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1. Introduction

Fractional differential equations (FDEs) have attracted great interests in the past sev-
eral decades as FDEs are widely used in many fields, see [1-5]. In recent years, many
papers have investigated the existence, multiplicity and non-existence of solutions for
initial value problems (IVPs) or boundary value problems (BVPs) of various classes of
FDEs (conformable FDEs [6], impulsive FDEs [7], coupled system of FDEs [8-10], hy-
brid FDEs [11-13], fractional relaxation DEs [14], variable-order FDEs [15]); also see the
references therein.

BVPs with positive solutions have played a very important role in the study of mathe-
matical physics problems; see [16-19]. There are some very recent interesting results on
this topic; see [16,20-25], and the references therein. Bai and Lii [26] studied the existence
of positive solutions of the BVP

D, u(t) + f(Lu(t) =0, te (0,1), M

u(0) =u(1) =0, (2)

where 1 < a <2, D§, is the Riemann-Liouville fractional differentiation, f : [0,1] x [0,00) —
[0, 00) is a continuous function, and u : [0,1] — [0, +o0) is the positive solution of (1) and (2).
By using the techniques of fixed-point theorems, they obtained some existence results

under the conditions that the nonlinearity f and the corresponding Green’s function are
non-negative. Li et al. [27] considered a class of FDEs with four point boundary condition.
By means of the Avery-Peterson theorem, they derived the existence result of positive
solutions based on the assumption that the nonlinearity is non-negative.

To the best of our knowledge, in most of the existing studies found in the literature,
the non-negative conditions of the nonlinearity or the Green’s function are fundamental to
creativecommons.org/licenses /by / obtaining the positive solutions [28]. Hence, a natural question is what would happen if
40/). the nonlinearity or the Green’s function is sign-changing. Several papers have considered
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the positive solutions for BVPs with sign-changing nonlinearity and sign-changing Green’s
function [28-34]. Ma [29] studied the BVP with sign-changing Green’s function:

u’(t) +a(tyu(t) = Ab(t)f(u(t)), t€(0,T), ®)
u(0) = u(T), u'(0) =u(T), 4)

f,a and b are given functions, and A is a parameter. Some suitable assumptions of f, 2 and
b are imposed, wherein they obtained the existence and nonexistence of positive solutions
for the above problem.

Motivated by the above works, this paper considers the periodic BVP with sign-
changing nonlinearity and Green'’s function:

(CDg, u)(t) — Mu(t) — Ag(t)f(u(t)) =0, t€(0,1), ®)

u(0) = u(1), u'(0)=u'(1), (6)

where 1 < a < 2, CDS , is the Caputo fractional derivative (FD), M > 0 is a constant, A is a
parameter and g : [0,1] — [0, c0) is a continuous function, f : [0,00) — R is a continuous
function and f(0) > 0. In [3] (Equation (9.37)), Podlubny pointed out, with « = 1.0315,
the FDE of (5) and (6) is good at depicting the model of a re-heating furnace. The most
remarkable feature of the paper is its capability to obtain the results of the existence and
nonexistence of positive solutions under the conditions that the nonlinearity f and the
Green’s function are sign-changing.

The paper is organized as follows. In Section 2, some notations and definitions of
fractional calculus are introduced, and a lemma is proven. In Section 3, some useful criteria
of existence and nonexistence for the BVPs of (5) and (6) are established. In Section 4, two
examples are presented to illustrate the main results. Finally, a conclusion of the paper
is presented.

2. Preliminaries

Definition 1 ([2] (p. 69, Equation (2.1.1)). Let [a, b] be a finite interval on the real axis R. The
Riemann—Liouville fractional integral 17, f of order « is defined by

X
(1%, F)(x) = —— / (x— (Bt x> a a> 0. @)
T'(a) Ja
Definition 2 ([2] (p. 70, Equation (2.1.5))). The Riemann—Liouville fractional derivative D}, y
of order w is defined by
d 1 d\n [x e
(D69)(0) = () W90 = gy () [ =" y(dt, =] +1:x >0, ®)

where [«] means the integral part of .

Definition 3 ([2] (pp. 90-91, Equation (2.4.1))). The Caputo fractional derivative D%, y(x) of
order o on [a, b] is defined via the above Riemann—Liouville fractional derivatives by

y<k>

(“Diy) () = (D, [y(t) 2 (t=a)]) (), ©)

wheren = [a] 4+ 1 for & ¢ No;n = for o € No, Ng = {0,1,--- }

Lemma 1 ([2] (p. 230)). The Cauchy problem
(DY y)(x) —My(x) = f(x) (a<x<bn—-1<a<mnecN, MER; f(x)€ Clab]), (10)
y(k)(a):bk (bkER}kZO,l,"',n—l), (11)
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has a unique solution

n—1 )
y(x) = ¥ bilx = VB (MG = ") + [ (6= D" Ean(M(x = ) f(0, (12)
j=0
where Ey p(z) = E (“k 5y i the Mittag-Leffler (ML) function.
k=0

Next, we shall prove a lemma which is very useful in proving our main results.

Lemma 2. Assume that M > 0 satisfies

(1 - ( )) 7é EIX IX( )Ea,Z(M) (13)
Then, the BVP
(°Dg u)(t) — Mu(t) = f(t), t€(0,1), 1<a<2, f(t)e€C[01], (14)
u(0) = u(1), u'(0) =w'(1), (15)
has a unique solution
1
u(t) = /0 G(t,s)f(s)ds,t € [0,1], (16)

where

(1=Eq1 (M) Ew1 (M) + § Ena (M) Eqp (MH")
r (M)

(1—5)*1Eu o (M(1 —5)%)

Eqn(M)Eg,1 (Mt*)+t(1—Ey 1 (M))Egp (Mt")

+ (M) (1 _s)aizEa,txfl(M(l _S>“)

G(t,s)

+(t =) Egu (M(t — 5)%), s<t, (17)

(1=Eq1 (M) Eq1 (M) +  Ena (M) Eq o (ME")
F (M)

(1—8)%1Ey o (M(1—5)%)

+Ea,z(M)Ea,l(Mf“)'i;gllw—)lfa,l(M))Eu,z(Mf“) (1- S)'szEa,a—l (M(1—s)*), t<s,

and
F(M) = (1= By (M) = Fua(M)Eq2(M). (18)

Proof. By Lemma 1, we can obtain the solution for the problem of (14), subject to the
following initial conditions:
u(0) = by, u'(0) =b (19)

() = boEg 1 (M) + by tEq o (M) +/ Y 1B (M(E—s)*)f(s)ds.  (20)

Using the properties of the ML function (see p. 42 of [2]):

d, 4 _

5 (P Ea g(M1)) = 2B gy (MEY), p=2,a, (21)
d ® 2 ® 1 o
a(Ea,l(Mt )) = Ea,lJrzx(Mt ) = &Ea,tx(Mt )r (22)
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we have
1 t
W (8) = by Eaa (M) 0 Ea g (M) + [ (8= 9)* 2Eu 1 (MU= ) f(5)ds. (23)
From (15), (20) and (23), it implies that:
1
u(1) = by = bpEy1(M) 4 b1Eg2(M) +/0 (1 —35)* YEuu(M(1—5)*)f(s)ds, (24)
1 1
/(1) = by = b Eua(M) + By (M) + | (1= 5)* 2Enacs (M(1=9))f(s)ds.  (25)
Since (13) holds, it implies F (M) # 0. Thus:
1—E1(M))En1 (Mt*)+ L Eq o (M)Eqp(ME*) 1 _
u(t) —_ ( A(M))Eqa( F(ﬂ_) (M)Eqn( )fO (1—3)“ lE,x,a(M(l—S)“)f(S)dS
+Eu,z(M)Ea,l(Mf“)'*;gw—)Ea,l(M))Ea/z(Mf“) fol (1- S)”‘_ZE“,,X,l(M(l — $)%)f(s)ds
(26)
+ fo (£ = 5)*  Eqa(M(t = 5)*)f(s)ds
= [1G(t,5)f(s)ds.
O
Remark 1. If f(-) € CI0,1], then the improper integral in Lemma 2 is:
1
/ (1= 8)¥ 2Eg o1 (M(1 — 5)%)f(s)ds < co. 27)
0
3. Main Results
Lemma 3. Let .
Ea,l(M> > Ea,Z(M) +1, Etx,l (M) > &Etx,a(M) +1 (28)
holds. Suppose that
(i) h:R — Risa continuous function and |h(-)| < N for some constant N > 0.
(i) g :[0,1] — [0, 00) is a continuous function.
Then, for every A € R, the BVP
(“Dg4u)(t) = Mu(t) = Ag(Hh(u(t)) =0, te€(0,1), (29)
u(0) = u(1), ' (0) =u'(1), (30)
has a solution u, € X, where X is the Banach space C[0, 1] with the norm ||u|| = nax lu(t)].
Proof. Consider the operator A, : X — X defined by:
1
Au(t) = /\/ G(t,5)g(s)h(u(s))ds, e [0,1]. (31)
0

From Lemma 2, we can obtain and determine that the solutions of the BVPs (29) and (30)
are fixed points of A,. Next, we will prove that all the fixed points of A, are solutions of

the BVPs (29) and (30). In fact, Let u(t) = A u(t). Then
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u(t) = boEy1(Mt*) 4 bytEy o (Mt*) + /Ot(t — ) LEy o (M(t —5)*)Ag(s)h(u(s))ds, (32)

where
by = A=Exa (M) J&(lfs)“”EM(M(H)“)Ag(s)h(u(s))d(ﬁ)@;(M) Jo (1=5)*2Eg o1 (M(1—5)* )Ag(s)(u(s))ds (33)
F (M 4
by — aFaa(M) Jo (1-5) " Eaa(M(1-5) ) Ag(s)h(u(s))ds-+ (1~ Eqs (M) Jy (1) Eaa1 (M(1=5))Ag(5)h(11(5))ds (34)
1= F (M) :

[ At (t) =

Hence, from Lemma 1, we know that u(t) satisfies the problem of (29), subject to the
following conditions:
u(0) = by, u'(0) = by. (35)

Moreover, through (32)-(34), together with the properties of the ML function (21) and (22),
we can obtain u(t), which satisfies (30). Thus, u(t) is a solution of the BVPs (29) and (30).

Next, we use the Schaefer’s fixed-point theorem to consider the fixed points of A .
Here, (a) we will prove that A, is a continuous operator. Denote {u, } to be a sequence,
which satisfy u, — u,

Mu()] <A fy 1G(E9)|g() Ih(ua(s)) — h(u(s))lds

< AL fy Tl (Eaa (M) = 1)(1 = 5) + Ega (M) (2 — 1))

(1= 5)* 2Eq o1 (M(1—5)")g(s)|h(un(s)) — h(u(s))|ds (36)
< |A] - ZE B (B g (M) — 1+ Ega (M)
Jo (1= )" 2Eqo 1 (M(1 = 5)*)g(s) | h(un(s)) — h(u(s))|ds.

From the definition of the ML function, it achieves

. ) ak
./0 (1—8)"2Ey s 1(M(1—5s)" )ds—/ (I—s)"" ZN,IXk(_i_‘X_)l)

ds = Exn(M) (37)

is bounded. Note that & and g are both continuous, and so we obtain
A uy — Ajull =0, n— oo. (38)

Thus, A, is a continuous operator.
(b) We shall show that A, is uniformly bounded in X. For each u € X,

(Al <AL fy (Gt 5)Ig(s) | (u(s))|ds
(39)

2E,1(M)—=1)(Eg1(M)=14E4 (M
< [A] - CEaa GO B B2 M) | By (M)N

This implies that A, is uniformly bounded.
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(c) We will verify that A is equicontinuous in X. For each t1,t, € [0,1], 1 < tp:
[Agu(tz) — Apu(t)|

< |A [ G(ta,5)g(s)h(u — A Jy G(t,8)g(s)h(u(s))ds|

o Bt (M) 1) (Ey (M) Ey (M) Eua (M) Eua (M)~ Eg (M)
< A 7T

o (1= )" Enu(M(1 = 5)*)g(s)h(u(s))ds

(40)
(B (1)~ B (M) o (M) 1) 1B (M)~ 10 g (M)
f

+|/\| Ea,Q(M)

Jo (1= 9)"2Eqq 1 (M(1 = 5)%)g(s)h(u(s))ds
HIAL fy (b2 = )% B (M(tz — 5)%)g(s)(u(s))ds
— AL Jy" (b1 = 8)* " Ena(M(t1 — 5)*)g(s)h (u(s) )ds.
Note that
Jo2 (b2 = )" Eqa(M(ty — 5)%)ds — [ (1 — )" Eqa(M(ty — 5)*)ds

b ol Mk(tzfs)“kﬂ"*l t ol Mk(tlfs)’)‘kﬂ"*l
fO kgo T (ak+a) ds — 0 kgo T (ak+a) ds

i k k
_ kzo % Otz(tz _ S)zxk+o¢—1ds Z - i\f+a) (tl _ S)ak—i—a 1dg (41)

trxk—i—oc tzxk—Hx

[e9)
Z lxk+tx+1) Z I'( ak+zx+l)

= t%Euc,aJrl(MtDz‘) - tli‘Eoc,szrl (Mt%)'

Therefore, the right hand side of (40) — 0 as t; — t». Then, A, is equicontinuous in X.
Due to (a), (b), (c) and the Arzela—Ascoli theorem, we can determine that A, is completely
continuous.

(d) It remains to show that the set QO = {u € X|u = pA u, 0 < u < 1} is bounded.
Letu € Q. Then, u = pA u, 0 < p < 1. For each t € [0,1], we have

()] = eaya(o)] < |3 Pt D = DB R LT Ea B e, . a2

Hence, () is bounded. Through the Schaefer’s fixed-point theorem, we can discern that A,
has a fixed point. [

Remark 2. The function G(-,-) defined by (17) may change sign on (0,1) x (0,1).
In fact, fors < t:

G(t)s) = (1*’511,1(M))Ea/l(M;?x)ﬁEa,a(M)Ea,z(Mf“) (1—8) 1 Euq(M(1—5)%)

4 Eafz(M)Ea,l(Mt"‘)j;tgll\/;)Ea,l(M))Ea,z(Mt“) (1- s)”‘*ZEM,l(M(l B s)”‘)

+(t = 8)¥ TEy o (M(t —5)*).
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Note that
00 Mk(lfs)“k 00 Mk S)lxk
YA _ - IAYS
Ba (MO =9)") = Y e 5 2 o 1) L s = = DEa(M =), 3)
wehave (1= Ean (M) + (2 1) Ega(M)
< B ZaaM)+ = DEp (M) < 44
G(OIO) = (D(— 1)F(M) vc,oc—l(M) = O/ ( )
G(l S) — (17Ea/l (M))Ea/l (M)+%E1x,lx(M)Ea,2(M) (1 _ S)txflEa ,X(M(l _ S)[X)

F (M)

+(1—8)* TEg o (M(1 —5)%)

> (1—Ea,1(M))(llf—(slzd‘i)'(“—l)Ea,z(M) (1- S)"‘_ZE,X,M(M(l —5)%).

% Thus, we can determine that G(t,s) change

Therefore, G(1,s) > 0fors > 1—
signon (0,1) x (0,1).

In the following, we denote G* (t,s) = max{G(t,s),0},t,s € [0,1] as the positive parts
of G, and denote G~ (t,s) = max{—G(t,s),0},t,s € [0,1] as the negative parts of G, where
G is Green's function of the BVPs (5) and (6).

Theorem 1. Let (28) hold. Assume that g satisfies
(A1) min{fo1 G (t,s)g(s)ds |t € (0,1)} > 0;
(A2) There exists € > 0, such that

/Ol(cw,s) —(1+€)G (t,5))g(s)ds > 0, te[0,1].

Hence, there exists a constant Ag > 0, for A € (0, Ag), and the BVPs (5)—(6) have a positive
solution.

Proof. Let K > 0 and define h : R — R by

h(u) =< f(u), 0<u<Kk, (46)

f(K), K<u.

Then, |h(u)] < N = OI;nax f(u) is bounded. Through Lemma 3, the problem (29) and (30)
u<

has a solution u) € X.
Let 5« > 0. Then, by the continuity of /1, we can deduce that there exists a ¢ € (0, K),
and
h(0) — h(0)s < h(u) < h(0) +h(0)s, |u| <o. (47)

From (39),

ua()] < AL fy 1G(t9)1g(s)|(ua(s))|ds
(48)

< [A] - CralMID Eat B 102 M) o) o (M)N,
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it follows that there exists

(x —1)F (M)
(2E41 (M) — 1)(Eg1 (M) — 1+ Eq2(M))||8]|Ena(M)N

Ao = >0 (49)

such that for A € (0, Ag), we have [|u,|| < o, and
m(t) =Af G (1 (5))ds
=Aﬁ«ﬁ@wfc-wwm@mwmwws
> A fy GH(t,5)g(s) (1(0) = h(0)5)ds — A [ G (t,5)g(s) (1(0) +h(0)3¢)ds
= AR(0)(1 = 52) [y (G*(t,5)8(s) — FEZG™ (t,5)3(s))ds (50)
= AR(0)(1 = ) J3 (G*(£,5)8(s) = (1+€)G™ (£,5)3(s))ds
FAR(0)(1 = 5¢) [y (14 )G~ (t,5)g(s) — FZG (£,5)g(s))ds
> AR(0)(1— ) [ G )ds((l te)— 1+%) > 0.

Consequently, 0 < uy < K, for t € [0,1]. Therefore, the BVPs (5) and (6) have a positive
solution. [

Denote

1

1
B = [ Gl i) = [ GlLo)g@pEste 01 6D

Theorem 2. Let (28) and (A1) hold. Furthermore, assume f is bounded and f is C? in some
neighborhood of 0, and:

(A3) There exits ty € [0,1] such that B(ty) =

(A4) By (to)f/(()) < 0.

Then, the BVPs (5) and (6) have no positive solutions for A — 0.

Proof. As f is bounded, the BVPs (5) and (6) have a solution u,(¢) via Lemma 3. Let
u,(t) = Ao(t). Then, o(t) satisfies

(“Df.0)(t) — Me(t) = g()f (Ae(r) =0, te (0,1), (52)
0(0) = o(1), €'(0) =¢'(1), (53)
and o(t fo )f(Ao(s))ds. Through the Lebesgue dominated convergence theo-

rem, it 1mp11es that
o(t) = f(0)B(t), A — 0. (54)

First, we consider that there exists a constant t* € [0,1], and B(t*) < 0. Thus,
u)(t) = Ao(t*) <0, A — 0.
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Next, we consider B(t) > 0, t € [0,1]. Since (A3), (A4) and f are continuous in 0,
we have

olto) = Jy Glto,9)3(s)f(Ag(s))ds
= J; Glto,s) (f( )+ A (0)g(s) + %e%s))ds
= f(0)B(to) + Af'(0) fy Glto,s)g(s)a(s)ds + -5 fo (s)0?(s)ds

0) [} G(to,s)g(s)a(s)ds + 25 E) fo (s)o*(s)ds, ¢&>0,

and it implies that

), 1(0) [ Glto )30/ 0)B(5)ds = FO)f 0)8r(10) <0, for A 0% (0

Thus, u) (t)) = Ao(tp) <0,A — 07.
Therefore, the BVPs (5) and (6) have no positive solutions for A — 0F. O

4. Examples
Example 1. Consider

(CDF2u)(t) — 2u(t) — A(sinu(t) +1) =0, te(0,1), (57)

u(0) = u(1), u'(0)=u'(1), (58)

with A as a parameter, M = 2, « = 1.5, g(t) = 1 and f(u(t)) = sinu(t) + 1. Then, g and f are
continuous functions and g(t) > 0,t € [0,1], f(0) =1 > 0.

Through computing, we have

E151(2) = 3.3487, Ey5,(2) = 1.7997, Ey5.15(2) = 2.5483, (59)
2
F(2) = (1-E151(2)* = SE1515(2)E152(2) = 24589 > 0, (60)
and )
E151(2) > E152(2) +1, E151(2) > 551.5,1.5(2) +1. (61)

Then, (28) and (A1) are satisfied, and

—2.3487)Ey 51 (2t19)+ & x2.5483E 5, (2110
, 3

2.4580 = (1- 5)0'5E1.5,l.5(2(1 —5)1)
n 1.7997E1 5,1 (2t1'5);iggg2.3487)E1.5,2(2t1'5) (1- S)_0_5E1.5’0.5(2(1 B 5)1.5)
G(t,s) = +(t —5)*°E1515(2(t —5)12), s<t (62)
(—2.3487)E; 51 (2t1v;)4+5;§;x2.548351,5,2(2t1-5) (1- s)O 5E, s15(2(1— S)l 5)

1.7997E 51 (2t15)4-#(—2.3487) Eq 50 (21 _
T 151 ( )2.45389 JE152( )(1 —s) 0'5E1.5,0.5(2(1 _ S)l.S)/ f<s.

Let
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1
B(t) = /O G(t,s)ds = 0.743E1 51 (2t1°) — 1.624tE; 5, (2t1°) + H°E 5 5(2t1), t € [0,1]. (63)

From Figure 1, we can obtain A(t) > 0. It implies that there exists ¢ > 0, and (A2) holds.
Thus, all conditions of Theorem 1 are satisfied.
Let K = 7 > 0. From Theorem 1, we have

1, u<o,
h(u) = < sinu + 1, 0<u<?Z,
2, 7 < U

Then, |h(u)| < N = 2. Let sz = 0.01. Through (47), we can choose ¢ = 0.005. Thus, there
exists a constant Ag = 5.1 x 107> defined by (49), and the BVPs (57) and (58) have a positive
solution for A € (0, Ap).

0.75

Figure 1. Image of p(t) in Example 4.1.

Example 2. Consider

(CDgTu)(t) —5u(t) — Af(u(t)) =0, te(0,1), (64)
u(0) = u(1), u'(0)=u'(1), (65)
with A as a parameter, M =5, 0 = 1.5, g(t) =1, f : [0,00) — R is a continuous function and
f(0) > 0.
By computing, we have
E151(5) = 124573, Ey55(5) = 41355, Ey5,5(5) = 7.2468, (66)
2

F(5) = (1= E151(5))* = SE1515(5)E152(5) = 1112903 > 0, (67)

and )
Ei51(5) > E152(5) +1, Ei51(5) > 3E1515(5) + 1. (68)

Then, (28) and (A1) are satisfied, and
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(—11.4573)Ey 51 (5¢t1°)+ % x7.2468E1 5.5 (5t1°)

112903 (1-5)"%E15:15(5(1—5)')
+4.1355E1.5,1 (5t1-5)14122—9&4573)5152(5t1-5) (1- s)_0'5E1_5,0_5(5(1 B 5)1,5)
G(t,s) = +(t —5)%2E1515(5(t —s)1?), s<t, (69)
(—11.4573)E1 51 (St;fl);r%t;7.2468E1_5,2(5t1'5) (1- 5)0_5 E1s15(5(1 — 5)1.5)
+ 41055151 (D) HCALITIEL52(5H0) (1 _ )=05F, o (5(1—5)1), t<s.

From Theorem 2, it results in
1
B(t) = /O G(t,s)ds = 0.0338Ey51 (5t"°) — 0.6462tE; 5, (5t15) + t1°E; 5, 5(5t1%), t € [0,1]. (70)

It is easy to achieve B(0) = 0.0338 and B(0.1) = —0.0052. As B(t) is continuous with
respect to ¢, we can conclude that there exists ¢y € (0,0.1) C [0, 1], such that B(ty) = 0. Via
MATLAD, we know that ty = 0.082333631804161. Thus, (A3) is satisfied. Figure 2 is the
visual representation of B(t). In fact, there is another o = 0.884554959489226 < [0, 1], such
that B(tp) = 0.

Since

1
Bi(to) = /0 Glto, s)B(s)ds, (71)

we take f(u) = —sinu + 1if B1(tp) > 0, and take f(u) = sinu + 1 if B1(tp) < 0. Then f is
bounded and f is C? in some neighborhood of 0. Hence, (A4) is satisfied.

Thus, all conditions of Theorem 2 are satisfied. Consequently, the BVPs (64) and (65)
have no positive solutions for A — 0.

0.04 -

003\

Fo\
L\

()
T
e

005 ! ! ! ] ! ! !
0 0.1 02 03 04 05 06 07 08 09 1

%

Figure 2. Image of B(t) in Example 4.2.

5. Conclusions

In this paper, the existence and nonexistence of the positive solutions of periodic
boundary conditions for FDEs are studied. The most remarkable feature of the paper is
that the main results are obtained under the conditions that the nonlinearity f and the
Green’s function are sign-changing. Some sufficient conditions are established to ensure
the existence of positive solutions for small values of A. The paper also provides some
sufficient conditions to determine ranges of A for which no positive solution exists. At
the foundation of this paper, one can consider the positive solutions for FDEs involving
a p-Laplacian operator, and can also conduct further research on eigenvalue problems
of FDEs.
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