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Abstract: In the present paper, a transmission problem of the Timoshenko beam in the presence of
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recent results.
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1. Introduction and Position of Problem

The need for fundamental research on the Timoshenko transmission problem became
apparent when many physical processes were found to lead to initial boundary values and
mixed problems involving partial derivatives of fractional order. Moreover, these systems
belong to the class of modern differential equations, which, as a rule, are not self-adjoint.
The main purpose of this work is to study the structural and qualitative properties of the
model (see [1–5]).

In this paper, we study the following transmission problem with distributed delay:

(utt − auxx − α(ux + v)x + µ1ut + u + v)(x, t)
−µ2

∫ t−τ2
t−τ1

σ1(t− s)ut(x, s)ds = 0, in Q1

(vtt − avxx + α(ux + v) + u + v)(x, t) = 0, in Q1
(ϕtt − bϕxx − β(ϕx + ψ)x + µ3 ϕt)(x, t)

−µ4
∫ t−τ2

t−τ1
σ2(t− s)ϕt(x, s)ds = 0, in Q2

(ψtt − bψxx + µ5ψt + β(ϕx + ψ))(x, t) = 0, in Q2,

(1)

where Qj = ((j− 1)Lj−1, Lj)×R+, j = 1; 2. with 0 < L0 < L1 < L2 and a, b, µ2i−1|i=1;2;3,
τ2, α, β are positive constants, µ2j|j=1;2 ∈ R, τ1 is a nonnegative constant with τ1 < τ2 and
σj : [τ1, τ2] −→ R, j = 1; 2 is a bounded function.

L2 is the length of the beam. Functions u and ϕ are the transverse displacements of
a beam with reference configuration (0, L2) ⊆ R and functions v and ψ are the rotation
angles of a filament of the beam.

u(x, t) and v(x, t)
ϕ(x, t) and ψ(x, t)

0 L1 L2
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The well-posedness and asymptotic behavior of the solution of system (1) is studied ∀t ≥ 0,
under the following boundary and transmission conditions:

u(0, t) = v(0, t) = ϕ(L2, t) = ψ(L2, t) = 0,
u(L1, t) = ϕ(L1, t), aux(L1, t) = bϕx(L1, t),
v(L1, t) = ψ(L1, t), avx(L1, t) = bψx(L1, t),
α(ux + v)(L1, t) = β(ϕx + ψ)(L1, t),

(2)

and the initial conditions

u(0) = u0, v(0) = v0, ut(0) = u1, vt(0) = v1, x ∈ (0, L1),
ϕ(0) = ϕ0, ψ(0) = ψ0, ϕt(0) = ϕ1, ψt(0) = ψ1, x ∈ (L1, L2),
ut(x,−t) = f0(x, t), x ∈ (0, L1), t ∈ [0, τ2],
ϕt(x,−t) = h0(x, t), x ∈ (L1, L2), t ∈ [0, τ2].

(3)

Time delays are used in many applications, such as physical, chemical, biological, thermal,
and economic phenomena; these phenomena do not naturally depend on the current state,
but on some past events.

The presence of a delay in the system can turn the system into an unstable state or
a well-behaved system into a wild system. It has been shown that adding a slight delay
to a uniformly asymptotic system can destabilize that system unless additional control
conditions are used; for example, see [6–10].

By the beginning of this century, the study of transmission problems—such as the
vibration propagation over objects consisting of two different types of materials—gained
significant importance; as can be seen in [1,2,11].

Transmission problems frequently occur in scenarios where the field encompasses
multiple materials whose properties have different elasticities and are interconnected over
the entire surface. Mathematically, the transmission problem for wave propagation is
governed by a hyperbolic problem. Green and Naghdi in [12,13] discussed two models
of thermal elasticity: a type II class of thermoelasticity that does not conserve energy
dissipation, and a third class that is dissipative in nature.

In the absence of delay, there are many works around transmission problems. Inter-
ested readers are referred to [14–16]. We mention here some results on the relation between
the delay term and the source term [10,17–21].

Benaissa et al. [17] considered the following system in (0, L)×R+, with delay terms
in the internal feedback:

ρ1 ϕtt − Gh(ϕx + lw + ψ)x − Ehl(wx + lϕ) + µ1 ϕt + µ2 ϕt(x, t− τ1) = 0
ρ2ψtt − Elψxx + Gh(ϕx + lw + ψ) + µ̃1ψt + µ̃2ψt(x, t− τ2) = 0
ρ1wtt − Eh(wx + lϕ)x + lGh(ϕx + lw + ψ) + ˜̃µ1wt + ˜̃µ2wt(x, t− τ2) = 0,

(4)

with initial and Dirichlet boundary conditions. The authors demonstrated that the well-
posedness using the semi-group theory and the decay of the solution via the multiplier
method, under the assumption that

|µ2| < µ1, |µ̃2| < µ̃1 and
∣∣∣˜̃µ2

∣∣∣ < ˜̃µ1.

In [8], the authors explored the wave equation with linear frictional damping and internal
distributed delay:

utt − ∆xu + µ1ut + a(x)
∫ τ2

τ1

µ2(s)ut(t− s)ds = 0,

in Ω×R+. The exponential decay of the solution is obtained under the following assump-
tion:

‖a(x)‖∞

∫ τ2

τ1

µ2(s)ds < µ1.
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The author of [22] investigated a uniform stability result for the thermoelasticity of type
III with boundary-distributed delay and found exponential stability under an appropriate
condition.

In [23], Lamine Bouzettouta et al. considered a Bresse system in (0, L)×R+, with delay
terms in the internal feedback acting in the first and third equations, and the distributed
delay term in the second equation.

ρ1 ϕtt − Gh(ϕx + lw + ψ)x − Ehl(wx + lϕ) + µ1 ϕt + µ2 ϕt(x, t− τ1) = 0
ρ2ψtt − Elψxx + Gh(ϕx + lw + ψ) + µ0ψt +

∫ τ1
τ2

µ(s)ψt(x, t− s)ds = 0
ρ1wtt − Eh(wx + lϕ)x + lGh(ϕx + lw + ψ) + µ̃1wt + µ̃2wt(x, t− τ2) = 0,

(5)

with initial and Dirichlet boundary conditions. The authors demonstrated the existence
of solutions by the semi-group theory and studied the stability of solutions using the
multiplier method, under the assumption that

|µ2| < µ1, |µ̃2| < µ̃1 and µ0 <
∫ τ1

τ2

µ(s)ds.

Waves with frictional damping were studied in [24]. The transmission problem for the
Timoshenko beam with frictional damping was studied in [25]. The transmission problem
for the Timoshenko beam with unique memory was studied by Raposo [26]. In this case,
there is no uniform decay.

On the other hand, Margareth S. Alves et al. [3] studied and proved the uniform
stabilization for the following transmission problem of the Timoshenko system with
two memories:

ρ1
1φ1

tt − k1
(
φ1

x + ψ1)
x = 0 in (0, L0)× (0,+∞),

ρ2
1φ2

tt − k2
(
φ2

x + ψ2)
x = 0 in (L0, L)× (0,+∞),

ρ1
2ψ1

tt − b1ψ1
xx + k1

(
φ1

x + ψ1)+ g1 ∗ ψ1
xx = 0 in (0, L0)× (0,+∞),

ρ2
2ψ2

tt − b2ψ2
xx + k2

(
φ2

x + ψ2)+ g2 ∗ ψ2
xx = 0 in (L0, L)× (0,+∞),

(6)

subject to initial boundary and transmission conditions.
Now, we will consider and prove the existence and uniqueness of solutions and

uniform stabilization for the transmission problem for a partially viscoelastic beam of the
Timoshenko system with distributed delay. This beam comprises two components: elastic
and viscoelastic.

The rest of our paper is organized as follows. In Section 2, we present the main results
and some preliminaries necessary for proving these results. In Section 3, we prove the
well-posedness of our problem using semi-group methods. In Section 4, we prove the
exponential decay of the energy by the multiplier method.

2. Preliminaries and the Main Results

In this section, we present the main assumptions of the parameters in (1) and functions
σj, j = 1, 2. We also provide some essential preliminaries and present the key findings of
this paper.

We present some lemmas, which will be needed later. Let us first recall Sobolev–
Poincaré’s inequality.

Lemma 1 ([3]). Let p be a number with 2 ≤ p < +∞. We will use the same embedding constants
denoted by cP1 and cP2 , such that

‖w‖Lp(0,L1)
≤ cP1‖wx‖L2(0,L1)

for w ∈ H1
0(0, L1),

and
‖w‖Lp(L1,L2)

≤ cP2‖wx‖L2(L1,L2)
for w ∈ H1

0(L1, L2).
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Lemma 2 ([27,28]). Let E : R+ → R+ be a non-increasing function and assume that there are
two constants, σ > −1 and ω > 0, such that∫ +∞

S
E1+σ(t) dt ≤ 1

ω
Eσ(0)E(S). 0 ≤ S < +∞, (7)

then we have

E(t) = 0 ∀t ≥ E(0)σ

ω|σ| if − 1 < σ < 0, (8)

E(t) ≤ E(0)
(

1 + σ

1 + ωσt

) 1
σ

∀t ≥ 0, if σ > 0, (9)

and
E(t) ≤ E(0)e1−ωt ∀t ≥ 0, if σ = 0. (10)

We list all necessary assumptions for our claimed results.
Regarding the weight of distributed delay, we assume

[A1]: µ2i−1 − |µ2i|
∫ τ2

τ1

σi(s)ds > 0, i = 1; 2.

and

[A2]:
2

∑
i=1

|µ2i|
2

∫ τ2

τ1

e2s|σi(s)|ds < 2 min{1, 2e−2s}.

As [10], let us introduce the following new variables:{
y1(x, ρ, s, t) = ut(x, t− sρ) (x, ρ, s, t) ∈ (0, L1)× (0, 1)× (τ1, τ2)×R+

y2(x, ρ, s, t) = ϕt(x, t− sρ) (x, ρ, s, t) ∈ (L1, L2)× (0, 1)× (τ1, τ2)×R+.
(11)

The variables y1 and y2 satisfy{
sy1,t(x, ρ, s, t) + y1,ρ(x, ρ, s, t) = 0 (x, ρ, s, t) ∈ Σ1
sy2,t(x, ρ, s, t) + y2,ρ(x, ρ, s, t) = 0 (x, ρ, s, t) ∈ Σ2

(12)

where
Σi = ((i− 1)Li−1, Li)× (0, 1)× (τ1, τ2)×R+, i = 1; 2.

Then, system (1) is equivalent to

utt(x, t)− auxx(x, t)− α(ux + v)x(x, t) + µ1ut(x, t)
+(u + v)(x, t) + µ2

∫ τ2
τ1

σ1(s)y1(x, 1, s, t)ds = 0 in Q1

vtt(x, t)− avxx(x, t) + α(ux + v)(x, t) + (u + v)(x, t) = 0 in Q1
ϕtt(x, t)− bϕxx(x, t)− β(ϕx + ψ)x(x, t) + µ3 ϕt(x, t)

+µ4
∫ τ1

τ2
σ2(s)y2(x, 1, s, t)ds = 0 in Q2

ψtt(x, t)− bψxx(x, t) + µ5ψt + β(ϕx + ψ)(x, t) = 0 in Q2
sy1,t(x, ρ, s, t) + y1,ρ(x, ρ, s, t) = 0 in Σ1
sy2,t(x, ρ, s, t) + y2,ρ(x, ρ, s, t) = 0 in Σ2,

(13)

where
Qi = ((i− 1)Li−1, Li)×R+, yi,ρ :=

∂yi
∂ρ

and yi,t :=
∂yi
∂t

, i = 1; 2.

From now on, we use the following notations

w := w(x, t) / w ∈ {u, v, ϕ, ψ}, yi(x, ρ, s, t) := yi(ρ, s), i = 1; 2.
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For any regular solution of (13), we define the energy as

E(t) =
1
2

∫ L1

0

[
u2

t + v2
t + a

(
u2

x + v2
x

)
+ α(ux + v)2 + (u + v)2

]
dx

+
1
2

∫ L2

L1

[
ϕ2

t + ψ2
t + b

(
ϕ2

x + ψ2
x

)
+ β(ϕx + ψ)2

]
dx

+
2

∑
i=1

|µ2i|
2

∫ Li

(i−1)Li−1

∫ 1

0

∫ τ2

τ1

s|σi(s)|y2
i (ρ, s)dsdρdx. (14)

The main result of the present work is as follows:

Theorem 1. Let (u, v, ϕ, ψ) be the solution of (1). Assume that [A1] and [A2] hold. Then there
exist two positive constants, c and ω, such that

E(t) ≤ cE(0)e−ωt, t ≥ 0. (15)

3. Well-Posedness of the Problem

Owing to the semi-group theory, we prove the existence and uniqueness of a local
solution of system (1).

Here, we denote the following function space:

H1
∗ =

{
(w, w̃) ∈ H1(0, L1)× H1(L1, L2) / w(0, t) = w̃(L2, t) = 0,

w(L1, t) = w̃(L1, t), awx(L1, t) = bw̃x(L1, t),

αwx(L1, t) = βw̃x(L1, t), }. (16)

and

H2
∗ =

{
(w, w̃) ∈ H1(0, L1)× H1(L1, L2) / w(0, t) = w̃(L2, t) = 0,

w(L1, t) = w̃(L1, t), awx(L1, t) = bw̃x(L1, t),

αw(L1, t) = βw̃(L1, t)}. (17)

The phase space of our problem is the Hilbert space:

H = H1
∗ ×H2

∗ ×
(

L2(0, L1)× L2(L1, L2)
)2 × L2((0, L1)× (0, 1)× (τ1, τ2))

×L2((L1, L2)× (0, 1)× (τ1, τ2)),

provided by the inner product, defined by:
for all vectors U = (w1, · · · , w10)

T and Ũ = (w̃1, · · · , w̃10)
T inH,〈

U , Ũ
〉
H

= a
[
〈w1,x, w̃1,x〉L2(0,L1)

+ 〈w3,x, w̃3,x〉L2(0,L1)

]
+b
[
〈w2,x, w̃2,x〉L2(L1,L2)

+ 〈w4,x, w̃4,x〉L2(L1,L2)

]
+α〈w1,x + w3, w̃1,x + w̃3〉L2(0,L1)

+〈w1 + w3, w̃1 + w̃3〉L2(0,L1)

+β〈w2,x + w4, w̃2,x + w̃4〉L2(L1,L2)
+
〈
w′5, w̃5

〉
L2(0,L1)

+
〈
w′6, w̃′6

〉
L2(L1,L2)

+ 〈w′7, w̃′7〉L2(0,L1)
+
〈
w′8, w̃′8

〉
L2(L1,L2)

+|µ2|
∫ 1

0

∫ τ2
τ1

s|σ1(s)|〈w9, w̃9〉L2(0,L1)
dsdρ

+|µ4|
∫ 1

0

∫ τ2
τ1

s|σ2(s)|〈w10, w̃10〉L2(L1,L2)
dsdρ.

Let U = (u, ϕ, v, ψ, u′, ϕ′, v′, ψ′, y1, y2)
T ∈ H and with (3) can be rewritten (13) as an abstract

Cauchy problem. {
AU = U ′,
U (0) = (u0, ϕ0, v0, ψ0, u1, ϕ1, v1, ψ1, f0, h0)

T ,
(18)
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where the operator A is defined by

A =



∂
∂t
0
0
0(

(a + α) ∂2

∂x2

−I

)
−α ∂

∂x − I
0
0
0
0

0
0
∂
∂t
0
0
0

(b + β) ∂2

∂x2

−β ∂
∂x

0
0

0
∂
∂t
0
0

∂
∂x − I(
a ∂2

∂x2

−(α + 1)I

)
0
0
0
0

0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0



+



0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0

0
0
0
∂
∂t
0
0

β ∂
∂x

b ∂2

∂x2 − βI
0
0

0
0
0
0
−µ1 I

0
0
0
0
0

0
0
0
0
0
0
−µ3 I
−µ5 I

0
0

0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0

0
0
0
0

−µ2T1
0
0
0
− 1

s
∂

∂ρ

0

0
0
0
0
0
0

−µ4T2
0
0
− 1

s
∂

∂ρ


where

Ti(wi) =
∫ τ2

τ1

σi(s)wi(1, s)ds, i = 1; 2.

The domain of the operator A is defined by

D(A) =
{
(u, ϕ, v, ψ, u′, ϕ′, v′, ψ′, y1, y2) ∈ H : (u′, v′) ∈

(
H1(0, L1)

)2,

(ϕ′, ψ′) ∈
(

H1(L1, L2)
)2,

(u, ϕ) ∈
((

H2(0, L1)× H2(L1, L2)
)
∩H1

∗
)
,

(v, ψ) ∈
((

H2(0, L1)× H2(L1, L2)
)
∩H2

∗
)
,

y1(ρ, s), y1,ρ(ρ, s) ∈ L2((0, L1)× (0, 1)×]τ1, τ2[), y1(0, s) = u′,
y2(ρ, s), y2,ρ(ρ, s) ∈ L2((L1, L2)× (0, 1)×]τ1, τ2[), y2(0, s) = ϕ′

}
.

Clearly, D(A) is dense inH.
The existence and uniqueness of a solution to the system (13) with (2) and (3) is stated

by the following theorem:

Theorem 2. Under the assumption [A1], for any U0 ∈ H, there exists a unique weak solution
U ∈ C([0,+∞[,H) of problem (18). Moreover, if U0 ∈ D(A), then

U ∈ C([0,+∞[, D(A)) ∩ C1([0,+∞[,H).

Proof. To prove the result from Theorem 2, we use the theory of semi-groups, i.e., we
show that the operator A generates a C0-semi-group inH. In this step, we prove that the
operator A is dissipative. Indeed, for U = (u, ϕ, v, ψ, u′, ϕ′, v′, ψ′, y1, y2)

T ∈ D(A), where
u(L1) = ϕ(L1) and v(L1) = ψ(L1), we have
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< AU ,U >H = a
[〈

u′x, ux
〉

L2(0,L1)
+
〈
v′x, vx

〉
L2(0,L1)

]
(19)

+ b
[〈

ϕ′x, ϕx
〉

L2(L1,L2)
+
〈
ψ′x, ψx

〉
L2(L1,L2)

]
+ α

〈
u′x + v′, ux + v

〉
L2(0,L1)

+
〈
u′ + v′, u + v

〉
L2(0,L1)

+ β
〈

ϕ′x + ψ, ϕx + ψ
〉

L2(L1,L2)
+
〈
u′′, u′

〉
L2(0,L1)

+
〈

ϕ′′, ϕ′
〉

L2(L1,L2)
+
〈
v′′, v′

〉
L2(0,L1)

+
〈
ψ′′, ψ′

〉
L2(L1,L2)

+ |µ2|
∫ 1

0

∫ τ2

τ1

|σ1(s)|
〈
−y1,ρ(ρ, s), y1(ρ, s)

〉
L2(0,L1)

dsdρ,

+ |µ4|
∫ 1

0

∫ τ2

τ1

|σ2(s)|
〈
−y2,ρ(ρ, s), y2(ρ, s)

〉
L2(L1,L2)

dsdρ.

For the two last terms on the right-hand side of the above equality, we have

|µ2i|
∫ 1

0

∫ τ2

τ1

|σi(s)|
〈
−yyi,ρ(ρ, s), yi(ρ, s)

〉
L2((i−1)Li−1,Li)

dsdρ, i = 1; 2.

=
|µ2i|

2

∫ Li

(i−1)Li−1

∫ τ2

τ1

∫ 1

0
|σi(s)|

d
dρ
|yi(ρ, s)|2dρdsdx, i = 1; 2. (20)

=
|µ2i|

2

∫ Li

(i−1)Li−1

∫ τ2

τ1

|σi(s)|
[
y2

i (1, s)− y2
i (0, s)

]
dsdx, i = 1; 2.

=
|µ2i|

2

∫ Li

(i−1)Li−1

∫ τ2

τ1

|σi(s)|y2
i (1, s)dsdx

− |µ2i|
2

∫ τ2

τ1

|σi(s)|ds
∫ Li

(i−1)Li−1

y2
i (0, s)dx, i = 1; 2.

Using (13)1, and applying integration by parts along with (2), we have〈
u′′, u′

〉
L2(0,L1)

= −a
〈
ux, u′x

〉
L2(0,L1)

− µ1
∥∥u′
∥∥2

L2(0,L1)

−α
〈
ux + v, u′x

〉
L2(0,L1)

−
〈
u + v, u′

〉
L2(0,L1)

(21)

−µ2

〈∫ τ2

τ1

σ1(s)y1(1, s)ds, u′
〉

L2(0,L1)

.

For the last right-hand side term of the above equality, using Young’s inequality, we estimate

−µ2

〈∫ τ2

τ1

σ1(s)y1(1, s)ds, u′
〉

L2(0,L1)

≤ |µ2|
2

∫ τ2

τ1

|σ1(s)|ds
∥∥u′
∥∥2

L2(0,L1)

+
|µ2|

2

∫ L1

0

∫ τ2

τ1

|σ1(s)|y2
1(1, s)dsdx. (22)

Similarly, using the second, third, and fourth equations of (13), integrating by parts
and (2), we obtain〈

v′′, v′
〉

L2(0,L1)
= −a

〈
vx, v′x

〉
L2(0,L1)

− α
〈
ux + v, v′

〉
L2(0,L1)

−
〈
u + v, v′

〉
L2(0,L1)

. (23)

〈
ϕ′′, ϕ′

〉
L2(L1,L2)

= −b
〈

ϕx, ϕ′x
〉

L2(L1,L2)
− µ3

∥∥ϕ′
∥∥2

L2(L1,L2)
(24)

−β
〈

ϕx + ψ, ϕ′x
〉

L2(L1,L2)

−µ4

〈∫ τ2

τ1

σ2(s)y2(1, s)ds, ϕ′
〉

L2(L1,L2)

.
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For the last right-hand side term of (24), using Young’s inequality, we have

−µ4

〈∫ τ2

τ1

σ2(s)y2(1, s)ds, ϕ′
〉

L2(L1,L2)

≤ |µ4|
2

∫ τ2

τ1

|σ2(s)|ds
∥∥ϕ′
∥∥2

L2(L1,L2)

+
|µ4|

2

∫ L2

L1

∫ τ2

τ1

|σ2(s)|y2
2(1, s)dsdx, (25)

and 〈
ψ′′, ψ′

〉
L2(0,L1)

= −b
〈
ψx, ψ′x

〉
L2(0,L1)

− β
〈

ϕx + ψ, ψ′
〉

L2(0,L1)

−µ5
∥∥ψ′
∥∥2

L2(L1,L2)
. (26)

Now, substituting (20)–(26) in (19), we have

< AU, U >H ≤ −
(

µ1 − |µ2|
∫ τ2

τ1

|σ1(s)|ds
)∥∥u′

∥∥2
L2(0,L1)

−
(

µ3 − |µ4|
∫ τ2

τ1

|σ2(s)|ds
)∥∥ϕ′

∥∥2
L2(L1,L2)

− µ5
∥∥ψ′
∥∥2

L2(L1,L2)
(27)

Thanks to assumption [A1], we conclude that operator A is dissipative.
Now, we aim to show that operator A is maximally monotone;; thus, it is sufficient to

show that the operator λI −A is surjective for a fixed 0 < λ. That is, we prove that for all
F = ( f1, · · · , f10) inH, there exists at least one solution U = (u, ϕ, v, ψ, u′, ϕ′, v′, ψ′, y1, y2)

T ∈
D(A) of the equation

(λI −A)U = F. (28)

The above equation is equivalent to

u′ = λu− f1
ϕ′ = λϕ− f2
v′ = λv− f3
ψ′ = λψ− f4
(λ + µ1)u′ − (a + α)uxx + u + v− αvx + µ2

∫ τ2
τ1

σ1(s)y1(1, s)ds = f5

(λ + µ3)ϕ′ − (b + β)ϕxx − βψx + µ4
∫ τ2

τ1
σ2(s)y2(1, s)ds = f6

λv′ − avxx + (α + 1)v + αux + u = f7
(λ + µ5)ψ

′ − bψxx + βψ + βψx = f8
λy1 +

1
s y1,ρ(ρ, s) = f9

λy2 +
1
s y2,ρ(ρ, s) = f10.

(29)

As Nicaise and Pignotti [10] show, each of the last two equations of (29) has a unique
solution:

yi(x, ρ, s) = yi(x, 0, s)e−λρs + se−λρs
∫ ρ

0
eλσs fi+8(x, σ, s)dσ, i = 1; 2.

According to the first two equations of (29), we have

y1(x, ρ) = λu(x)e−λρs − f1e−λρs + se−λρs
∫ ρ

0
eλσs f9(x, σ, s)dσ,

and
y2(x, ρ) = λϕ(x)e−λρs − f2e−λρs + se−λρs

∫ ρ

0
eλσs f10(x, σ, s)dσ.
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In particular, {
y1(x, 1) = λu(x)e−λs + y0

1(x, s)
y2(x, 1) = λϕ(x)e−λs + y0

2(x, s),
(30)

where {
y0

i (x, s) = e−λs(− fi + s
∫ ρ

0 eλσs fi+8(x, σ, s)dσ
)
,

y0
i (x, s) ∈ L2(((i− 1)Li−1, Li)× (τ1, τ2)), i = 1; 2.

(31)

By (29) and (30), the functions u, ϕ, v, ψ satisfy the following system:
K̃1u− auxx − α(ux + v)x + u + v = g̃1
K̃2 ϕ− bϕxx − β(ϕx + ψ)x = g̃2
λ2v− avxx + α(ux + v) + u + v = λ f3 + f7
λ(λ + µ5)ψ− bψxx + β(ϕx + ψ) = (λ + µ5) f4 + f8,

(32)

where{
g̃i = (λ + µ2i−1) fi + fi+4 − µ2i

∫ τ2
τ1

σi(s)y0
i (x, s)ds ∈ L2((i− 1)Li−1, Li),

K̃i = λ
(

λ + µ2i−1 + µ2i
∫ τ2

τ1
e−λsσi(s)ds

)
> 0, i = 1; 2.

(33)

For any (ω1, ω2, ω3, ω4) ∈ H1
∗ ×H2

∗, we can reformulate (32) as

∫ L1
0 (K̃1u− auxx − α(ux + v)x + u + v)ω1dx =

∫ L1
0 g̃1ω1dx∫ L2

L1
(K̃2 ϕ− bϕxx − β(ϕx + ψ)x)ω2dx =

∫ L2
L1

g̃2ω2dx∫ L1
0 (λ2v− avxx + α(ux + v) + u + v)ω3dx =

∫ L1
0 (λ f3 + f7)ω3dx∫ L2

L1
(λ(λ + µ5)ψ− bψxx + β(ϕx + ψ))ω4dx =

∫ L2
L1

((λ + µ5) f4 + f8)ω4dx.

(34)

Integrating by parts in (34), we obtain the following variational formulation of (32):

Φ((u, ϕ, v, ψ), (ω1, ω2, ω3, ω4)) = l(ω1, ω2, ω3, ω4), (35)

where the bilinear form Φ :
(
H1
∗ ×H2

∗
)2 → R and the linear form l : H1

∗ ×H2
∗ → R are

defined by

Φ((u, ϕ, v, ψ), (ω1, ω2, ω3, ω4))

=
∫ L1

0

(
K̃1u + u + v

)
ω1 + (aux + α(ux + v))ω1,xdx

+
∫ L2

L1

K̃2 ϕω2 + (bϕx + β(ϕx + ψ))ω2,xdx

+
∫ L1

0

(
λ2v + u + v + α(ux + v)

)
ω3 + avxω3,xdx

+
∫ L2

L1

(λ(λ + µ5)ψ + β(ϕx + ψ))ω4 + bψxω4,xdx

− [auxω1]
L1
0 − [bϕxω2]

L2
L1
− [avxω3]

L1
0 − [bψxω4]

L2
L1

− [α(ux + v)ω1]
L1
0 − [β(ϕx + ψ)ω2]

L2
L1

,

and

l(ω1, ω2, ω3, ω4) =
∫ L1

0
g̃1ω1 + (λ f3 + f7)ω3dx

+
∫ L2

L1

g̃2ω2 + ((λ + µ5) f4 + f8)ω4dx.
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By the properties of the space H1
∗, H2

∗ it is easy to see that Φ and l are continuous, and for
all V = (u, ϕ, v, ψ) ∈ H1

∗ ×H2
∗, the bilinear form Φ checks the condition of coercivity:

Φ(V, V) = K̃1‖u‖2
L2(0,L1)

+ ‖u + v‖2
L2(0,L1)

+ a‖ux‖2
L2(0,L1)

+α‖ux + v‖2
L2(0,L1)

+ λ2‖v‖2
L2(0,L1)

+ a‖vx‖2
L2(0,L1)

+K̃2‖ϕ‖2
L2(L1,L2)

+ b‖ϕx‖2
L2(L1,L2)

+ β‖ϕx + ψ‖2
L2(L1,L2)

+λ(λ + µ5)‖ψ‖2
L2(L1,L2)

+ b‖ψx‖2
L2(L1,L2)

≥ c‖V‖H1∗×H2∗
.

By applying the Lax–Milgram theorem, we deduce that the problem (35) has a unique
solution (u, ϕ, v, ψ) ∈ H1

∗ ×H2
∗ for all (ω1, ω2, ω3, ω4) ∈ H1

∗ ×H2
∗. From (32), this implies

that (u, ϕ, v, ψ) ∈
(
(H2(0, L1)× H2(L1, L2))

)2 ∩H1
∗ ×H2

∗. Therefore, the operator λI −A
is surjective. We use the Hille–Yosida theorem to guarantee the existence and uniqueness
of the solution of problem (28).

4. Asymptotic Behavior

In this section, we study the asymptotic behavior of the system (1).
For the proof of Theorem 1, we use Lemma 2.

Lemma 3. Let (u, v, ϕ, ψ, y1, y2) be the solution of (13), and assumption [A1] holds. Then the
functional E defined by (14), satisfies the following inequality:

d
dt

E(t) ≤ −
(

µ1 − |µ2|
∫ τ2

τ1

|σ1(s)|ds
) ∫ L1

0
u2

t (x, t)dx

−
(

µ3 − |µ4|
∫ τ2

τ1

|σ2(s)|ds
) ∫ L2

L1

ϕ2
t (x, t)dx

−µ5

∫ L2

L1

ψ2
t (x, t)dx. (36)

Proof. By differentiating (14), using (13), and integrating by parts, we find

d
dt

E(t) = a[uxut + vxvt]
L1
0 + α[(ux + v)ut]

L1
0 − µ1‖ut‖2

L2(0,L1)
(37)

b[ϕx ϕt + ψxψt]
L2
L1
+ β[(ϕx + ψ)ϕt]

L2
L1
− µ3‖ϕt‖2

L2(L1,L2)

−
2

∑
i=1

|µ2i|
2

∫ Li

(i−1)Li−1

∫ τ2

τ1

|σi(s)|
[
y2

i (ρ, s)
]1

0
dsdx

−
2

∑
i=1

µ2i

∫ Li

(i−1)Li−1

(∫ τ2

τ1

σi(s)yi(1, s)ds
)

yi(0, s)dx.

For the last right-hand side term of the above equality, applying Young’s inequality, we have

−µ2i

∫ Li

(i−1)Li−1

(∫ τ2

τ1

σi(s)yi(ρ, s)ds
)

yi(0, s)dx,

≤ |µ2i|
2

[(∫ τ2

τ1

|σi(s)|ds
)
‖yi(0, s)‖2

L2((i−1)Li−1,Li)

+
∫ τ2

τ1

|σi(s)|‖yi(1, s)‖2
L2((i−1)Li−1,Li)

ds
]

, i = 1; 2. (38)

Inserting (38) into (37) and by (2) and the fact that y1(0, s) = ut, y2(0, s) = ϕt, we show
that (36) holds.
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Proof of Theorem 1. Now, we use c to denote various positive constants, which may be
different at different occurrences. We multiply the first and second equations in (13) by u
and v, respectively; we then integrate over (0, L1), multiply the third and fourth equations
in (13) by ϕ and ψ, respectively, and integrate over (L1, L2), we have

∫ L1
0 u(utt − auxx − α(ux + v)x + µ1ut + u + v

+µ2
∫ τ2

τ1
σ1(s)y1(1, s)ds

)
dx = 0∫ L1

0 v(vtt − avxx + α(ux + v) + u + v)dx = 0∫ L2
L1

ϕ
(

ϕtt − bϕxx + β(ϕx + ψ)x + µ3 ϕt + µ4
∫ τ2

τ1
σ2(s)y2(1, s)ds

)
dx = 0∫ L2

L1
ψ(ψtt − bψxx + β(ϕx + ψ) + µ5ψt)dx = 0.

(39)

Next, multiplying the above equalities by Eq, integrating over (S, T), and using integration
by parts, we have∫ T

S
Eq
∫ L1

0
u
(

utt − auxx − α(ux + v)x + µ1ut + u + v + µ2

∫ τ2

τ1

σ1(s)y1(1, s)ds
)

dxdt

=

[
Eq
∫ L1

0
uutdx

]T

S
−
∫ T

S
Eq‖ut‖2

L2(0,L1)
dt−

∫ T

S
qE′Eq−1

∫ L1

0
uutdxdt (40)

+ a
∫ T

S
Eq‖ux‖2

L2(0,L1)
dt + α

∫ T

S
Eq
∫ L1

0
ux(ux + v)dxdt

+ µ1

∫ T

S
Eq
∫ L1

0
uutdxdt +

∫ T

S
Eq
∫ L1

0
u(u + v)dxdt− a[uux]

L1
0

− α[u(ux + v)]L1
0 + µ2

∫ T

S
Eq
∫ L1

0
u
(∫ τ2

τ1

σ1(s)y1(1, s)ds
)

dxdt = 0,

∫ T

S
Eq
∫ L1

0
v(vtt − avxx + α(ux + v) + u + v)dxdt (41)

=

[
Eq
∫ L1

0
vvtdx

]T

S
−
∫ T

S
Eq‖vt‖2

L2(0,L1)
dt−

∫ T

S
qE′Eq−1

∫ L1

0
vvtdxdt

+ a
∫ T

S
Eq‖vx‖2

L2(0,L1)
dt + α

∫ T

S
Eq
∫ L1

0
v(ux + v)dxdt

+ α
∫ T

S
Eq
∫ L1

0
v(u + v)dxdt− a[vvx]

L1
0 = 0, (42)

∫ T

S
Eq
∫ L2

L1

ϕ

(
ϕtt − bϕxx − β(ϕx + ψ)x + µ3 ϕt + µ4

∫ τ2

τ1

σ2(s)y2(1, s)ds
)

dxdt

=

[
Eq
∫ L2

L1

ϕϕtdx
]T

S
−
∫ T

S
Eq‖ϕt‖2

L2(L1,L2)
dt−

∫ T

S
qE′Eq−1

∫ L2

L1

ϕϕtdxdt (43)

+ b
∫ T

S
Eq‖ϕx‖2

L2(L1,L2)
dt + β

∫ T

S
Eq
∫ L2

L1

ϕx(ϕx + ψ)dxdt

+ µ3

∫ T

S
Eq
∫ L2

L1

ϕϕtdxdt− b[ϕϕx]
L2
L1
− β[ϕ(ϕx − ψ)]L2

L1

+ µ4

∫ T

S
Eq
∫ L2

L1

ϕ

(∫ τ2

τ1

σ2(s)y2(1, s)ds
)

dxdt = 0,
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and ∫ T

S
Eq
∫ L2

L1

ψ(ψtt − bψxx + β(ϕx + ψ) + µ5ψt)dxdt (44)

=

[
Eq
∫ L2

L1

ψψtdx
]T

S
−
∫ T

S
Eq‖ψt‖2

L2(L1,L2)
dt−

∫ T

S
qE′Eq−1

∫ L2

L1

ψψtdxdt

+ b
∫ T

S
Eq‖ψx‖2

L2(L1,L2)
dt + β

∫ T

S
Eq
∫ L2

L1

ψ(ϕx + ψ)dxdt

+ µ5

∫ T

S
Eq
∫ L2

L1

ψψtdxdt− b[ψψx]
L2
L1

= 0.

Taking the sum, we obtain

[
Eq
(∫ L1

0
uut + vvtdx +

∫ L

L1

ϕϕt + ψψtdx
)]T

S
(45)

−
∫ T

S
qE′Eq−1

(∫ L1

0
uut + vvtdx +

∫ L2

L1

ϕϕt + ψψtdx
)

dt

− 2
∫ T

S
Eq
(
‖ut‖2

L2(0,L1)
+ ‖vt‖2

L2(0,L1)
+ ‖ϕt‖2

L2(L1,L2)
+ ‖ψt‖2

L2(L1,L2)

)
dt

+
∫ T

S
Eq
[
‖ut‖2

L2(0,L1)
+ ‖vt‖2

L2(0,L1)
+ ‖ϕt‖2

L2(L1,L2)
+ ‖ψt‖2

L2(L1,L2)

+ a
(
‖ux‖2

L2(0,L1)
+ ‖vx‖2

L2(0,L1)

)
+ b

(
‖ψx‖2

L2(L1,L2)
+ ‖ϕx‖2

L2(L1,L2)

)
+ α‖ux + v‖2

L2(0,L1)
+ β‖ϕx + ψ‖2

L2(L1,L2)

+ ‖u + v‖2
L2(0,L1)

]
dt

+
∫ T

S
Eq
(

µ1

∫ L1

0
uutdx + µ3

∫ L2

L1

ϕϕtdx + µ5

∫ L2

L1

ψψtdx
)

dt

+ µ2

∫ T

S
Eq
∫ L1

0
u
(∫ τ2

τ1

σ1(s)y1(1, s)ds
)

dxdt

+ µ4

∫ T

S
Eq
∫ L2

L1

ϕ

(∫ τ2

τ1

σ2(s)y2(1, s)ds
)

dxdt = 0.

Similarly, we multiply the fifth (resp. sixth) equation in (13) by e−2sρ|σ1(s)|y1(ρ, s)
(resp. e−2sρ|σ2(s)|y2(ρ, s)); integrating over (0, L1) × (0, 1) × (τ1, τ2) (resp. (L1, L2) ×
(0, 1)× (τ1, τ2)), we have∫ Li

(i−1)Li−1

∫ 1

0
e−2sρ|σi(s)|yi(ρ, s)

(
yi,ρ(ρ, s) + syi,t(ρ, s)

)
dρdx = 0, i = 1; 2.

Then we multiply this equation by Eq; integrating over (S, T) and using integration by
parts, we have



Axioms 2023, 12, 833 13 of 17

∫ T

S
Eq
∫ Li

(i−1)Li−1

∫ 1

0

∫ τ2

τ1

e−2sρ|σi(s)|yi(ρ, s)
(
yi,ρ(ρ, s) + syi,t(ρ, s)

)
dsdρdxdt

=

[
Eq
∫ Li

(i−1)Li−1

∫ τ2

τ1

∫ 1

0

s
2

e−2sρ|σi(s)|y2
i (ρ, s)dρdsdx

]T

S
(46)

−
∫ T

S
qE′Eq−1

∫ Li

(i−1)Li−1

∫ τ2

τ1

∫ 1

0

s
2

e−2sρ|σi(s)|y2
i (ρ, s)dρdsdxdt

+
∫ T

S
Eq
∫ Li

(i−1)Li−1

∫ τ2

τ1

∫ 1

0

e−2sρ

2
|σi(s)|

d
dρ

y2
i (ρ, s)dρdsdxdt

=

[
Eq
∫ Li

(i−1)Li−1

∫ τ2

τ1

∫ 1

0

s
2

e−2sρ|σi(s)|y2
i (ρ, s)dρdsdx

]T

S

−
∫ T

S
qE′Eq−1

∫ Li

(i−1)Li−1

∫ τ2

τ1

∫ 1

0

s
2

e−2sρ|σi(s)|y2
i (ρ, s)dρdsdxdt

+
1
2

∫ T

S
Eq
∫ Li

(i−1)Li−1

∫ τ2

τ1

∫ 1

0

d
dρ

(
e−2sρ|σi(s)|y2

i (ρ, s)
)

dρdsdxdt

+
1
2

∫ T

S
Eq
∫ Li

(i−1)Li−1

∫ τ2

τ1

∫ 1

0
2se−2sρ|σi(s)|y2

i (ρ, s)dρdsdxdt

=

[
Eq
∫ Li

(i−1)Li−1

∫ τ2

τ1

∫ 1

0

s
2

e−2sρ|σi(s)|y2
i (ρ, s)dρdsdx

]T

S

−
∫ T

S
qE′Eq−1

∫ Li

(i−1)Li−1

∫ τ2

τ1

∫ 1

0

s
2

e−2sρ|σi(s)|y2
i (ρ, s)dρdsdxdt

+
1
2

∫ T

S
Eq
∫ Li

(i−1)Li−1

∫ τ2

τ1

|σi(s)|
(

e−2sy2
i (1, s)− y2

i (0, s)
)

dsdxdt

+
∫ T

S
Eq
∫ Li

(i−1)Li−1

∫ τ2

τ1

∫ 1

0
se−2sρ|σi(s)|y2

i (ρ, s)dρdsdxdt = 0, i = 1; 2.

Then, we multiply the above equation by |µ2i| and by the sum with (45); by using the
definition of E and the fact that ∀ρ ∈]0, 1[; e−2s ≤ e−2sρ, we have

C
∫ T

S
Eq+1dt ≤ −

[
Eq
( ∫ L1

0
uut + vvtdx +

∫ L2

L1

ϕϕt + ψψtdx

+
2

∑
i=1

|µ2i|
2

∫ Li

(i−1)Li−1

∫ τ2

τ1

∫ 1

0
se−2sρ|σi(s)|y2

i (ρ, s)dρdsdx
)]T

S

+
∫ T

S
qE′Eq−1

( ∫ L1

0
uut + vvtdx +

∫ L

L1

ϕϕt + ψψtdx

+
2

∑
i=1

|µ2i|
2

∫ Li

(i−1)Li−1

∫ τ2

τ1

∫ 1

0
se−2sρ|σi(s)|y2

i (ρ, s)dρdsdx
)

dt

+ 2
∫ T

S
Eq
[
‖ut‖2

L2(0,L1)
+ ‖vt‖2

L2(0,L1)
+ ‖ϕt‖2

L2(L1,L2)
+ ‖ψt‖2

L2(L1,L2)

]
dt

−
∫ T

S
Eq
(

µ1

∫ L1

0
uutdx + µ3

∫ L2

L1

ϕϕtdx + µ5

∫ L2

L1

ψψtdx
)

dt

−
2

∑
i=1

|µ2i|
2

∫ T

S
Eq
∫ Li

(i−1)Li−1

∫ τ2

τ1

|σi(s)|
(

e−2sy2
i (1, s)− y2

i (0, s)
)

dsdxdt

− µ2

∫ T

S
Eq
∫ L1

0
u
(∫ τ2

τ1

σ1(s)y1(1, s)ds
)

dxdt

− µ4

∫ T

S
Eq
∫ L2

L1

ϕ

(∫ τ2

τ1

σ2(s)y2(1, s)ds
)

dxdt. (47)
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where C = 2 min{1, 2e−2s}.
Now, we estimate the two terms on the right-hand side of the above inequality. Using

Young’s inequality, we obtain

− µ2

∫ T

S
Eq
∫ L1

0
u
(∫ τ2

τ1

σ1(s)y1(1, s)ds
)

dxdt (48)

≤ |µ2|
∫ T

S
Eq
∫ L1

0

∫ τ2

τ1

es
√
|σ1(s)||u|e−s

√
|σ1(s)||y1(1, s)|dsdxdt

≤ |µ2|
2

∫ T

S
Eq
∫ L1

0

∫ τ2

τ1

[
e2s|σ1(s)|u2 + e−2s|σ1(s)|y2

1(1, s)
]
dsdxdt.

Similarly, we have

− µ4

∫ T

S
Eq
∫ L2

L1

ϕ

(∫ τ2

τ1

σ2(s)y2(1, s)ds
)

dxdt (49)

≤ |µ4|
2

∫ T

S
Eq
∫ L1

0

∫ τ2

τ1

[
e2s|σ2(s)|ϕ2 + e−2s|σ2(s)|y2

2(1, s)
]
dsdxdt.

Combining the above estimates, we arrive at

C
∫ T

S
Eq+1dt ≤ −

[
Eq
( ∫ L1

0
uut + vvtdx +

∫ L2

L1

ϕϕt + ψψtdx

+
2

∑
i=1

|µ2i|
2

∫ Li

(i−1)Li−1

∫ τ2

τ1

∫ 1

0
se−2sρ|σi(s)|y2

i (ρ, s)dρdsdx
)]T

S

+
∫ T

S
qE′Eq−1

( ∫ L1

0
uut + vvtdx +

∫ L

L1

ϕϕt + ψψtdx (50)

+
2

∑
i=1

|µ2i|
2

∫ Li

(i−1)Li−1

∫ τ2

τ1

∫ 1

0
se−2sρ|σi(s)|y2

i (ρ, s)dρdsdx
)

dt

+ 2
∫ T

S
Eq
[
‖ut‖2

L2(0,L1)
+ ‖vt‖2

L2(0,L1)
+ ‖ϕt‖2

L2(L1,L2)
+ ‖ψt‖2

L2(L1,L2)

]
dt

−
∫ T

S
Eq
(

µ1

∫ L1

0
uutdx + µ3

∫ L2

L1

ϕϕtdx + µ5

∫ L2

L1

ψψtdx
)

dt

+
|µ2|

2

∫ τ2

τ1

e2s|σ1(s)|ds
∫ T

S
Eq‖u‖2

L2(0,L1)
dt

+
|µ4|

2

∫ τ2

τ1

e2s|σ2(s)|ds
∫ T

S
Eq‖ϕ‖2

L2(L1,L2)
dt

+
|µ2|

2

∫ τ2

τ1

|σ1(s)|ds
∫ T

S
Eq‖ut‖2

L2(0,L1)
dt

+
|µ4|

2

∫ τ2

τ1

|σ2(s)|ds
∫ T

S
Eq‖ϕt‖2

L2(L1,L2)
dt.

By the Cauchy–Schwarz, Young, and Sobolev–Poincaré inequalities, and using defini-
tion of E, for {

w ∈ {u, v}, if x ∈ [0, L1] = I1
w ∈ {ϕ, ψ}, if x ∈ [L1, L2] = I2,

we have

−
[

Eq
∫

Ii

wwtdx
]T

S
= Eq(S)

∫
Ii

w(S)wt(S)dx− Eq(T)
∫

Ii

w(T)wt(T)dx

≤ cEq+1(S), i = 1; 2. (51)
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∣∣∣∣∫ T

S
qE′Eq−1

∫
Ii

wwtdxdt
∣∣∣∣ ≤ c

∫ T

S
(−E′)Eqdt, i = 1; 2.

= −c
[

Eq+1
]T

S

= c
[

Eq+1(S)− Eq+1(T)
]

(52)

≤ cEq+1(S).

∫ T

S
Eq‖wt‖2

L2(Ii)
dt ≤ c

∫ T

S
(−E′)Eqdt, i = 1; 2. (53)

≤ cEq+1(S).

−
[

Eq
2

∑
i=1

|µ2i|
2

∫
Ii

∫ τ2

τ1

∫ 1

0
se−2sρ|σi(s)|y2

i (ρ, s)dρdsdx

]T

S

≤
[
cEq+1(t)

]T

S

≤ cEq+1(S).

∫ T

S
qE′Eq−1

2

∑
i=1

|µ2i|
2

∫
Ii

∫ τ2

τ1

∫ 1

0
se−2sρ|σi(s)|y2

i (ρ, s)dρdsdxdt

≤ c
∫ T

S
(−E′)Eqdt

≤ cEq+1(S).

µ1

∫ T

S
Eq
∫ L1

0
uutdxdt ≤ ε

∫ T

S
Eq‖u‖2

L2(0,L1)
dt + c(ε)

∫ T

S
Eq‖ut‖2

L2(0,L1)
dt

≤ εc
∫ T

S
Eq‖ux‖2

L2(0,L1)
dt + c(ε)

∫ T

S
Eq(−E′)dt

≤ εc
∫ T

S
Eq+1dt + c(ε)Eq+1(S). (54)

Similarly, we have∫ T

S
Eq
∫ L2

L1

µ3 ϕϕt + µ5ψψtdxdt ≤ ε1c
∫ T

S
Eq+1dt + c(ε1)Eq+1(S). (55)

|µ2|
2

∫ τ2

τ1

e2s|σ1(s)|ds
∫ T

S
Eq‖u‖2

L2(0,L1)
dt

+
|µ4|

2

∫ τ2

τ1

e2s|σ2(s)|ds
∫ T

S
Eq‖ϕ‖2

L2(L1,L2)
dt

≤
2

∑
i=1

|µ2i|
2

∫ τ2

τ1

e2s|σi(s)|ds
∫ T

S
Eq+1dt

≤ c2

∫ T

S
Eq+1dt, (56)

where c2 = ∑2
i=1

|µ2i |
2

∫ τ2
τ1

e2s|σi(s)|ds
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Inserting the above estimates (51)–(56) in (50) and [A2], we conclude that

(C− c2 − c(ε + ε1))
∫ T

S
Eq+1dt ≤ cEq+1(S). (57)

Choosing ε and ε1, which are small enough, such that

C− c2 − c(ε + ε1) > 0.

So, for the positive constant c, we arrive at∫ T

S
Eq+1dt ≤ cEq+1(S). (58)

From (58) and Lemma 2, we deduce that

E(t) ≤ cE(0)e−ωt ∀t ≥ 0,

where c is a positive constant that is independent of E(0). This completes the proof of
Theorem 1.

5. Conclusions

The transmission problem of the Timoshenko system with distributed delay is impor-
tant and has applications in various fields, such as physics, chemistry, biology, thermo-
dynamics, and economics. In this paper, we investigated a transmission problem of the
Timoshenko system in the presence of distributed delay. We established the well-posedness
via the theory of semigroups; moreover, axiomatic questions can be asked about the quali-
tative studies. We investigated the asymptotic behaviors of solutions via several axiomatic
methods; see [29,30].
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