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Abstract: Uncertain differential equations with a time delay, called uncertain-delay differential
equations, have been successfully applied in feedback control systems. In fact, many systems have
multiple delays, which can be described by uncertain differential equations with multiple delays.
This paper defines uncertain differential equations with multiple delays, which are called uncertain
multiple-delay differential equations (UMDDEs). Based on the linear growth condition and the
Lipschitz condition, the existence and uniqueness theorem of the solutions to the UMDDEs is proven.
In order to judge the stability of the solutions to the UMDDEs, the concept of the stability in measure
for UMDDE:s is presented. Moreover, two theorems sufficient for use as tools to identify the stability
in measure for UMDDEs are proved, and some examples are also discussed in this paper.

Keywords: existence and uniqueness theorem; stability in measure; uncertain multiple-delay
differential equations; uncertain theory

MSC: 34D20; 93D15

1. Introduction

The application of multiple-delay differential equations has been observed in various
feedback control systems, such as a neural network [1], an antigen-driven T-cell infection
system [2], and an epidemiological system [3]. However, these feedback control systems
are often influenced by “noise”. When the “noise” is modeled using the Wiener process,
the multiple-delay differential equations involving the Wiener process, called stochastic
multiple-delay differential equations, are employed to describe a range of systems including
finance [4], energy control systems [5], and neutral-type systems [6]. Nonetheless, as Liu [7]
demonstrated, the Wiener process-based representation of “noise” is untenable, and the Liu
process has been successfully proposed as an alternative model for “noise” descriptions.

Differential equations within the Liu process, called uncertain differential equations
(UDEs), have been employed in finance [8], game theory [9], ecology [10], and heat con-
duction [11]. Moreover, the theoretical research on UDEs has been fruitful and includes
the existence and uniqueness theorem [12], stability [13], the analytic solution [12], and
the numerical solution [14]. However, some feedback control systems have a delay time,
such as population ecology, chemical reaction processes, and pharmacokinetics. In these
circumstances, a UDE is unsuitable for modeling a feedback control system with a time
delay. Therefore, UDEs with a time delay, called uncertain-delay differential equations
(UDDEs), were pioneered by Barbacioru [15] and applied to an ecology system [16]. In
addition, theoretical research on UDDEs has been successful in areas such as the existence
and uniqueness theorem [17], stability theorems [18-21], and parameter estimation [16].
However, some feedback control systems contain multiple delays, and uncertain differential
equations with multiple delays can be used to model these systems. Therefore, uncertain
differential equations with multiple delays, called uncertain multiple-delay differential
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equations (UMDDEs), are defined, and the existence and uniqueness theorem of the so-
lutions for these UMDDEs is proven. In addition, the stability in measure for UMDDEs
is defined. Based on different Lipschitz conditions, two sufficient theorems for UMDDEs
being stable in measure are proven.

The structure of this paper is organized as follows. Section 2 gives the definition and
the concept of stabling in measure for UMDDESs and proves the existence and uniqueness
theorem, as well as two sufficient theorems of stabling in measure, for the solution of the
UMDDESs. The conclusion is given in Section 3.

2. Uncertain Multiple-Delay Differential Equations

In this section, uncertain multiple-delay differential equations (UMDDEs) are defined,
and the existence and uniqueness theorem of their solutions is proven. Moreover, the
definition of stabling in measure and two sufficient theorems of stabling in measure for
UMDDEs are established. In order to describe the environmental noise, Liu [22] introduced
the Liu process L;. Additionally, some correlative theorems are also demonstrated.

Theorem 1 (Yao et al. [13]). Assume that M is the character of an uncertain measure [22] and
L¢(Q) is the sample path of the Liu process Ly for each {. Then,

lim M{L <x}=1,

X—+00

where L({) stands for the Lipschitz constant of L¢(().

Theorem 2 (Chen and Liu [12]). As L({) stands for the Lipschitz constant of the sample path
L¢(Q) of the Liu process Ly, and the integrable uncertain process V; is defined over the interval
[I1, o], then we have

‘/:2 Vt(g)st(g)’ < L(Q) ./1.112 |Vi(2)|dt.

Based on the Liu process, uncertain multiple-delay differential equations (UMDDESs)
are defined as below.

Definition 1. Assume that L is a Liu process and hy and hy are two measurable and continuous
functions; then,

dA; = I (t, At Argy, Ar—dyr o oo Ap_g,)dt +ho(t, Ay, Ay Av—ay, -0 Ar—g, )ALy (1)

is called an uncertain multiple-delay differential equation (UMDDE), where dy,d>, . .., d, stands
for the delay time and 0 < dy < dp < -+ < dp.

2.1. Existence and Uniqueness Theorem

This section proves the existence and uniqueness theorem of the solutions to the
UMDDE (1).

Theorem 3. If the coefficients hy(t,ag, a1, ..., an) and hy(t,ag, a1, ..., ay) of the UMDDE (1)
with the initial states K; in the interval —d,,, <t < 0 satisfy the linear growth condition

m
|1 (t,a1)| + [h2(t, a1)] < N(1+ Y [an])
i=0
and the Lipschitz condition

m
|h1(t,a1) — by (t, a2)| + |ha(t, ar) — ha(t,a2)| < N 'Y |ap —ap|,
r

1



Axioms 2024, 13,797

30f12

Van,ap € R(i=0,1,...,m), t > 0,and there is a positive constant N, where a; = (agy, a11, - - -, Ay )
and ay = (g, a1, ..., 0m), then the UMDDE (1) has a solution. Moreover, the solution is
sample-continuous.

Proof. Assume that UMDDE (1) is in [0, T], where T is any given real number. For each { €

©, we set Hy(Z) = (A(2), Ar—4,(2), Ar-4,(2), -, A4, (D)), HI' (D) = (A}(D), Al 4 (D),
and A;de(g), ..., Al 4 (0)), and have

AV = Ao+ [ s Y @)ds + [ hals, B (@)de(2)

and

B{" () = sup [l () - A2(D)|.

0<s<t

Let us use mathematical induction to prove the following formulas for any n € N:

(n) N (14 L))" (m+1)"
B < |14+ (m+1 A T, 2
! ( ( )ue[slli,o” u|> (n+1)! @

L(() is the Lipschitz constant of L¢({) for all { € ® and n. Due to Formula (2), we know
that it satisfies the following inequality:

[e)

2<1+(m+1) sup

n=0 u€[—dm,0]

n-+1 ntl "
|Au|>N O+L@I M+ D n e o7

(n+1)!

()

In other words, it satisfies the Weierstrass criterion. Thus, A, ({) converges uniformly at
the given time interval [0, T] and the limit represents A¢({). Then, we know that

AE) = Ao+ [ (s, H(@)ds + [ als, HL()ALL(D)

The uncertain process A; is the only solution to the UMDDEs (1). Inequality (2) is proven
as below. For any n = 0 and set dg = 0, we know that

B = sup {’/Os h1(u,Ho)du+/Os hz(”rHo)dLu(C)‘}

0<s<t

< sup { ["ha(o Fo) e} + £40) sup { ["PiaGo, Fio) ot}

0<s<t 0<s<t

t t
< [ s (0, Ho) du + L&) [ Y, Ho) du

< (1 +(m+1) sup |Au|> N(1+L({)t.
u€[—dp,0]

Assuming Inequality (2) with n, we know that

B (0) = sup [l (@) - Al (0)

0<s<t

< <1+(m+1) sup CES

N1+ L)) (m+ )" g
| Ayl e
u€[—dp,0]

and
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= sup
0<s<t

< /Ot]hl (u, Hf,”*”(z;)) iy (u, Hﬁ”)(g)) ’du +L() /Ot’hz (u, Hﬁ”*”(@)) - hz(u, H,S’”(g)) ’du
< [Ny fanh - an
i=0

t
< (14 LE)N(m+1) '/_d AU — Az|du

L (o @) =i (@) )i+ [ (1, HV(@) e (w1 (©) dLu(C)‘

du

¢ m
du+L(g) [ NY At - Al
i=0

< (1+LEQ)N(m+1) /Ot <1 4 (m+1) sup

n+1 n+1 n
|Au|>N (A LE)" )"
u€[—dp,0)

(n+1)!

A VRO L) 1)
l " (n+2)! '

= <1+(m+1) sup
u€[—dp,0

Therefore, for any { € ©® and n € N, the sample path Agn) (€) is converges uniformly in

[0, T]. If we set the limit as A;({), then

AD) = Ag+ [ (s, H(©)ds + [ ol H(O)ALL(2).
O

2.2. Stability in Measure

This section gives the definition of the stabling in measure and two sufficient theorems
for UMDDE (1) by means of the Gronwall inequality [23].

Definition 2. For the different states A1 (s € [—dm,0]) and Ays (s € [—dm,0]), UMDDE (1)
has the corresponding solutions A1y and Ays. For any e > 0, if

lim M{|A1 — Ax| <&Vt =0} =1, (©)
sup A Ass| 50
s€[—dm,0]

then UMDDE (1) is stable in measure.

Theorem 4. As for its initial state, UMDDE (1) has a unique solution. Let a1 =(ag1,a11, - .., 1)
and ay = (agpy, a1a, - .., amp); the coefficients of UMDDE (1) satisfy the condition

m
|h1(t,a1) — by (t, a2)| V |ho(t, @) — ha(t,a2)| < Y Niglag — apl, 4)
i=0
where a;,b; € R,i =0,1,...,m, and the symbol V stands for taking the minimum, and

—+00
N;dt < +00,i=0,1,...,m,

then UMDDE (1) is stable in measure.
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Proof. For the different initial states 451 and dsp, — T < s < 0, the corresponding solutions
to UMDDE (1) are A; and B;. Let An = (An, Ap—ay- - Ag—a,1) and
Ap = (A, Aj—a)2 - A(i—d,)2); we know that

{ dAn = Iy (t, Ap)dt + hp(t, App)dLg, t € (0, +00)
An = an,t € [—dp,0]

and

{ dAp = hi(t,Ap)dt + ho(t, Ap)dLt, t € (0, +00)
Ap = adp,t € [—dy,0].

Assuming that L;({) represents the Lipschitz continuous sample of L;, we know that

t t
An() = Ao + [l An(@)du+ [ ha(u A (©)dLu()

and

An() = A+ [ (1, Aua (2))du + [ a0, Az (€L ).

According to the Lipschitz condition (4) and Theorem 2, L({) is the Lipschitz constant
Lt() and

An(@) = 4@ =[{ An + [/l A (O + [, An(@)4L()
~{ e+ [l A + [ An@)aL |

t( m
<|Ap1 — Ana| +/0 {; Niu|A@u-a1(0) — A(udi)z(é)}d“
+/ {ZNm|A (u—d;) (5) A(ud1)2(5)|}du

m t
=[Ao1 — Agz| +(1+L(C)){Z/O Niu|Ay—g.1(0) _A(udi)2(€)|du}'
i=0

Based on Condition (4),

—+o00
Njdt < 400, =0,1,...,m

So, M7 > 0 exists and we know that
+00
| Nt < My j=0,1,...,m

By setting # = u — T;, we know that

t
/O Niul Ay () = Agu_g2(0)|du
t—d;
=/, Nity+apAn(0) — Apa(Z)|dy

t
< sup {14a(0) = Aa@} [ Nydn+ [ Niyoay[Ap(@) — Ap(@)ldy
s€[~d; 0] 0

t
<M; sup {[Aq(G) — Ax(0)[} +/ Ni(y4a,) | Ag1 (0) — Ap2(8)[dn.
se[—d;,0] 0
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and
m oot
|An(0) — Ap(Q)| < |Agn — Ap| + (14 L(§>){g)/() Niu|A—gn(0) — A(u—d,-)2(§)|d”}
<A — Apa| + (1 + L(@)){ (Ml sup {|Aq(0) — Ax2(Q)[}
i=0 se[—d;,0]

+ [ N An () - Anz<C>ld’7> }

< Ao — Ap|+ (1 + L(@)){Ml(m +1) [Sudp 0}{|As1(€) —Ax2(0)|}

+ /Ot (éNi(rﬁd,-)) |Ar]1(§) - AWZ(C)dW}

<{A+LE)Mi(m+1)+1} sup {|Aa(f) — Ax(D)]}

SE[—1m,0]
tf m
+A+L@) [ (2 N,»<,7+d,.>> Apn(@) = A(0)ld.
i=0
According to the Gronwall inequality [23], we know that

|An () — An(Q)] < [sudp O]{|Asl(§> — Ax(Q)[}exp(2M1 (m + 1)(1 + L({)))-

With the help of Theorem 1, Ve > 0, and R; > 0, it follows that

M{ZIL(Q) < Rq} > 1—e

Set
01 = exp(—2M1(1+m)(1+ Ry))e.

If
sup {|Asl - A52|} < 91/
s€[—dm,0]

then we know that

M{|An — Ap| <€} > M{ [Sup }{\Asl — Ag|}exp(2M; (1 +m)(1+ L(0))) < 8}
s€l—dy 0
> M{ZIL(¢) < Ry}
>1—c¢.

If
sup {|Asl - Ale} — 0/
s€[—dm,0]

we know that
M{|An — Ap| <e} — 1,Vt > 0.

Thus
lim M{|At1—At2| SE,VtzO}:l

sup {|Aaq—As|}—0
se€(—dm,0]
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Example 1. Consider the UMDDE

sin?(x)

JAradt+ t(1+ (Int)2)

dA; = cos(x) exp( Ay _odLy, 6)

x
2

where Ay_q and A;_o stand for the delay term. By setting hy = cos(x)exp(—35)b; and

in2 .
hy = %az, we obtain
x sin?(x)
Nlt = COS(X) eXp(_E), NZt == W’
then
—+o0 —+o0 x
‘ Nltdt’ < / ’cos(x) exp(—i)‘dt <2< +o0
0

and

+oo +eol sin?(x) T
Nodt| < — 2 |dt < = .
‘/0 2 ’ = /o i+ | =2 <
Based on Theorem 4, UMDDE (5) is stable in measure.
Corollary 1. Consider the UMDDE
dA; = (notAr +ny Ay, + -+ Ay_g,, + I)dt + (noeAs + nypAp_g, + -+ e Ap_g, + I)dL (6)
satisfying
400
/ nydt < +o0,i =0,1,...,m, @)
0

where [ and I; are the real functions; if ao, then UMDDE (6) is stable in measure.

Proof. Let

hy = noebg + n1sby + - -+ Mytby + I
hy = nobg + by + -+ + Nyt + 1,

we obtain

m
11 (t,b1) — By (t,b2)| V [ha(t,b1) — ha(t,b2)| < Y nig|bjy — bio,
i=0

where b; = (by;,by; and ..., b,;),i = 1,2. Based on the condition (7), this satisfies the
condition (4). Therefore, UMDDE (6) is stable in measure. [J

Example 2. Consider the UMDDE
dA; =(cos(x)A;—1 + sin(x) exp(—x)A;_4)dt + (cos(x)As—1 + sin(x) exp(—x)A;—q)dLs, (8)
where Ay_1 and A;_4 stand for the delay term. Let
h1 = cos(x)a + sin(x) exp(—x)b, hy = cos(x)a + sin(x) exp(—x)b.

Setting
ny = cos(x), ny; = sin(x) exp(—x),

400
‘/ Tlltdt’ =
0

we find that

—+00
/ cos(x)dt‘ <2< +oo,
0
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|A2¢(C) —

—+o0 “+o0 “+o0
/ ntht‘ g/ Isin(x) exp(—x)|dt g/ lexp(—x)|df = 1 < +oo.
0 0 0
By Corollary 1, UMDDE (8) is then stable in measure.

Theorem 5. If UMDDE (1) with a given initial condition has a unique solution, by setting
a= (ap,a,...,a,)andb = (bo,by,...,by), the coefficients of UMDDE (1) satisfy the conditions

m
|h1(t, @) = hi(t,b)| < Y Fitla; — by
i=0

m
|h2(t/a) - hZ(t1b>| S 2 Gitlai - bi’/
i=0

)

where a;, b; € R,i=0,1,...,m, and the symbol V stands for taking the minimum,

“+o0
Nitdt < +o0
+o0 +o00
/ F]tdt < +00, G]tdt < —|—oo,j:0,1,...,m
0 0

then UMDDE (1) is stable in measure.

Proof. According to the initial states a1; and ay5, —d;, <'s < 0, the corresponding solutions
for UMDDE (1) are Ay; and By By setting Ay = (A1t, Ay(4—ay)s Ai(t—dy)s - - - A1 (t—dyy)) aNd
A2t = (AZtr AZ(tfdl)f Az(tde), ooy AZ(tfdm))' we find that

{ dAq = hy(t, Aqp)dt + ha(t, Ayy)dLy, t € (0, +00)
Ajp = ay,t € [—dp, 0]
and
{ dAy = hl(t,Azt)dt + hz(t,AZt)st,t € (0, +OO)
AZt =ay,t € [_d‘ﬂI/ 0]

Assuming that L;() is the continuous Lipschitz sample of L;, we obtain

t t
An(Q) = Ay + /0 I (14, Ay (7))t + /0 I (14, Aga ()AL (2)

and

Ax() = Az -+ [ In e, A @)t + [ (i, Ay (€))L D)

Moreover, L({) represents the Lipschitz constants of L;({). By applying the Lipschitz
condition (9) and Theorem 2,

ZHAloJr/Oth(”/Alu(C))du +/Oth2(”:A1u(§))dLu(§)}
- {A20+/th1(u,A2u(§))du +/Oth2(u/Azu(§))dLu(C)H

§|A10*A20|+/ {Z,Fliu i) (0) — AZ(udi)(g)}d”
ot m
+/O L(C){; Al (u—d;) g) AZ(ltd;)(§)|}du

<[|A1p — Azl + (1 {Z/ (Fiu + Giu) | Av(u—a;) (0) — Az(lldi)(§)|d”}‘
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Based on Condition (9),
+o00 +o0
/ Fudt < 400, [ Gudt < 4o00,i = 0,1,...,m.
0 0

Then, as M, > 0,

+o0 +o0
/ Fudt < My, [ Gpdt < My,i=0,1,...,m.
0 0

Setting 7 = u — T1;, we obtain

ot
[l (€) = Asgugy @l
t—d;
- /, o Fitreay A1y (€)= Az (€)ldy

dj t
S Ses[ilgro}{hqls(g) - AZS(€)|}/O Fir/d’? +/0 Fi(iy+di)|A177(€) — AZq(éNdT]

ot
<My sup {|A1() =A@} + | Figeay|An (@) — Az (Ol
s€[—d;,0] 0

Similarly,
t t
/0 Miu|A1(u—ay) (0) — Az(u—a;)(§)|du < M Tuf ]{\Als(C) = Axs (O} +/0 Gi(y+dy) | A17(8) — Agy (0)[dn.
se|—d;0

Therefore,

|A1£(8) — Ae(8)] < [A10 — Bao| + (1 + L(C)){é'/ot(ﬁu + Giu) [ A1 (u—d;)(0) — AZ(udi)@d”}

< A9 — Boo| + (1 + L(@)){ZMZ(W +1) [Sudp O]{|Als(§) — Ax(0)]}

t [ m
+/0 (g(ﬂ('ﬁdﬂ + Gi(11+di))> | A1, (2) — Azq(C)dU}

< {2(1+ L(Q))Mz(m +1) +1} [Sudp O]{|A1S(C) — Ags(D)[}

t{ m

+ (1+L(0)) /0 <Z(Fi(17+d,») + Gi(17+di)>> |A1y () — A2y (§)dn.
i=0

According the Gronwall inequality [23],

[A1¢(0) — A2 (9] < {2(1 + L(§))Ma(m + 1) + 1} [Sudp O]{IAls(C) = Ax(Q)[}

exp ((1 #LE) [ LRy + cwdi))dr;)
<0 LEMam ) 11} sup (41(0) ~ A2(0)])
exp(n-+1)(1+ L(0)) M)

< fudp 0]{\1‘115(6) — Axs(2) |} exp(3Ma(m +1)(1 + L(Z)))-
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With the help of Theorem 1, Ve > 0, P > 0 and
M{ZIL({) <P} >1--e
Set
0 = exp(—3Ma(1+m)(1+P))e.

It

sup {lAls - A23|} < 9/
s€[—dp,0]

we know that

M{[A1 — Ay| < e} > M{ sup {|A1s — Azs[} exp(BMa(1 +m)(1+ L(7))) <

s€[—dm,0]
>M{Z|L(J) < P} >1—=

In other words, if
sup {|A1s — Axsl} — 0,

s€[—du,0]
we obtain
M{|A1; — By| <€} — 1,Vt > 0.
Therefore,
lim M{|A1; — Ay| <&Vt >0} = 1.
sup {|As—Ax|}—0
s€(—dm,0]
O

:

Remark 1. Actually, Theorem 4 and Theorem 5 are equivalent. If Inequality (4) is established,
we can set Fjy = Gy = Nypandi =0,1,2,...,m, and then Inequality (9) is established. But, if
Inequality (9) is established, we set Njy = F + Gjt and j =0,1,2,...,m, and then Inequality (4)

is established.

Corollary 2. Assume the UMDDE

dA; = (apt At +ayAp_g, + -+ am Ay, +ar)dt + (bt Ap + by Ap_g, + - - + bt Ay_g,, + br)dLy

dA; = <t2 exp(—t3)A;_q +

satisfies

+oo +o0
/ aydt < +oo, / bydt < +oo,i =0,1,...,m,
0 0

(10)

(11)

where aj; and by are real-valued functions and i = 0,1,...,m; then, UMDDE (10) is stable

in measure.
Proof. Set
hy = ageag + aypar + - - - + ameam + ag, hy = borbg + byby + - - - + byuiby + by,

then
Nj; = a;;, My = by,i=0,1,2,...,m.

By applying Condition (11) and Theorem 5, UMDDE (10) is stable in measure. [
Example 3. Consider the UMDDE

t

T A At2> dt + (exp(—t) cos(t)A;—1 + sin(—t)A;—p)dLs,

(12)
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where Ay_q and A;_ stand for the delay term. Set

hy(t,ay,a7) = t2exp(—t3)a + b

b
1+t
and

hy(t,a1,az) = exp(—t) cos(t)a + sin(—t)b,
and we obtain

+oo 1 too T
#2 —dt == / — dt= = ’
/0 exp(—t) 3<+00 . 11A 1 < 400

00
/ exp(—t) cos(t)dt’ <1< +oo,
0

According to Corollary 2, UMDDE (12) is then stable in measure.

—+00
/ sin(t)dt‘ <2 < +oo.
J0

3. Conclusions

In order to model a feedback control system with multiple delays, uncertain multiple-
delay differential equations (UMDDEs) were defined in this paper. Moreover, the existence
and uniqueness theorem for the solutions to these UMDDEs was proven. In order to
judge the stability of the solutions to these UMDDEs, the concept of stabling in measure
was provided. Meanwhile, two sufficient theorems were proven to testify the stability in
measure of the solutions to the UMDDEs.

Based on these uncertain multiple-delay differential equations, the stability in mean,
stability in p-moment, numerical methods, uncertain multiple-delay Logistic models, pa-
rameter estimations, and numerical simulations can be investigated in the future.
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