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Abstract: An equitable k-coloring of a graph G is a proper vertex coloring such that the size of any
two color classes differ at most 1. If there is an equitable k-coloring of G, then the graph G is said to be
equitably k-colorable. A 1-planar graph is a graph that can be embedded in the Euclidean plane such
that each edge can be crossed by other edges at most once. An IC-planar graph is a 1-planar graph
with distinct end vertices of any two crossings. In this paper, we will prove that every IC-planar
graph with girth ¢ > 7 is equitably A(G)-colorable, where A(G) is the maximum degree of G.

Keywords: equitable k-coloring; IC-planar graph; discharging method; girth

MSC: 05C15

1. Introduction

Chromatic graph theory originates from the Four Color Conjecture [1], is a focal
problem in graph theory. As a special case of chromatic graph theory, equitable coloring
has been widely used in industrial production, enterprise management and biology [2].
Especially, it plays a crucial role in the study of schedule [3], partition [4-7] and load
balancing [8]. In this paper, we mainly discuss the equitable coloring of IC-planar graphs
with girth ¢ > 7. Some relevant definitions are as follows.

Only undirected, finite and simple graphs are considered in this paper. In a graph
G, V(G), E(G), |G|, 6(G) and A(G) (or A in short) are used to denote the vertex set, edge
set, order, minimum degree and maximum degree of G, respectively. The girth of a graph
G is the length of shortest cycles of G, denoted by g(G). For v € V(G), we use dg(v) to
denote the degree of a vertex v in G. The set of all neighbors of v is denoted by Ng(v).
Trivially, |[Ng(v)| = dg(v) .

A graph that can be drawn in the Euclidean plane such that any two edges intersect
only at their ends is called the planar graph. A planar graph with such a particular drawing
is called a plane graph. The face set of a plane graph G is denoted by F(G). For f € F(G),
we use dg(f) to denote the degree of a face f in G. That is, the number of edges on the
boundary of f. We denote f = [v10; - - - vx] when v1,v, - - -, v are the vertices on the
boundary of f and arranged in clockwise order. In a graph G, a vertex is called as a k-vertex,
a k™ -vertex or a kT -vertex if its degree is equal to k, at most k or at least k, respectively.
Similarly, we can define a k-face, a k™ -face or a k™ -face. For a k-face f € F(G), we denote
f as (dy,dy, - - -, di)-face if the vertices on the boundary of f are uy,uy, - - -, u; such that
d(ui) = dl',l S i S k.

A 1-planar graph is a graph that can be embedded in the Euclidean plane such that each
edge can be crossed by other edges at most once. An IC-planar graph is a 1-planar graph
with distinct end vertices of any two crossings, which is introduced by Alberson [9] in 2008.

A proper k-coloring of a graph G is a mapping ¢: V(G) — {1,2,---,k} such that
(1) # ¢(v) for any two adjacent vertices u and v. The minimum positive integer k such
that G has a proper k-coloring is called the chromatic number of G, denoted by x(G). And
we use V; (1 < i < k) to denote the set of vertices colored with i. Notice that V; (1 <i < k)
is an independent set.
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Definition 1. For a proper k-coloring ¢ of G, if ’ |Vi| — |V]\‘ <1foranyi,je {1,2,--- ,k}, then
¢ is an equitable k-coloring of G, or G is equitably k-colorable. The minimum positive integer k
such that G has an equitable k-coloring is called the equitable chromatic number of G, denoted

by x(G).

Obviously, x.(G) > x(G), and the inequality can be strictly held.

The rest of this article is organized as follows: In Section 2, we will introduce the
history and recent progress on equitable coloring, and we also present our motivation and
contribution of this paper. In Section 3, we provide some lemmas which are helpful to prove
our main theorem. In Section 4, we discuss the structures of IC-planar graphs with girth
g > 7 and get an important property, which is presented in Lemma 5. In Section 5, we use
discharging method to prove Lemma 5, which is used to prove Lemma 6 and Theorem 1.
In Section 6, to show Theorem 1, we first give proof of Lemma 6 and then get a corollary.
Finally, we summarize our result and get the main theorem.

2. Related Work

In 1973, Meyer [10] introduced the concept of equitable coloring. At the same time, he
proposed the following conjecture.

Conjecture 1 ([10]). If G is a connected graph except Cayy11 0f Ky, then x.(G) < A.

In 1964, Erd6s [11] conjectured that every graph is equitably k-colorable for any
k > A+ 1, which was confirmed by Hajnal and Szemerédi [12] in 1970. In 2010, by
applying algorithm analysis, Kierstead et al. [13] gave a new and short proof of Erd6s’s
conjecture. So we are interested in the sufficient conditions for graphs to be equitably
A-colorable. In 1994, Chen, Lih and Wu [14] put forth the following conjecture.

Conjecture 2 ([14]). If G is a connected graph except Cpyy11, K o Kopyt1 o1 for allm > 1,
then G is equitably A-colorable.

The authors [14] also confirmed Conjecture 2 for all connected graphs with A <
3, which was strengthened to graphs with A < 4 by Kierstead and Kostochka [15].
Chen and Lih [16], Lih and Wu [17] showed Conjecture 2 holds for trees and bipartite
graphs, respectively. Kostochka [18] proved that Conjecture 2 holds for outerplanar graphs.
Kostochka and Nakprasit [19] proved further that Conjecture 2 holds for d-degenerate
graphs with A > 14d + 1. Wang and Zhang [20] showed Conjecture 2 holds for line graphs.
In 1998, Zhang and Yap [21] confirmed Conjecture 2 for planar graphs with A > 13. In 2012,
Nakprasit [22] improved the above result by showing that Conjecture 2 holds for planar
graphs with A > 9. Recently, this result has been extended to planar graphs with A > 8 by
Kostochka, Lin and Xiang [23]. Therefore, for planar graphs, only the case of 5 < A <7
remains unsolved. In 2008, Zhu and Bu [24] proved that every planar graph without
4-cycles and 5-cycles is equitably k-colorable for k > max{A,7}. Later, the above result was
extended to all planar graphs without 4-cycles and 5-cycles by Wang and Gui [25]. Thus,
we have every planar graph with girth ¢ > 6 is equitably A-colorable. In 2016, Zhang [26]
first considered the equitable coloring of 1-planar graphs and obtained that Conjecture 2
holds when A > 17, which was improved to A > 15 by Zhang, Wang and Xu [27] in 2018.
At the same time, Zhang, Wang and Xu [27] also confirmed that Conjecture 2 holds for
IC-planar graphs with A > 12.

Similar with planar graphs, we also want to see whether Conjecture 2 holds for IC-
planar graphs with girth limitation. In this paper, we will concern on the equitable coloring
of IC-planar graphs with large girth ¢ and will prove the result in the following:

Theorem 1. Every IC-planar graph with girth § > 7 is equitably A-colorable.
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3. Preliminaries

In this section, we present some helpful lemmas that will be used to prove our main result.

Lemma 1 ([24]). Let S = {v1,vp,- -+, vy} be a subset of V(G), where v1, vy, - - - , v are distinct
vertices. If G — S is equitably k-colorable, and |Ng(v;) — S| < k—ifor1 <i <k, then G is
equitably k-colorable.

Lemma 2 ([12,13]). Fork > A+ 1, every graph is equitably k-colorable.

Lemma 3 ([28]). If G is a planar graph of order n and with no cycles of length 3 and 4, then
e(G) < %n — %.

Lemma 4. Let G be an IC-planar graph of order n and with no cycles of length 3 and 4, then
e(G) < Bn— 2 and G is 3-degenerate.

Proof. We denote the graph obtained by deleting one of the edges from each crossing as G'.
By the definition of IC-planar graph, we delete at most § edges. Obviously, G’ is a planar
graph of order n and with no cycles of length 3 and 4. So e(G') < %n - % by Lemma 3.
Thus,e(G) < 3n— 24+ 4 =2, 1
By Handshaking Theorem, 6(G) -n < Y d(v) =2¢(G) < £n — %), which implies
veV (G
that 6(G) < 3. Thus, G is 3-degenerate. [J ()

4. Properties of IC-Planar Graphs with Girth g > 7

Every IC-planar graph with girth ¢ > 7 in the following is assumed to be embedded in
the Euclidean plane with the number of crossings as small as possible. The set of all crossing
vertices and the edges with no crossings are denoted by C(G) and E((G), respectively. Let
E1(G) = {xz,zy| xy € E(G) \ Eo(G), and z is the crossing vertex on edge xy }. The associated
plane graph of G, denoted by G*, is a plane graph such that V(G*) = V(G) UC(G), and
E(G*) = Eo(G) UE1(G). In G*, a vertex v is called true if v € V(G), and false if v € C(G).
Obviously, a false vertex v satisfies dgx (v) = 4. A face f in G* is false if f is incident with
at least one false vertex; otherwise, f is true. Let f be a false i-face and v be a true vertex,
where i € {3,4}, f is called the pendant false i-face of v if v is not incident with f but
is adjacent to the false vertex incident with f. Finally, we use f;(v), n;(G) and n%(v) to
denote the number of i-faces incident with the vertex v in the associated plane graph G*,
the number of i-vertices in the graph G and the number of i-vertices adjacent to the vertex
v in the graph G, respectively.

It is easy to check that the following two properties hold by the fact that G is the
IC-planar graph with girth ¢ > 7.

Fact1 (1) Any two false vertices are not adjacent.

(2) A true vertex is adjacent to at most one false vertex.

Fact 2 A true vertex is incident with at most one false 3-face.

Next, let’s introduce some facts, which is also involved in the proofs of the next lemma.
Since the IC-planar graph has been embedded with minimal number of crossings, the
following fact holds.

Fact 3 A false 3-face is not incident with any 2-vertex.

Suppose that v is a false vertex. Let v; (1 < i < 4) be the vertices adjacent to v in G*
and arranged in clockwise order. Let f; = [v;,10v; - - - | be the false face with vv; and vv; 1
as boundary edges, where 1 < i < 4 and vs = v;. Not that v1v3 € E(G) and v,v4 € E(G).

Fact 4 Let v be a false vertex. If f3(v) =1, say dgx (f1) = 3, then dgx (f;) > 6, where
i € {2,3,4}. Hence, v is incident with at most one false 3-face.

Proof. Let fi = [vpvv1]. By Fact 2, we have dgx(v1) > 3 and dgx(v) > 3. Since
v1v3 € E(G), vovg € E(G) and v1v, € E(G), we have vyv3 ¢ E(G), vsvy ¢ E(G) and
v1v4 ¢ E(G) by the fact that ¢ > 7. Thatis, dgx (f;) > 4 fori € {2,3,4}.
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Now we are going to show that dgx (f2) > 6. Assume to the contrary that dgx (f2) < 5.
If dgx(f2) = 4, say fo = [v3v0vpx], then x is a true vertex, x ¢ {v1,v4}, and G contains a
4-cycle v1vpxv3v1, a contradiction. If dg« (f2) = 5, say fo = [v3vvpxy], then x and y are
true vertices, x,y ¢ {v1,v4}, and G contains a 5-cycle v1v2xyv3v1, a contradiction. Hence,
dgx(f2) > 6. By symmetry, we have dgx (f1) > 6.

Next we will show that dgx(f3) > 6. Assume to the contrary that dgx(f3) < 5. If
dgx(fs) = 4, say f3 = [v40v3x], then x is a true vertex, x ¢ {v1,v2}, and G contains a
5-cycle v10,04x0301, a contradiction. If dgx (f3) = 5, say f3 = [v40v3xy], then x and y are
true vertices, x,y ¢ {v1,v2}, and G contains a 6-cycle v1v,v4yxv301, a contradiction. Hence,
dgx(fz) > 6. O

Fact 5 Let v be a false vertex. If f4(v) = 1, say dgx(f1) = 4, then dgx(f3) > 5,
dgx(f2) > 6,and dgx (fy) > 6. Hence, v is incident with at most one false 4-face.

Proof. Let fi = [vpvv1x1], then x7 is a true vertex, x; ¢ {v3,v4}. By Fact 4, we have
dGX(fi) >4fori e {2,3,4}. Byg > 7, we have v3x; ¢ E(G), U3y & E(G), vgx1 & E(G),
0401 ¢ E(G), V403 ¢ E(G) and (%X} ¢ E(G)

Now we are going to show that dgx (f2) > 6. Assume to the contrary that dgx (f2) < 5.
If dg« (f2) = 4, say fo = [v30vpx7], then x; is a true vertex, xp ¢ {v1,x1,v4} and G contains
a 5-cycle v1x102x0301, a contradiction. If dg« (f2) = 5, say fo = [v3vv2x211], then x;
and y; are true vertices, xp,y1 ¢ {v1,v4} and y; # x1. If x; = x7, then G contains a
4-cycle v1x1y1v3v1, a contradiction. If xp # x1, then G contains a 6-cycle vy x1v2X2y10301, @
contradiction. Hence, dgx (f2) > 6. By symmetry, we have dgx (f1) > 6.

Next we will show that dgx(f3) > 5. Assume to the contrary that dgx(f3) = 4,
say f3 = [v4vv3x3], then x3 is a true vertex, x3 ¢ {v1,x1,v2}, and G contains a 6-cycle
V1X10204X30301, a contradiction. Hence, dgx (f3) > 5. O

Lemma 5. Let G be a connected IC-planar graph with § > 7 and |G| > 6, then G contains one of
the following configurations Hy~ Ho.

X2
= X X,
X2 X3 o bt K k-1
X X,

Xk kal

H,: 2<d(x,), d(x,,) <3,

2<d(x,,) <3, 2<d(X,_,) <4 H, H,
Xl XZ Xk72 kal
Xk ; ;;

L 2<d(X,,), d(X,_5) <3. Hy: 2<d(x,,) <3, H
2<d(x,,) <4

Xk.—OX
X2 Xy X1 Ko X X 1
X X1 k-1 &—O
K o5x Xy-3
0<Z ! kazo<2
X

Hyt2<d(x,) <3, He: 2<d(X, ) <4 Ho:1<d(x,,)<2.
2<d(x,;)<4.

Remark 1. Each configuration depicted above is such that: (1) the vertices which are labelled
as Xy, Xx_1, Xk—p in every configuration are different while the other vertices may be not distinct;
(2) the degree of solid vertices are exactly shown; (3) the degree of hollow vertices may be larger
than or equal to the degree shown in the figure, except for specially pointed.
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5. Proof of Lemma 5

On the contrary, assume that Lemma 5 is not true. Let G be a counterexample. Then G
is a connected IC-planar graph with ¢ > 7 and |G| > 6, but without configurations H; ~Ho.
Now we consider G*, the associated plane graph of G.

In the following, we use Euler’s formula and discharging analysis on G* to derive
a contradiction. We define the initial weight function w such that w(v) = 2dg«(v) — 6
for each v € V(G*), and w(f) = dg«(f) — 6 for each f € F(G*). By Euler’s formula
|[V(G™)| — |[E(G™)| + |F(G*)| = 2 and Handshaking Theorem, we can deduce that

Y ow@= Y @de(@) -6+ Y (dox(f)—6) = —12.

x€V(G)UF(G¥) veV(GX) FEF(G*)

Next, we will design the appropriate discharging rules to redistribute the weights on
V(G*) UF(G*) depending on the value of §(G*). Once the discharging process is finished,
a new weight function w’(x) is produced while the total sum of weights is kept fixed.
Then we will show that v w'(x) > —12 = v w(x) to derive the

x€V(GX)UF(G¥) x€V(GX)UF(G¥)
contradiction. For x,y € V(G*) UF(G*), let T(x — y) be the weight transferred from x to y.

By Lemma 4, we have 6(G) < 3. So §(G*) < 3. Thus, the proof will be divided into

the following cases depending on the value of 5(G*).

Case 1. §(G*) = 3.

Our discharging rules are defined as follows.

R1. Suppose that v is a false 4-vertex and f is the face incident with v. If dgx (f) =
then (v — f) = 2;if dgx (f) = 4, then (v — f) = 3;if dg« (f) =5, then T(v — f) = %

R2. Suppose that v is a true 4-vertex.

R2.1 Let f be a false face incident with v. If dgx(f) = 3, then (v — f) = 1;
if dg« (f) =4, thenT(v — f) = L;if dg« (f) = 5, then T(v — f) = 1.

R2.2 Let f be a pendant false 3-face of v. Then T(v — f) = 1.

R3. Suppose that v is a true 5" -vertex.

R3.1 Let f be a false face incident with v. If dg<(f) = 3, then 7(v — f) = 1;
if dg« (f) =4, thent(v — f) = L;if dg« (f) = 5, then T(v — f) = 1.

R3.2 Let f be a pendant false face of v. If dgx (f) = 3,then (v — f) = 1;ifdgx (f) =4,
then T(v — f) = 1.

Next, we are going to show that for each element x € V(G*) UF(G*), w'(x) > 0.

Suppose thatv € V(G*) with dgx (v) = k. Let vy, - - -, vy be the vertices adjacent to v
in G* and arranged in clockwise order. Let f; be the face with vv; and vv; 1 as boundary
edges, where 1 <i < kand vy1 = v;.

Claim 1.1 w'(v) > 3k — 6 for each true k-vertex v with k > 4.

Proof. Let v be a true k-vertex with k > 4. Then w(v) = 2k — 6. By Fact2and g > 7,
f3(v) <1

If f3(v) =1, say f1, then by Fact 4, v does not have pendant false i-faces, i € {3,4}
and max{dgx (f2),dcx (fx)} = 6. Thus, fy(v) + f5(v) < k —2. Hence, w'(v) > 2k — 6 —
1—1(k—2) = 3k — 6 by R2-R3.

If f3(v) = 0O, then by Fact 1, Fact 4 and Fact 5, v has at most one pendant false
i-face, i € {3,4}. If v has one pendant false 3-face f, say v; is the false vertex incident
with f, then min{dgx (f1),dg=(fx)} > 6 by Fact 4. Thus, f4(v) + f5(v) < k — 2. Hence,
w'(v) > 2k —6—1— J(k—2) = 3k — 6 by R2-R3. If v has a pendant false 4-face f, say
v; is the false vertex incident with f, then max{dcx ( f1) dex (fx)} > 6 by Fact 5. Thus,
fa(v) + f5(v) < k—1. Hence, w'(v) > 2k—6— 4 — 3(k—1) = 3k — 6by R2-R3. If v
does not have any pendant false i-face, i € {3,4}, then w'(v) > 2k —6— 1k = 3k — 6 by
R2-R3. [

Claim 1.2 w'(v) > 0 for each v € V(G*).
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Proof. Suppose that v is a true 3-vertex. Then w'(v) = w(v) = 0. Suppose that v is a false
4-vertex. Then w(v) = 2. By Fact 4, f3(v) < 1. If f3(v) = 1, then f4(v) = f5(v) = 0 by Fact
4. Thus, w'(v) = 2 — 2 = 0 by R1. So suppose that f3(v) = 0. Then f4(v) < 1 by Fact 5.
If f4(v) = 1, then f5(v) < 1by Fact5. Thus, w'(v) > 2—3 — 3 = 0by RL. If f4(v) =0,
w'(v) >2—4 x = 0by R1L. Suppose that v is a true k-vertex with k > 4. By Claim 1.1, we
havew'(v) > 3k—6>3 x4—-6=0. O

Claim 1.3 w/(f) > 0 for each f € F(G*).

Proof. Suppose that dgx (f) > 6. Then w'(f) = w(f) > 0. Suppose that dgx (f) =k (3 <
k < 5). Since G is an IC-planar graph with ¢ > 7, then f is a false face. Let f = [uquy - - - ug].
By Fact 1, f is incident with one false vertex, say u7. Let v, vp be the neighbors of 17 in G*
such that v1uy € E(G) and vuy € E(G).

Suppose that k = 3. Then w(f) = —3,and t(u; — f) =2by R1.If fisa (3, 3,4)-face,
then max{dg(v1),dg(v2)} > 5 or dg(v1) = dg(v2) = 4 by G contains no configuration
Hj. Note that f is the pendant false 3-face of v; and v,. If max{dg(v1),dg(v2)} > 5, say
dg(v1) > 5, then t(v; — f) = 1 by R3. Hence, w (f) > -34+2+1=0. If dg(v;) = 4,
where i = 1,2, then 7(v; — f) = 3 by R2. Hence, w'(f) = -3 +2+2x 1 =0.If fisa
(31,47,4)-face, say dg(u;) > 4 for some i € {2,3}, then t(u; — f) = 1 by R2-R3. Hence,
w'(f) > -3+2+1=0.

Suppose that k = 4. Then w(f) = —2,and (u; — f) = 3 by R1. If fis a (3,3,3,4)-
face, then min{dg(v1),dg(v2)} > 5 by G contains no configuration H;. Note that f is
the pendant false 4-face of v and v,. So T(v; — f) = 1 by R3, where i = 1, 2. Hence,
w'(f) = —2+3+2x1 =1 1f fisa (37,344 ) ace, say dc( ;) > 4 for some
i € {2,3,4}, then T(u; — f) = 1 by R2-R3. Hence, w'(f) > —2+3 + 1 =0.

Suppose that k = 5. Then w(f) = —1, and T(u; — f) = 1 by R1. Since G contains no
configuration Hy, f mustbea (3*,3%,3%,4", 4)-face. So dG( ) > 4 forsomei € {2,3,4,5}
and T(u; — f) = 1 by R2-R3. Hence, w/(f) > -1+ 3+ 4 =0. O

Thus, —12 = ) w(x) = Y w'(x) > 0, which is a contradiction.
x€V(GX)UF(GX) xeV(GX)UF(G*)
Hence, the counterexample graph G does not exist and Lemma 5 holds.

Case 2. §(G*) =2and ny(G*) < 2.

In Case 2, the discharging rules are the same as those in Case 1. With the same arguments
as Case 1, we can prove that w'(x) > 0if x € V(G*) with dgx(x) > 3 or x € F(G*) with
dgx(x) > 6,0r x € F(G*) with dgx (x) <5 and x is not incident with any 2-vertex.

Claim 2.1 w'(f) > 0, where f € F(G*) is a k-face incident with 2-vertices and k < 5.

Proof. By ¢ > 7, we have f is a false face. By Fact 3, we have 4 < k < 5. Let

f = [ujuy---u]. By Fact 1, f is incident with one false vertex, say uj. Let v, vy be
the neighbors of 11 in G* such that v1u; € E(G) and vpuy € E(G).
Suppose that k = 4. Then w(f) = -2, and T(u; — f) = 3 by Rl If fisa

(2,37,3,4)-face, then min{d(v1),dg(v2)} > 5 by G contains no configuration H;. Note
that f is the pendant false 4—face of v and v;. So T(v; — f) = 1 by R3, wherei = 1, 2.
Hence, w'(f) = —2+3+2x § = $. If fisa (2,2F,47,4) face,saydc( i) > 4 for some
i €{2,3,4}, then t(u; —>f) = 1 by R2-R3. Hence, w'(f) > -2+ 3+ 1 =0.
Suppose that k = 5. Then w(f) = —1,and T(u; — f) = 4 by R1 Since G contains no
configuration Hy, fisa (2,2%,3%,4%,4)-face. So dc( i) > 4forsomei € {2,3,4,5} and
T(u; — f) = 3 by R2-R3. Hence, w/(f) > -1+ 3+ 4 =0. O

Note that w'(v) = w(v) = —2 for each 2-vertex v. Thus, —12 = Y w(x) =
XEV(GX¥)UF(GX)
Y w'(x) > 2 x (—=2) = —4, which is a contradiction. Hence, the counterexam-

x€V(GX)UE(GX)
ple graph G does not exist and Lemma 5 holds.
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Case 3. §(G*) =2and np(G*) > 3.

Since G does not contain Hy and Hj as subgraphs, G satisfies the following properties.

Claim 3.1 2-vertex is not adjacent to any 2-vertex.

Claim 3.2 Any 3" -vertex is adjacent to at most one 2-vertex.

A 2-vertex u € V(G*) is called a special 2-vertex if uv € E(G) with dg(v) = 3. Since G
does not contain Hy as a subgraph, the following claim holds.

Claim 3.3 G* has at most one special 2-vertex.

A 4-vertex v € V(G) is called a special 4-vertex if v is adjacent to a 2-vertex in G; a
bad 4-vertex if v is special and adjacent to a 3-vertex in G; a poor 4-vertex if v is special and
not adjacent to any 3-vertex. Since G does not contain H3, Hs and Hy as subgraphs, the
following three claims hold.

Claim 3.4 Suppose that v is a poor 4-vertex. Then n§ (v) = 1and n$, (v) = 3.

Claim 3.5 Suppose that v is a bad 4-vertex. Then n$ (v) = 1,n§ (v) = 1 and ngi (v) =2.

Claim 3.6 A special 4-vertex is not adjacent to any special 4-vertex in G.

Claim 3.7 In G*, if v is a special 4-vertex incident with a 4-face, then f¢+(v) > 1.

Proof. Suppose that v is a special 4-vertex and v; (1 < i < 4) are the neighbors of v in G*
and arranged in clockwise order. Let f; be the face with vv; and vv;; 1 as boundary edges,
where 1 <i <4 and v5 = v4.

Without loss of generality, assume that fi = [vv1x10;] is a 4-face. By ¢ > 7, f1 is
a false face. If v or v, is a false vertex, then dg« (fs) > 6 or dgx(f2) > 6 by Fact 5. So
fe+ (v) > 1. If xq is a false vertex, then the vertices in (Ngx (v1) U Ngx (v2)) — {x1} are true.
Ifdgx(v1) =2o0rdgx(vp) =2, thendgx (fs) > 6 or dgx(f2) > 6 by Fact 5. So f¢+ (v) > 1.
So suppose that dgx (v1) > 3 and dgx (v2) > 3. Without loss of generality, assume that
dgx (v3) = 2 since v is a special 4-vertex. If dgx (f2) > 6 or dg«(fs) > 6, then Claim 3.7
holds. So suppose that dgx (f;) < 5, where i = 2,4. Thatis, f, and fy are false faces. Since
the vertices in (Ngx(v1) U Ngx (v2)) — {x1} are true and ¢ > 7, we have dg«(f;) = 5,
where i = 2,4. Let f, = [vvay1y203]. Then y; is a false vertex. Let f3 = [vvsypz1 - - - 2404],
where t > 0. If t = 0, then y,v4 € E(G*). Since v, is a false vertex, we have y1v4 € E(G).
Thus, G contains a 4-cycle vv,y1v40, a contradiction. If t = 1, then y,z; € E(G*), and z; is
a true vertex. Since y; is a false vertex, we have y1z; € E(G). Thus, G contains a 5-cycle
VUoY121040, a contradiction. So t > 2. Thatis, dgx (f3) > 6. S0 fe+ (v) > 1. O

Claim 3.8 If G contains a path P; = xyz and x is a special 4-vertex, then d(y) > 4 or
dG (Z) > 4.

Proof. Suppose that x is a poor 4-vertex. By Claim 3.4, n$ (x) = 1 and ng (x) = 3. That s,
dg(y) > 4ordg(y) =2.1fdg(y) = 2, thendg(z) > 4 since G contains no configuration Hj.

Suppose that x is a bad 4-vertex. By Claim 3.5, n$ (x) = 1, n§(x) = 1 and 115(;+ (x) =2.
That is, dg(y) > 5, or dg(y) = 2, or dg(y) = 3. If dg(y) = 2, then dg(z) > 4 since
G contains no configuration Hy. If dg(y) = 3, then dg(z) > 5 since G contains no
configuration Hg. O

Corollary 1. If f is a false 4-face incident with a poor 4-vertex, then f is incident with at least two
true 4T -vertices.

Proof. Suppose that f = [v1v,0304] is a false 4-face, where v; is a false vertex. Then v, v3
and vy are true vertices by Fact 1. If v, or v, is a poor 4-vertex, say vy is a poor 4-vertex,
then max{dg(v3),dg(vs)} > 4 by Claim 3.8. Therefore, f is incident with at least two true
47 -vertices. If v3 is a poor 4-vertex, then max{dg(v2),dg(vs)} > 4 by Claim 3.4. Therefore,
f is incident with at least two true 4" -vertices. [

Corollary 2. If f is a false 5-face incident with a special 4-vertex, then f is incident with at least
two true 4T -vertices.
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Proof. Suppose that f = [010,030405] is a false 5-face, where vy is a false vertex. Then
02,03, 04 and vs are true vertices by Fact 1. If vp or vs is a special 4-vertex, say v is a
special 4-vertex, then max{dg(v3),dg(vs4)} > 4 by Claim 3.8. Therefore, f is incident with
at least two true 4™ -vertices. If v3 or v4 is a special 4-vertex, say vs is a special 4-vertex,
then max{d¢(v4),dg(vs)} > 4 by Claim 3.8. Therefore, f is incident with at least two true
4% -vertices. O

In this Case, we define the following discharging rules R1-R6, where R1-R3 are the
same as those in Case 1.

R4. Suppose that v is a true 4"-vertex. Then v gives 1 to each adjacent 2-vertex in G.

R5. Suppose that v is a true 57 -vertex. Then v gives % to each adjacent bad 4-vertex in G.

R6. Suppose that f is a false face, and v is a special 4-vertex incident with f.

R6.1 Let f be a false 3-face. If v is a special 4-vertex, then T(f — v) = 1.

R6.2 Let f be a false 4-face. If v is a poor 4-vertex, then T(f — v) = %; if v is a bad
4-vertex, then T(f — v) = 0.

R6.3 Let f be a false 5-face. If v is a poor 4-vertex, then T(f — v) = %,‘ if v is a bad
4-vertex, then T(f — v) = 3.
Claim 3.9 Suppose thatv € V(G*). If dgx (v) > 3, or dgx (v) = 2 and v is not a special

2-vertex, then w'(v) > 0.

Proof. Suppose that dg«(v) = k. Let vy, - -, vy be the vertices adjacent to v in G* and
arranged in clockwise order. Let f; be the face with vv; and vv; 1 as boundary edges, where
1<i<kandvgq =0;.

Suppose that k = 2. Then w(v) = —2.If v is a special 2-vertex, then w’ (v) > w(v) = —2.
If v is not a special 2-vertex, then 4G (v) = 2 by Claim 3.1. Hence, w'(v) = —2+2x1 =10
by R4.

Suppose that k = 3. Then w'(v) = w(v) = 0.

Suppose that k = 4. If v is a false 4-vertex, then with the similar arguments as Case
1, we have w’(v) > 0. Assume that v is a true 4-vertex. Then n2 $(v) < 1by Claim 3.2. If
nS (v) = 0, then with the similar arguments as Case 1, we have w’(v) > 0. So suppose that
ng(v) = 1. That is, v is a special 4-vertex. By Fact2and g > 7, f3(v) < 1.

If f3(v) = 1, say fi = [vv10v;] and vy is a false vertex, then by Fact 4, v does not
have pendant false i-faces, i € {3,4}, and dgx (fs) > 6. Thus, f4( ) + fs(v) < 2.ByR6.1,
T(fi = v) = 5. If fa(v) + f5(0) < 1, thenw/(v) >2—1—1— 1 + 1 = 0by R2, R4 and Ré.
So suppose that fy(v) + f5(v) = 2. If v is a poor 4-vertex, then T(f; — v) = 1 by R6, where
i=23.Thus, w'(v) =2-1-1-2x 1+ 14+2x 1 =0byR2 R4and R6. If v is a bad
4-vertex, then by Claim 3.5, 115G+ (v) =2.Thus, w'(v) >2—1-1-2x3+3+2x 3 =1
by R2, R4 and R5.

If f3(v) = 0, then by Fact 1, Fact 4 and Fact 5, v has at most one pendant false i-face,
i€ {34}

*  Suppose that v has a pendant false 3-face f. Then v is adjacent to a false vertex,
say v1. So dgx(f1) > 6 and dgx(fs) > 6 by Fact 4. Thus, f1(v) + f5(v) < 2. Note
that T(v — f) = 1 by R2. If fu(v) + f5(v) < 1, thenw'(v) >2—-1-1 -1 =0
by R2 and R4. So suppose that f4(v) + f5(v) = 2. If v is a poor 4—vertex then
T(fi = v) = ; by R6, where i = 2,3. Thus, w'(v) =2—-1-}—2x14+2x1=0
by R2, R4 and R6. If v is a bad 4-vertex, then by Claim 3.5, néﬂ(v) = 2. Thus,
w'(v) >2-1-3-2x3+2x 3 = {5 byR2, Rdand R5.

*  Suppose that v has a pendant false 4-face f. Then v is adjacent to a false vertex, say
v1. So max{dg«(f1),dcx(fs)} > 6 by Fact 5. Thus, f4(v) + f5(v) < 3. Note that
(v — f) =0by R2. If f4(v) + f5(v) < 2, thenw(v) >2—1—2x J =0byR2and
R4. So suppose that f4(v) + f5(v) = 3 and dg« (f1) > 6. If v is a poor 4-vertex, then
T(fi = v) = 1 by R6, where i = 2,3,4. Thus, w'(v) =2—-1-3x1+3x1 =1
by R2, R4 and Ré6. If v is a bad 4-vertex, then by Claim 3.5, 715(;+ (v) = 2. Thus,
w'(v) >2-1-3x3+2x 3 = {5 by R2, R4 and R5.
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e Suppose that v does not have any pendant false i-face, i € {3,4}. Then f4(v) + f5(v) < 4.
If f4(v) + fs(v) < 2, thenw'(v) > 2—1—2x 1 = 0by R2 and R4. Assume that
fa(v) + f5(v) = 3and dgx (f1) > 6. If v is a poor 4-vertex, then T(f; — v) = ; by R6,
where i = 2,3,4. Thus, w'(v) =2—-1-3x 3 +3x 1 =1byR2, R4andR6. Ifvisa
bad 4-vertex, then by Claim 3.5, nSG+ (v) =2. Thus,w'(v) >2—-1—-3 X % +2x % = %
by R2, R4 and R5. Assume that f;(v) + f5(v) = 4. By Claim 3.7, we have f4(v) = 0 and
f5(v) = 4. If vis a poor 4-vertex, then T(f; — v) = 1 by R6, where i = 1,2, 3,4. Thus,
w'(v) =2—1—4x  +4 x ; = 0byR2, R4 and R6. If v is a bad 4-vertex, then by Claim
35,n¢. (v) =2. Thus,w'(v) =2—1—4x 5 +2 X i +4 X {; = 0by R2, R&-R6.
Suppose that k > 5. By Claim 1.1, the remaining charge of 5 -vertex is at least

3k — 6 after the discharging process R1-R3. By Claim 3.2, n§ (v) < 1. If n$(v) = 0, then

w'(v) > %k —6— 1%k = gk —6> g x 5 —6 = 0 by Claim 1.1 and R5. Now we consider that

ng (v) = 1. Since G contains no configuration Hg, then v will not adjacent to any special

4-vertex in G. Thus, w'(v) > 3k—6—1=3k—7 >3 x5—7 = JbyClaim1.1and R4. O

Claim 3.10 w'(f) > 0 for each f € F(G*).

Proof. Suppose that dg«(f) > 6. Then w'(f) = w(f) > 0.

Suppose that dgx (f) = k (3 < k <5). Since G is an IC-planar graph with g > 7, then
f is a false face. Let f = [uquy - - - u]. By Fact 1, f is incident with one false vertex, say uj.
Let v1, v be the neighbors of u; in G* such that v1uy € E(G) and vouy € E(G).

Suppose that k = 3. Then w(f) = —3, and (13 — f) = 2 by R1. By Fact 3, f is not
incident with any 2-vertex. By Claim 3.6, f is incident with at most one special 4-vertex. If
f is not incident with any special 4-vertex, then with the similar discussion as Case 1, we
can deduce that w’(f) > 0. Now suppose that f is incident with a special 4-vertex, say 5,
then T(uy — f) = 1byR2and 7(f — up) = 1 by R6. If f is a (3,4,4)-face, then dg(vp) > 5
by G contains no configuration Hg. Note that f is the pendant false 3-face of v,. Thus,
T(vy — f) = 1by R3. Hence, w'(f) > —3+2+1+1— 1 = L. If fisa (4,4%,4)-face, then
dg(u3) > 4. Thus, T(u3 — f) = 1 by R2-R3. Hence, w'(f) = -3 +2+1+1-1 =1

Suppose that k = 4. Then w(f) = —2, and T(u; — f) = 3 by R1. Assume that
f incident with x poor 4-vertices, thus w'(f) > =2+ 3 + fx — 1x = 1x — 1 by R1, R2 and
R6. If x > 2, then w/(f) > 0. If x = 1, then f is incident with at least two true 4t -vertices
by Corollary 1. Thus, w'(f) > =2 + % + % + % - % = % by R1-R3 and Ré6. If x = 0, then
with the similar discussion as Case 2, we can deduce that w’'(f) > 0.

Suppose that k = 5. Then w(f) = —1, and t(u; — f) = % by R1. Assume that
f incident with x poor 4-vertices and y bad 4-vertices, thus w'(f) > —1+ 3 + 1 (x +y) —
}Ix—ll—oy = —%—i—}ix—o—%yble,RZandR& Ifx>2orx=1landy > 1,orx = 0and
y > 2, then we have w/(f) > 0. So suppose thatx =landy =0,orx =0and y < 1. If
x =1and y = 0, then f is incident with at least two true 4*-vertices by Corollary 2. Thus,
w'(f) > —-1+4+2x3—1=1byRI-R3and Ré. If x = 0and y = 1, then f is incident
with at least two true 4" -vertices by Corollary 2. Thus, w'(f) > -1+ 5 +2x 1 — & =12
by R1-R3 and R6. If x = y = 0, then with the similar discussion as Case 2, we can deduce
thatw'(f) > 0. O

By Claim 3.3, there is at most one special 2-vertex in G*. Thus,
—-12 = Y w(x) = Y w'(x) > —2, which is a contradiction. Hence,
x€V(G*)UF(G¥) x€V(G¥)UE(G¥)

the counterexample graph G does not exist and Lemma 5 holds.
Case4. 5(G*) =1.

Subcase 4.1 11(G*) =1and ny(G*) < 2.

In Subcase 4.1, the discharging rules are the same as those in Case 2. With the same
arguments as Case 2, we can prove that w'(x) > 0 for any x € (V(G*) UF(G*)) —V/,
where V' is the set of 1-vertex and 2-vertices. Note that w'(u) = w(u) = —4 for the
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1-vertex u and w'(v) = w(v) = —2 for each 2-vertex v. Thus, —12 = Y w(x) =

xe€V(G*)UF(G¥)
w'(x) > —4 42 x (—=2) = —8, which is a contradiction. Hence, the coun-

x€V(GX)UE(GX)
terexample graph G does not exist and Lemma 5 holds.
Subcase 4.2 n1(G*) =1 and n(G*) > 3.

In Subcase 4.2, the discharging rules are the same as those in Case 3. By Claim 3.3,
there is at most one special 2-vertex in G*. With the same arguments as Case 3, we can
prove that w'(x) > 0 forany x € (V(G*) UF(G*)) — V", where V" is the set of 1-vertex

and special 2-vertex. Note that w'(u) = w(u) = —4 for the 1-vertex u and w'(v) > —2

for the special 2-vertex v. Thus, —12 = v w(x) = v w'(x) >
x€V(GX)UF(G¥) x€V(GX)UF(G¥)

—4 + (—2) = —6, which is a contradiction. Hence, the counterexample graph G does not

exist and Lemma 5 holds.
Subcase 4.3 n1(G*) > 2.

Since G does not contain Hy as a subgraph, G contains exactly two 1-vertices and no
2-vertex. In Subcase 4.3, the discharging rules are the same as those in Case 1. With the same
arguments as Case 1, we can prove that w'(x) > 0 forany x € (V(G*)UF(G*)) — V",

where V" is the set of 1-vertices. Note that w'(u#) = w(u) = —4 for each 1-vertex u.
Thus, —12 = v w(x) = v w'(x) > 2x (—4) = —8, which is a
x€V(GX)UE(G¥) xeV(GX)UE(G¥)

contradiction. Hence, the counterexample graph G does not exist and Lemma 5 holds. O

6. Proof of Theorem 1

Before we prove Theorem 1, it is necessary to present the following result.

Lemma 6. Let G be an IC-planar graph with ¢ > 7. If k > max{A,5}, then G is equitably
k-colorable.

Proof. Assume to the contrary that G is a counterexample with fewest vertices of Lemma
6. If the order of each component of G is at most five, then A < 4. Thus, k > max{A,5} >
A +1, and G is equitably k-colorable by Lemma 2. Otherwise, there is a component of
G with order at least six. By Lemma 5, G contains one of the configurations Hy~Hy in
Lemma 6. By Lemma 1, we need to choose the subset S, and define the subset S’ as follows.

If G contains configurations H;, i € {1,4,5,7,8}, then S’ = {xy, x¢_1, Xx_2, Xx_3, X1}
If G contains configurations H;, i € {3,6}, then S’ = {xy, xx_1, xx_2, X2, x1 }. If G contains
configurations H;, i € {2,9}, then S’ = {xy, xx_1, X¢_2, x1 }. By Lemma 4, G is 3-degenerate,
thus the remaining unspecified vertices in S can be remarked by choosing the minimum
degree vertex in a graph obtained from G by deleting the remarked vertices at each step
from highest to lowest indices. It is easy to confirm that for every 1 < i < k, the subset S
defined above satisfies that | Ng(x;) =S | <k —1i.

Let H=G—S C G. Then A(H) < A.If A(H) < A, then H is equitably k-colorable by
Lemma 2. Otherwise, H is equitably k-colorable since G is a counterexample with fewest
vertices. Therefore, G is equitably k-colorable by Lemma 1. O

By Lemma 2, we have the following corollary:
Corollary 3. Let G be an IC-planar graph with ¢ > 7. If A > 5, then G is equitably A-colorable.

Combining Corollary 3, and the conclusions in [14,15], we complete the proof of
Theorem 1.

With this conclusion, we can solve the problem of equitable coloring of IC-planar
graphs with large girth g (¢ > 7) limitation.
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