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Abstract: In this paper, we introduce several new concepts: generalized neutrosophic rectangu-
lar b-metric-like spaces (GNRBMLSs), generalized intuitionistic rectangular b-metric-like spaces
(GIRBMLSs), and generalized fuzzy rectangular b-metric-like spaces (GFRBMLSs). These innovative
spaces can expand various topological spaces, including neutrosophic rectangular extended b-metric-
like spaces, intuitionistic fuzzy rectangular extended b-metric-like spaces, and fuzzy rectangular
extended b-metric-like spaces. Moreover, we establish Banach’s fixed point theorem and Ciri¢’s
quasi-contraction theorem with respect to these spaces, and we explore an application regarding the
existence and uniqueness of solutions for fuzzy fractional delay integro-differential equations, as
derived from our main results.

Keywords: generalized neutrosophic rectangular b-metric-like space; generalized intuitionistic
rectangular b-metric-like space; generalized fuzzy rectangular b-metric-like space; fuzzy fixed point;
fuzzy fractional delay integro-differential equations
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1. Introduction and Preliminaries

Schweizer and Sklar [1] played a key role in the introduction of the concepts of contin-
uous triangular norms (CtN) and continuous ¢t norms (CtCN). Zadeh [2] later developed
the theory of fuzzy sets (FSs). Extending Zadeh'’s foundation, Kramosil and Michalek
introduced the concept of fuzzy metric spaces (FMSs) in their work [3]. Subsequently,
George and Veeramani redefined FMS [4], and Grabiec, based on the work of Kramosil
and Michalek, derived a well-known fixed point theorem known as the Banach contraction
theorem (BCT) [5]. Gregori and Sapena [6] then generalized the fuzzy BCT to fuzzy metric
spaces as defined by George and Veeramani.

While fuzzy sets are limited to membership functions, they leave a gap regarding non-
membership functions. Atanassov [7] addressed this gap by introducing intuitionistic fuzzy
sets (IFSs), which incorporate both membership and non-membership degrees. However,
IFSs do not account for the concept of naturalness, which Smarandache [8] later tackled by
introducing neutrosophic sets (NSs), a more general framework that extends IFSs.

Kirisci and Simsek [9] combined neutrosophic sets with metric spaces to form neu-
trosophic metric spaces (NMSs). Following this, Saleem et al. [10] introduced extended
fuzzy rectangular b-metric spaces (EFRBMSs), while Saleem et al. [11] expanded upon this
by presenting extended fuzzy rectangular metric-like spaces (EFRBMLSs). In later works,
Hussain et al. [12] introduced fuzzy rectangular b-metric-like spaces (FRBMLSs), intu-
itionistic fuzzy rectangular b-metric-like spaces (IFRBMLSs), and neutrosophic rectangular
b-metric-like spaces (NRBMLSs). Kattan et al. [13] proposed an extension to intuitionistic
fuzzy rectangular b-metric spaces, defining extended intuitionistic rectangular b-metric
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spaces (EIRBMSs), thus creating a more generalized framework. Uddin et al. [14] intro-
duced controlled neutrosophic b-metric-like spaces, while Saleem et al. [15] introduced
neutrosophic extended b-metric spaces (ENRBMSs).

Despite these advances, the concepts of intuitionistic fuzzy rectangular extended
b-metric-like spaces (IEFRBMLSs) and neutrosophic rectangular extended b-metric-like
spaces (ENRBMLSs) remain relatively novel.

On another front, Ashraf et al. [16] introduced generalized FMSs by relaxing the trian-
gular inequality in these systems. This relaxation allows for more flexibility in calculating
distances between elements in a set, which is particularly advantageous when the standard
triangle inequality cannot be applied, but a less strict version still provides a sufficient
framework for practical applications, such as convergence analysis, fixed point theorems,
and optimization issues. This generalized concept extends to various topological spaces, in-
cluding FMSs, fuzzy b-MSs, and dislocated FMSs, with the BCT and Ciri¢ quasi-contraction
theorem (CQT) proven in the context of generalized FMSs.

In this paper, inspired by the work of Ashraf et al. [16] and Hussain et al. [17], we
define and expand the classes of generalized neutrosophic rectangular b-metric-like spaces
(GNRBMLSs), generalized intuitionistic rectangular b-metric-like spaces (GIRBMLSs), and
generalized fuzzy rectangular b-metric-like spaces (GFRBMLSs). We also extend and
improve several fixed point (FP) theorems within the contexts of GNRBMLSs, GIRBMLSs,
and GFRBMLSs. Our findings are applicable in the study of the existence and uniqueness
of solutions for fuzzy fractional delay integro-differential equations (FFDIDEs). These new
spaces offer a robust framework for addressing more complex problems in mathematical
modeling, optimization, and decision making, particularly in situations where NMSs or
fuzzy metric spaces are insufficient.

The structure of the remainder of the manuscript is as follows: Section 2 introduces
GNRBMLSs, GIRBMLSs, and GFRBMLSs, explores the concept of Cauchy sequences and
their convergence properties, and provides examples and propositions. Section 3 proves
two major fixed point theorems and derives some corollaries, supported by non-trivial
examples. Section 4 demonstrates the existence of a unique analytical solution for FFDIDEs.
Finally, Section 5 discusses future work and presents two open problems.

Now, we will review several foundational concepts that are essential for understanding
the subsequent sections.

Definition 1 ([15,18]). Let Q be a non-empty set, A : Q x Q — [1,+00) be a function, *
represent a CtN, and o denote a CtCN. Furthermore, let N, O, L : Q x Q x (0, +00) — [0,1] be
NSs. A six-tuple (Q, N, O, L, *,0) is called an ENRBMS over Q if the following conditions hold
forany ¢, n € Q,v,A € Q\{¢ n}, and T,1,0 > 0:

(N1 N(G,n,7)+ O n,1) + L(En,7) <3

(N2)  N(&n,1)>0

(N3)  N(&1,7) = 1ifand only if € = 1;

(N4 N(&n,7) =N(,6,7);

(N5)  N(&, 7, AGm)(T+140)) 2 N(E,7,7) « N(7,A,1) « N(A,77,0);
(N6) N (¢,1,.):(0,400) — [0,1] is continuous and Tlirme(ﬁ,n,T) =1
N7y O, n,1) <1

(N8  O(&,n,7)=0ifand only if ¢ = n;

N9) - O(G,n,7) = O(1,8,7);

(N10)  O(&, 1, A(G,m) (T + 14 0)) < O(E,7,7) 0 O(v,A,1) 0 O(A, 17,0);
(N11) O(&,1,.): (O +00) — [0,1] is continuous and TETOO(’)(Q’, 7,7) =0;
(N12)  L(&,n,7) <

(NI £y = fand nty & —

(N14)  L(¢,7,7) = L(1,¢,T);

(N15)  L(G, 7, MG, m)(T + 1+ 0)) < L(G,7,T) 0 L(7,A,) 0 L(A,17,0);
(N16) L(&,7,.): (0,400) — [0,1] is continuous and Tlirfw L(&n,T)=0;
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(N17) Ift <O0then N(¢,5,t) =0,0(&,n,7) =1,L(,n,7) = 1.

Theorem 1 ([18]). Let (Q, N, O, L, *,0) be a complete ENRBMS in the company of A : Q x
Q — [1,4oc0) witha € (0,1). Let T : Q — Q be a mapping satisfying

N(TE, Tn,at) > N(&,1,1),
O(T¢ Ty,at) <O, 1,T),
L(T¢, Tn,at) < L(En,T).

forall &,n € Q,t > 0. Furthermore, suppose that for arbitrary &y € Q we have A(Gpn, Cnim) < %
Then, {T"&o} will converge to a unique FP of T .

Remark 1. According to Definition 1, we derive the following definitions:
1. Considering the following condition,
(L)  N(Ent)+0(E 1) <1, forallE,ne Q,1>0,
along with conditions (N2)—(N11), then (Q, N, O, *,0) characterizes an extended intuition-

istic rectangular b-metric space (EIRBMS) on Q; we refer the reader to [13].
2. Taking into account the following condition,

(L2) O0<N(&n,t)<1,foralli,neQ,1t>0,
along with conditions (N3)-(N6), then (Q, N, %) characterizes an extended fuzzy rectangular

b-metric space (EFRBMS) on Q, we direct the reader to [10]. Furthermore, as discussed in [11],
EFRBMLSs can be derived by replacing (N3) in EFRBMSs with the axiom stated below:

(L3) N nt)=1=¢&=mn, forevery&,n € Q,T > 0.

In this paper, from Remark 1 and Definition 1, we are able to introduce the concepts of
ENRBMLSs and EIRBMLSs, defined in Q as a generalization of ENRBMS and EIRBMS, if
we replace (N8) and (N13) introduced in Definition 1 with the following axioms:

(L4) O n,1)=0=¢=n,forallé,ne Q,1>0;
(L5) L(¢n,t)=0=¢=n,forallé,ne Q,1>0.

2. Generalized Neutrosophic Rectangular b-Metric Spaces

In this section, we present the concepts of GNRBMLSs, GIRBMLSs, and GFRBMLSs,
and we demonstrate several FP theorems within these contexts. Let Q be a non-empty set
and N, O, L: Q x Q x (0,4+00) — [0,1] be NSs. For ¢ € Q, we define the sets below for
any T > 0:

Cl(Q/N/§> == {{én} C Q : nl—ig-looN(gn’g’T) = N(§/§IT>}’
CZ(Q: (’),5) = {{gn} CcQ: HETOOO(Q(‘VZ/@{/T) = O(C!é" T)}/
C(Q,£,8) = {{&n} € Q: lim L(60&7) = £EE D}

Definition 2. Let Q be a non-empty set; A : Q x Q — [1,400) be a given function; x and o
be a CtN and CtCN, respectively; and let N, O, L : Q x Q x (0,400) — [0,1] be NSs. Then,
(Q,N,0, L,,0) can be referred to asa GNRBMLS on Q. If forany &, 7 € Q, v € Q\ {1},
and all T,s,r > 0 then following conditions are satisfied:

S NG m,1)+ 0 n,1)+L(EnT) <3

(S2) N(&n,1)>0;

(S3)  N(&n,t)=1implies¢ =y;

S4) NG nt)=N(1,¢ 1)

(85  N(&n, A& n)(t+s+r1)) > limsup[N (S, v, T) * N (7, 1n,8) * N(y,1,7)}], for all

n——+o00

{m} € CL(Q N, 1) ;
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(S6)  N(&m,.): (O +00) — [0,1] is continuous and TEIEOON(C, n,7)=1
(S7) O n,7) <
(S8 0O, 1) = 0 zmplzes =
89)  O(Gn,7)=0(1,¢1);
(510) - O(&, 1, A (T +s+71)) < limsup[O(E,7,T) 0 O(y,1n,8) © Oy, 1,7)}] for all

n—-+o00

{1} € C2(Q,0,1);
(S11) O(¢&,1,.) : (0, +00) — [0,1] is continuous and TgToo Og,n,t)=0;
(512) L&y, t)<1
(S13)  L(&,n,T) = 0implies § = 1;
(S14)  L(S,n,7) = L(1,6,7);
(S15) LG, 1, A (T +s+7)) < limsup[L(E, 7, T) o L(V,7n,8) © L(,7,7)}], for all

n—+oo
{m} €C(Q,L,n);

(S16) L(&,7,.): (0,400) — [0,1] is continuous and TLHE L(¢,n,7)=0;

(S17) Ift <0, then N (&, n,7) =0,0(¢,n,7) =1,L(E,n, 1) =1.

Remark 2. From Definition 2, the following holds:

1. Ifthe function A : Q x Qx — [1,+00) is given as A(, 1) = b,b > 1, then the structure
(Q,N,0, L, ,0) simplifies toa GNRBMLS.

2. If we consider only conditions (52)—(S6) then (Q, N, %) is a GFRBMLS on Q.

3. Taking into account the condition (L1) along with conditions (52)-(511), then (Q, N, O, *,0)
characterizes a GIRBMS on Q.

Definition 3. Let (Q, N, O, L, *,0) be a GNRBMLS.
(i) Asequence {G,} C Qis considered to converge to a point ¢ if and only if Ln}: N(@En & 1) =
n o0

NEom) lip OGuEn) = 0@ 8D, mnd lim £GuEm) = LELT foral
T > 0.
(i)  {Cn} is called a Cauchy sequence if for all T > 0,(m > 1),n,m € N, nLlT N (&ntm, Cn, T)

exists and is finite ’nl—igloo O(&ntm, Cn, T) exists and is finite , and ngTw£(§n+m,§n,T)

exists and is finite.
(iii) (Q,N,O,L,x,0) is called a complete GNRBMLS if every Cauchy sequence converges to
some & € Q, such that

T N (@i, G 7) = N (& 8,7) = Jim N (E0,8,7),
Jg%oo(gn+mz Cn/T) = 0(6/ ’;I/ T) = nlgr.}o O(gn/ CI T)/
nlglc}o L(Cntm, Cn,T) = L(EET) = nlglgo L(En, &, T) forallt >0,m > 1.

Example 1. Let Q = [0,2],k € RT,m > 0and A : Q x Q — [1,+00) be a function given by
A(&, ) =14+ max{¢,n}. Define N, O, L : Q x Q x (0,+00) — [0,1] as follows:

kt
N 1) = kT + mmax{Z,n}’
max{¢, 1}
O@g,n,t) = kT + mmax{&,n}’
2
L) = mmax{¢, 1}

kT +mmax{&,n}*

Then, (Q,N, O, L, x,0) isa GNRBMLS, where “x” is taken as the product norm and “o” is
taken as the maximum CtCN.
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Proof. We need to show that conditions (S5), (510), and (515) from Definition 2, the re-
maining hypotheses, are simpler to verify. Let §,n7 € Q,v € Q\ {&, 7}, and for all {#,},
such that {#,} € C1(Q, N, 1), {1} € C2(Q,0,n), and {n,} € C3(Q,L,n) forall T > 0,
we obtain

k(1 + max{g, y})t  lim sup| 5 | i
k(14 max{¢,n})T + mmax{¢,n} n—s+o00 %T + mmax{¢, v} %T + mmax{y, 1.}

kr
3

. %T + mmax{n,n} ’

implying that

N (&, A& (1)) > Hmsup[N (€7, 3) = N (7, 1m, 3) * N ., 3)]

n——+00

And,

mmax{g, 1} < max{ mmax{¢, 7}

: mmax{y, i }
k(1 4+ max{¢,n})t +mmax{¢,n} ~ lim sup

%T + mmax{¢, ’y}, n—-00 %T + mmax{7y, 1, },
mmax{y,n} }
%T + mmax{n,n}

implies that

O(&n, AZ 1)) < limsup[O(&,7,5) © 07,1, 5) 0 Ol 1, 3):

n—-+oo

Also,

mmin{¢, 17}2
k(1 + max{€, g}t + mmax(g, )2 = "

2 2
(omeeal L e
5 +mmax{Z,v}? no+toeo 5 +mmax{y,n,}?

mmax{1, 17}? }
%T + mmax{n,n}?

implies that
. T T T
L(&m, A& n)(T+s+7)) < limsup[L(E, 7, 7) 0 LV, i, 5) 0 L1111, 3)]-
n—r 400
O
Remark 3. Ina GNRBMLS (Q,N, O, L, %,0), the limit of a converging sequence might not be

unique. Consider the GNRBMLS (Q, N, O, L, x, o) from Example 1, where m = k = 1. Construct
the sequence {&y} in Q, such that & = 1 for every n € N. If & > 0 then for any T > 0,

. . T T
AN &) = i ey T Ve
. _ . max{(:n, g} _ C —
ngl}:looo(gnl 6/ T) - HETOO T + max{gn, g} - T + é - O(C’ 6/ T)/
: o max{&n, ¢} _ & _
ngTwﬁ(gnlng) - n1—1>1:I-100T+maX{§n,€} - T+€ - E(g,g,'f).

Consequently, the sequence {G, } converges for any ¢ € Q.

Remark 4. In a GNRBMLS (Q,N, O, L, *,0), a convergent sequence might not be a Cauchy
sequence. Consider the GNRBMLS (Q,N, O, L, *,0) from Example 1, where m = k = 1.
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Construct the sequence {¢n} in Q, such that & = (—1)" 57 + iy foreveryn € NLIfF¢ > 1
then for any T > 0,

T T

nlirile(gn, 6 1) = rH+oo T +max{&y, C} T+S ~Neen.
max{gn/ g} — C

n1—1>I-&l?oo O@n6,7) = nl—lH-OO T +max{y, C} T+ 6 et
max{¢n, ¢} _ ¢

nl—lg-loo E(gn’ & T) n—lg-loo T+ max{(fn, (3} T+ C (g . T)

As a result, the sequence {, } converges for any ¢ > 1; it fails to be a Cauchy sequence,
since for every T > 0and n,m € N, the limits LIT N (&psm, Cn, T), 2&1 O(&ptm, &n, T), and
n o n [oe]

nng L(&ntm, En, T) do not exist.

Proposition 1. Any ENRBMLS (Q, N, O, L, x,0) isa GNRBMLS.

Proof. We confirm (55), (510), and (515) of Definition 2 here, as the remaining conditions
can be proven without difficulty.

Let &, € @\ {7}, {nm} € CL(QN 1), {n} € C2(Q, O, 17), and {1} € C3(Q, L, )
We then obtain the following:

T T T

N(‘;‘/’?rf)ZN(CI%W)*N('Yr77m3A(C’17)) N(”]n/7713A( ’;7)) 1)
T T T

oG n,7) <0E,, W) o OV, 1n, W) o O(iu, 1, m% )
T T T

L(Gn,7) < LG, m) o L(v,1n, 3A(§,17)) o L(1n, 1, m)- 3)

Taking n — +oco in (1)—(3), it can be seen that (S5), (510), and (515) in Definition 2 are
satisfied. [

Following the same reasoning as in Proposition 1, we obtain the subsequent propositions.
Proposition 2. Any EIRBMLS (Q, N, O, *,0) isa GIRBMLS.
Proposition 3. Any EFRBMLS (Q, N, x) isa GFRBMLS.
Remark 5. A GNRBMLS may not always satisfy the conditions of being an ENRBMLS; the
following example supports our contention. Consequently, a GIRBMLS and a GFRBMLS may not
always satisfy the conditions of being an EIRBMLS and an EFRBMLS, respectively.

Example 2. Let Q = [0,1], A : @ X Q — [1,+00) be a function given by A(E,n) = 1+
max{,n}, and define N, O, L : Q x Q x (0,+00) — [0, 1] as follows:

N(@En,t) =exp &1, ife,n € Q\ {0},
N(&,0,1) = N(O,é,r) = exp ;—f, ¢eoQ,
O(En,7) = 1—exp 212, if&n € Q\ {0},
O(,0,71)=0(0,&1) =1—exp3s, €0,
L(En,7T)=1—exp &), ifé,n e Q\ {0},
L(5,0,T)=L(0,5T)=1—exp5e, F€Q.

For every &, € Qand t. Then, (Q,N,O, L,*,0) is GNRBMLS but does not meet the
criteria for ENRBMLS, where “x” and “o” are taken as the minimum CtN and maximum CtCN,
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respectively. We now demonstrate that conditions (55), (510), and (515) in Definition 2 are satisfied,
as the remaining conditions are evident.

Case1: Let&,n,€ Q\ {0}, v € Q\{¢& u}; forallt > 0, thesets C1(Q, N, 1), C2(Q, O, 1),
and C3(Q, L, n) contain only the eventually constant sequences {1, = 1 },>n,n € N. We obtain
the following two subcases:

®  Subcase 1: If v # 0 then the following inequality holds:

B =5 St -5
e Trmax{eyh)t > min{e@,eyre%}
=@+ () =2
T T

|

=e 3 xe 3 xe3,

which implies that

N (& n, NG ) (7)) > limsup[N(é,%g) *N(%Wn,g) *N(mmg)}]-

n—+0oo

Also, we observe that the following inequality is valid:

—(@&+n)? -3 2 -3 2 —12¢2
1 — eTmax{Zyht < max{l —e ((::’Y) ,1—e (7:,7) ,1—e ﬂr;7 }
—(@+)? —(r+1)? —4y
T T T
=(1—-e 3 )o(l—e 3 )o(l—e 3 ),

which implies that

(&1, A1) (7)) < limsup[O(&,7, 5) © Oy, 1, 5) © 01,1, 3) -

n—-+00
Additionally, the following inequality holds:

—(&+n) 3(&+

1 — e +max{¢n})T < max{l — ei T 2! , 1— 673(?'7) , 1— 3%6'1}
*(L‘TH) *(“YTJrU) =2
=(l—e 3 )o(l—e 3 )o(l—e3),

which implies that

L(&,1, A& n)(T)) < limsup[L(S, 7, g) o LY, 1, g) o L(n,1, g)}]-

n—+0oo

*  Subcase 2: If v = 0, we obtain

) T e
e Trmax{ZnT > min{e ™ ,eT ,e T }
-2
=< o
=e7T xeT xe 3 ,

which implies that

N (&1, A& m)(7) > limsup[N(§, 7, g) « N (7, 1, g) « N (1,7, g)}}

n—+0o
Also, we find

() - —y —12¢2
1—e@madin)t <max{l—e7,l—e7,l1—¢" 7 }
2

—4
Ly —4?

:(1—e%§)o(1—e7)o(1—e 3 ),
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which implies that

O(& 1, A y)(0)) < limsup[O(&, 7, 5) © Oy, 11n, 5) © O, 1, 5) Y-

n—r—+00
Finally, we also find the following inequality:

~(&4) - -2 =61
1—e@ma{@nmt <max{(1—e7 ),(1—e7 ), (1—e7 )}
2 2 =2y
)

:(1—@%)0(1—(3%)0(1—6

Q|

which implies that

L(&,1,A(G,1)(7)) < limsup[L(¢, 7, %) o LY, 1n, %) o L(n,1, g)}

n—+o00
Case2:IfCory =0,let y =0, # 0, we have

=< —3(& -3
e (1+max{¢,})3t Z mln{e (:rJHY) ,e ('Y:Wn) p 1}

—(+7) —(r+1n)
T

T

=e 3 =xe 3 x1,

which implies that

N(E 1, A& ) (1) = limsup N (&7, 5) # N (7,10, 3) * N (g1, 5) -

n—+0oo
And the subsequent inequality is valid:

= —3(5+7)? ~3(y+in)?
1 — eWrmad{ini3t < max{1 — e#, 1-— ew

0)
—(&+7)? —(wtw)z

=(1-e 3 Jo(l—e 3 )oO,

which implies that

O(&n, AE)(¥)) < limsup[O(&,7, %) © 03,1, 5) © Ol 1, )} ):

n—+00

Also, the subsequent inequality is valid:

77";2 -3 —3(v+
1 — e (+max{Zy})37 < max{] —e <-§r+7) , 1—e (W‘r =
—(+7) —(rt1n)

:(1_e 5 )o(l—e 5 )OO,

which implies that

L& 1, A& (1) < limsuplL(E,7, 3) 0 L0y, 5) 0 LOn1, 5},

n——+4o00

Therefore, it follows that (Q, N, O, L, %, o) isa GNRBMLS. However, it is not an ENRBMLS.

By selecting ¢ = %,fy = %,C = %,and n= 13—0, we obtain

N7 3) * N1 5) « N (@, 3)
1 8 7 8 2 71 3 7T
=NG 110 * Ny 23 N g 1903

. =39 -t 3
:mln{elo'rle 2 ,eZT}
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> e (14+max{ %,1‘% Ht

— e 157)
= N (1, A& 1))

3. Fixed-Point Results
3.1. Main Results

In this subsection, we introduce Banach'’s fixed point theorem and Ciri¢’s quasi-contraction
theorem within the context of GNRBMLSs, and we offer two illustrative examples.

Definition 4. Let (Q,N, O, L, *,0) be a GNRBMLS. A mapping T : Q — Q is said to be an
a-contraction if for all ¢, € Q, T > 0 and for some a € (0,1) it holds that
N(TC Ty,et) > N, 1,7),
O(T¢, Ty, at) < O(E,1,7), (4)
L(TE, Ty,at) < L(E1,7T).

Theorem 2. Let (Q, N, O, L, *,0) be a complete GNRBMLS and T be an « contraction. If there
exists o € Q, such that for all T > 0 the subsequent expressions are satisfied

80N, T,&,7) = iijrel% {N(T'&,T/&,7)} >0,
5,(0, T, &,7) = sup{O(T'&, Ty, 7)} <1,

ijeN
83(L, T, o, 7) = sup {L(T"¢0, T'%0,7)} <1,
ijEN
then T has a unique FP ¢ € Q, with N'(¢,&,7) =1,0(&, &, 1) =0,L(¢, ¢, ) =0 forall T > 0.
Moreover, { T"&o} will converge to a unique FP of T .
Proof. Let {p € Q, such that for all T > 0 we have
5 (N, T,¢0,T) = ‘igg{N(Tigo, Tigo, 1)} >0,
)
5,(0, T, &, T) = sup{O(T'¢, T/&o,7)} < 1,
ijEN
53(L, T, &0, 7) = sup{L(T &, TI&, 1)} < 1.
ijeEN
It therefore holds that ¢, = 7" for all T > 0 and all fixed p =0,1,2...,
51 (N/ TP+1, CO/ T) = .igg{N(Teri‘:O/ Tp+j§0/ T) }r
L]
52(0, T, 80,7) = sup{O(TP*5, T g0, 1)},
ijeN
3(L, TP, G0, ) = sup{L(TP+2, TPHg0, 1)}
i,jeN
ForallT>0,p=0,1,2... and i,j € N, we obtain

(N(TPHE, TP, 1)} C {N(TE, Ti, 1)},
{O(Tp+i€0/ Tp+j€0r T)} < {O(Ti(:()/ T]fO/ T)},
{L(TP e, TPE0, 1)} C{L(T ¢, T2, T)},
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which implies that

51 (N/ TP+1, (:0/ T) 2 51 (Nl 7—/ 60/ T) > O/ (5)
52(01 TP+1’ gO/ T) S 52(01 Tr gO/ T) < 1/ (6)
63(‘61 Tp+1r CO/ T) S 53(‘6’ Tl 60/ T) <1 (7)

Next, foralli,j € Nand n > 1,7 > 0, we can use (5) to obtain

N(7-n+i§Or Tn+j§01 T) > N(TnjLiilgO/ Tn+j71§0/ E)
> 6 (N, T", 8o, g)
> N(IT’n-H'gOr 7Jn+j§0/ T)
> 61 (N, T, &, 7)

z&Mﬂm@

(
n—1 T
Zfsl(N/T /CO/;)

T
Z 51 (Nr T/ 601 ﬁ)
Therefore, for every m > 1, we attain
N(€H+er 7771’ T) = N(Tn—i—mg(]/ Tné((]/ T) Z 51 (N/ Tnl g()l T) —lasn — +OO,

as 61(N,T", ¢y, t) > Oforallt > Oanda € (0,1), according to (S6) in Definition 2.
Therefore, we have

Hm N (G, En, T) = 1. ®)

n—-+o0

Then, foralli,j € N,n > 1,and T > 0, it holds that

T
S 62(01 T/ (:0/ 067>
Therefore, for every m > 1, we can use (6) to obtain
O(CI’H»TH/ gi’l/ T) = O(Tl’l-‘rmgo’ THCO, T) < 52(01 TVl, 60/ T) —0asn — 00,

as 6,(0,T",&,7) < lforallT > Oanda € (0,1), according to (S11) in Definition 2.
Therefore, we have

lim O (Eusm Em T) = 0. )

n—+oo
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Now, foralli,j e N,n>1,and T > 0,
C(Tn-Héo, Tn+j§0,T) < (TH-H 1 Tn-&-j—lgol g)
< 5L, T" 80, )
LT &, T"E, T)
(5 7'71+1 gO/ )

T
Therefore, for every m > 1, we can use (7) to obtain
£(€W+M/ gn/ T) - £(Tﬂ+‘ﬂ’l§0, ng()/ T) S 53(£/ 7'?1, CO/ T) —0asn — +OO,

as 03(L,T", 8o, 7) < lforallt > Oanda € (0,1), according to (S516) in Definition 2.
Therefore, we have
ngffooﬁ(gn—s-mré’n/ T) = 0. (10)

Thus, {&,} is a Cauchy sequence. By completeness of (Q, N, O, L, x, 0), this sequence
converges to some ¢ € Q, such that

hm N(Cnrg T) (gl gl T) = HETOON(CnJrMI g’rl/ T) = 11

n—+0o
Jim 0(8,8,7) = O(E,8,7) = lim_ O@im,&n) =0,
ngT L(Gn, 1) =L( ¢ T) = ngTwE(Cn-i-m/ &n,T) = 0.

Now, we have the following for all T > 0:

N(TEE AE TET) 2 imsuplN (TE,Err, 3) * N (Enin, G 3) * N (&8 5)

n—-+o0
> limsup A (&, n, 3) * N (Gt G 3) * N (8 3)
n—-+4o00

>1

7

O(T@, 5,1\(5, T‘:)T> S lim sup[ (T(‘f gn+1r ) © O(§n+1/ gnr ) © O(gl g/ %)]

n—+o0
< limsuplO(&, &n, 5) © O(Ens1, n 3) 0 O, 3)]
n—+00

<0

7

L(TE,E AE TE)T) < HmsuplL(TE Gusr, 3) © L1, n 5) 0 LEE 3)

n—+oo
< limsup[£(8, &, ) © L(Ener, bn 5) 0 LEE 3]
n—+oo

<0.
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Then, we achieve T¢ = ¢, where ¢ is a FP of 7. Now, let v € Q be another FP of T,
such that AV'(¢, v, T) > 0. Then, according to (4), for all T > 0,n € N we find that

N(v,& 1) >N(Tv, TE, )

(v, ¢ E)
>N (To, TE, 0772) (11)

>N(To, TE, ocl”) —lasn — 400,

O(0,&,7) <O(To, Té,g)
T
=0(v,¢, E)
<O(To, TG, %) (12)

<O(Tw, T{j,ln) —0asn — +oo,
L(v,8,7) < L(Tv, TG, )

=L(v,¢, )
< L(To, T, %) (13)

< L(Tv,T@,{Xln) — 0asn — 4oo.
From (11)—(13), we can conclude thatv =¢. O

The subsequent result is derived from Theorem 2 and Proposition 1.

Example 3. [n Example 1, letk = 2,m = 3,and T : Q — Q be defined by T (&) = %for all
¢ € [0,2]. Then, by Theorem 2, we ascertain that T possesses a unique FP at § = 0. It is clear that
T is an a-contraction, with o« = } € (0,1). It is observable that for any & € [0,2], T"(&o) =

5—2 converges to the fixed point 0 as n — +oo and 51(N,T,&,7) = 1,6,(O0, T, 0, T) =
0,63(L,T,&,7) =0,and N(0,0,7) =1,0(0,0,7) = 0,£(0,0,7) =0 forall T > 0.

Definition 5. Let (Q,N,O, L, x,0) be a GNRBMLS. A mapping T : Q — Q is an a-quasi
contraction (x-QC) for every &, € Q, T > 0 and a certain « € (0,1) if it holds that

N(T¢, Tn,at) > min{N (g, 1,7),N( Tn,7),N(n, TE 1)}, (14)
O(T¢, Ty, at) < max{O(&,n,7),0(&, Ty, 1),0(,TE 1)}, (15)
L(T¢, Tn,at) <max{L(,n,T), L, Tn, 1), LN TS 1)} (16)
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Theorem 3. Let (Q,N, O, L, *,0) be a complete GNRBMLS and T be an a-quasi contraction. If
there exists §o € Q, and forall T > 0

51 (N/ T/ gO/ T) = Zl]rel%{N(Tlg()/ Tjg()/ T)} > 0’

52(01 T/ 50/ T) = sup {0(7‘160/ Tjg()/ T>} < 1/
i,jeN
03(L, T, %0, 7) = sup{L(T'Go, T/éo, )} < 1,
ijeN
then T has a unique FP ¢ € Q, with N'(¢,&,7) =1,0(&, &, 1) =0,L(¢, ¢, ) =0 forall T > 0.
Moreover, { T" &y} will converge to a unique FP of T

Proof. Let §y € Q be arbitrary, such that the following conditions are satisfied for all T > 0:
61N, T, 80, 7) = .i.felf\T{N(TiCo, TG, 7)} >0,
2

52(0, T, Go,7) = ;;1;{0(7%, T'go, 1)} <1,
03(L,T,80,7) = fjlé%{ﬁ(ﬁ@of Tigo, 1)} <1,
where &, = 7" and
&1 (N, TP, 8o, T) = i,i]rel&{N(T”“rjo, TV, 7)} >0,
5(0,T?,60,7) = sg}{ﬂ?’””&;, TPHE, 1)} < 1,
5(L, TP, 8o, T) = %};}{E(T’”*’Eo, Trig,, )} < 1.
ij

Observe that for every i,j € N, 7 > 0,

{N (TP, TPg, 7)) € AN (T G0, TIE0, 1)},
{O(T?18, TP, 7)} € {O(T'0, Tie0, 7)1,
{L(TPHg0, TV 20, 7)} € {L(T'G0, TIG0, 7))},

which implies that

(51 (N/ Terl/ 60/ T) Z (51 (N/ T/ 60/ T)/ (17)
52(01 Tp+1r gO/ T) < 52(01 T/ 60/ T)/ (18)
03(L, TP, 80,7) < 65(L, T, 80, 7). (19)

Now, foralli,j € N,

N(T™igy, Ty, T) > min{N (T g, T 1g,, 5,
& (20)
)}

T
o

N (T80, T g0, ), N (T80, T,
Then, for alli,j € N, T > 0, it holds that
min{ A (7", 710, 7)} > min{min{ N (7718, 7" 1g, 1),
N(T™180, T80, ), N (T80, T80, 2)}),
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which implies that
. T T T
51 (N/ 7’71-“1/ CO/ T) Z min {51 (N/ Tn/ 60/ ;)/ 51 (N/ 7'7’1, (:0/ &)/ 51 (N/ TTl, (:O/ E) } . (21)
It follows that, foralln > 1,7 > 0,

N (T8, T"go, 7) > (N, T, &, 7)
> 61N, T" 8o, 7)

2 51(N/Tn_1r gOr ;Tz) (22)

> 0N, T, o, aln)-
Again, foralli,j € N,
O(T™gy, T &, T) < max {O(T"1g, 771, g),
O(T" 180, T" g0, ), (23)
O(T" g0, T8, 7).
Then, for all i, j > 1, it holds that
max{O (T2, T8, 1)} < max { max{O(T™ g, 7"/ 1gy, ),
O(T"+=1g,, T"ig,, 5% (24)
O(T™ig0, T80, )} },
which implies that

52(01 7_ﬂ+1/ CO/ T) S max {52(01 an CO/ 5)152(0/ 7—7!/ é{(), E)/

. (25)
52(01 IT’H/ gO/ E)}
It follows that, foralln > 1,7 > 0,
O(T™" g0, T"g0, ) < 62(0, T"H, &0, 7)
T
S 52((9/ 7'71/ (.:0/ ;)
-1 T
< 52<(9/Tn /60/ p) (26)
T
S 52(01 T/ 60/ 067)
Similarly, we find that foralln > 1,7 > 0,
LT 80, T"e0,7) < 62(L, T, 80, ). 27)

Therefore, for every m > 1, we can use (22), (26), and (27) to obtain

N (Enm &, T) = N (T80, T"80,7T) = 61(N, T", 80, T) = 61(N, T, &o, fn),
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O(Guwtm Gn, T) = O(T" 0, T"G0,T) < 62(O, T", 0, 7) < 62(O, T, G0, ,xln),
L(Enim G, T) = LT 0, T"E0,7) < 05(L, T",80,7) < 85(L, T, 0, ).

As 851 (N, T",&,7) > 0,6(0,T",&,7) < 1, and 65(L,T",&,7) < 1 forallT >
0,a € (0,1), according to (S6), (S11), and (S16) in Definition 2, we can then obtain

llm N(é”-’t‘ﬂl/ énl T) = 1/

n——+oo

HETOO O(Cn+m/ Cnr T) - 0/

Hm  L(Etm, &, T) = 0.

n—r—+00

Hence, the sequence {¢,} is a Cauchy sequence. Given that (Q,N,O, L, x,0) is
complete, this sequence converges to a certain { € Q. Now,

N (@i, TE,T) > min{N (€, &, ), N (&, TE, ), N (&, T,

T

),N((:n, Tgl E),N(gl Cn-‘rl/

)}

= min{/\f((;‘n, g/ )}
= N (& 75, %)

>

RNAR|A
RIARIA

T T

> min{'/\/(gor gr W)/N(‘:O/ Té/ W)/N(ér 7-éc(]/ (X”%)}

— lasn — +oo.

Furthermore, according to (S5) and (56) in Definition 2, we have

N(E, T AE TE)T) = EmsuplN (€, n, 3) + N (Ennin ) * N (@8 5] (28)

v
We obtain
N(ECTLt)>1x1x1=1. (29)
Also,
O i1, T, T) < max{O(En &, 1), OEn, T4, 1), O Ten, 1))

T

)/ 0(61’1/ Tg/ g)/ O(é/ ‘:n+1/ &)}

RNARA

= max{O(&y, ¢,

= 0En Tt/ )
<

< max{0<§01 gr #)I O(CO/ Tg/ lx«:ﬁ)' O(g, TCOI [XT’,':H)}

— 0asn — +oo0.

Furthermore, according to (510) of Definition 2, we gain

O(TE, 6, AE TE)T) < limsuplO(TE,Eni1,5) 0 Omi1,6,5) 0 0@, 6, 5). (30)

n——+00
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We can then obtain
O(, T 1) <00000=0. (31)
In a similar fashion, we can show that
L(,TE7) =0 (32)

Therefore, according to (S3), (S8), and (S13) of Definition 2, it holds that { = 7.
Consider v € Q to be a different FP of T, such that N'({, v, T) > 0. Then, due to the
a-quasi contractions (14)—(16), it is evident that

N@gnjzmmMMuggyMUhggyN@ﬂ@Eﬂ
T

=N(v,§, &)
> N4, )

ZN(U,@,%)%lasn%—i—oo,

0(0,4,7) < max{0(v,4, 1), 0(To,L, 1), 00, TC, )}
=004, ;)

<0(v,8,3)

< (’)(v,g,(xln) —0asn — +oo,

augﬂgnchmggycwngquungn
T

= ,C(U,g, &)
< L(0,,5)

< C(v,g,aln) —0asn — +oo;
thatis,v =¢. O

Example 4. Let Q = M, (R) be the space of all upper triangular matrices of order n and A :
Q x Q — [1, +00) be a function given by

AT = 1, if2 =TI,
T |14 det(2) 4 det(IT),  if B #TL



Axioms 2024, 13, 818

17 of 25

Let N, O, L : Q x Q x (0,400) — [0,1] be defined by

=Yg re1 (usy| + |vs,])?
7
T

- Zg,r:l (

N(EII, 1) =exp

O(E,II,t) =1—exp

L(EILT)=1—exp —

T
forall B = (us,), 11 = (vs,) € Q. Define T : Q — Q by

Usy

T(® = (%)

forallE € Q. (Q,N,0, L, x*,0) is a complete GNRBMLS, where * is a product continuous CtN
and o is a maximum CtCN.

We check that T is an a-QC on (Q,N, O, L, *,0) with & = }1. Indeed, let & = (ui,j) and
1= (Ui,j) € Q. Then,

n Usr Us,r 1\2
— _ pat-li + 22
N(TE, TII,at) =exp Lo (IS4

QT
= ex ~ Lol ) oc:l
p 4atT ! 4
N *2?,r:1(|”s,r|+|vs,r|)2 — Y- 1 (sl + 152
> min < exp = ,exp = ,
ex - g,r 1 u” )
p - ,
n Us,r Us,r
-y +
OTE,TILat) =1 —exp s’r_1(| th| % D
] ex — L ([usr| + Joss)? 1
- P dat =y
n 2 n Us,r
— _ — _1(|usy| +
Smax{l_exp s sl | (s + 1P
T T
1 — ex Zsr 1(|u<, ) )2
P p= ’
L(TE, T, at) =1 — exp — rm max{15 ] 15[}
I P aT
n
- — 7 1
=1—exp = . =
40T 4
gmax{l—exp_ z ,
| e = Koy max{ln 151
T
1 — exp — Zg,rzl max{\%L |vs,r|}}
p p .

Now, we can construct a sequence &1 = T & for all n € NU {0} by taking some 0 # A =
(asy) € Q. We can obtain a non-trivial sequence as follows:

s,y s,y as,r

{Enh = {(as), (50, (5, (55,
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which implies that for any fixed T > 0,

H(N,T,A 1) = ‘i.relg{N(TiA, TIA 1)}
L]

— Tl |+ | e 12

B z h=0
5(0,T,A, 1) =sup{O(T'A,TIA 1)}
ijeN
n as,r ‘ﬂsr 2
- BN v Bl v
_ sup{l—exp Zz,mq[lz 1| |2; 1|] } <1,
ijeN T
5(L, T, A1) =sup{L(T'A,TIA, 1)}
i,jeN
Y max{ ||, | L2
:Sup{l—exp Z],m,‘l {|2 1| |2] 1|}}<1
ijeN T

Thus, T fulfills all the requirements stated in Theorem 3, and the null matrix Oy xy, is the
unique FP of T, satisfying N (Onxn, Onxn, T) =1, O(Onxn, Onxn, T) = 0, L(Onsxn, Onxcn, T) =
0 for all T > 0.

3.2. Consequences

In this subsection, we present the findings from Section 3.1 in the framework of
ERBMLSs, GIRBMLS, EIRBMLS, EFRBMLS, and GFRBMLS.

Corollary 1. Let (Q,N, O, L, *,0) be a complete ENRBMLS and T be an a-contraction. If for
some Go € Q and all T > 0 the subsequent expressions are satisfied,

01N T 80, 7) = inf AN (T'%0, T'E0, T)} > 0,
2

5(0, T, &, 7) = sup{O(T', T/&o,7)} < 1,
ijeN

M&rmﬂ=w§aﬁmﬂmﬂ%m
1,]€

then {T"&o} converges to a unique FP of T .

Definition 6. Let (Q, N, O, ,0) be a GIRBMLS. A mapping T : Q — Q is said to be an
a-contraction. If for all §,n € Q some a € (0,1) and all T > 0, it holds that

N(TE, Ty,at) > N(En, 1),

O(TE, Tn,at) < O 1,7). )

Corollary 2. Let (Q,N, O, x,0) be a complete GIRBMLS and T be an a-contraction. If there
exists (g € Q, such that subsequent expressions are held to be
51 (N/ Tr (:0/ T) = 12%{'/\/(7-160/ TjéOr T)} >0,
L]

5(0, T, &, 1) = sup{O(T'&, Ty, 7)} <1,
ijeN

then {T"&o} converges to a unique FP of T .

Proof. This proof follows similarly to the proof of Theorem 2, but without considering an
NS L. O
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The subsequent corollary is derived from Corollary 2 and Proposition 2.

Corollary 3. Let (Q, N, O, ,0) be a complete EIRBMLS and T be an a-contraction. If for some
Co € Qand all T > 0 the subsequent expressions hold,

0N, T, T) = iifé% {N(T"&, TIE, 1)} >0,

5(0,T,8,7) = sg%{0<7ﬂ'§o, T'go, 1)} <1,
[BIS

then {T"&o} converges to a unique FP of T .

Definition 7. Let (Q, N, %) bea GFRBMLS. A mapping T : Q — Q is said to be an a-contraction
ifforall &, € Q, somea € (0,1), and all T > 0, it holds that

N(TE, Tn,at) = N(Z,1,7). (34)

Corollary 4. Let (Q, N, x) be a complete GFRBMLS and T be an a-contraction. If for some
Co € Qand all T > 0 the subsequent expression holds

51N, T, o, 7) = inf, {N(T'&, T'&} >0,
L]

then {T"&o} converges to a unique FP of T .

Proof. This proof follows similarly to the proof of Corollary 2, but without considering the
NSsOand £. O

The subsequent result is a direct consequence of Corollary 4 and Proposition 3.

Corollary 5. Let (Q, N, *) be a complete EFRBMLS and T be a « contraction. If for some & € Q
and all T > 0 the subsequent expression holds,

01N T, 80, 7) = inf AN (T'%0, T'e0,T)} > 0,
2

then {T"&o} converges to a unique FP of T .

Definition 8. Let (Q, N, O, *,0) be a GIRBMLS. A mapping T : @ — Q is an a-QC for every
¢,n e Q,t>0andacertain a € (0,1) if it holds that

N(TE Ty, at) > min{N(¢,1,7),N(& Ty, t), N TE 1)}, (35)
O(T¢, Tn,at) <max{O(g,1,7),0(&,Tn,7),0(1,TE, 1)} (36)

Corollary 6. Let (Q,N, O, x,0) be a complete GIRBMLS and T be an a-quasi contraction. If for
some ¢g € Q and all T > 0 the subsequent expressions hold

51 (N/ T/ gO/ T) = Zl]rel%{N(Tlg()/ Tj@OI T)} > 0’

22(0,T,%0,7) = sup{O(T'e, T, 1)} < 1.
IBIS

then {T"&o} converges to a unique FP of T .

Proof. This demonstration follows a similar approach to Theorem 3, except for the inclusion
of the neutrosophic set £. [



Axioms 2024, 13, 818

20 of 25

Definition 9. Let (Q, N, *) be a GFRBMLS. A mapping T : Q — Q is an a-QC for every
¢,n e Q any T > 0anda certain « € (0,1) if it holds that

N(TE, Ty at) > min{N(¢,1,7), N (&, Ty, 7), N, TE )} (37)

Corollary 7. Let (Q, N, x) be a complete GFRBMLS and T be an a-quasi contraction. If for some
Co € Qand all T > 0 the subsequent expression holds,

SN, T, &, 1) = iijrg\] {N(T&, T/&, 1)} >0,

then {T"&o} converges to a unique FP of T .

Proof. This proof proceeds in a manner analogous to the proof of Theorem 3, except that it
does not take into account NSs O and £. O

Remark 6. Similar to Propositions 1-3, one can derive FP theorems for CQT within the context of
ENRBMLSs, EIRBMLSs, and EFRBMLSs as a result of Theorem 3 and Corollarys 6 and 7.

4. Application to FFDIDE with the OBCFFD

In 2024, Dwivedi et al. [19] refined and introduced the Odibat-Baleanu—Caputo fuzzy
fractional derivative (OBCFFD), a generalized version of the Caputo-type fractional deriva-
tive in a fuzzy setting. To the best of our knowledge, FFDIDEs with the OBCFFD have
not yet been investigated in the existing literature. Motivated by these results, we aim to
explore and establish the existence and uniqueness of the solution to the following FFDIDE:

OBCDP(t) = F(t, P(t), Pr) + [y H(t,s,P(s), P)ds, t € [to, 0], 8)
P(t) = (t —to), t € [to —a,to],a >0,

where € (0,1), M = {(t,s);to < s < t < 8}, € Cs(C([—B, 0], Fr)), P = P(t +5),t

[to,] [ﬁO} and F : [i‘o,}XFRXCﬂ—)FRand’HIMXFRXCU—)FREII‘G

continuous. For more information about FFDIDEs, please refer to [20].
Definition 10 ([21]). The Hausdorff distance Dy : Fr X F between Py and Py € Fy is given by

Dy (P, Py) = 81[119] max{|Py, (¢) = Py (c), [P, (¢) = P2, (5)]}-
cel01

Definition 11 ([21]). The generalized Hukuhara difference of two fuzzy numbers Py, P, € Fr, if
they exist, is defined as follows:

( )P1 P, + P, y(dmm([Pﬂr) > dzam([Pz]’)
{Pl Ogit P2 = Py ffand only lf{(”)Pz Pit (—1)Ps, i diam([P\]) < diam([Pa)),
where diam([P])") = P,(r) — Pi(r),r € (0,1).

Definition 12 ([19]). The generalized fractional integral of order s > 0 of P € Ly jo.([to, t], Fr)
is expressed as follows:

RI7OP(t) = )1 o P(g)de. (39)

(%)
Definition 13 ([19]). The OBCFFD of order m —1 < sz < mof P € Ly jo.([to, t], Fr) is given by

x—m+1
OBCD%,OP 4

d m
& 0—1(p0 _ ~oym—sx—1{ 1—¢
T (m = ®/ GOt —¢°) (g dg> ® P(g)dg, (40)
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where the gH-derivative of P™ is defined as

Pl 4+ 1 pm—1(y
PU(t) = lim (0 £ 1) O P (ko)
h—0 h

Lemma 1. The generalized OBC FFDIDE corresponding to (38) has two distinct forms in the
context of fuzzy logic.

Proof. By applying the generalized fractional integral of order s > 0 to both sides of
FFDIDE (38), we obtain

to

K3700BCD20 (1) = P(t) & P(ty) =K 37 [J—"(t P(t),P) + GH(t,S,P(S)/Ps)dS]

ol — ) 1 o [F(t,P(t), Py)

fo

+ H(t s, P(s), Ps)ds]dg.

fo

Applying this in IVP of (38), we obtain
P(t) ©9(0)

174
@/ggl 1o

Equation (41) branches into two distinct integral equations, contingent upon whether
P(t) is differentiable in the i-gH sense or the ii-gH sense.

1. When P(t) isi-gH,

(41)

to

F(t, P(t),P) + ’ H(t,s, P(s), Ps)ds] dg.

P(t) = 1o

F(t, P(t), Pr)

%

, (42)
+ [ H(, S,P(s),Ps)ds] dc.

to

2. When P(t) isii-gH,

P(t) =9(0) &g (— oo @/ Lt — ) Lo | F(t, P(t), Py)

, (43)
+ [ H(ts, P(s),Ps) ds] dg.
to

O

Theorem 4. Let F be continuous, and let there exist A, B > 0, such that

Du(F (£ U(t), U(t)), F(£, V(1), Vi(t))) < ADy(U(L), V(1)),
Dr(H(t,s,U(s), Us(s)), H(t,s,V(s)), Vs(s))) < BDu(U(s), V(s)),

62—2)*
V4

forall U,V € Q. Then, (41) has a unique solution for each case, provided that e el (
(6 — to)B) <1

)(A+
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Proof. Considering the first case (42), as mentioned in Lemma 1,

2 — ) Lo [F(t,P(t), P) + ’ H(t,s, P(s), Ps)ds)dg.

to

o'~
P(t) = l[J(O) @ r(%)

With this consideration, we introduce the subsequent operator on Q = C([to, 6], Fr):

1 ”
(TP = 90) @ £5 0 [ - e o Gulone,
where Gy (¢) = [F (¢, P(t), Pr) + ft(; H(t,s,P(s), Ps)ds]. This operator is well defined, as the
expression on the right-hand side is valid for any ¢. Let (Q, N, *) be a complete GFRBMLS,
where NV : Q x Q x [0, +c0) — [0,1] is defined by

—Dy(U(t), V(1))
< /

N(U,V,T) =exp sup
tG[tU,G]

A Qx Q — [1,+00) is given by A(U,V) = 1+ max{|U],|V|}, and * denotes the
product CtN.
Note that, for some Py(t) € Q, T > 0, it holds that

61 (N, T, Py, t) = iig\l (N (T'Py(t), TIPy(t),7)}

_ i ]
= inf {exp sup Du(T PO(t)'TPO(t))} > 0.
i,jeN te[to,0) T
We also have
1 »
—Dy(TUE), TV(E)) = — D (! @/ oY 1 ® Gylc)de,

(1 — ¢ 1 ® Gy (g)dg)

to
l%

> —ﬁ(%) (/to 6?71t — ¢*)* ' Du(Gul(c), Gv(c))d).

We can also show that 7 is an a-contraction, as follows:

N(TU(t), TV(t),7)
teto,0] T
1—2¢
1 Uy 6071 (1 — )" 'Di(Gu(g), G ())de)
> exp sup
te(to,0) T
1—2¢
~ L () g1 — )% ' Dy(Gule), Gy (6))de)
> exp sup
te[to,0] T
1—3¢
— L U et (1 — ¢ [ADR(U(), V(e) + fi, BDH(U(6), V(¢))dg])
> exp sup =
te(to,0)

(fyy 6271 (1 = 60 (A + (¢ — 1) B) Dy (U(t), V(1))
> exp sup

telto 6] T
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i () (A+ (¢ = 1) B)Dy (U (), V()
> exp sup
te(to,0] i
DU, V() | g T )"
> exp su S0 = ( J(A+ (6 —1t0)B) <1
ptg[tfg] z I'() » 0

Following a similar approach, we can prove the second case stated in Lemma 1 for
Equation (42). Thus, based on Corollary 4, the proof is concluded. O

5. Conclusions and Future Works

This paper presented the definitions of generalized neutrosophic rectangular b-metric-
like spaces, generalized intuitionistic rectangular b-metric- spaces, and generalized fuzzy
rectangular b-metric-like spaces. Various fixed point theorems were established with respect
to these frameworks, accompanied by examples to substantiate the results. Our results
extend and enrich the existing knowledge that is present in the literature. Furthermore,
we used our findings to show that FFDIDEs possess a unique solution. Additionally,
these findings could unlock new opportunities and introduce novel methods for their
application across different domains, including mathematical modeling, decision making,
pattern recognition, image processing, and data analysis, which are evolving. This allows
researchers to refer to papers [22,23], develop more advanced predictive models, and
participate in discussions about their findings. This research proposes two unsolved issues:

Problem 1. Excluding the axioms Tl_i)TooN((;‘,iy,T) = 1, Tl_i)lﬁoo(’)(@,;y, ) = 0, and
TETME(C, 1,7) = 0 from Definition 2, we question whether we can ensure the validity of
Theorems 2 and 3 by substituting the a-contraction condition with
N(Tng 51 < @)
T T 6 7,7)
O(T¢, Ty, 7) < aO(8,1,7),
L(TE Ty, 7) < al(S,n,7),

forany ¢,n € Q,T > 0,and « € (0,1). Moreover, consider replacing the a-quasi contraction
condition with

;—1§¢xmax{ ! -1, ! -1, 1
N(TE, Ty, 7) N@Gnt) TNETnt) “NuTET)
O(T¢, Tn,7) < amax{O(¢,7,7),0(,Tn,7),0(1,7¢,7)},

L(T¢ Ty, 7) <amax{L(¢,1,7), LG Tn 1), LMnTE 1)},

forany ¢,y € Q,T>0,andwa € (0,1).

-1},

Problem 2. How can the results in this paper be generalized in the context of extended rectangular
graphical neutrosophic b-metric spaces?
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Abbreviations

The following abbreviations are used in this manuscript:

GNRBMLS  generalized neutrosophic rectangular b-metric-like space
GIRBMLS  generalized intuitionistic rectangular b-metric-like space
GFRBMLS  generalized fuzzy rectangular b-metric-like space
OBCFFD Odibat-Baleanu-Caputo fuzzy fractional derivative

CtN continuous triangular norm
CtCN continuous f-conorm

FS fuzzy set

FpP fixed point

BCT Banach contraction theorem
IFS intuitionistic fuzzy set
NMS neutrosophic metric space

FRBMLS fuzzy rectangular b-metric-like space

IFRBMLS intuitionistic fuzzy rectangular b-metric-like space
NRBMLS neutrosophic rectangular b-metric-like space
ENRBMLS  neutrosophic rectangular extended b- metric-like space

CQT Ciri¢ quasi-contraction theorem
FFDIDE fuzzy fractional delay integro-differential equation

References

1.  Schweizer, B,; Sklars, A. Statistical metric spaces. Pacific J. Math 1960, 10, 313-334. [CrossRef].

2. Zadeh, L.A. Fuzzy sets. Inf. Control 1965, 8, 338-353. [CrossRef].

3. Kramosil, I.; Michélek, J. Fuzzy metrics and statistical metric spaces. Kybernetika 1975, 11, 336-344. [CrossRef].

4. George, A.; Veeramani, P. On some results in fuzzy metric spaces. Fuzzy Sets Syst. 1994, 64, 395-399. [CrossRef].

5. Grabiec, M. Fixed points in fuzzy metric spaces. Fuzzy Sets Syst. 1988, 27, 385-389. [CrossRef].

6.  Gregori, V,; Sapena, A. On fixed-point theorems in fuzzy metric spaces. Fuzzy Sets Syst. 2002, 125, 245-252. [CrossRef].

7. Atanassov, K.T.; Atanassov, K.T. Intuitionistic Fuzzy Sets; Springer: Berlin/Heidelberg, Germany, 1999.

8.  Smarandache, F. Neutrosophy: Neutrosophic Probability, Set, and Logic: Analytic Synthesis & Synthetic Analysis; American Research
Press: Rehoboth, NM, USA, 1998.

9.  Simsek, N.; Kirisci, M. Fixed Point Theorems in Neutrosophic Metric Spaces. Sigma Eng. Nat. Sci. 2019, 10, 221-230.

10. Saleem, N.; Furqgan, S.; Abbas, M.; Jarad, F. Extended rectangular fuzzy b-metric space with application. AIMS Math. 2022,
7,16208-16230. [CrossRef].

11. Saleem, N.; Furgan, S.; Jarad, F. On extended b-rectangular and controlled rectangular fuzzy metric-like spaces with application.
J. Funct. Spacess 2022, 2022, 5614158. [CrossRef].

12.  Hussain, A.; Al Sulami, H.; Ishtiaq, U. Some new aspects in the intuitionistic fuzzy and neutrosophic fixed point theory. J. Funct.
Spacess 2022, 2022, 3138740. [CrossRef].

13. Kattan, D.; Alzanbagi, A.O.; Islam, S. Contraction mappings in intuitionistic fuzzy rectangular extended B-metric spaces. Math.
Probl. Eng. 2022, 2022, 1814291. [CrossRef].

14. Uddin, E; Ishtiaq, U.; Saleem, N.; Ahmad, K.; Jarad, F. Fixed point theorems for controlled neutrosophic metric-like spaces. AIMS
Math. 2022, 7,20711-20739. [CrossRef].

15. Saleem, N.; Ishtiaq, U.; Ahmad, K.; Sessa, S.; Di Martino, F. Fixed Point Results in Neutrosophic Rectangular Extended b-Metric
Spaces. Neutrosophic Syst. Appl. 2020, 9, 48-80. [CrossRef].

16. Ashraf, M.S; Ali, R.; Hussain, N. New fuzzy fixed point results in generalized fuzzy metric spaces with application to integral
equations. IEEE Access 2020, 8, 91653-91660. [CrossRef].

17.  Hussain, N.; Alharbi, N.; Basendwah, G. Solving fractional boundary value problems with nonlocal mixed boundary conditions
using covariant JS-contractions. Symmetry 2024, 16, 939. [CrossRef].

18.  Mani, G.; Antony, M.A_; Mitrovi¢, Z.D.; Aloqaily, A.; Mlaiki, N. A fixed point result on an extended neutrosophic rectangular
metric space with application. Bound. Value Probl. 2024, 2024, 13. [CrossRef].

19. Dwivedi, A.; Rani, G.; Gautam, G.R. Analysis on the solution of fractional fuzzy differential equations. Rend. Circ. Mat. Palermo II
Ser. 2024, 73, 1763-1791. [CrossRef].

20. Wang, G.; Feng, M.; Zhao, X.; Yuan, H. Fuzzy fractional delay integro-differential equation with the generalized Atangana-Baleanu
fractional derivative. Demonstr. Math. 2024, 57, 20240008. [CrossRef].

21. Allahviranloo, T. Fuzzy Fractional Differential Operators and Equations; Studies in Fuzziness and Soft Computing; Springer: Cham,

Switzerland, 2021.


https://dx.doi.org/10.2140/pjm.1960.10.313
https://doi.org/10.1016/S0019-9958(65)90241-X
http://dml.cz/dmlcz/125556
https://doi.org/10.1016/0165-0114(94)90162-7
https://doi.org/10.1016/0165-0114(88)90064-4
https://doi.org/10.1016/S0165-0114(00)00088-9
https://doi.org/10.3934/math.2022885
https://doi.org/10.1155/2022/5614158
https://doi.org/10.1155/2022/3138740
https://doi.org/10.1155/2022/1814291
https://doi.org/10.3934/math.20221135
https://doi.org/10.61356/j.nswa.2023.63
https://doi.org/10.1109/ACCESS.2020.2994130
http://doi.org/10.3390/sym16080939
https://doi.org/10.1186/s13661-024-01820-y
http://doi.org/10.1007/s12215-024-01006-6
https://doi.org/10.1515/dema-2024-0008

Axioms 2024, 13, 818 25 of 25

22.  Soni, K,; Sinha, A.K. Modeling and stability analysis of the transmission dynamics of Monkeypox with control intervention.
Partial. Differ. Equations Appl. Math. 2024, 10, 100730. [CrossRef].

23. Acharya, A.; Mahata, A.; Mukherjee, S.; Biswas, M.A,; Das, K.P.; Mondal, S.P,; Roy, B. A Neutrosophic differential equation
approach for modelling glucose distribution in the bloodstream using neutrosophic sets. Decis. Anal. ]. 2023, 8, 100264. [CrossRef].

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


https://doi.org/10.1016/j.padiff.2024.100730
https://doi.org/10.1016/j.dajour.2023.100264

	Introduction and Preliminaries 
	Generalized Neutrosophic Rectangular b-Metric Spaces
	Fixed-Point Results
	Main Results
	Consequences

	Application to FFDIDE with the OBCFFD
	Conclusions and Future Works
	References

