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Abstract: The triple Sumudu transform decomposition method (TSTDM) is a combination of the
Adomian decomposition method (ADM) and the triple Sumudu transform. It is a computational
method that can be appropriate for solving linear and nonlinear partial differential equations. The
existence analysis of the method and partial derivatives theorems are proven. Finally, we solve the
1+ 1 and 2 + 1-dimensional Boussinesq equations by applying the (TSTDM)technique, which gives
the approximate solution with quick convergence. It is more precise than using ADM alone. In
addition, three examples are offered to examine the performance and precision of our method.

Keywords: triple Sumud transform; inverse triple Sumud transform; singular Boussinesq equation;
double Sumudu transform; decomposition methods and partial derivative
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1. Introduction

The study of wave propagation in fluid mechanics became very significant many years
ago, with much research in this field. The many remaining mathematicians studying this
subject using Whitham's shallow water equations immediately use a coupled form of the
Boussinesq equation. The Boussinesq equations are named after the French scientist J,
who originated an interpretation of the equations to find solutions for solitary waves on a
water surface. Since then, different versions of Boussinesq equations have been introduced.
The authors in [1] modified the residual power series and applied it to obtain the fractal
solution of the Newell-Whitehead-Segel (NWS) model with fractal derivatives. In [2],
Nadeem et.al. presented a new plan, which is known as the Aboodh homotopy integral
transform method (AHITM), in order to find the approximate solution of wave problems
in multidimensional orders. Several strong methods have been modified and advanced
to obtain numerical and analytical solutions of linear and nonlinear partial differential
equations. Instances include the double natural and Laplace decomposition method [3,4],
the modified double Laplace decomposition method, a singular generalized modified
linear Boussinesq equation, and a singular nonlinear Boussinesq equation [5]. The coupled
Boussinesq-Burgers equations appear in the diffusion of shallow water waves [6]. The
unidirectional expansion of long waves in diffusive media [7] and the fractional variational
principles aside from the semi-inverse method are applied to deduce the space-time frac-
tional Boussinesq equation [8]. The space-time fractional Boussinesq equations in Caputo
sense derivatives are discussed by applying the homotopy perturbation technique [9].
The authors in [10] discussed the partial differential equations using the double Laplace—
Sumudu transform method. Numerical solutions of partial differential equations with
variable coefficients have been examined by the Sumudu transform method (STM) [11].
The authors have developed a method with the approximate solutions of the nonlinear sys-
tems of partial differential equations with the help of the Sumudu decomposition method
(SDM) [12]. In this paper, a new approach is suggested that uses the Sumudu transform
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decomposition method to obtain the exact solution of several types of Boussinesq equa-
tions. This technique is a combination of the decomposition method and the Sumudu
transform method. The new double and triple Sumudu transform decomposition method
is used to develop the solutions of 1 4+ 1 and 2 + 1-dimensional Boussinesq equations.
The rest of the work is arranged as follows: Section 2 covers important definitions, the
existing condition of the triple Sumudu transform (TST), and theorems of partial derivates
with (TST). In Section 3, the 1 + 1-dimensional Boussinesq equation is studied by using
the double Sumudu transform, and one example is given to support our method. In
Section 4, the triple Sumudu transform decomposition method is applied to solve the
singular 2 + 1-dimensional Boussinesq equation, and one example is given. In Section 5, we
study the solution of the singular 2 + 1-dimensional coupled system Boussinesq equation
by utilizing the triple Sumudu transform decomposition method. Finally, Section 6 outlines
the concluding observations.

2. Properties of the Triple Sumudu Transform

In this section, the definitions and existence condition of the triple Sumudu transform
are presented. Here, we work with the double and triple Sumudu transform, which is
defined by

SxSi(f(x,t)) = F(uy,v) = / / e % f(x, t)dtdx, 1)
ulv
where S, S; indicates the double Sumudu transform and uq,v € C.
SxSySt(f(x,y,t)) = F(uq, up,v) = uluzv/ / / e_ﬁ_@_f f(x,y, t)dtdydx  (2)

where S, SySt indicates the triple Sumudu transform and uq, up, v € C.

Next, the conditions for the existence of the triple Sumudu transform are given.
If f(x,y,t) is an exponential order a,c, and b as x — oo, y — 0, and t — oo, and if
JK > Osuchthatforallx > X,y >Yandt > T

|f(x, v, t)‘ < Keax—i—by-&-ct, (3)
for some X, Y, and T, then we write

flx,y,t) = O(e‘”‘“’y“t) as Y — 0, y — 00, t — 09;

equivalently,
L _ Ktim o (o) (200 _
lim e #" 7 |f(x,y,t)\folgr010e <?‘ ) =0, 4)
y—00 y—>00
t—o0 f—c0

whenever % >a,1 > c and 1 > b. The function f(x,y,t) does not grow faster than

K(x,y,t )asx%oo,yﬁoo,andt%oo.

Theorem 1. The function f(x,y,t) is defined on (0,X), (0,Y), and (0, T) and on the exponen-

tial order (x,y,t). Then the triple Sumudu transform of f(x,y,t) exists for all Reui1 > 1

I’l,
Re@ > = andRe >
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Proof. By using Equations (2) and (3), we obtain

/ / / e larvta vt )f(x y, t)dxdydt
U0 7

1
% a/0 /O /0 o —a)x uzb>y(vc)tdxdydt’ (5)

(1 —aup)(1—cup)(1—0bo)

|F(u1,up,0)| =

IN

From the condition Reul—1 > %, Reul—2 > %, Re% > %, and Equation (4), we have

lim |F(uq,up,0)| =0or lim F(uy,up,v) =0.
1] —00 1] —00
Up—>0 1y —>00
V—00 V—>00

This result can be considered the limiting property of the triple Sumudu transform. O

The next theorem discusses the convergence of the triple Sumudu transform.

Theorem 2. Let ¢(x,y,t) be a function of three variables continuous in the x,y, and t-plane. If the
integral % o0 o0
1 7 (gt
pqu / //e <“p+”’+”)¢(xr3/rf)dxdydt
P1% 5 0

converges at p = po, q = qo, and v = vy, then the integral converges for p < po, 9 < qo, and
0 < 0.

The proof of this theorem is similar to the proof given by Theorem (2.3) in [13].
Theorem 3. If the triple Sumudu transform of the function f(x,y, t) is presented by F(uq, up,v) =
SxSySt[f(x,y,t)], then the triple Sumudu transforms of the functions

xyf(x,y,t)
are given by
92
SxSySt[xyf(x,y,t)] = uluZW(uluzF(ul,uz,v)). (6)

Proof. By applying the partial derivative with respect to u; for Equation (2), we obtain

oF SUn, u u + t
e O U (L
( y+1 t) 1 @
= fO 0 vuz "2 fO E)u] ule ! f(x Y, )dx d]/dt
By computing the partial derivative into brackets, we obtain
® 9 1 ©f1 1) -1y
u — N u Hd
0 duru ey dx /0 (u%x u%)e tf oy
| _ 1y
= —xe " Yy, t)d 8
sy, s ®

1

1 —Lixyp
- " Ly, t)dx.
|7 e 0y,

ug
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By substituting Equation (8) into Equation (7), we obtain

W fO O W2 7(“2 )(fo 3xe “1 f(x v, )dx)dydt

L (e h) 5 ©)
I vuz o 2 Le” 1f(x,y,t)dx dydt.
By taking the derivative with respect to u, for Equation (9), we have achieved
O2F (uy,up, o oo ¥ tat) (o,
% = éfo fO xe (1" )(f e zy<13y_u12>f(x,y,t)>dxdydt 1)
o (1 1
b g G (e (- 2 o Jaxdvar
Equation (10) becomes
FRuino) 1 g g g D] - #-5:5,8 t
911 d1ly el tlxyf(x,y,t)] By XY t[xf(x,y,1)] (1)

~ i SxSySiluf (x v b)) + ufuzs SySilf (x,y,1)].

By arranging the above equation, we obtain

5 %82F(u1,u2,v) 5 OF(uq,up,0)
L e — E Pe—

t =
sxsyst[xy(x,y, )] usu 910 ujun duq
2201200 ey, 0);
dup
hence, >

0
SxSyStlxyf(x,y,t)] = uluZW(uluzF(ul,uz,v)).
The proof is complete. [

The next theorem provides the triple Sumudu transform of the partial derivatives

P
XY 5p Y and xy atZ

2
Theorem 4. The triple Sumudu transform of the fractional partial derivatives xy%—lf and xy%Tzl/} are

achieved by
) 2
styst {xy%} = Mlvllz au?a (LllMZT(ul/ Up,v )) (12)
—2 Bu?auz (uquz¥ (u1,u2,0)),
and
821,11 Uilp 82
SxSySt {xy T ] = T amon (uu¥ (uq, ua, v))
i i (ugu¥ (uq,12,0)) (13)
v oo, M2t
_ Wip > 9P(x,y,0)
v Ju1diy 2 [sty< ot ’
respectively.
Proof. By taking a partial derivative with respect to u; for Equation (26), we have
9 d _ x+Ly+it)a
ouy (styst [Tlﬂ) - aul fO fO fO ulu ¢ ( 2 >7¢dx‘iydt (14)

—(Ly+1lt X0
= fO 0 vuz (Zy ><f0 Wﬂe 1X l/}dx)dydt'
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We calculate the partial derivative inside brackets as follows:

© 9 1 dxdy, (1 1) iy
T J (@x L@)e Car®
I e ek
= /0 u—?xe 1 de (15)
op

Substituting Equation (15) into Equation (14), we obtain

ouy (styst {Tlf}) fO 0 vuz (1,12"""%15) (fooo u13xe_u11xalpdx) dydt

(16)
—Jo I e e (vt <fooo e 0 awdx)d_‘/dt

By taking the partial derivative of expression Equation (16) with respect to u,, we obtain
the formula

1 o 1
aulau2 (stysf{atD = auz (fO 0 vuz (u2y+ t) (fO ul?xe ulxaalfdx) dydt)

~auy <fo 0wt e (rrt) <f0°° L}%E“llxaa‘fdx>dydt>. 7
Therefore, Equation (17) becomes
ity auz (SxSySt[atD = %<W2y IS e —(Ry+b+ )xyatdxdydt)
+1z(u1u2v Jo I5 I3 e _<“2y+ iy )alpdxdydt> 0
_u11u% (m}tzvfooofooofo (i >yatdxdydt>
u%luz(uluzv Jo Jo Jo e _<“2y+ o) %fdxdydt);
hence,
P (S SySt [ai’D = %S S,St [xy%lf] L8188t [7‘/’} 0
d

]
iz 8xSySe [y A se,5e x5 ],

By rearranging Equation (19), we proved Equation (12)

81/) _ WUz 02 UUy 92
SxSySt {xy at} = amon (uyup¥ (uq, up,v)) o 99, (uqux¥ (11, u3,0)).

In a similar way, one can prove Equation (13). O

The double Sumudu transform of the function ¥ (x,t) is given by S,S:[p(x,t)] =

{(u1,v). Then, the triple Sumudu transform of g—f, 32715 and % are given by
ss[2] - $an-yos)
dx Uy
5o (WY _ v 900  $:(00)
¥\ 92 u% u% Uy

and



Axioms 2023, 12, 829

6 of 15

7

S,S; {aﬂ P(ug,v) — (uy,0)

ot v
5.g %P\ ¢(u,0)  P(11,0)  ¢i(uy,0)
NPTz v? v? v

The Triple Sumudu transform of the function ¢(x,y,t) is given by S:S,S:[(x,y,t)] =

oY 9%y  IP(xyt y(xyt) -
%, Txf’ w(aty ), and ¢a<t2y L s

Y(u1, up,v). Then, the triple Sumudu transform of

given by
sxsyst[?ﬁ] = ‘P(ul’”’v)u:‘p(o’”z’v), (20)
P\ plu,up,0)  P(0,up,0)  $i(0,up,0)
ssst(ax) = 2 - " - R— (21)
sxsyst[g‘;] = w(”l’”z’v)u;w”l’o’v),
%P\ ¢(ur,up,0)  P(u1,0,0)  ¢(u,0,0)
S.S Sf(ayz) = " - ” - ra— (22)
and
sxsyst[%ﬂ S L LA L (23)
2
styst (%;f) _ lp(ulzf)gZ' ZJ) o lp(ulz/);’l%o) o ¢f(u1;}u2/0)_ (24)

Next, we generalized the triple Sumudu transform of partial derivatives.

Theorem 5. The triple transforms of the functions (x,y,t), % and aantff are

o _ Y, up,v)  9(0,up,0) _m_l 1 o
styst<a mlp(x,y,t)> B uy' uy' lgo uy' eSSt GOyt ),

o™  p(ug,up,0)  P(ug,0,0) "1 ol
sxsyst(aqu)(x,y,t)> = m " ,;o e —— 55,54 > —(x,0,t) |,

o" P(ug, up,v)  P(ug,up,0) n=1l q o'
Sx5y5t<atnlp(x,y,t)> = v” — = — ;1 e —— 525451 5 —(x,y,0) ).

3. Double Sumudu Transform Decomposition Method and 1 + 1-Dimensional
Boussinesq Equation

The solution of the 1+1-dimensional Boussinesq equation is reviewed by using the
double Sumudu transform decomposition method (DSTDM). In this paper, we indicated
the double Sumudu transform of the function (x,t) by ¥ (11, v).

We consider the general form of the linear Boussinesq equation in one dimension with
the initial conditions given below.

Ry Py 9l ot
aTlf :”aTlfH a;l’b +c£, (25)
subject to
p(x,0) = filx), BEO _ ), 26)



Axioms 2023, 12, 829

7 of 15

where the functions f;(x), and f,(x) are given, and a, b and ¢ are constants. First, applying
the double Sumudu transform on both sides of Equation (25) and the single Sumudu
transform for Equation (26), we obtain

‘I’(ul,v) - T(Ml,O) ‘Pt(u],O)
2 - 7T
v v v
Yy  PIny Ity
"‘stt{ e +b 92 +Cax4:|/ (27)
which by arranging Equation (27) becomes
‘{j(ullv) = F (1/{1,0) +'0F1(M1,0)
%Y Py ¥
2
“+v SxSt |:ﬂaz+b ox > +c ax4:| (28)

The solution is received by using the inverse double Sumudu to transform for Equation (28),

2 2
P(x,t) = fi(x) +tfa(x) + S!S, [vzsxst[ g ‘f +ba h“" +c a‘fH (29)

where S;ll S, ! indicates the double inverse Sumudu transform. The double Sumudu trans-
form decomposition method (DSDM) defines the solutions ¥(x,t) with the support of
infinite series as:

x,t) = ;¢n<x,t>- (30)

By substituting Equation (30) into Equation (29), we receive

[e9)

L gn(xt) = fi(x)+th(x)
+5,15, 1{ 25 st{ (z Pn(x, t)) +b§;n§01n¢n(x,t)ﬂ (31)

45,1851 {vzsxst {cw< Y ¢n(x,t)>H.
n=0

By matching both sides of the Equation (31), we obtain

wo(x,t) = fi(x) + tfa(x). (32)

In general, the rest terms are given by

ura(xt) = 8,181 [stst[aaan(x D) + b2 (Ingu(x, 1) |

(33)
+5: 55 02828t [e 2 ( (1) H
where the inverse double Sumudu transform is given by S, 15 1. Here, we offered that
the inverse exists for Equations (32) and (33). In order to explam the advantages and the
precision of the DSTDM for solving Boussinesq equations, we used the method described
in Example 1.

Example 1. Consider a Boussinesq equation in one dimension

2y Py  Flny

L S
ax2+ 0x2

oty

oxt

subject to the initial condition

¥(x,0) = ¢*, al/’(a’;’o) = 26", (35)
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By applying the above method, Equation (25) becomes

P ) = e +2ter 15,18, {7)25,551& [%(tpn(x, 1)+ 2 (Inyu(x, t))” 56
I IO 4
+5 55 [028:8t [ 2 (n (x,1))] |
Our wanted recursive relation is given by

g = e* + 2te¥,

and
2

bt = 50180 (2551 ] Z ) + s n(a)||
rsilst s [ 25 mnn] |

forn=0,1,2,.... Hence,atn =0,

gy 92 92 ot
nen = 55 28,5 L (ol 1) + 2y (gl 1) + 2 (ol 1)
i ox ox 0x
I 8
= S;lls;l _UzsxSt[4€x + 8t€x}:| — 2t2€x + gi,i’)ex
atn =1,

2

r 2 4
() = S5t 25 S x0) + S g ) + 5 ()] |

et 24 5 16 32 -
= 5,15 10?5, {Btze"—i—?’ H 4t4x+5! e~;

and atn = 2,
64 128
P3(x,t) = 6't6 ot

By applying Equation (30), we obtain

len(x't) = Pot+tPr1+P2+....
n=0

_ (2t)? @)’ . @)t @),
—e+2te+2 +3!e+4!e+5!e
20)° . @)
o C e

Therefore, the solution to Equation (34) is given by

¢<x, t) — ex+2t'

The surface in Figure 1 shows the approximate solution of function P (x,t) = e**+2*,
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@)

Figure 1. (x, t) = e¥ 2.

4. Triple Sumudu Transform Decomposition Method and Singular 2 4 1-Dimensional
Boussinesq Equation

Now, we explain the triple Sumudu transform decomposition method to solve the
singular 2 + 1-dimensional Boussinesq equation:

Consider the following general form of the singular 2 + 1-dimensional Boussinesq
equation of the form:

Y — x e (xlpx) — %% (]/le) +a(x,y) Prxxx + b(xfy)%yyy
X

(37)
+C(x/]/)1/]xxtt + d( /y)lpyytt == f(x/ ]// t)/
with the initial condition
W (x,y,0
Plxy,0) = &1(xy), % = g(xny), (38)

where the functions a(x,y), b(x,y), c(x,y), and d(x, y) are arbitrary. In order to obtain the
solution of Equation (37), we first take the product of both sides of Equation (37) by xy, and
applying the triple Sumudu transform, we obtain Equation (39)
SxSySt[xypu] = 5x5,5; {y%(xl[)x) + x% (ypy) — axyPrxxx — b(x)xytpyyw} (39)
+ SxSySt[—cxypuu — dxypyy + xyf (x,y,1)].

Second, applying Equation (13), one obtains Equation (40) by arranging

2
U112 3y SxSyStln] = SxSyS [V%(Wx) +g; (yy) — axy e — b(x)xy%yyy} (40)
488y St [—cxy st — dxypyys + xyf(x, y,1)],
and by arranging Equation (40)
aulauzs SySt[pu] = M11uz SxSySt [yaax (x¢px) + x% (vpy) — axyraxx — b(x)xyll’yyyy] (41)

uluz iy SxSySt [—exy it — dxyyyn + xyf(x,y,t)].

By taking the integral for Equation (41) from 0 to 7 and 0 to uy with respect to u; and
u,, we have

SxSySilyul = 3 fy" ums SySt [y (x9a) + 38 (viby) — axyWacax — bxyipyyyy | durduz
8,51 [—exyats — dxypyun + 1 (., )| diundiny,

For the double Sumudu transform for the initial condition given in Equation (38), we obtain

(42)
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Y(uy,uz,0)  P(ur,u,0)  ¢i(u, up,0)
0

up orur ] d d
/0 /0 ESxSySt {Vax(x%) —l—xa(y%) — axyWPxxxx — bxypyyyy | durduy (43)

up a1
—1—/0 /o msxsyst[—cxwxm — dxypyyn + xyf(x,y,t)]durdus.
For the third step, using the triple inverse Sumudu transform for both sides of Equation (43),
the solution to Equation (37) can be written as
Yy t) = gilxy)+igany)
S S S| o S s SxSySt [y (xips) + x 3 (vipy) | dunus|
-S,; 15 15 1 u1 0u1 ulszsxsyst [axY Prxxx + bXYPyyyy] du1du2}
Sullsuzls ! M1 Ou1 ulliuzsxsyst [ny¢Xth + dxy‘/’yyft o xyf(x, Y, tﬂ dulduz} :

(44)

By substituting Equation (30) into Equation (44), we obtain

)y lpﬂ(x/y/t) = gl(x) +tg2< )+Su1lsuzls 1{ 5 0”1 Mllblzs 5 St[xyf(x’y’t)]}

n=0
+Su115 151 oul 0“1 msxsygt [yaax (x<n§0¢m>>}duld”4
+8,18,18, 1| o f s, syst[ < (f lpny)ﬂdulduz] (45)
*5;1155215171 ou1 ou1 T [ y( Y APnxxxx + b‘/’nywy)]d”ld”Z}
8, 15,18, = 1 [xy (nzo CxYPmxit + dxylpnyytt)]dulduz},
wheren =0,1,2,. Hence, from Equation (45) above, we have
wy
o6y, t) = g1(x,y) +182(x,y) + 550,55 { /0 /O i SySt[xyf(x,y,t)]],
and
broaCoy ) = Salsalsit| [ [ S8y v xlun)) + g (v ()| s
St Su | [ [ e v (0 e + D)) i (46)

u 1
15”215 [/ 1 / = [x]/((cx]ﬂl]nxxtt + dxylpnyytt))]du1duz] .

To clarify this method for the linear singular Boussinesq equation, we give Example 2. We
leta=b=c=d=1and f(x,t) = — (x2 — y?) sint.

Example 2. The linear singular Boussinesq equation in one dimension is given by

10 10
lptt - ;a( ll)x) - g@ (ylrby) + lPxxxx + lpyyyy
Fxxtt + Pyyrt = — (xz - y2) sinf, (47)

with the initial conditions

P(x,y,0) =0, W = (@ -). (48)
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In order to proceed with our method for Equation (47), we obtain

Po(x,y,t) = (x2 — y2> sint,

and
() = S;is.1s; /ulfulis S5t |y (x () + 22 (y(9)) | durd
Yut1(x,y, = uy Puy Po o Jo uuy X2yt yax Pnx dy y(y 164412
IR wp o orup ]
_Sullsuzlsvl[ /O /O i [xy((¢+¢nyyyy))}du1du2]

uy uy 1
_5;11,9;215;1 |:/O /0 iy [xy((x]/ll)nxxtt —+ xyl[]nyytt))] duldll2:| .

The first repetition at n = 0 is denoted by

up orur ] d d
Ppr(x,yt) = 551151721551{/0 /0 SxSySt{yax(x(%x))+xay(y(¢0y))]d“1d”2]

Ujup

_ -~ _ uy uy 1
_Sullsuzlsv 1 {/0 /O [x]/((ll)Oxxxx + l/Joyyyy))] dulduz]

ujup

up prup ]
—5.S0,' 8, {/0 /o [y ((xyoxe + xbeOyytt))]dulduZ} ,

Uiun

= 0,

atn = 1. We have

Po(x,y,t) =0.
Likewise, let n = 2. We obtain

P3(x,y,t) = 0.

Hence, by using Equation (30), the series solutions are denoted by
Yo pu(xyt) = Go+dr+gnt....
n=0
= (x2 — yz) sint.

Figure 2A,B show the approximate solutions of Example 2 for the function ¢(x, y, t) =
(x2 —y?)sint aty = 0 and x = 0, respectively.

G0
@ ‘Ot

(A)

Figure 2. (A) p(x,y,t) aty=0; (B) ¥(x,y,t) at x =0.
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5. The Triple Sumudu Transform Decomposition Method and the Singular
2 4 1-Dimensional Coupled System Boussinesq Equation

In this part, the triple Sumudu transform decomposition is addressed for the solution
of the singular 2 + 1-dimensional coupled system Boussinesq equation. The general form
of the singular 2 + 1-dimensional coupled system Boussinesq equation is denoted by

wr = a(x,y) (@), +b(x,y)Prex +c(x,Y)Pyyy (49)
Y = d(x,y)wx +e(x,y)wy — PPy,

with the initial condition

w(x,y,0) = filx,y), $(xy,0) = f2(xy), (50)

where the functions a(x,y), b(x,y), c(x,y),d(x,y), and e(x, y) are arbitrary. For the purpose
of obtaining the solution to Equation (49), we use the triple Sumudu transform Equation (49)
and the double Sumudu transform for Equation (50). We have

Wumo) = Fl(uz]zﬂm + SxSySt[a(wip) + bipxxx + cthyyy|

v

Ylnanp) Fz(”;’uz) + 525y St [dwx + ewy — Pipy].

v

(51)

By organizing Equation (51), we obtain

W(ur,up,0) = Fi(u1,up) +0SxSySi[a(wy) + biprrx + cthyyy]

52
Y(ur,u2,0) = Fa(ug,uz) 4+ 05:SySt[dwy + ewy — pipy]. (52)

Applying the inverse transformation, we obtain

w(x,y,t) = filxy)+ 5;115;215;1 [0SxSy St [a(wip) + bipax + cyyy] |

v(x,y,t) = falx,y)+ 517115;215;1 [05xSySt [dwy + ewy — Pipi]]. (53)

By substituting Equation (30) into Equation (29), we obtain

(54)

) )
=0

The wo(x,y,t), Po(x,y,t), wy+1(x,y,t), and ¢, 11 (x,y, t) are given by

wo(x,y,t) = fi(x,y), Yo(x, ¥, t) = fa(x,y), (55)

and
a1 (XY, 8) = iS85 [0828y St [a(wntpn) + bipnrx + Cuyyy]]
Pus1(x,y,t) = S8, 058, S [dwnx + ewny — Putpnx]].

Now, we stipulate the triple inverse Sumudu transform with respect to u1, up, and v, which
exist for Equation (56).

To confirm the applicability of the method offered above, for a 2 4 1-dimensional
coupled system Boussinesq equation, we offer the following example, ata =b=c=d =
e=—1

(56)

Example 3. The 2 + 1-dimensional coupled system Boussinesq equation is given by

1
wy = *E(w‘/’)x = Prxxx — Pyyy
lpt = TWx —Wy— lPlPx, (57)
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with the initial condition
w(x,y,0) =2x -2y, ¢¥(x,y,0) =2x—2y. (58)

As indicated by the above method, the zeroth components wy and 1y are proposed by the Ado-
mian method,
wo = 2x — 2y, Py = 2x —2y. (59)

The remaining components wy 1, P41, 1 > 0 are given by using the relation

Wpp1 = =S558 [052Sy St [(Wnthn) + Yrxxx + Pryyy] ]

60
Put1 -S, 1511215 [0S+SySt [Wnx + Wy + PriPux] ] (60)

By putting n = 0 into Equation (60), we have

I 1
wy = —=S,'s.!s;? [vs syst[ (wotpo) +¢0xxx+¢omﬂ

= —8,'S.'S, [0SxS,Si[4x — 4y]| = —SS,St[4ur0 — 4uyv]
= —(4xt —4yt),

Y1 = =5, Sy [0SxSy St [wox + woy + Pothou] |
= —8,'8.1S, [0SxS,Si[4x — 4y]] = —SiS,St[4ur0 — 4uy0]
= —(4xt —4yt),

atn =1,

wy = —S,'S.1s;? [stsyst [ (woxtp1 + wixtPo + W1YPox + WoP1x) + Praxx + 1I’1yyy”

w, = 4*(2x —2y),
Yo = =SS0, [0SxSySt[wix + wiy + Potpix + Yrox]]
= 42(2x —2y).

In a similar manner, we have
w3 = —8t3(2x —2y),
3 = —8t3(2x —2y).

Hence, by using Equation (30), the series solutions are denoted by

Y walx,yt) = wo+wi+wrt....

= (2x—2y) (1 —2t 4 (2% — (28 + (28)* — .. )

Z (x,y,1) Yo+ +¢Pr+....
= (2x—2y) (1 — 2t (2% — (2% + (28)* — .. )
therefore, the solution to equation Equation (57) is given by

2x —2 2x —2
w(x,y,t) = 1—|—2ty and Pp(x,y,t) = 1+2ty'

The approximate solutions for the functions ¢(x,y,t) = 219:22ty and w(x,y,t) = %

at y = 0 were shown in Figure 3A,B, respectively. Moreover, in the Figure 4A,B, we
show the approximate solutions of function ¢(x,y,t) = 2ic+;22ty and w(x,y,t) = 21x +22ty at

x = 0, respectively.
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Figure 4. (A) ¢(x,y,t) atx=0; (B) w(x,y,t) atx =0.

6. Conclusions

In this work, we presented the triple Sumudu transform decomposition method
(TSTDM) to find the approximate and series solutions of the Boussinesq equations. We
examined three different types of examples connected to the one and two dimensional
Boussinesq equations for systems of linear Boussinesq equations. By investigating the ex-
amples, we conclude that the TSTDM is a powerful tool for the solution of linear, nonlinear,
and coupled systems of Boussinesq equations, compared with the Adomian decomposition
method, homotopy analysis method (HAM), and variational iteration method (VAM).
Nonetheless, there is still the open problem of investigating the rate of convergence to
the exact solution for these types of problems. It is also possible to study the TSTDM
by using an analytical solution to the other singular partial differential equations, which
arise in applied science as well as engineering that may offer a better understanding of the
real-world problems that represent singular partial differential equations. In later works,
we plan to apply the TSTDM to several models related to engineering and physics.
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