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1. Introduction
Let Ng = NU {0}, where N = {1,2,...}, R be the set or real numbers, Ry = [0, +0),

and C be the set of all complex numbers. We use the expression k = 7,5, where r,s € Ny,
instead of the following one: ¥ < k < s, k € Ny. We also understand that ZZ: p by =0,

when g < p, and H,f;; by =1, for every p,q € Ny, where by, are some complex numbers.
A nonzero function ¥ is called a growth function if it is continuous, nondecreasing and
¥ (R4 ) = R, (the functions appear in defining the Orlicz-type spaces; see, e.g., [1-3]). By
G(R.) we denote the set of all growth functions.

LetB" =B := {z € C": |z| < 1}, wherez = (z1,22,...,2n), |2z| = (z,2)1/? and
n
(z,w) =)z,
j=1
and let S = JB.
Let H(Q)) be the family of analytic function on a domain Q) C C" [4,5], S(Q) the class

of analytic self-maps of (), Py the set of polynomials in C", D;f = g—;j, j=1,n,and

Rf(z) = }flzjnjﬂz),
L

the so-called radial derivative.

By dv(z) we denote the Lebesgue measure on B, whereas dv, (z) = ¢, (1 — |z|?)*dv(z),
a > —1, is the normalized weighted Lebesgue measure on B (i.e., v,(B) = 1). By do we
denote the normalized surface measure on S (i.e., ¢(S) = 1). Positive and continuous
functions on B are called weights. The set of all such functions we denote by W (B).

Recall that each u € H(Q) induces the multiplication operator M, f = uf on H(Q)),
whereas each ¢ € 5(Q) induces the composition operator Cf = fo@on H(Q)).If n =1,
then Df = f’ is the differentiation operator. These three operators are linear and have been
studied a lot, as well as many of their products.
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Let us briefly mention a part of the investigations preceding the one in the paper. Of
the product-type operators containing the differential one, first were studied the operators
DC,p and CyD (see, e.g., [6~11] and the related references therein). In [12] was studied the
product of the multiplication operator followed by the differentiation one on the Bloch-type
spaces. In [13,14] were studied some operators containing each of the three operators Cy,
M, and D.

Soon after the first investigations of the operators DC,, and C,D, the following opera-
tor

Dg‘,u == M, Cy,D"

containing also the operators Cy, M, and D, was introduced and considerably studied (see,
e.g., [15-28] and the related references therein).
The following operator
§R$u = M, CoR™,

which was defined in [29] and investigated also in [30] (see also the related references
therein), can be regarded as an n-dimensional counterpart of the operator Dy .
Investigation of the sum

My, Cy + My, CyD 1)

where uj,u; € H(B!) and ¢ € S(B!), was initiated by the author of the paper and
A. K. Sharma. The operator was first studied on the weighted Bergman spaces in [31], and
later on many other spaces. For example, in [32] it was studied from weighted Bergman
spaces to weighted-type spaces, in [33] from Hardy spaces to Stevi¢ weighted spaces,
whereas in [34] from the mixed-norm spaces to Zygmund-type spaces.

The generalization of the operator in (1)

M,,,CyD™ + M,,,CoD"™ 1,

where m € Ny, uy,u; € H(B!) and ¢ € S(B'), was considered for the first time in [35],
where the boundedness and compactness of the operator from a general space to the
Bloch-type spaces were characterized.

After the publication of [35], we proposed studying finite sums of the operators Dy,
and R, as well as the following sum operator

m
PD,mf = Z ujC(PDlj s Dllf/ (2)
j=0

where m € Ny, u; € H(B),j=0,m,and ¢ € S(B), on normed subspaces of H(B), which
is a polynomial differentiation composition operator. The first results on operator (2)
between some spaces of analytic functions were presented in [36], where we gave some
necessary and sufficient conditions for the boundedness and compactness of the operator
from the logarithmic Bloch spaces to weighted-type spaces of holomorphic functions. The
investigation was continued in [37].

In [38-45] can be found several other product-type operators, some of which include
integral-type ones.

If there are ¢ > 0 and C > 0 such that ¥(st) < Ct7¥(s), fors > 0 and t > 1, we say
that ¥ is of positive upper type q. The family of growth functions ¥ of positive upper type
g > 1such that ¥ (t)/t is nondecreasing on (0, +-0) is denoted by /9. If there are p > 0 and
C > 0 such that ¥(st) < Ct’¥(s), foreachs > 0and 0 < t < 1, we say that ¥ is of positive
lower type. The family of growth functions ¥ of positive lower type p € (0,1) such that
¥ (t)/t is nonincreasing on (0, +oc0) is denoted by £,. It is not difficult to prove that the
functions in 49 U £, are increasing.

If ¥ € £7U £,, we may assume that ¥ € C! and that there are positive numbers c;
and ¢, such that
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0T vy < T ®
fort € (0,400). If ¥ € U7 we also assume that it is convex [44].
fY € £yisa C! function satisfying (3), then for sufficiently large r the function
¥ (#") is comparable to a convex C! function G satisfying the inequalities in (3) with some
constants ¢1(G) and ¢ (G) [46].
If' ¥ € G(R4 ), then the set of all f € H(B) such that

fllazey = [ ¥UF@Ddon(z) <+,

is called the weighted Bergman-Orlicz space and is denoted by A} (B). The space general-
izes the weighted Bergman space A} (B). A quasi-norm on the space is given by

||f“f§l§<m ::inf{/\>0:/]B‘Y(|ff\z)|>dv“(z) < 1}’

and if ¥ € U7U £, it is finite for every f € Af(B). This is the so-called Luxembourg
quasi-norm.
The set of all f € H(B) such that

[fll e () = sup ST(|f(V§)|)dU(§) < oo,

0<r<1

is called the Hardy-Orlicz space and is denoted by HY (B). It generalizes the Hardy space
HP(B). A quasi-norm on the space is given by
lux lux

[ f] HYB) "= Supl Il £l LY(B)

O<r<

where f,(¢) = f(r§),0<r< 1, €S, and | - | ILK‘Q‘(B) is the Luxembourg quasi-norm

g%, = inf{A >0: /S‘I’<|g(/€)|)da(§) < 1}.

The quasi-norm is finite for every f € H¥ (B). The Hardy-Orlicz space is a kind of a
limit of the space Af (B) as & — —1 + 0. Hence, we also denote the space by A, (B).
Let w € W(B). Then, the weighted-type space is defined by
HZ(B) == {f € H®B) : || fllug := supw(2)|f(2)| < +oo},

zeB

whereas the little weighted-type space H;)(B) contains all f € HE(B) such that

lim w(z)|f(z)| = 0.

|z|—1

The quantity || - || g is a norm on the spaces, and with the norm they both are Banach spaces.
There is a huge literature on the spaces and operators on them (see, e.g, [13,17,20,22,27,30,42,47-53]).
If w(z) = 1, then the norm || - || g we denote by || - [|oo-

Let X and Y be metric spaces with the translation invariant metrics dx and dy, re-
spectively. For a linear operator A : X — Y is said that it is metrically bounded if there is
C € Ry such that

dy(Af,0) < Cdx(f,0),

for every f € X. For the operator is said that it is metrically compact if it maps bounded
balls into relatively compact sets [54,55]. There is also a huge literature on the topics (see,
e.g., [6-45,53,56-58]).
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Here we characterize the metrical boundedness and compactness of the operator
Ppy: AY(B) — HZ(B) (or Hgo(B)), fora > —1.

By C we denote some constants, which may be different from one appearance to
another. If we write a < b (resp. a 2 b), then a < Cb (resp. a > Cb) for some C > 0. We
writea < b,ifa <band b 2 a.

2. Some Lemmas

Our first lemma was proved in [44].

Lemmal. Leta > —1land ¥ € WU £p,. Then for each t € Ry, C > 0and w € B, the function

- c 1 [ 20
fui(z) =% <(1 — |w|2)n+1+tx> <1 — <z,w>> ' W

belongs to A} (B), and

S L

) ~

weB

The following lemma is well known (see, for example, Proposition 1.4.10 in [5]).

/ |1 _ |n+c

i — [w]?)!do(w)
it |1, z, w) [+

Lemma 2. Let

and

wherez € B, t > —1and c € R. If c > 0, then the following asymptotic relations hold

I(z) = (11|Z|2) = Jer(2).

The following lemma was proved in [58].

Lemma 3. Assume that a > 0 and

1 1 1
a a+1 a+n—1
Du(a)=| a(@+1)  (a+1)(@+2) - (a+n—1)(a+n)
g (a+)) Mg +j+1) - Thoga+j+n—1)

Then
n—1
a)=]Tj
j=1
The following lemma gives an important family of test functions, which is used in the

proofs of the main results in the paper.

Lemma 4. Let « > —1and ¥ € WTUL, m € N, w € Band C > 0. Then for each
s€{0,1,...,m} there exist c](.s), j = 0,m, such that the function g&f) (z) = Yiocp )fwk( )
satisfies the conditions

. (s) I L S
D+t ) = Y (o) ®
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and
Dy, ---Dygs(w) =0, te{0,1,...,m}\ {s}. ©6)
Besides,
sup 15”15 ) S 1 )
weB
Proof. Let .
gw(z) = ) Yifui(2)
k=0
and gy = 2(n+1+a) +k, k € Ny. It is easy to see that for each t € Ny we have
LWy Wy g, C .
Dy Dy g0() = G () L vl Lo ®
Lemma 3 shows that the determinant of the system
1 1 1 7 w
ap a am n
sfl. s—1 ‘ s—1 '
H ag H A+1 H A+m Ys )
k=0 k=0 k=0
mf.l mfl. m—1 '
H Ak H Aft1 H Ae+m
L k=0 k=0 k=0 1| ym

is not equal to zero.

Therefore, for each s € {0,1,...,m}, there is a unique solution

to system (9).
Then, the function

satisfies (5) and (6), whereas the relation in (7) follows from the relations

(s)

]/k = Ck

7 k:(—)/

m

gV (z) = Y e fur(2)
k=0

lux

sup || fu,t

weB

Af (B)

S

which are direct consequences of Lemma 1. [

t=0,m,

The folowing lemma is a Schwartz-type characterization for the compactness [57]. The
proof is standard, so we do not present it here.

Lemma5. Leta > —1, ¥ € WU Ly, uj € HMB),j=0,m, ¢ € S(B) and w € W(B). Then the
metrically bounded operator Pp ,, : AL (B) — HS (B) is metrically compact if and only if for any
bounded sequence (fi)ren C Af (B) such that fi — 0 uniformly on compacts of B as k — oo,

li P, =0.
]HITOOH D,m Sl Hee = 0

The following lemma is a known extension of Lemma 1 in [56] (see, for example, [29]).
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Lemma 6. A closed set K in H is compact if and only if it is bounded and

lim supw(z)|f(z)| = 0.
|z[=1 fek

Lemma7. Letw > —1, Y € UL, and N € Ny. Then for any I = (h,b,..., l]-) such that
1| = N, there are Cr > 0and éf > 0 such that

Nf(z) G 1< G > !
-| < ¥ IS ) (10)
8z)! 9z - ~<'92§§]. (1—|z2)N (1— [z]2)n+1+a Al(®B)

for f € AY(B)and z € B.

Proof. The estimate (10) in the case « > —1 was proved in [30]. Hence, from now on we
consider only the case & = —1.

Suppose ¥ € 4. Then the space H (B) embeds into H'(B) continuously (see
Lemma 2.1 in [44]). Hence

_ [ L @io@
0= L= v

for every f € HY (B) and z € B, where f* is the K-limit [5] (limit in the Koranyi domain).
By differentiating both sides of the relation in (11) we get

aNf(Z) r(n + N) lecllzfczz o Z;c]]f*(g)
/

= d . 12
e O N (O 1
Suppose
/S‘P(V*)(f)')da(é) <1, (13)
fora A > 0.
From (12), it follows that
1= [zPN]  Nf(z) L(n+N) 11/ 9] Q-[zP)N

X TR kA A ggpe@ a9

hasle .. a0
0z); 0% azkj
Lemma 2 implies the finiteness of the measure

CT(tN) (1 [PV
00 =" oy G- ()N

do(g),

on S. Note that the measure

n(@) = ﬁl(g))

is normalized (i.e., probability).
From (14), the condition ¥ (st) < Ct1¥(s), fort > 1 and s > 0, the monotonicity and
convexity of ¥, Jensen’s inequality, and (13), we have

\I,((l — 2PN oVf(z) )

A I b lj
azklazk2 . -azk/
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SC(max{l,Ul(S)})q F(n+N) /ST(U(*(é)) (1_ |Z|2)N dU’(g)

-0
¢ £
<y LY (5o

~

C
<
(==

for z € B, where
I'(n+N)

¢ = C2N+ (max{1, o D T

and consequently by letting A — || f Hl”x we get

Nf(z)

I 5 2 lj
azk] E)zk2 . -azkj

IN

L - C\ lux
(1— |z|2)N‘F l<<1_|z|2)n>|f”H‘Y(B (15)

Now suppose that ¥ € £, forans € (0,1]. If p € (0,1) is small enough, then
1
Y1/p(t) =¥ (t7) is convex [46].
Let
fr(z) = f(rz), z€B,

where r > 0. Then, f, € H®(B), which implies f, € AE(IB%).
By a known theorem (see, for example, Theorem 2.2 in [59]), for each f > —1 we have

fr(z) = /JB 1- <£;}a;;n+l+ﬁdv/3(w)-

Differentiating both sides of the last equality it follows that

1
N oNf(rz) _1"(n+N+lg+1)/ wkllwkz2 wkfr( )d o)
azf(lazfj...azif - T+p+1) JB(1-(z >)n+N+l+/3 vplw),

1 2 i

and consequently

N N f(rz)
Iyl Ij
azkll azk22 . ~8zk’j

r(n+N+ﬁ+1 fr(w

< .
=TT+ p+1) Sl (zw) |n+N+1+ﬁ dop(w) (16)

Let p:= 3§ —n—1. Since p € (0,1), we have f > —1. From (16) and by Corollary 4.49
in [59], we have

‘rN N f(rz)
azill 825(22 .- ~az;(jj

p
<

p

5| (1= (z,0)) 1P

Then from (17) and the fact (n + N +1+ B)p = Np + n, we have
(1= [z Nf(rz) ' (@1 (1= [z[)NPdo (D)
(= ) S L) e o

I 52 lj
azkl azkz .- '8ij
Lemma 2 shows that

1= (z, Q) NP+n

is a finite measure, so that do»({) /0»(S) is a probability measure.

o, () = do ()
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The monotonicity and convexity of the function ¥, the fact ¥y, € 4l/ps, (18) and
Jensen’s inequality imply
))

Yi/p ( ( (=lzP)" )VN oNf(rz)
</‘P1/p((fr§§ |)P> |1(i;,‘2'f|§’lndv<c>- o)

A ) lj
E)zklé)zk2 . -azkj

From (19) we have

¥ (0= Iz

N (rz)

) lj
azklazk2 . -azkj

) <5 <|7 - T(f(;@)) e, o

for some C > 0.
Since ¥y, is convex and increasing, and |f|[? is subharmonic [5], the function ¥ (c|f])
is subharmonic for each ¢ > 0. Hence

M(f,r) = /Sqf('f(f)')da(g)

is nondecreasing in r (see, e.g., [60]). Thus, we have
¥ <|f(f>|>da(é) < [v <|f)(f>|>da(€),
forr € (0,1).

From this and letting r — 17 in (20) it follows that
_|5|2\N N ~ «
o (LAl ) D B PP
A azil aziz 9z (1—1[z2)" Js A
1 2 ]
Letting A — || f[| 5§ l”x ) it easily follows that

N i
. (=) e -

I 5 1 lj
azkl azkz . -azkj

From (15) and (22), estimate (10) follows for C; := max{C,C}. O

3. Main Results

Here we present our results on the metrical boundedness and compactness. Before we
state our first theorem say that if ¢ € S(B), then we regard that ¢ = (¢1,..., ¢n).

Theorem 1. Leta > —1,m € N, u; € H(B),j=0,m, ¢ € S(B),

min inf |(p]( z)| >8>0, (23)
] 1 zeB

Y € WU Ly, and w € W(B). Then the following statements hold.
(a)  The operator Pp ,, : AL (B) — HS(B) is metrically bounded if and only if

K: = su w(z |Mj | y—1 Cm i, i—Tom o
PR APy \ (- Py , j=0m,

where
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Cp = max{CT: [= (I, 1o, .. .,l]-) such that |T| < m}, (25)

and Cy is a constant in Lemma 7.
(b)  If the operator Pp ,, : AY (B) — HS(B) is metrically bounded, then

m
1Pl ¥ 8) s bz m) = 2 Kj- (26)
j=0
Proof.
(a) If (24) holds, then Lemma 7 implies
m
@(@IPonf ()] =0(2)| 1 2Dy -+ Dy (o)
j=0

n (@) - o "
S Nk 1((1 - |<p<z>|2>"+l+“> Mm@

j=0

From (24) and (27), the metrical boundedness of Pp ,, : Af (B) — HS(B) follows, and we
have

S

s

1PD,m | 4% (B)— He: (8) K;. (28)

0

]

If Ppy, = Af (B) — HE(B) is metrically bounded, then ||Pp, . f|| geo () < CHfHZt‘i”C(]E)’ for

some C > 0 and every f € A} (B). B
Foreachs € {0,1,...,m}, p(w) € B, and C = C;;, Lemma 4 guaranty the existence of

g((;()w) € AY(B) such that
s o (w)en (W) - g1 (w) Cn
i Dy (#(e)) = S 2 e Wl((l—@(w)ﬁ)ﬂ*““)’ >
Dy, Dygil, (@) =0, te€{0,1,...,m}\{s}, (30)

and sup,,.p ||g£:(>w)| il%(m S

This fact, (23), (29) and (30), yield

I1Po,m | a¥ (B)—s tige () R PDm& )y (8)
m

5200 Dyl (02)
=0

m
L (@D - D1 (o)
j=

=supw(z)
zeB

>w(w)

1, (@)] - -~ 1, (W) - Cn
=w(w)us(w)| 1= pw)2)s ¥ ((1 _ |(P(w>|2)n+1+tx>

s @(@w)]us(w)| C
= A Tpw)P) ((1 - |q)(w)|2)n+1+zx>' (31)

for every w € B, from which it follows that K; < +oo, fors € {0,1,...,m}, and

KS S HPD/’””A;Y(IB)%H(;'?(IB)/ S = O,m,

which yields
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m
ZKj S ||PD,mHAjf(IB)_>H$(IB)- (32)
j=0
(b) If Pp, : AY(B) — HZ(B) is metrically bounded, then relations (28) and (32)
imply (26).
O

Theorem 2. Leta > —1,m € N, u; € H(B), j = 0,m ¢ecSB),YeWUEL, weWB),
and Py be dense in A} (B). Then Pp ,, : Af (B) — HE o (B) is metrically bounded if and only if
Pp .y : Af (B) — HZ(B) is metrically bounded and

lim w(z)|uj(z)| =0, j=0,m. (33)

|z|]—1

Proof. Suppose Pp ,,, : AY (B) — HS(B) is metrically bounded and (33) holds. For each
polynomial p, we have

m m

w(z) Z%)uj(Z)Dzj--'Dzlp(fp(Z)) < X;}w(Z)Iuj(Z)II\Dzj'--Dzlp\loof
j= j=

from which along with (33), we have Pp ,,p € Hg;((B).
Since P, = A} (B), we have that for any f € Af (B) there is (py)ren C Py such that

Jm (L = pel ay ) =0
So, from the metrical boundedness we have

1PDmf = PomPillug @) < 1Pomll oy ) e @) 1f — Pl ay ) = 0

ask — +oo, from which together with the fact that Hg, ,(B) is a closed subspace of Hg; (B), it
follows that Pp ,,f € Hg,,(B), thatis, Pp (AY(B)) C Hg o (B), which implies the metrical
boundedness of the operator Pp ,, : A (B) — Hg o (B).

If Pp @ AY(B) — Hg o (B) is metrically bounded, then Pp , : AY(B) — H®(B) is
also metrically bounded. Let fo(z) = 1. Then fy € Af (B), implying Pp . (fo) € Hy(B),
thatis, ug € Hg).

Suppose that (33) holds for 0 < j <'s, for some s, 2 < s < m. Let

fs1(z) = 2121yt 2l

Then fo11 € Af(B), implying Ppu(fs41) € Ho(B). It is easy to see that f,1(z) =
zy' -+ zy", for some aj € No, j = 1,n, such that 2}1:1 aj =s+1. Foreacht € Ny, 0 <t <
s+ 1, we have
—ky (t n—kn(t
D]'t"'DjlfSJrl(Z):CtZi‘l 1()2ﬁ ()’
for some c; € N, where k;(t) is the number of appearance the operators D; in the product
operator D;, - - - Dj,. We have 27:1 ki(t) = t and

Dfs+1 U Dj1f5+1 (Z) =Cs41 € N. (34)

Thus
s5+1 n

lim w(2)|Ppnfosi(2)] = lim w(z)| Y- u;(z)e; [ T(gi(2))% 5| =0,
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from which, the fact |¢;(z)| < 1,i =1,n, a; > k;(j), fori = 1,n,j = 0,s + 1, the hypothesis
uj € H?,,j=0,s, and (34), we have

w,0”

lim ¢ 1w (z)[us11(2) = 0.
|z[ =1

This along with ¢s1 # 0, imply us1 € Hgy . Thus, (33) holds for j = 0,m. O
Theorem 3. Leta > —1,m € N, u; € H(B), j =0,m, ¢ € S(B), ¥ € WU L, w € W(B),

and (23) holds. Then, Pp, : AY (B) — H(B) is metrically compact if and only if the operator is
metrically bounded and

- |ui(2)] o4 Con ,
lim ————1 Y -0, —0,m, (35)
lp(z)|=1 (1= |@(2)]?) (1— |p(z)[2)nt1+a J

where Cyy, is defined in (25).

Proof. If Pp, : AY(B) — HZ(B) is metrically compact, then it is metrically bounded. If
9]l < 1, then (35) vacuously holds. If ||¢||« = 1, then there is (z)reny C B such that
lp(zk)| — 1ask — +oo.

Let

gl(CS) = g((:()zk)' s=0,m,

(see Lemma 4). Then sup;y ||g]((s)| %’C(B) < +oo,s =0m If¥Y € Wor¥Y € £, then as
in [30] (Theorem 2), we get g](cs) — 0 uniformly on compacts of B as k — +c0, 5 = 0, m.
Lemma 5 implies

: (s) _ _
Jm (1Ppngic g s) =0, s = 0,m. (36)

From the proof of Theorem 1, we see that for s = 0, m and large enough k

wlz)lis(z)] - G, s
ufwmﬁww1Qr4wawwﬂﬂ>§”b“$mwm' 7

From (36) and (37), relation (35) follows.

If Pp,y, : AY (B) — HS(B) is metrically bounded and (35) holds, then for each & > 0,
there exists § € (0,1) such that

w(@)[uj(2)] o Co ,
(1fl<p(]z)|2)qu 1((1—|go(z)2)n+l+a> <e¢ j=0m, (38)

on Sy = {z € B |g(2)| > o).
Suppose ( fi)ken is such that supy .y || fel|"4 A% (B) < M and fy — 0 uniformly on com-

pacts of B as k — +oco. Then Lemma 7 and (38) imply

| Po,mfill s wgw\im Dy filo(@)]
—gwlzu o Difilp(2)

+ sup w(z)’ Zuj(Z)Dzj"'thk((P(Z))‘

z€B\ Sy j=0
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r o w@)wE)] Co -
S’Jgfég (1- |<p(]z)|2)f‘P l ((1 - |<p(z)2)n+1+a> fell2 ey

+Y sup w()luj()l|Dy -+ Dy felp(2))]
—0z€B\S;

SHﬁ sup w(z)[u;j(z)] sup |Dy - Dy fi((2))]

]

j=02€B\Ss lp(z)|<é
m

Set+ ) lujllag sup [Dy - Dy fi(e(2))]. (39)
j=0 lp(z)[<é

The assumption f; — 0 and the Cauchy estimate, imply

Dl], s Dllfk — 0, ] =0,m, (40)

uniformly on compacts of B as k — +-c0.
Employing the functions f;(z) = [T;_; zi, s = 0,m, as in Theorem 2 we get u; € Hg,
j = 0, m. From this, (39) and (40), the compactness of the ball 0B, and the arbitrariness of

¢ > 0, we obtain

li P, omy = 0,
JLm | Pp,m frll s ()

from which by Lemma 5, the metrical compactness of Pp ,, : Al (B) — H(B) follows. [

Theorem 4. Leta > —1,m € N u; € H(B),j =0,m, ¢ € S(B), ¥ € 11U L)y, w € W(B),
and (23) holds. Then, Pp,, : Af (B) — Hgyo(B) is metrically compact if and only if the operator
is metrically bounded and

w(z)|uj(z)| Chn B .
L e 1((1—|<P(z)|2)”+1+“> SO = om v

where Cy, is defined in (25).

Proof. If (41) holds, then the relations in (24) also hold, so by Theorem 1 the metrical
boundedness of the operator Pp ,,, : A (B) — HS (B) follows. From (27) and (41), we have

lim w(z)|Ppmf(z)| =0

|z| =1
forany f € Af(B). Thus Pp (A} (B)) C Hg o (B), implying the metrical boundedness of

Ppy : Ay (B) = HZyo(B).
Taking the supremum in (27) over B and B,y ) and using (24), we have

m
sup sup w(z)|Ppuf(z)] < C)_ K; < +oo. (42)
feBA;y(m) z€B j=0

Thus K := {Ppuf : f € B,¥(g)} is a bounded set in Hi,. So, from (27) we have

lim  sup w(z)|Ppuf(z)| =0.

z|—1
FI=1 feB )

From this and by Lemma 6 the metrical compactness of Pp ,, : A} (B) — Hg o (B) follows.
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If Pp, : AY (B) — Hg(B) is metrically compact, then Ppy, : A (B) — HZ(B) is
metrically compact, from which and Theorem 3 we have that (38) holds. We also have

lim w(z)|u;(z)| =0, j=0,m,
|z]—1

so that there exist ¢ € (0,1) such that

1—42) ,
@) <e—— = j—om, @
for o < |z| < 1, where ¢ is from (38).
Relation (43) implies
w(z)|uj(z)| 1( Cin )
(1= lop(2)[) (1= |gp(z)[2)r+tte
w(z)|uj(z)| 4 Con
< (1 _ 52)]’ T ((1 — 52)n+1+a) <& (44)

forj=0,m,|p(z)] <édand o < |z| < 1.
Employing (38) and (44), we easily obtain (41). [

4. Conclusions

Here we characterize the metrical boundedness and metrical compactness of a recently
introduced linear operator from the weighted Bergman-Orlicz spaces to the weighted-type
spaces and little weighted-type spaces of analytic functions on the open unit ball in C",
continuing some of our previous investigations in the topic. We managed to estimate the
point evaluation functional on the weighted Bergman-Orlicz spaces, which along with
several other results enabled obtaining the characterizations. The methods, ideas and tricks
in the paper should be useful for continuing the investigation of this, as well as related
operators on spaces of holomorphic functions.
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