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Abstract: The concept of the energy of a graph has been widely explored in the field of mathematical
chemistry and is defined as the sum of the absolute values of the eigenvalues of its adjacency matrix.
The energy of a hypergraph is the trace norm of its connectivity matrices, which generalize the concept
of graph energy. In this paper, we establish bounds for the adjacency energy of hypergraphs in terms
of the number of vertices, maximum degree, eigenvalues, and the norm of the adjacency matrix.
Additionally, we compute the sum of squares of adjacency eigenvalues of linear k-hypergraphs
and derive its bounds for k-hypergraph in terms of number of vertices and uniformity of the k-
hypergraph. Moreover, we determine the Nordhaus-Gaddum type bounds for the adjacency energy
of k-hypergraphs.
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MSC: 05C65; 05C50; 15A18

1. Introduction

A hypergraph G* = (V,E) consists of a pair, where V = {vy,v5,v3,...,v,} is the
vertex setand E = {ey,ez,¢e3,...,¢;: },t € Nis the hyperedge set of G*. Each hyperedge in
E(G*)(|ei| > 2) is a nonempty subset of the vertex set V(G*). A hypergraph is said to be a
linear hypergraph if [e; Ne;| < 1foralli # j. A hypergraph G* is a k-uniform hypergraph
(or k-hypergraph) [1,2] if the cardinality of each of its hyperedges is k where k > 2. When
k = 2, it turns into an ordinary graph. The degree of a vertex v € V, d(v) is defined
as the number of hyperedges that contain the vertex v. A hypergraph in which every
vertex v; € V has degree r is said to be an r-regular hypergraph. If a hypergraph is both
k-uniform and r-regular, we refer to it as a (k, r)-regular hypergraph (or (k, r)-hypergraph).
In [2], the authors focus on the characteristics of (k, r)-hypergraphs. A k-hypergraph G*
with 7 vertices is said to be a complete k-hypergraph KX if E(G*) is the collection of all
possible k-subsets of V(G*) [3]. In such a hypergraph, there are () hyperedges. The
complement of k-hypergraph G* = (V, E) is the k-hypergraph G~ = (V,E), where the
vertex set remains the same and the hyperedge set E = E(K%)\ E. The adjacency matrix [4]
of G*, A(G*) = (aij), is a square matrix of order n such that, for all v;,v; € V,

. | {ex € E(G¥) : {v;,vj} Cex} | v # v,k e[l n]
el 0 % :‘U]' )

One of the earliest applications of spectral graph theory is the study of molecular
orbital energy levels of rt-electrons in conjugated hydocarbons [5]. It involves graphs
representing conjugated hydrocarbons and approximating the total 7r-electron energy from
their eigenvalues. In 1978, Gutman [6] introduced the concept of graph energy, further
expanding this area of study. Later, Nikiforov [7] extended the concept of graph energy to
matrices. The energy of a matrix M is the sum of its singular values, which is also known
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as trace norm of M, || M||.. The singular values of a matrix M are the square roots of the
eigenvalues of M*M, where M* is the conjugate transpose of M. The singular values of a
real symmetric matrix are the moduli of its eigenvalues. Graph energy is one of the most
studied spectrum-based invariants in the literature. The first upper bound on energy of a
graph was established by McClelland [8]. Later, Koolen and Moulton [9] improved this
bound. Recent studies have indicated an increasing interest in the energy of hypergraphs,
where the energy of G* is defined based on the connectivity matrices of G*.

In 2020, Cardoso and Trevisan [10] introduced the concept of k-hypergraph energy
based on the incidence energy and the signless Laplacian energy of k-hypergraphs. In [11],
the authors provided several significant results on the adjacency energy of hypergraphs.
In the past few years, studies have expanded to explore Laplacian energy and distance
energy [12,13] of hypergraphs. Motivated by these studies, the present paper aims to
establish bounds of adjacency energy £(G*) of hypergraph G*. Let Ay > Ay > A3z >
-++ > Ay be the eigenvalues of adjacency matrix of G¥, and also let |Af| > |A5]| > [A}] >
--+ > |A;| > 0Dbe the decreasing arrangement of the absolute values of the eigenvalues

of A(G*), then £(G*) = YL, |A|. The Frobenius norm of a matrix M = (m;j)nxyn is
defined as ||M||r = i1 51 mlzj = /(MTM), while the max norm of a matrix given

by || M|[max = max; j|mj|.

This paper is devoted to the study of the energy of hypergraphs. Because determining
the exact values for the energy of a hypergraph is challenging, it is useful to obtain bounds
based on the structural and spectral properties of hypergraphs. In Section 3, we obtain
various bounds for the adjacency energy of hypergraphs in terms of the number of vertices,
maximum degree, eigenvalues, and Frobenius norm of the adjacency matrix. In hypergraph
theory, giving an expression for the number of closed walks of length 2 (that is, trace
(A(G*)?))is a complex task. Using graph-theoretical techniques, we determine the number
of closed walks of length 2 for a linear k-hypergraph. Additionally, we compute bounds
for the number of closed walks of length 2 of the k-hypergraphs; this modifies the existing
bounds for the energy of hypergraphs, which makes it computationally easier. In Section 4,
we derive Nordhaus-Gaddum-type inequalities for the adjacency energy of k-hypergraphs.
Throughout this paper, we consider only simple hypergraphs.

2. Preliminaries

This section gives basic definitions, results, and notations used in the main results.

Lemma 1 ([14]). If G* be a k-hypergraph of n vertices and m edges. Then
n
Y d(v;) = km.
i=1

Definition 1 ([15]). Let P = (p;;) and Q be two matrices of any order. Then the Kronecker product
of P and Q is a block matrix,

P®Q = (pijQ).

_ (M1 M
Lemma 2 ([16]). Let M = {Mz M,

M is the union of spectra of My + M and My — M,.

} is a symmetric 2 x 2 block matrix. Then the spectrum of

Lemma 3 ([17]). Ifay > ax > --- > ay are real numbers such that y ;' | a; = 0, then
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Theorem 1 ([18]). Let v; and v; be two vertices of a hypergraph G*. Then the number of walks of
length | from v; to v; of G* is a( ) the (i, 1) entry of the matrix AL,

Lemma 4 ([11]). Let A and 6 be the maximum and minimum degree of a k-hypergraph with spectral
radius Aq. Then
0(k—1) <A <A(k—1).

Lemma 5 ([19]). Let M be any matrix of order n, Py;(A) be the characteristic polynomial of M,
and s; be the t-subset of {1,2,3,...,n}. Then the coefficient cy of A"t in Ppg(A) is

Y det(M;)

M;eM

where M is the collection of (," ) matrices obtained by replacing the rows and columns that
correspond to the elements of s,—t of M with zeros, and assigning —1 to the corresponding diago-
nal entries.

The following notations are used in this paper. A matrix with entries either 0 or « is
referred to as a (0, «) matrix. We write j € [a, b] if j takes all the integer values satisfying
the condition a < j < b. Let J, and I, be the all-ones matrix and identity matrix of order
n, respectively, and Ji ,, denote all-ones matrix of order k x n. The column vector with all
entries equal to one is denoted by j,. Let M be a square matrix of order n. The characteristic
polynomial of a matrix M is denoted by Pys(A) = det(Al, — M) = A" — c; A" 1 4 pA"=2 +

-+ 4+ (=1)"c,, where ¢; = Z)\hl Ap, -+ A, and Sy is the collection of all possible t-subset
sy={hy,hy,..h1 } €St
of {1,2,...,n}.

3. Lower and Upper Bounds for Energy of Hypergraphs

This section focuses on the bounds for the energy of a hypergraph in terms of the
number of vertices, maximum degree, Frobenius norm, and eigenvalues of A(G*). Re-
calling that Y/ ; A = ||A||%, we can deduce the following results on the eigenvalues of
k-hypergraphs, which helps to derive the subsequent theorems.

o A? < | A|l}, Vi, implies that |A;| < [|Allp, Viand |Aj[|Aj] < [|A]lF|Aj], i # j. Hence,

YAl < (n=1) IIAIIFZMI
iZj

e LetApi1,Aps2, ..., An be the negative eigenvalues of G*. Since —|Ap 1] — [Api2| —
— |)tn‘ = )\p+l +/\p+2 4+ ...+ Ay,

JAlz 1

BN+ 443 -5 E()\1|)\1|+A2|Az|+...+An\/\n|).

Proposition 1. Let G* be a hypergraph on n vertices. Then

3 lAlle(n =1+ /(n=1)7+4)
- 2

Proof. Since ;. [A;[|Aj] < (n —1)[|AllF i, [Aj], we obtain

n n on
EG ) =Y A+ Y Y ilIA] < [AlF + (n = DI AIEE(GY).
i=1 i=1j=1

i#]
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Therefore, we have
E(G*)? = (n—1)||Al[r€(G*) — || A|IF < 0.
Consider f(x) = x* — (n — 1)||Al|[px — ||A]|2. Let a; and a, be the roots of the

quadratic equation f(x) = 0, then £(G*) will lies in between a1 and ay, since f(£(G*)) < 0.
Therefore, (1) holds. O

The following theorems present the bounds for the energy of hypergraph as functions of
spectral and structural parameters such as eigenvalues, maximum degree, and Frobenius norm
of the adjacency matrix of G*, which can be identified from the corresponding hypergraph.

Theorem 2. Let G* be a nonsingular hypergraph of order n such that |AT| = A > |Aj| > |A]| >
<o > |A%| Then

IAIIE = AT + (= 1)|AL ]3]
Azl +[A%]

E(G") =M+

Equality holds if |A5| = |Af|,i € [2,n].
Proof. Since [A}| > |A;|, we have

(AT = 1A DUAT = 1A2]) <0,
A2 = 1A 1(A3] + 145D + 1A3]145] < 0,

where i € [2,n]. Taking summation 7 from 2 to n, we obtain
IAIF = AT = (£(G") = M) (IA3] + 1A4]) + (n = D)|AS]IAG] < 0.
Therefore, we obtain

JAIF = AT+ (n = DA
3]+ [A%]

£(G*) > A+
Equality holds, if (|[Af| = |A}|)(|Af| = [A3]) = Oforalli € [2,n]. Therefore, |A;| = |A]],

wherei € [2,n]. O

Corollary 1. Let A be the maximum degree of the k-hypergraph G*. Then

IAlIE — A%(k —1)? + (n — 1)| A4 ]1A3]

S(G*)ZA(k_1)+ |)\*’—0—‘)\*|
2 n

Proof. Consider the function

JAJ2 — 22 + (n— 1)|A%] A3
x)=x+ ,
fx) AT+ A%

which is a decreasing function on x > [Aq| for f/(x) =1 — < 0. From Lemma 4

A1 < A(k —1), we obtain

2x
[A5[+1A7]

E(G") = f(M) = f(A(k=1))
AR = 2% = 1)+ (n = DIAIA3
Azl =+ 1A%

£(G*) > Ak —1)

O

The proof of the following proposition can be deduced by using similar arguments of
Theorem 2.
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Proposition 2. Let G* be a nonsingular hypergraph of order n such that [Aj| > |A3] > --- >
|Ag| > 0. Then

IAIF = A+ (n=1)IA3 2
2[A3]

EG") <M+
Equality holds if |A5| = |AF],i € [2,n].

In [11], the authors established an upper bound £(G*) < /n Y4 A? = /n|| Al

The following theorem provides a more precise bound for the energy of hypergraphs.

Theorem 3. Let G* be a hypergraph and the first p positive eigenvalues of G* is denoted as
AMZ>Ay >+ > Ay >0. Then

gmwsJ O| mv<i ”AW))

Proof. First, we prove that

LAl R AA)
2

2 .
IA]I% - ( i1 /\i|/\i|> =\ Al - ( e |/\ \
nq 0 NANRIAL = (X5 AdlAil ) A

= A - ( _AMD

]

Consider,
2 2
| AllZ _ AN [Al?) = 20 AR (S AdlAil) ™+ JANE (E AdlAdl)
A4 — (v ) AllE— (2, A2
|AllF i1 Al Al [ANE = (X AilAil)

2
[ ANEIA? = 20| AlIFAA Ty AilAq] + /\]2( i1 Al Adl)
4 n 2 2
(Il = (T adai)?)
JAIRIA] = A (2 Al
2
lal: = (T AddAd

Since )/’ ; A; =0and £(G*) = LI |Ai|, we obtain

I
1=

-.
Il
—_

I
™=

.
I
—

14]2 1 AT A - (S A D
276‘G* 2
e - (zaind) S0 A - (T )
w1 AR = (Z Al A

4 E(G* 2
FECD A (2 Al

Hence,



Axioms 2024, 13, 804 6 of 14
n 1Al - 1 AT = (2 Al ) A,
(G2 27 L\g(G2 TE(GH 2
(G jap - (meainl)™ F0ECEED (o )
5 2
| AIBIA = 2 (2 Aild] ) )
2
Al = (S Al
& AIEA = 4 (Ei Al |
T g(G*)2 2 =
FVECT A - (T
Hence, the theorem holds. [
Lemma 6. Let G* be a hypergraph of order n with eigenvalues Ay > Ay > ... > Ay. Then
* **
Z az] < /\1 HAHF
1]6[111]
i#]

Equality (x) holds if and only if G* is a (k, r)-hypergraph and the equality (sx) holds if and only if

Ay =Az =" _)‘”__TJI'

Proof. From the Rayleigh-Ritz theorem for the Hermitian matrix, we obtain
A = max{xT Ax : x"x = 1}.

Hence,

Al > ]1,nA]n,l _ 1

]1,1’[]}’[,1 n i,je[l,n]

The adjacency matrix of a (k, r)-hypergraph has constant row sum r(k — 1). Conse-
quently, (k — 1) is an eigenvalue; its corresponding eigenvector is J; ,. Therefore, equality
(x) is achieved when G* is a (k, r)-hypergraph. Conversely, if the equality (*) holds, then
AJy1 = AJ1,. Hence, the row sum is equal to a constant. Thereby, G* is a (k, r)-hypergraph.
By Lemma 3, we have

1
[AllF-

n—1 Z”:
Equality (xx) holdsif and only if Ay = A3 = --- = Ay = — . [

Theorem 4. Let G* be a k-hypergraph of order n such that A(G*) is a (0, a) matrix, & < (’;:g)
Then

:\'—‘

2
1
): o-vfiai- (3 £ w) | o
ije[ln]
i#]
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Equality holds if and only if either G* = 7K§, G* is a (k,r)-regular hypergraph with two distinct

A 2
eigenvalues Ay = \/| I = p— 1 —1? or G* is a (k,r)-regular hypergraph with

_ 1Al = (k—1)*
three distinct eigenvalues Ay = r(k — 1) and A; = — , 1€ [2,n].

Proof. First, notice that
Y AP =[lAlR -
i=2

Now, applying Cauchy-Schwartz inequality, we obtain

3 < /o -1 (1Al - 1) ®

i=2

Hence,

BG) < M+ - 1) (1417 - 43).

Consider the function f(x) = x + \/(n -1) <||AH% - x2>. Then the function f(x) is
1AllF

\/>
JAle _ T o | j
< Y 4jj < Aq. Since f is a decreasing function
vn mijelin]

i#]

strictly decreasing in the interval [ A p} From Lemma 6 and in the view that A

is a (0, «) matrix, we have

f(A) < f(l Y aij), (2) holds.
1 jieln
i#]

1
Now, if the equality in (2) holds, then A; = Y ajj must hold. From Lemma 6,
" jjeln
i#]
G* is a (k,r)-regular hypergraph. Now, since the equality in (3) must also hold, for i €

_ AR =2k —1)
[2,n], A = p— .
Then there are only three possible cases.

In the first case, G* = gK% as it has only two distinct eigenvalues, 1 and —1, both with
multiplicity g

In the second case, G* has two distinct eigenvalues with A; = r(k — 1) and

Al —r?(k—1)?
¢|n PO

All% —1)?
In the third case, Ay = r(k—1) and A; = \/| I n—( ) ,ie2,n]. O

1

Lemma 7. Let G* be a connected k-hypergraph on n vertices and m edges such that any two edges

of G* share at most 1 vertex. And let a( ) be the diagonal entry of A(G*)? corresponding to vertex
v;. Then,

2 = d(v;)(k—1).

2) gives the number of walks of length two starting and ending on
vertex v;. Suppose that a;; 2) #d(v;)(k—1).

Proof. By Theorem 1, a;
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CaseI: a( ) > d(v;)(k —1). Then either v; must be adjacent to more than d(v;)(k — 1)
vertices or v; can traverse to the neighboring edge through edge e; and traverse back to
another edge ¢; 1. This is a contradiction since the edges of G* share at most one vertex.

Case II: a( ) < d(v;)(k —1). Thatis, v; does not have d(v;) (k — 1) vertices at a distance
of length 1. Thls contradicts the definition of the degree of a vertex in the k-hypergraph.
This contradicts our assumption. Hence the theorem holds. O

The following theorem allows us to reformulate the bounds in Proposition 1 and
Theorem 3 of linear k-hypergraph in terms of uniformity and number of edges. By determin-
ing the bounds for the sum of the squares of the adjacency eigenvalues of a k-hypergraph,
we establish the bounds for the Frobenius norm, which is utilized in most of the theorems.
The proof of the following theorem is the direct consequence of Lemmas 1 and 7.

Theorem 5. Let G* be a connected k-hypergraph on n vertices and m edges such that any two
vertices of G* share at most 1 vertex. Then

n
Y A? =k(k—1)m.
i=1

Theorem 6. Let G* be a connected k-hypergraph with n vertices and m edges, and A;, i € [1,n] be
the adjacency eigenvalues of G*:

i ( m(k — 2)+2)

Equality in the upper bounds holds if and only if the intersection of any two edges must contain
(k — 1) vertices.

Proof. Let E = {ey,ep,€3,...,em} be the edge set of G*. If |e; N ej| =s,5 > 1i # ],
i,j € [1,m], then consider that the closed walks of length 2 starting from vertex v; € e; has
to traverse back and forth through the same edge. From Theorem 5,the total number of
such walk is k(k — 1)m. For s > 1, let v;, v; € ¢; Ne;. Then there are two additional walks
starting from v;, say v;e;vje;v; and v;e;vje;v;. Therefore, for each such intersection, there are
2(s — 1) additional walks starting from v;.

Since G* is a simple k-hypergraph, the cardinality of the intersection of any two edges
must be less than or equal to k — 1. Hence, the maximum number of possible walks for
a vertex is 2(k — 2). Then the total number of possible walks from all vertices in the
intersection is 2(k — 1) (k — 2). If there are m edges, there are only M
the intersection of two edges can be taken. Therefore,

ways in which
YA < k(k— D+ 20k~ 1)k -2 — (e 1y (m(k - 2) +2).

i=1

O

Example 1. From Figure 1a, it is clear that the intersection of any two edges of GI contains
k —1 = 3 vertices. Then

A (G =72 =m(k—1)(m(k —2) +2).

m:

i=1
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For G; (Figure 1b), the intersection of the edges {v1,v2,v3, v4} and {vy,v4,vs, ve} contains only
2(# k — 1) vertices. Then

i)\f(c;) =56 < m(k—1)(m(k—2)+2) =72.
i=1

@ &

(a) Gy (b) G;

Figure 1. Example for hypergraphs with [|A||2 = (k — 1)m<m(k —-2)+ 2) and [|A[2 < (k—
1)m<m(k—2) +2>.

Lemma 8. Let M = (m;j)nxn be a symmetric matrix with diagonal entries as 0 and s, 3 be the
(n — 2)-subset of {1,2,3,...,n}. Then, the determinant of the matrix obtained by replacing the
rows and columns that correspond to the elements of sy—2 of M with zeros, and assigning -1 to the
corresponding diagonal entries, is (—1)"~'m3,, where p,q € [1,n]\s, 2.

Proof. For any arbitrary p,q € s,_», the required matrix will be of the form —1I,, + C, where
C = (cjj) is an n x n matrix whose p-th and g-th diagonal is 1, cpg = cqp = mpg # 0, and
all the other entries are zero. Note that we can obtain a diagonal matrix by interchanging
the p-th and g-th rows of —J, + C. As a result, the determinant of the matrix is equal to

(=) tmg,. O

The following proposition gives the relation between energy, coefficient c; of the
characteristic polynomial, and the Frobenius norm of the adjacency matrix of G*. It directly
follows from Lemmas 5 and 8.

Proposition 3. Let G* be a k-hypergraph with eigenvalues A;,i € [1,n]. Then the coefficient c; of
A2 of Pa(A) is given by

n
=~ Al = A7
i=1

4. Nordhaus-Gaddum Problem for Energy of k-Hypergraph

In [20], the authors provide an upper bound for the sum of the energy of a graph and
its complement. In this section, we extended it to the k-hypergraph by giving bounds in
terms of number of vertices.

Theorem 7. Let A be a square matrix of order n, with ||Al|max = (1-3) = a (say), t € [1,n] and
with zero diagonal, then

14 44
|4+ Tlle + lla] = A= STl < a(n+ (1= 1)v/n).
a(n—1)
2

Equality holds when A is a (0, &) matrix with row sum equal to

“\;H, i€[2,n].

and singular values

01(A+ %In) = %, Ui(A—i— %In) =
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Proof. Leto; and 7;, i € [1,n] be the singular values of B = (b;;) and B = (b;;), respectively,
where B = A+ 5, and B = af — A — §I,. By AM-QM inequality, YI' ,(0; +77) <
\/271—1 " ,(0? + 7). Hence,

n
IBll« + [[Bll« < o1 + 71 + \/2(11 —1) ) (67 +77).
i=2
Since Z bz + bl] =n?a® - — + 22111] a;j — a), we have

i

™=

(02 +7%) = tr(BET) + r(BB") = (3 + B2) < o2(n2— ).
1 ij

Hence, we obtain

) ) _ -
1Bl + Bl < o0 431+ /200 1) (22~ ) ~ o3 - 3).

By using GM-AM inequality, we obtain

1B« + [IBl[« < o1 +71 + \/Z(n 1)(az(n2 -=) -

Consider the function

f(x)=x+ \/2(11—1)(042(;12— g) - x;)’

which is decreasing in x > na. By the definition of operator norm and Cauchy’s inequality,

—_

o +o1 > *<(B +§)in,jn> > an.

2

Thus, we obtain
f(0’1 +51> < f(lXTl).

Using this fact and (4), we obtain ||B||« + ||B||« < f(an), which immediately gives the
result. S "
It is obvious that Z bz, +by) = o (n2 - E) only when the entries of A are either

0 or a. From the equahty condition of GM-AM inequality and o7 + 01 = an, we obtain

0 = 01 = 5. If the equality condition on o7 as an operator norm is attained, that is,
an

0 = %(B] " jn>, then all the row sums and column sums of B are equal to > On the

other hand,

BB = (aJ, — B)(aJ, — BT) = BBT,

o

n .
and, therefore, 0; = 7; = ,i€2n]. O

Theorem 8. If A is a symmetric non-negative matrix of order n > 8 with || Allmax < (1-3) =

(say), t € [1,n] and zero diagonal, then
A« + ey — aly — All« < a(n—1)(1+ v/n)

with equality holding if and only if A is a (0, a) matrix, with all row and column sums equal to
@ and singular values oy (A + %In) = %, oi(A+ %In) = #fori € [2,n].
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Proof. Fol simplicity, we set A=uaJ,—al,—Aand A;,Aj, i € [1, 1] to be the eigenvalues
of A and A, respectively. By Weyl’s inequality,
)\i+Xn—i+2 S)Lz(lx(]—l)) =—un, i€ [2,1’1]. 5)
Let n™(A) be the non-negative eigenvalues of A. We define a set P such that
P={s|2<s<mAs>00rA, sp>0}and p = |P|.
Since A1, A1 > 0, the total number of positive eigenvalues of A is, n (A) + n*(A) = p + 2.
Now, for s € P, we have A; > 0, then by (5) A,,_s+2 < 0. Next, we prove the theorem for

different valuesof p, p <n — 1.

CaseI: p = n — 1. Asin Theorem 7, we set B = A + 51, and B = «J, —A—3l =
A+ §1,. Recalling 0;(A) = |Aj(A)| = |Ai| and ¥} Ai(B) = tr(B) = %,we obtain
an
Y. [AB) = ). AiB)-— >
Ai(B)<0 Ai(B)=>0

Again, we have
[BI|« +1[Bll« = Y [Ai(B)[ + Y [M(B) =2 ), A(B)+ ) Ai(B)—an
i=1 j . .

Also, we obtain

Z /\1(B)+ AI(E): Z ‘/\1+§|+ Z |Az+§
Ai(B)=0 Ai(B)=0 Aiz—5 Aiz—%
w© — n©
>y |A1+§ + ) |A1+§|
Ai>0 A;>0

1 _
= S (1Al + 1Al + (p+2)a),
which imply that
B[« + [IB]l+ > [|All« + [[A]l + (p + 2)a — an = [|A]|«]|A]| + a.
From Theorem 7, we obtain
afn+ (n—1)v/n] > ||B||« +|[B||« > [|All]|A]| + a.

Case II: p = n — 2. Thus, there exists precisely one s € [2,n] such that As < 0
and An—s+2 < 0. For the sake of Comfutational simplicity, let x = A + A and y =
|As| 4+ |An—s+2|- By applying Y1 1 (A; + A, —iin) = 0, we obtain

x=A+A =—(As+Ap_sq2) — Z()\i +A—iz2) =Y — Z()\i + Ap—iy2)
2 7

From (5), we have Y 5 (A + Ay_jr2) < —(n —2)aand y = |Ag| + [Ay_ky2| > & Thus,

i#s

x>y+ (n—2)a>(n—1a. (6)
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Also,

. F 2 . P 2 ) 3. 2 2
/\12 +sz—i+2 — (|Al| + Mn—z—l—ZD '; (|Az| + ‘/\n—z+2|> > (|Al| + |gn—z+2|) + %
On the other hand, we obtain

)
. (Af+ A7)

1

’n(n—1) > Z(a%j +ﬁ%j) =
L]

L=

-—2 =2 =2
= )‘% +A + A+ /\n—s+2 + Z(Alz + )‘n—i+2)
ieP
(1Al + [An—igal)?
2

2 2
Y

>+ + )
2 2 ieP

+

@p
'3

oA )2 Y 2
From A.M — Q.M inequality, we obtain (Liep M";zl)‘”””‘) < ZlgP(lAll;M”’l*z‘) . Therefore,

2
2 2 2
2 BRI Y 1 ' ' x°p
a'n(n—1) > 5 t5+5 i€§P|)\l|+|/\n,l+2| +=

On simplification, we obtain

VAL + Al < x+y+ wn 2 (Zo@n(n S P S —2>a2).

Consider the function

fluy)=x+y+ \/(n—l)(erzn(n —1) =22 —y2 —a2(n —«)),

which is decreasing in x forn > 4, x > a(n —2) and y > a. From (6), x > y+ (n —2)a
then f(x,y) < f(y+ (n —2)a, a). Let

sW) =fly+(n—2)a,a)
=2y+(n—2)a

—I—\/(n -2) (Zazn(n —1)—y2— (n—2)2a2 —2y(n —2)a —y? — a?(n — 2))

is a decreasing function in y for n > 6 and y > . Since ((n — 1)a,a) < (y+n—2,y),

we obtain
fly+n-2,y) < f((n—Da,a) =aln+1/(n—2)(n— 1)n).

Therefore,
[All« + [[All« < f(xy) < fly+ (n=2)a,y) < a(n+4/(n—2)(n—1)n).

Hence, forn > 6

HAW+”EHSWW+\N”—QUV4WO<“«”—UG+VQD-

Case IIIl: p < n — 3. Then there exist distinct s, t € {2,3,...,n}\P. Let x = Aq + Aq,
¥ = |As| + [Au—ss2| + [At] + |An—ti2]- Since y > &, we obtain

x=M+A>y+(n—-3)a>(n-1a.



Axioms 2024, 13, 804

13 of 14

Also,
2

o1 1 ) P
+ 7+ 35 (D Romiial) + 555

|

Using similar arguments in Cases I and II, we obtain

2
_ 20 1) X Y&
Al + A« < x—l—y+\/2(n 3) (tx n(n—1) 5 1 5 )

Consider the function

2 2 42
flry) =x+y+ \/2(1’1—3)(04271(71—1) -5 - VZ — 2>,

which is decreasing in x for n > 5, x > (n — 1)a and y > 2a. Therefore, if x > y + (n — 3)a
then f(x,y) < f(y+ (n — 3)a,y). Thus,

fly+(n=3)a,y) =2y+ (n—3)a+ \/(n—3)(2a2n(n—1) —a?2—(y+ (n—3)a)2 — %)

is a decreasing function in y for n > 8 and y > 2«. Therefore,

Al + Al < £+ (n=3)a,y) < f((n =1, 20) = a(n+1+1/(n=3)(n2 — 4))
< a(n—l—i—(n—l)\/ﬁ),
where n > 8 which completes the proof. O

Next, we provide the Nordhaus-Gaddum-type bounds for the adjacency energy of a
k-hypergraph. The following corollary is an immediate consequence of Theorem 8.

Corollary 2. Let G* be a k-hypergraph on n vertices and A be the adjacency matrix of G*. If G is
its complement, then B
E(G)+E(G) <a(n—1)(1+vn),
n—2

where « = (}_5). Equality holds if and only if A is a (0, &) matrix, with all rows and columns sum

equal to w and |A; (A + %IH)| = a\z/ﬁfori € [2,n)].

The following proposition shows that the energy of a k-hypergraph and its complement
differs only by 2a(n —1).

Proposition 4. Let G* be a k-hypergraph on n vertices and A be the adjacency matrix of G*. Then
£(G") = €(GT)] < 2a(n—1),

where a = (}73).

Proof. By using triangle inequality for trace norm, we obtain

[l < la(J = DI« + | All« and [|A]l« < lla(] = D}« + [[Alls.

Hence,

1Al ~ A]l] < 20(n~1). O

5. Conclusions

The bounds for adjacency energy of hypergraphs in terms of different parameters,
such as eigenvalues, norm, number of vertices, and maximum degree of the hypergraph
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are obtained. Also, bounds for the Frobenius norm of the adjacency matrix are established,
which in turn modify the bounds for the adjacency energy of k-hypergraphs. In addition, a
relation of the energy of the k-hypergraph and its complement is established.
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