =
(
2ρ2W + 1

)
Ψz. (4)

Since χi = 0, by Lemma 1 and Lemma 3, we obtain that:{
0 = 2ρzUΨzz − zΨρz + 2ρ(U + 2zW)Ψz, (5)

0 = (U + zW)Ψz. (6)

Since (5) − 2ρ× (6) = −z × (3), F has vanishing χ-curvature if and only if:
0 =

(
2ρ2W + 1

)
Ψz,

0 = 2ρzUΨzz − zΨρz + 2ρ(U + 2zW)Ψz,

0 = (U + zW)Ψz.

(7)

We divide the problem into two cases:
Case(i) Ψz = 0. It is easy to verify that (7) holds.
Case(ii) Ψz , 0. We see that (7) is equivalent to:

0 = 2ρ2W + 1, (8)

0 = U + zW, (9)

0 = 2ρUΨzz −Ψρz + 2ρWΨz. (10)

By (8), we have:

W = −
1

2ρ2 .
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Substituting it into W := 1
2ρΩφρ yields:

2φ− zφz + ρφρ = 0. (11)

Plugging W = − 1
2ρ2 into (9), we obtain:

U =
z

2ρ2 .

By (11) and V := 1
2ρΛ

(
φρφzz −φzφρz

)
, we have:

V = −
1

2ρ2 .

Finally, we obtain Ψ := Uz + (n + 2)V + (n− 1)W = − n
ρ2 . Hence, Ψz = 0, which is a

contradiction to our assumption.
“Sufficiency”. It is obvious by Lemma 1.
This completes the proof of Theorem 2. �

4. H-Curvature

In this section, we derive the expression for the H-curvature of Finsler warped product
metric F = α

√
φ(z,ρ). Then, we obtain differential equations of such metrics with vanishing

H-curvature.
The H-curvature can be expressed in terms of χ-curvature [8], that is:

Hi j =
1
4

(
χi. j + χ j.i

)
. (12)

Lemma 4. For a Finsler warped product metric F = α
√
φ(z,ρ), the H-curvature is given by:

H00 =[
1

2ρ
Ψρzz − (Uz + W)Ψzz −UΨzzz −WzΨz]

〈
x̄, ȳ

〉2

α2 +
1
2
(2ρ2W + 1)Ψzz + ρ2WzΨz,

H0i =
1
2
[−

z
ρ

Ψρzz + 2zUΨzzz −
1
ρ

Ψρz + (3U + 3zW + 2zUz)Ψzz + (3zWz + 3W + Uz)Ψz]

〈
x̄, ȳ

〉2

α3 yi

+
1
2
[
1
ρ

Ψρz − (3U + zW)Ψzz − (3W + Uz + zWz)Ψz]

〈
x̄, ȳ

〉
α

xi

−
z
2
[2ρ2WzΨz + (2ρ2W + 1)Ψzz]

yi

α
,

Hi j =
1
2
[−2z(4U + zUz + 2zW)Ψzz − 2z2UΨzzz +

3z
ρ

Ψρz +
z2

ρ
Ψρzz

− 2(6zW + zUz + 2z2Wz + 2U)Ψz]

〈
x̄, ȳ

〉2

α4
yiy j

+
z
2
[(2ρ2W + 1 + 2zρ2Wz)Ψz + z(2ρ2W + 1)Ψzz]

yiy j

α2

+
1
2
[(zUz + 5zW + z2Wz + 2U)Ψz + z(3U + zW)Ψzz −

z
ρ

Ψρz]

〈
x̄, ȳ

〉
α2 (xiy j + x jyi)

+
1
2
[2zUΨzz −

z
ρ

Ψρz + 2(U + 2zW)Ψz]

〈
x̄, ȳ

〉2

α2 δi j

−
z
2
(2ρ2W + 1)Ψzδi j − (U + zW)Ψzxix j.
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Proof. For a Finsler warped product metric F = α
√
φ(z,ρ):

H =HABdxA
⊗ dxB

=H00dx0
⊗ dx0 + H0 jdx0

⊗ dx j + Hi0dxi
⊗ dx0 + Hi jdxi

⊗ dx j,

where H00 = 1
4 (χ0.0 +χ0.0), H0 j =

1
4 (χ0. j +χ j.0), Hi0 = 1

4 (χi.0 +χ0.i) and Hi j =
1
4 (χi. j +χ j.i).

Differentiating χA with respect to y, we obtain:

χ0.0 =[
1
ρ

Ψρzz − 2(Uz + W)Ψzz − 2UΨzzz − 2WzΨz]

〈
x̄, ȳ

〉2

α2 + (2ρ2W + 1)Ψzz + 2ρ2WzΨz,

χ0.i =[−
z
ρ

Ψρzz + 2zUΨzzz −
1
ρ

Ψρz + 2(zUz + zW + U)Ψzz + 2(zWz + W)Ψz]

〈
x̄, ȳ

〉2

α3 yi

+ 2(
1
ρ

Ψρz − 2UΨzz − 2WΨz)

〈
x̄, ȳ

〉
α

xi

+ [(2ρ2W + 1− 2zρ2Wz)Ψz − z(2ρ2W + 1)Ψzz]
yi

α
,

χi.0 =[−
z
ρ

Ψρzz + 2zUΨzzz −
1
ρ

Ψρz + 2(zUz + 2zW + 2U)Ψzz + 2(Uz + 2zWz + 2W)Ψz]

〈
x̄, ȳ

〉2

α3 yi

− 2[(U + zW)Ψzz + (Uz + zWz + W)Ψz]

〈
x̄, ȳ

〉
α

xi

− [z(2ρ2W + 1)Ψzz + (2ρ2W + 1 + 2zρ2Wz)Ψz]
yi

α
,

χi. j =[−2z2UΨzzz +
z2

ρ
Ψρzz − 2z(4U + zUz + 2zW)Ψzz +

3z
ρ

Ψρz

− 2(6zW + zUz + 2z2Wz + 2U)Ψz]

〈
x̄, ȳ

〉2

α4
yiy j

+ z[(2ρ2W + 1 + 2zρ2Wz)Ψz + z(2ρ2W + 1)Ψzz]
yiy j

α2

+ 2z[(Uz + W + zWz)Ψz + (U + zW)Ψzz]

〈
x̄, ȳ

〉
α2 xiy j

+ 2[2(U + 2zW)Ψz + 2zUΨzz −
z
ρ

Ψρz]

〈
x̄, ȳ

〉
α2 x jyi

+ [2zUΨzz −
z
ρ

Ψρz + 2(U + 2zW)Ψz]

〈
x̄, ȳ

〉2

α2 δi j − z(2ρ2W + 1)Ψzδi j − 2(U + zW)Ψzxix j.

By simple calculations, we obtain the expression of HAB. �

Lemma 5. For n ≥ 2:

Aα4xi + B
〈
x̄, ȳ

〉2α2xi + C
〈
x̄, ȳ

〉
α2yi + D

〈
x̄, ȳ

〉3yi = 0 (13)

if and only if A = 0, B = 0, C = 0 and D = 0, where A, B, C, D are functions of z and ρ.

Proof. “Necessity”. Suppose that (13) holds. Contracting (13) with yi yields:

A
〈
x̄, ȳ

〉
α4 + B

〈
x̄, ȳ

〉3α2 + C
〈
x̄, ȳ

〉
α4 + D

〈
x̄, ȳ

〉3α2 = 0,

that is:
(A + C)α2 + (B + D)

〈
x̄, ȳ

〉2 = 0.

By Lemma 2, we obtain C = −A, D = −B.
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Thus, (13) can be simplified as Aα4xi + B
〈
x̄, ȳ

〉2α2xi
− A

〈
x̄, ȳ

〉
α2yi

− B
〈
x̄, ȳ

〉3yi = 0.
Contracting it with xi yields:(

ρ2α2
−

〈
x̄, ȳ

〉2
)[

Aα2 + B
〈
x̄, ȳ

〉2
]
= 0.

By Lemma 2, we obtain A = 0 and B = 0. Thus, A = 0, B = 0, C = 0 and D = 0.
“Sufficiency”. It is obviously true. �

Lemma 6. For n ≥ 2:

A
〈
x̄, ȳ

〉2yiy j + Bα2yiy j + Cα4xix j + D
〈
x̄, ȳ

〉
α2

(
xiy j + x jyi

)
+ E

〈
x̄, ȳ

〉2α2δi j + Fα4δi j = 0 (14)

if and only if A = 0, B = −F = Cρ2 and E = C = −D, where A, B, C, D, E, F are functions of z
and ρ. In particular, for n > 2, if (14) holds, then A = B = C = D = E = F = 0.

Proof. “Necessity”. Suppose that (14) holds. Contracting (14) with y j, we have:

(B + F)α2yi + (C + D)
〈
x̄, ȳ

〉
α2xi + (A + D + E)

〈
x̄, ȳ

〉2yi = 0.

By Lemma 3, we obtain F = −B, D = −C and E = −A + C.
Thus, (14) can be simplified as A

〈
x̄, ȳ

〉2yiy j +Bα2yiy j +Cα4xix j
−C

〈
x̄, ȳ

〉
α2

(
xiy j + x jyi

)
+

(−A + C)
〈
x̄, ȳ

〉2α2δi j − Bα4δi j = 0. Contracting it with x j yields:(
Cρ2
− B

)
α4xi
−A

〈
x̄, ȳ

〉2α2xi +
(
B−Cρ2

)〈
x̄, ȳ

〉
α2yi + A

〈
x̄, ȳ

〉3yi = 0.

By Lemma 5, we obtain Cρ2
− B = 0 and A = 0. Thus, A = 0, B = −F = Cρ2 and

E = C = −D.
In this case, (14) can be rewritten as:

α2C
[
ρ2yiy j + α2xix j

−
〈
x̄, ȳ

〉
(xiy j + x jyi) +

〈
x̄, ȳ

〉2δi j
− ρ2α2δi j

]
= 0. (15)

Now putting i = j and taking summation over i, we obtain:

(n− 2)Cα2
(〈

x̄, ȳ
〉2
− ρ2α2

)
= 0.

Thus, when n = 2, the above equation always holds; when n > 2, we obtain C = 0. Thus,
A = B = C = D = E = F = 0.

“Sufficiency”. When n > 2, it is obviously true. When n = 2, we see that the right side
of (14) is reduced to the left side of (15). Furthermore, we have that (15) holds for any i and
j (1 ≤ i, j ≤ 2). Thus, (14) holds. This completes the proof of Lemma 6. �

Theorem 3. Let F = α
√
φ(z,ρ) be a Finsler warped product metric on an (n + 1)-dimensional

manifold M = R×Rn (n ≥ 2), where α = |ȳ|, z =
y0

|ȳ| ,ρ = |x̄|. Then, F has vanishing H-curvature
if and only if φ satisfies Ψz = 0.

Proof. “Necessity”. Suppose that F has vanishing H-curvature, i.e, H00 = 0, H0i = 0,
Hi j = 0. Since H00 = 0, by Lemma 4 and Lemma 2, we obtain that: 0 =

[
2ρUΨzz −Ψρz + 2ρWΨz

]
z
, (16)

0 =
[(

2ρ2W + 1
)
Ψz

]
z
. (17)

For H0i = 0, by Lemma 4 and Lemma 3, we obtain that:
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0 = 2ρzUΨzzz − zΨρzz + ρ(3U + 3zW + 2zUz)Ψzz −Ψρz

+ρ(3zWz + 3W + Uz)Ψz, (18)

0 = ρ(3U + zW)Ψzz −Ψρz + ρ(3W + Uz + zWz)Ψz. (19)

Since Hi j = 0, by Lemma 4 and Lemma 6, we have that:

0 = 2ρz2UΨzzz − z2Ψρzz + 2ρz(4U + zUz + 2zW)Ψzz − 3zΨρz

+2ρ
(
6zW + zUz + 2z2Wz + 2U

)
Ψz, (20)

0 = z
(
2ρ2W + 1

)
Ψzz +

[
(1− z)

(
2ρ2W + 1

)
+ 2ρ2zWz

]
Ψz, (21)

0 =
[
z
(
2ρ2W + 1

)
+ 2ρ2(U + zW)

]
Ψz, (22)

0 = 2ρ2zUΨzz − ρzΨρz +
[
2ρ2(U + 2zW) − z

(
2ρ2W + 1

)]
Ψz, (23)

0 = ρz(5U + zW)Ψzz − 2zΨρz + ρ
(
zUz + 9zW + z2Wz + 4U

)
Ψz. (24)

(21) − z× (17) yields:
(1− z)

(
2ρ2W + 1

)
Ψz = 0.

(22) + (23) yields:

4ρ2(U + zW)Ψz + ρz
(
2ρUΨzz −Ψρz + 2ρWΨz

)
= 0.

(24) − 2z× (19) yields:

−z(U + zW)Ψzz +
[
−z2Wz + 4(U + zW) − z(W + Uz)

]
Ψz = 0.

Since (18) = (19) + z × (16) and (20) = z2
× (16) + z × (19) + (24), F has vanishing

H-curvature if and only if:

0 =
[
2ρUΨzz −Ψρz + 2ρWΨz

]
z
, (25)

0 =
[(

2ρ2W + 1
)
Ψz

]
z
, (26)

0 = ρ(3U + zW)Ψzz −Ψρz + ρ(3W + Uz + zWz)Ψz, (27)

0 = (1− z)
(
2ρ2W + 1

)
Ψz, (28)

0 =
[
z
(
2ρ2W + 1

)
+ 2ρ2(U + zW)

]
Ψz, (29)

0 = 4ρ2(U + zW)Ψz + ρz
(
2ρUΨzz −Ψρz + 2ρWΨz

)
, (30)

0 = −z(U + zW)Ψzz +
[
−z2Wz + 4(U + zW) − z(W + Uz)

]
Ψz. (31)

We divide the problem into two cases:
Case(i) Ψz = 0. It is easy to verify that (25)–(31) hold.
Case(ii) Ψz , 0. From (28), we can see 2ρ2W + 1 = 0. Thus, Wz = 0. Plugging

2ρ2W + 1 = 0 into (29) yields:
U + zW = 0.

Differentiating it with respect to z and combining this with Wz = 0, we have Uz + W = 0.
Substituting 2ρ2W + 1 = 0 and U + zW = 0 into (27) yields:

2ρUΨzz −Ψρz + 2ρWΨz = 0.
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It is easy to verify that (25), (26), (30) and (31) hold. Now F has vanishing H-curvature if
and only if the following hold:

0 = 2ρ2W + 1,
0 = U + zW,
0 = 2ρUΨzz −Ψρz + 2ρWΨz.

The result is the same as in Case(ii) of Theorem 2. This is a contradiction.
“Sufficiency”. It is obvious by Lemma 4.
This completes the proof of Theorem 3. �

Proof of Theorem 1. By Theorem 2 and Theorem 3, the result is obvious. �

Example 1. (Minkowski metrics). Let φ = φ(z,ρ) be a function defined by:

φ(z,ρ) = e2z,

where |z| < 1. We have the Finsler warped product metric:

F = α
√
φ = αez.

Since Ω = 2(1− z)e2z > 0, Λ = 4e4z > 0, by Proposition 1, we obtain that F = α
√
φ gives a

positive-definite metric. We know that Ψz = 0. By Theorems 2 and 3, we have that its χ-curvature
and H-curvature vanish.

Example 2. (Randers metrics). Let φ = φ(z,ρ) be a function defined by:

φ(z,ρ) =
(

f (ρ)z +
√

f 2(ρ)z2 + 1(ρ)
)2

,

where 1(ρ) > 0 and f (ρ)z +
√

f 2(ρ)z2 + 1(ρ) > 0. We have the Finsler warped product metric:

F = α
√
φ = α( f (ρ)z +

√
red f 2(ρ)z2 + 1(ρ)).

Since Ω =
21(ρ)φ

1
2

√
f 2(ρ)z2+1(ρ)

> 0, Λ =
4 f 2(ρ)1(ρ)φ

3
2

( f 2(ρ)z2+1(ρ))
3
2
> 0, by Proposition 1, we obtain that

F = α
√
φ gives a positive-definite metric. We know that Ψz = 0. By Theorems 2 and 3, we have

that its χ-curvature and H-curvature vanish.

Example 3. (Quadratic polynomial). Let φ = φ(z,ρ) be a function defined by:

φ(z,ρ) = c2z2 + c1(ρ)z + c0c2
1(ρ),

where c0, c2 are constants, |z| < 1, 4c0c2 > 1 and 2c0c1(ρ) > 1. We have the Finsler warped
product metric:

F = α
√
φ = α

√
c2z2 + c1(ρ)z + c0c2

1(ρ).

Since Ω = c1(ρ)(z + 2c0c1(ρ)) > 0, Λ = c2
1(ρ)(4c0c2 − 1) > 0, by Proposition 1, we obtain that

F = α
√
φ gives a positive-definite metric. We know that Ψz = 0. By Theorems 2 and 3, we have

that its χ-curvature and H-curvature vanish.

5. Conclusions

Non-Riemannian quantities play an important role in Finsler geometry. In this paper,
we firstly obtain differential equations of Finsler warped product metrics with vanishing
χ-curvature or vanishing H-curvature. Based on these, we obtain that the χ-curvature
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vanishes if and only if the H-curvature vanishes. Since the solution of Ψz = 0 is unknown,
the classification of such metrics is to be continued.
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