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Abstract

:

This study addresses the issue of estimating the shape parameter of the inverted exponentiated Rayleigh distribution, along with the assessment of reliability and failure rate, by utilizing Type-I progressive hybrid censored data. The study explores the estimators based on maximum likelihood, Bayes, and empirical Bayes methodologies. Additionally, the study focuses on the development of Bayes and empirical Bayes estimators with balanced loss functions. A concrete example based on actual data from the field of medicine is used to illustrate the theoretical insights provided in this study. Monte Carlo simulations are employed to conduct numerical comparisons and evaluate the performance and accuracy of the estimation methods.
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1. Introduction


In problems involving the modeling of failure processes and the analysis of experimental data, various statistical distributions are employed. Ghitany et al. [1] introduced the inverted exponentiated Rayleigh distribution (IER) distribution, a specific member of a larger class of inverse exponentiated distributions. The two-parameter IER( η ,  λ ) distribution has the probability density function (PDF)


     f  ( x )  = 2 η λ  x  − 3    e  − λ /  x 2      ( 1 −  e  − λ /  x 2    )   η − 1    ,   x > 0 ,  ( η , λ > 0 ) ,      



(1)




and the cumulative distribution function (CDF)


     F  ( x )  = 1 −   ( 1 −  e  − λ /  x 2    )  η   ,   x > 0 ,   ( η , λ > 0 ) ,      



(2)




where  λ  and  η  are scale and shape parameters. The failure rate function of this distribution shows nonmonotone behavior for various parameter values. It can be used to simulate the life cycle of mechanical and electrical components, as well as patient treatment patterns. The IER distribution’s failure rate exhibits behavior that is similar to some well-known statistical distributions, including the lognormal, inverse Weibull, and generalized inverted exponential distribution.s As a result, the IER distribution has been applied widely. In this light, IER distribution can be considered as a valuable alternative model to several other well-known lifetime distributions. The reliability,   S ( x )  , and failure rate,   h ( x )  , functions for the IER distribution are given by


     S ( x )     =   ( 1 −  e  − λ /  x 2    )  η  ,   x > 0 ,     



(3)






     h ( x )     = 2 η λ  x  − 3    e  − λ /  x 2      ( 1 −  e  − λ /  x 2    )   − 1   ,   x > 0 .     



(4)







PDF (1), CDF (2), reliability function (3), and failure rate function (4) are plotted in Figure 1 for different values of  λ  and  η . It can be noticed that PDF (1) and failure rate function (4) are always nonmonotonic behaviors for various values of  λ  and  η . As a result, the IER distribution presents a valuable alternative to several other lifetime distributions, including the Weibull distribution. Its applicability extends across multiple fields, particularly finding effective use in various domains such as electrical and mechanical device experiments, patient treatments, and more.



The IER distribution has received some attention from researchers in recent years, and interesting results have come out of it. For example, Rastogi and Tripathi [2] have considered parameter, reliability, and hazard estimations for IER distribution based on Type-II progressive censored samples. Kohansal [3] investigated the estimation of   R = P ( X < Y )   when X and Y come from two independent IER distributions with the same scale parameter but having different shape parameters. Kayal et al. [4] studied maximum likelihood (ML) and Bayesian estimations of the IER distribution based on a hybrid censoring scheme (HCS). Maurya et al. [5] considered the problem of prediction and estimation for the IER distribution using progressively first failure censored data. Rao and Mbwambo [6] described different methods of parametric estimations of IER distribution. The estimation of stress–strength reliability when two independent IER distributions with different shape parameters and a common scale parameter was proposed by Rao et al. [7]. Gao et al. [8] considered the pivotal inference methods for estimating the unknown parameters of the IER distribution using progressively censored data. Panahi and Moradi [9] discussed ML and Bayesian estimations of the IER distribution parameters under adaptive progressively hybrid censored. Fan and Gui [10] conducted a study on the statistical inference of IER distribution, utilizing joint progressively type-II censoring. More papers have discussed IER distribution, such as [11,12].



The HCS was first proposed by Epstein [13], and it has become very common in life-testing and reliability studies. Live units in HCS can only be eliminated at the end of the experiment. However, it is not unusual in some practical applications to remove live units for experiments at points other than the end termination, which is especially handy when the units being experimented are quite expensive. As a result, Kundu and Joarder [14] suggested a hybrid censoring scheme called Type-I progressive HCS (Type-I PHCS), which combines elements of progressive Type-II and conventional Type-I schemes. Under Type-I PHCS, life tests terminate either after a predetermined number of failures or when the specified duration of the experiment has elapsed. For further information and recent references on progressive hybrid censoring, please refer to [15,16,17,18,19,20,21].



Under Type-I PHCS, n identical units are placed on a life test, and the number of occurred failures,   m ( < n )  , is fixed before starting the experiment. Assume that    R 1  ,  R 2  , … ,  R m   , is the prescribed censoring scheme (CS) following the assumption   n − m =  R 1  +  R 2  + … +  R m   . The pre-chosen time point, T, is also fixed. When the first failure,   X  1 : m : n   , occurs, the   R 1   of the remaining units are eliminated from the experiment at random. In the same way, for the second failure,    X  2 : m : n   ,  R 2    of the remaining units are eliminated from the experiment at random, and so on. The Type-I PHCS involves the termination of the life-test at the time    T *  =   min   (  X  m : m : n   , T )  . If the   m  t h    failure occurs before T, then the experiment is finished at the time point   X  m : m : n    and all remaining    R m  = n −  R 1  −  R 2  − … −  R  m − 1   − m   surviving units are eliminated, see Figure 2. Otherwise, the experiment finishes at time T, satisfying    X  k : m : n   < T <  X  k + 1 : m : n    , and all the remaining    R  k  *  = n −  R 1  − … −  R k  − k   surviving units are eliminated, see Figure 3. Here, k denotes the number of failures observing up to the time point T. Two scenarios are summarized in the following two cases:




	
Case 1:    X  1 : m : n   <  X  2 : m : n   < … <  X  m : m : n    , if    X  m : m : n   < T  .



	
Case 2:    X  1 : m : n   <  X  2 : m : n   < … <  X  k : m : n    , if    X  k : m : n   < T <  X  k + 1 : m : n    .








To the best of our knowledge, the empirical Bayes estimation of IER distribution has not yet been investigated using Type-I PHCS. This essay’s primary goals are dual. Therefore, we suggest developing such an estimation approach to estimate the parameter, reliability, and failure rate functions, under Type-I PHCS. The aim of the current piece of work is to design empirical Bayes estimators with informative prior for the unknown IER’s shape parameter using Type-I PHCS under various loss functions. In addition, the Bayes and empirical estimators are obtained based on two different balanced loss functions, viz., balanced squared error (symmetric) and balanced LINEX (asymmetric) loss functions. To illustrate the theoretical insights presented in this study, a specific real-world example from the field of medicine is employed, utilizing actual data.



The organization of this paper is as follows: the ML estimators (MLEs) of the parameters  η ,   S ( x )  , and   h ( x )   are derived in Section 2. Bayes estimators of the parameters  η ,   S ( x )  , and   h ( x )   under balanced loss function are derived in Section 3. Estimate of the hyper - parameter in addition to empirical Bayes estimators of the parameters  η ,   S ( x )  , and   h ( x )   under balanced loss function are given in Section 4. An application to a real dataset is presented in Section 5. To investigate the accuracy of the estimation methods, a Monte Carlo simulation followed by a discussion is presented in Section 6. Finally, the current study is concluded in Section 7.




2. Maximum Likelihood Estimation


In this section, we obtain MLEs of the unknown parameter  η ,   S ( x )  , and   h ( x )   at time x based on Type-I PHCS. The scale parameter,  λ , is assumed to be known. The joint density function based on Type-I PHCS is as follows:


      f X   ( x )      = Ω  ∏  i = 1  D  f  (  x  i : D : n   ; η )    [ 1 − F  (  x  i : D : n   ; η )  ]   R i     [ 1 − F  ( T ; η )  ]   R  D  *   ,     



(5)




where   Ω = n  ( n −  R 1  − 1 )  …  ( n −  R 1  −  R 2  − ⋯ −  R  D − 1   − D + 1 )  ,  


  D =      k ,      x  k : m : n   < T <  x  m : m : n   ,       m ,      x  m : m : n   < T ,       








and   R  D  *   represents the count of units that remain in operation until time, T, before being eliminated, and is given by


   R  D  *  =      n − k −  ∑  j = 1  k   R j  ,      x  k : m : n   < T <  x  m : m : n   ,       0 ,      x  m : m : n   < T .       











By substituting (1) and (2) into (5), the likelihood function of  η  based on Type-I PHCS can be written as


     l  ( η |  x ̲  )  = Ω   η D  W  ( λ |  x ̲  )   e  η V ( λ |  x ̲  )   ,     



(6)




where     x ̲   = (  x 1  , ⋯ ,  x D  )  ,    x i  ≡  x  i : D : n     to simplify the notation and


      W ( λ |  x ̲  )     =   ( 2 λ )  D   e  − [ 3  ∑  i = 1  D  ln  x i  + λ  ∑  i = 1  D   x  i   − 2   +  ∑  i = 1  D  ln  ( 1 −  e  − λ  x  i   − 2     )  ]   ,       V ( λ |  x ̲  )     =  ∑  i = 1  D   (  R i  + 1 )  ln  ( 1 −  e  − λ  x  i   − 2     )  +  R  D  *  ln  ( 1 −  e  − λ   T   − 2     )  .      



(7)







By applying the natural logarithm to the likelihood function (6), we obtain the log-likelihood function as


     ln l ( η |  x ̲  )     = ln Ω + D ln η + ln W  ( λ |  x ̲  )  + η V  ( λ |  x ̲  )  .     



(8)







To obtain the MLE of  η , we maximize the expression (8) with respect to  η . Given that   ln l ( η |  x ̲  )   is unimodal (see Appendix A), we can find the MLE, denoted as   η ^  , by differentiating (8) with respect to  η , setting it equal to zero, and solving for  η . Thus, the estimator for  η  is obtained as follows:


      η ^  =   − D   V ( λ |  x ̲  )   ,     



(9)




where   V ( λ |  x ̲  )   is given by (7). The corresponding MLEs of   S ( x )   and   h ( x )   at time   x ( x > 0 )   can be computed from the following


      S ^   ( x )      =   ( 1 −  e  − λ /  x 2    )   η ^   ,     



(10)






      h ^   ( x )      = 2  η ^  λ  x  − 3    e  − λ /  x 2      ( 1 −  e  − λ /  x 2    )   − 1   .     



(11)








3. Bayes Estimation


In this section, we show how to obtain the Bayes estimator of the unknown parameter  η ,   S ( x )  , and   h ( x )  . We explore Bayesian estimation techniques assuming an exponential prior distribution for the random variable  H  (with realizations  η ). This prior distribution can be represented as follows:


     π  ( η )  = a  e  − a η   , η > 0 ,  ( a > 0 )  .     



(12)







Berger [22] employs Bayesian theory extensively. It should be noted that the exponential family prior has additionally been applied by Wang et al. [23], Zimmer et al. [24], Nassar and Eissa [25], and Kim et al. [26] because it is flexible and simple enough to cover a wide range of the experimenter’s prior beliefs.



Using likelihood function (6) and prior density (12), we can express the posterior density of  η  as follows:


      π *   ( η | x )  = Q  η D   e  − [ a − V  ( λ |  x ̲  )  ] η   ,     



(13)




where


     Q =    [ a − V  ( λ |  x ̲  )  ]   D + 1    Γ ( D + 1 )   .     











In Bayesian analysis, the choice of the loss function is essential. For a thorough comparison of Bayes estimates, two different types of loss functions—namely, the squared error (SE) and LINEX loss functions—are considered. The squared error and LINEX loss functions for the model parameter  θ  are defined as:


      L  S E    ( θ ,  θ ^  )      =   ( θ −  θ ^  )  2  ,        L  L I N E X    ( θ ,  θ ^  )      =  e  c (  θ ^  − θ )   − c  (  θ ^  − θ )  − 1 ,  c ≠ 0 .     








where the magnitude of c indicates the degree of asymmetry. For   c > 0  , the LINEX loss function around 0 is quite asymmetric, with overestimation being more serious than underestimation. For   c < 0  , the opposite is true. If c is close to zero, the estimates obtained by LINEX loss function are nearly identical to the estimates obtained by SE loss function. As a result, LINEX loss function is more applicable in lifetime modeling; for example, an overestimation of the survival function and failure rate function is usually more serious than an underestimation; for more details, see [27,28].



It is well known that the Bayes estimate of a function of the model parameter   H = H ( θ )   based on squared error (SE) and LINEX loss functions are given by


      H ^   S E      = E  ( H  ( θ )  | x )  =  ∫ θ  H  ( θ )   π *   ( θ | x )  d θ ,        H ^   L I N E X      = −  1 c  ln  [ E  ( exp  [ − c H  ( θ )  ]  | x )  ]  = −  1 c  ln   ∫ θ  exp  [ − c H  ( θ )  ]   π *   ( θ | x )  d θ  .      











In the Bayesian approach, a loss function must be specified in order to choose a single value that represents the best estimate of an unknown parameter. To describe different types of loss structures, a wide range of loss functions have been developed in the literature. This study suggests using a balanced loss function, which was first introduced by Zellner [29]. This function generates a balance between classical and Bayesian approaches. Ahmadi et al. [30] and Jafari et al. [31] recommended using the alleged balanced loss function, which has the following form:


   L *   ( θ , ϖ )  = Δ ρ  (  ϖ o  , ϖ )  +  ( 1 − Δ )  ρ  ( θ , ϖ )  ,  








where   ρ ( θ , ϖ )   represents an arbitrary loss function,   ϖ o   is a selected estimate of  ϖ , and the weight   0 ≤ Δ ≤ 1  . If we choose   ρ  ( θ , ϖ )  =   ( ϖ − θ )  2   , the balanced loss function can be simplified to the balanced squared error (BSE) loss function, given by:


   L *   ( θ , ϖ )  = Δ   ( ϖ −  ϖ o  )  2  +  ( 1 − Δ )    ( ϖ − θ )  2  .  











The Bayes estimator of the function H can be determined as follows:


    H ^   B S E   = Δ  H ^  +  ( 1 − Δ )  E  ( H  ( θ )  | x )  ,  








where   H ^   represents the maximum likelihood estimate (MLE) of H. Additionally, if we select   ρ ( θ , ϖ ) = exp [ c ( ϖ − θ ) ] − c ( ϖ − θ ) − 1  , we obtain the balanced LINEX (BLINEX) loss function, given by:


   L *   ( θ , ϖ )  = Δ  ( exp  [ c  ( ϖ −  ϖ o  )  ]  − c  ( ϖ −  ϖ o  )  − 1 )  +  ( 1 − Δ )   ( exp  [ c  ( ϖ − θ )  ]  − c  ( ϖ − θ )  − 1 )  .  











In this particular case, the Bayes estimator can be represented in the following manner:


    H ^   B L I N E X   = −  1 c  ln  [ Δ exp  [ − c  (  ϖ o  )  ]  +  ( 1 − Δ )  E  ( exp  [ − c H  ( θ )  ]  |  x ̲  )  ]  ,  








where   c ≠ 0   denotes the shape parameter of the BLINEX loss function. For further papers discussing the balanced loss function, see [32,33,34,35].



The Bayes estimators of the unknown parameter  η ,   S ( x )  , and   h ( x )   at time x under BSE loss function are given by


      η ^   B S E      =   − D Δ   V ( λ |  x ̲  )   +  ( 1 − Δ )    D + 1   a − V ( λ |  x ̲  )   ,     



(14)






      S ^    ( x )   B S E       = Δ   ( 1 −  e  − λ /  x 2    )   η ^   +  ( 1 − Δ )    1 −   ln ( 1 −  e  − λ /  x 2    )   a − V ( λ |  x ̲  )     − ( D + 1 )   ,     



(15)






      h ^    ( x )   B S E       = Δ    2  η ^  λ  x  − 3    e  − λ /  x 2      1 −  e  − λ /  x 2       +  ( 1 − Δ )      2 λ  x  − 3    e  − λ /  x 2      1 −  e  − λ /  x 2          D + 1   a − V ( λ |  x ̲  )     .     



(16)







The Bayes estimators of the unknown parameter  η ,   S ( x )  , and   h ( x )   under BLINEX loss function are


      η ^   B L I N E X      = −  1 c  ln    − D Δ   V ( λ |  x ̲  )   +  ( 1 − Δ )    1 +  c  a − V ( λ |  x ̲  )     − ( D + 1 )    ,     



(17)






      S ^    ( x )   B L I N E X       = −  1 c  ln  Δ   ( 1 −  e  − λ /  x 2    )   η ^   +  ( 1 − Δ )   ∑  r = 0  ∞     ( − c )  r   Γ ( r )     1 −   r ln ( 1 −  e  − λ /  x 2    )   a − V ( λ |  x ̲  )     − ( D + 1 )    ,        h ^    ( x )   B L I N E X       = −  1 c  ln  Δ    2  η ^  λ  x  − 3    e  − λ /  x 2      1 −  e  − λ /  x 2            



(18)






            +  ( 1 − Δ )    1 +   2 c λ  x  − 3    e  − λ /  x 2       ( a − V  ( λ |  x ̲  )  )   ( 1 −  e  − λ /  x 2    )      − ( D + 1 )    .     



(19)








4. Empirical Bayes Estimation


Previous studies conducted by Yan and Gendai [36] and Shi et al. [37] employed the MLE method to estimate the hyper-parameter of the prior distribution. This estimation was utilized to analyze the Bayesian reliability quantitative indexes of the cold standby system, for more details see [38]. In (14) and (17), the hyper-parameter a is an unknown constant, which renders direct utilization of  η  impossible. Consequently, we employ the MLE technique to estimate the value of a.



By utilizing (1) and (12), we compute the marginal PDF and CDF for x, represented by the density function:


     f ( x )     =  ∫  0  ∞  f  ( x ; η , λ )  π  ( η )  d η =   2 a  x  − 3   λ  e  − λ  x  − 2        ( 1 −  e  − λ  x  − 2     )    ( a − ln  ( 1 −  e  − λ  x  − 2     )  )  2    ,     



(20)






     F ( x )     = 1 −  a  a − ln ( 1 −  e  − λ  x  − 2     )   .     



(21)







Therefore, we can represent (6) as follows:


     l ( a |  x ̲  )     = Ω  ∏  i = 1  D  f  (  x  i : D : n   )    [ 1 − F  (  x  i : D : n   )  ]   R i     [ 1 − F  ( T )  ]   R  D  *   .     



(22)







Substituting (20) and (21) into (22), we obtain


     l ( a |  x ̲  )     = A W  ( λ |  x ̲  )   a  ( n +  R  D  *  )    e  −  ∑  i = 1  D   (  R i  + 2 )  ln  ( a − ln  ( 1 −  e  − λ /  x 2    )  )     e  −  R  D  *  ln  ( a − ln  ( 1 −  e  − λ /  T 2    )  )    .     



(23)







We can express the log-likelihood function as follows:


     ln l ( a |  x ̲  )     = ln Ω +  ( n +  R  D  *  )  ln a −  ∑  i = 1  D   (  R i  + 2 )  ln  ( a − ln  ( 1 −  e  − λ /  x 2    )  )             −  R  D  *  ln  ( a − ln  ( 1 −  e  − λ /  T 2    )  )  .     



(24)







The derivative of (24) with respect to a is given as follows:


      d ln l ( a |  x ̲  )   d a      =   ( n +  R  D  *  )  a  −    ∑  i = 1  D   (  R i  + 2 )    a − ln ( 1 −  e  − λ /  x 2    )   −   R  D  *   a − ln ( 1 −  e  − λ /  T 2    )   .     



(25)







It is evident that solving (25), after equating it to zero, explicitly is not feasible, necessitating the application of a suitable numerical method to obtain the estimate   a ^  .



The empirical Bayesian estimator of parameter  η  based on BSE loss function is given by


      η ^   B S E      =   − D Δ   V ( λ |  x ̲  )   +  ( 1 − Δ )    D + 1    a ^  − V  ( λ |  x ̲  )    ,     



(26)




where a is replaced by   a ^   in (14). Substituting   a ^   in (15) and (16), the empirical Bayes estimator of   S ( x )   and   h ( x )   are given, respectively, by


      S ^    ( x )   B S E       = Δ   ( 1 −  e  − λ /  x 2    )   η ^   +  ( 1 − Δ )    1 −   ln ( 1 −  e  − λ /  x 2    )    a ^  − V  ( λ |  x ̲  )      − ( D + 1 )   ,     



(27)






      h ^    ( x )   B S E       = Δ    2  η ^  λ  x  − 3    e  − λ /  x 2      1 −  e  − λ /  x 2       +  ( 1 − Δ )      2 λ  x  − 3    e  − λ /  x 2      1 −  e  − λ /  x 2          D + 1    a ^  − V  ( λ |  x ̲  )      .     



(28)







Similarly, the empirical Bayesian estimators of the parameters  η ,   S ( x )  , and   h ( x )   based on BLINEX loss function are given, respectively, by


      η ^   B L I N E X      = −  1 c  ln    − D Δ   V ( λ |  x ̲  )   +  ( 1 − Δ )    1 +  c   a ^  − V  ( λ |  x ̲  )      − ( D + 1 )    ,     



(29)






      S ^    ( x )   B L I N E X       = −  1 c  ln  Δ   ( 1 −  e  − λ /  x 2    )   η ^   +  ( 1 − Δ )   ∑  r = 0  ∞     ( − c )  r   Γ ( r )     1 −   r ln ( 1 −  e  − λ /  x 2    )    a ^  − V  ( λ |  x ̲  )      − ( D + 1 )    ,        h ^    ( x )   B L I N E X       = −  1 c  ln  Δ    2  η ^  λ  x  − 3    e  − λ /  x 2      1 −  e  − λ /  x 2            



(30)






            +  ( 1 − Δ )    1 +   2 c λ  x  − 3    e  − λ /  x 2       (  a ^  − V  ( λ |  x ̲  )  )   ( 1 −  e  − λ /  x 2    )      − ( D + 1 )    .     



(31)








5. Application of IER Distribution to Real Data


Here, we illustrate the theoretical results obtained in the above sections using a real dataset from the medicine field. The dataset consists of the recorded relief times for a group of 20 patients who were administered an analgesic. It is taken from Gross and Clark [39] as follows: 1.1, 1.4, 1.3, 1.7, 1.9, 1.8, 1.6, 2.2, 1.7, 2.7, 4.1, 1.8, 1.5, 1.2, 1.4, 3.0, 1.7, 2.3, 1.6, 2.0.



To determine if the IER distribution with CDF (2) is suitable for fitting the given data, we perform a Kolmogorov–Smirnov (K–S) test and calculate its associated p-value. The estimates for the shape and scale parameters    η ^  = 3.60983   and    λ ^  = 5.45534  , are obtained by maximizing the likelihood function of  η  and  λ  based on the data and CDF (2). The K–S test statistic is found to be 0.09547, with a corresponding p-value of 0.9932. The provided real dataset appears to be well-matched by the IER distribution with CDF (2), as evidenced by the calculated p-value exceeding 0.050. This is also supported by Figure 4, which displays the histogram and empirical CDF of the dataset, as well as the PDF (1) and CDF (2). These plots visually demonstrate a good agreement between the empirical data and the fitted IER distribution. The prior parameter value has been determined to be   a = 0.2769   to produce population parameter value   η = 3.60983   using (12).



Type-I PHCS is applied to the above real dataset to obtain samples subjecting to Type-I PHCS. The Type-I PHCS is considered with   n = 20 , m = 16 ,     T = 1.75 , 2.75  , and three various CSs presented in Table 1. Based on the samples presented in Table 2, the MLEs, Bayes, and empirical Bayes estimates based on BSE and BLINEX (with   Δ = 0.4   and   c = − 0.3 , 3.0  ) loss functions of  η ,   S ( x )  , and   h ( x )   (at   x = 1.35  ) are calculated and presented in Table 3 and Table 4.



The above tables are a comprehensive snapshot of the  η ,   S ( x )  , and   h ( x )   (at   x = 1.35  ) estimates under various CSs, providing insights into the performance of different estimation approaches. The results demonstrate the applicability and effectiveness of the proposed methodology, allowing for a thorough understanding of the IER distribution within the context of progressive hybrid CSs.



From Table 3 and Table 4, we can see that the Bayes and empirical Bayes estimates under BSE and BLINEX (with   c = − 0.3  ) are very close to the MLEs.




6. Simulation


A Monte Carlo simulation is introduced to show the theoretical results. Based on Type-I PHCS, the Bayes and empirical Bayes estimates (under balanced loss function) of the unknown parameter  η ,   S ( x )  , and   h ( x )   (at time x) are calculated and compared with the MLE. The next steps are applied:




	
For a given value of the prior parameter,   a ( = 0.5 )  , generate the shape parameter   η ( = 2.0 )   from (12).



	
Choose the values of   n ( = 50 , 100 ) , m ( = 25 , 40 , 50 , 80 ) , T ( = 1.5 , 3.0 )  , and three different CSs,   (  R 1  , ⋯ ,  R m  )  , presented in Table 1.



	
Generate a Type-I PHCS sample from IER(  η = 2.0  ,   λ = 1.5  ) distribution with CDF (2), considering the algorithm shown in [13].



	
The MLEs and Bayes estimates based on BSE and BLINEX (with   Δ = 0.4   and   c = − 0.3 , 3.0  ) loss functions of  η ,   S ( x )  , and   h ( x )   (at   x = 1.2  ) are calculated as shown in Section 2 and Section 3.



	
The MLE of the prior parameter a is calculated and then the empirical Bayes estimates based on BSE and BLINEX (with   Δ = 0.4   and   c = − 0.3 , 3.0  ) loss functions of the  η ,   S ( x )  , and   h ( x )   (at time   x = 1.2  ) are calculated as shown in Section 4.



	
Steps 3 to 5 are repeated  M  = 10,000 times and the average of estimates   (   ρ ^  ¯  =  1 M   ∑  i = 1  M    ρ ^  i  )  , mean squared error   ( MSE  (  ρ ^  )  =  1 M   ∑  i = 1  M    (   ρ ^  i  − ρ )  2  )  , and relative absolute bias   ( RAB  (  ρ ^  )  =  1 M   ∑  i = 1  M     |    ρ ^  i   − ρ |   ρ  )   are calculated where   ρ ^   is an estimate of  ρ  (=  η ,   S ( x )  , and   h ( x )   (at   x = 1.2  )).



	
The computational results of the ML, Bayes, and empirical Bayes estimates are presented in Table A1 and Table A2; see Appendix B.








Discussion


The numerical results obtained from simulation studies, presented in Table A1 and Table A2, indicate the following:




	
The MSEs and RABs of the three methods of estimation decrease by increasing m for fixed T and n.



	
The MSEs and RABs of the three methods of estimation decrease by increasing n for fixed T and m.



	
The MSEs and RABs of the three methods of estimation decrease by increasing T for fixed n and m.



	
The Bayes estimates of  η ,   S ( x )  , and   h ( x )   (at time   x = 1.2  ) are better than the ML and empirical Bayes estimates by means of the MSEs and RABs.



	
The empirical Bayes estimates of  η ,   S ( x )  , and   h ( x )   (at time   x = 1.2  ) are better than the MLEs by means of the MSEs and RABs.



	
The Bayes (empirical Bayes) estimates based on BLINEX (with   c = 3.0  ) loss function of  η ,   S ( x )  , and   h ( x )   (at time   x = 1.2  ) are better than the Bayes (empirical Bayes) estimates based on BSE loss function by means of the MSEs and RABs.








Except for a few unique states, the above results are correct; this could be due to data volatility. Based on the above observations, we recommend using the Bayes approach to estimate the parameters, reliability, and failure rate functions included in the used progressive hybrid censoring cases.





7. Concluding Remarks


The maximum likelihood, Bayes, and empirical Bayes estimations of reliability performances for inverted exponentiated Rayleigh distribution have been investigated. Based on Type-I PHCS, the MLE, Bayes, and empirical Bayes (under BSE and BLINEX loss functions) estimates of the unknown parameter  η , reliability   S ( x )  , and failure rate   h ( x )   functions have been derived. The theoretical insights given in this paper have been illustrated using a real dataset from the medicine field. Finally, a Monte Carlo simulation study has been performed to test the performance and accuracy of the estimation methods. Based on the numerical outcomes, we recommend employing the Bayes approach for estimating the parameters, reliability, and failure rate functions within the contexts of the employed censoring scenarios.
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Appendix A


The second derivative of   ln l ( η |  x ̲  )   is given by


       d 2  ln l  ( η |  x ̲  )    d  η 2       =   − D   η 2       











Now observe that   η > 0  . Hence      d 2  ln l  ( η |  x ̲  )    d  η 2    < 0  ; this means that   ln l ( η |  x ̲  )   is unimodal.
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Table A1. MLEs and Bayes estimates of  η ,   S ( x )  , and   h ( x )   (at time   x = 1.2  ) with their MSEs and RABs.
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Table A2. Empirical Bayes estimates of  η ,   S ( x )  , and   h ( x )   (at time   x = 1.2  ) with their MSEs and RABs.
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0.094728

	
0.084164

	
0.094728

	
0.113737

	
0.389377

	
0.116441

	
0.085619

	
0.083385

	
0.085720
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Figure 1. Plots of PDF, CDF, reliability function, and failure rate function of IER distribution for different parameter values. 
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Figure 2. The procedure for creating order statistics for Type-I PHCS when    X  m : m : n   < T  . 
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Figure 3. The procedure for creating order statistics for Type-I PHCS when    X  k : m : n   < T <  X  k + 1 : m : n    . 
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Figure 4. Histogram and Empirical CDF (Red color) against PDF and CDF (Blue color) of IER distribution for the above dataset. 
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Table 1. Three different CSs.






Table 1. Three different CSs.





	I
	II
	III





	    R 1  = n − m ,   
	    R m  = n − m ,   
	    R 1  = ⋯ =  R  n − m   = 1 ,   



	    R 2  = ⋯ =  R m  = 0   
	    R 1  = ⋯ =  R  m − 1   = 0   
	    R  n − m + 1   = ⋯ =  R m  = 0   










 





Table 2. The dataset under Type-I PHCS.






Table 2. The dataset under Type-I PHCS.












	n
	m
	T
	CS
	Censored Data





	20
	16
	1.75
	I
	1.1, 1.5, 1.6, 1.6, 1.7, 1.7, 1.7



	
	
	
	II
	1.1, 1.2, 1.3, 1.4, 1.4, 1.5, 1.6, 1.6, 1.7, 1.7, 1.7



	
	
	
	III
	1.1, 1.3, 1.4, 1.6, 1.7, 1.7, 1.7



	
	
	2.75
	I
	1.1, 1.5, 1.6, 1.6, 1.7, 1.7, 1.7, 1.8, 1.8, 1.9, 2., 2.2, 2.3, 2.7



	
	
	
	II
	1.1, 1.2, 1.3, 1.4, 1.4, 1.5, 1.6, 1.6, 1.7, 1.7, 1.7, 1.8, 1.8, 1.9, 2., 2.2



	
	
	
	III
	1.1, 1.3, 1.4, 1.6, 1.7, 1.7, 1.7, 1.8, 1.8, 1.9, 2., 2.2, 2.3, 2.7










 





Table 3. Based on the data given in Table 2, MLEs and Bayes estimates of  η ,   S ( x )  , and   h ( x )   (at time   x = 1.35  ).
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I

	
2.7417

	
0.8685

	
0.6415

	
2.7927

	
0.8669

	
0.6535

	
2.8917

	
0.8671

	
0.6585

	
2.0788

	
0.8651

	
0.6102




	

	

	

	
II

	
4.0743

	
0.811

	
0.9533

	
4.0484

	
0.8129

	
0.9473

	
4.1803

	
0.8131

	
0.9541

	
2.9538

	
0.8108

	
0.8855




	

	

	

	
III

	
2.6557

	
0.8724

	
0.6214

	
2.7102

	
0.8706

	
0.6342

	
2.8035

	
0.8707

	
0.6389

	
2.0368

	
0.8689

	
0.5933




	

	

	
2.75

	
I

	
3.0085

	
0.8567

	
0.704

	
3.0288

	
0.8562

	
0.7087

	
3.0873

	
0.8563

	
0.7118

	
2.5149

	
0.8551

	
0.6804




	

	

	

	
II

	
4.0476

	
0.8121

	
0.9471

	
4.0304

	
0.8134

	
0.9431

	
4.1208

	
0.8136

	
0.9478

	
3.1973

	
0.8119

	
0.8988




	

	

	

	
III

	
2.956

	
0.859

	
0.6917

	
2.9777

	
0.8584

	
0.6968

	
3.0343

	
0.8585

	
0.6997

	
2.4816

	
0.8574

	
0.6694











 





Table 4. Based on the data given in Table 2, empirical Bayes estimates of  η ,   S ( x )  , and   h ( x )   (at time   x = 1.35  ).
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