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Abstract: The paper is a continuation and completion of the paper Bruno, A.D.; Azimov, A.A.
Parametric Expansions of an Algebraic Variety Near Its Singularities. Axioms 2023, 5, 469, where we
calculated parametric expansions of the three-dimensional algebraic manifold 2, which appeared in
theoretical physics, near its 3 singular points and near its one line of singular points. For that we used
algorithms of Nonlinear Analysis: extraction of truncated polynomials, using the Newton polyhedron,
their power transformations and Formal Generalized Implicit Function Theorem. Here we calculate
parametric expansions of the manifold () near its one more singular point, near two curves of singular
points and near infinity. Here we use 3 new things: (1) computation in algebraic extension of the field
of rational numbers, (2) expansions near a curve of singular points and (3) calculation of branches
near infinity.

Keywords: algebraic variety; singular point; local parametrization; power geometry

MSC: 41A60

1. Introduction

Here we continue and conclude the paper [1]. There, in Sections 1-5, we proposed a
new method for solving the polynomial equation

f(xl,...,xn) =0

near a singular point or curve of singular points of the polynomial f. In Sections 6-10, this
method was applied to compute the solutions to such a 12th degree equation withn =3
that originated in theoretical physics. This new method is based on:

I.  Newton’s polyhedron to isolate the truncated equations,

I.  Power transformations to simplify those equations, and

II.  Formal Generalized Implicit Function Theorem to obtain solutions in the form of power
expansions whose coefficients are rational functions of the parameters. Computer
algebra is used in these calculations.

Newton’s polyhedron is a multidimensional generalization of Newton’s polygon
(see [2-7]). Power transformations are a generalization of the sigma process used previously
to resolve singularities of algebraic manifolds (see [8-10]). Algorithms for computing power
transformations were proposed in [11]. The resolution of the singularity is done step-by-
step until we come to the situation with a truncated equation containing a polynomial
multiplier of degree one. If the roots of this multiplier are parameterized, the roots of the
whole polynomial are obtained as a power expansion using a Generalized Implicit Function
Theorem (Theorem 1 of [1]). All these are an application to algebraic equations of the
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general theory of Nonlinear Analysis [12], which is also suitable for differential equations.
For its applications to systems of partial derivative equations, see [13].
According to [1] and [12] (Section 2) computational steps are the following:

Step 1. Introduction of local coordinates. For coordinates X = (x1,...,x,) and singular
point X® = (xf,...,x9), theyare Y = X - X% ie,y; =x; —2),i=1,...,n
Step 2. Writing the initial polynomial f(X) in local coordinates

g(Y)=f(X°+Y) =) goY?0verQeS. (1)

Here Q = (q1,...,q1), YO = yI' - - -y}, g are real or complex coefficients, the sum
has not similar terms, the set S(g) = {Q : ag # 0}, is called as support of the sum
¢(Y). Here 0 < Q € Z". Let the support S(g) consists of vectors Qy, ..., Q.

Step 3. The Newton polyhedron I'(g) is computating as the convex hull of the support S:

k k
I'(g) = {Q: Y AiQi, Ai20,i=1,..k ) ,-:1}.
i=1 i=1

The boundary oI of the polyhedron I'(g) consists from its generalized faces I' ](.d),

where d is dimension, 0 < d < n — 1, and j is a number of the face F](d). Each face

F](-d) corresponds to its truncated polynomial

54 (Y) = ZgQYQ over Q€SN F](.d)

i
and the normal cone U](.d), consisting of all normals to the face I'

(d)
j
external to the polyhedron I'. For their computation we use the PolyhedralSets
package of the computer algebra system (CAS) Maple. In the steps below n = 3.
(2)
i

, which are

Then 1"](-2) is two dimensional face and normal cone U

(2)

normal N; to the face I':"".

is a ray, spanned by external

Step 4. We select faces T](Z) with normal N; < 0 and corresponding truncated polynomials

A(2

g ().

Step 5. For each selected truncated polynomial gA](Z) (Y), we compute corresponding power
transformation

(Inyq,Inyy, Inys) = (Inzq,Inzy, Inzs)a, (2)

where « is an unimodular 3 x 3 matrix, such that

§P(Y) = h(zy, 22)24 )

with integral I.
Step 6. If the curve h(z1,2z2) = 0 has parametrization

z1 = bi(t), zp=by(t),

then it is obtained with the algcurves package from the CAS Maple. In that case we
make the power transformation (2) in the full polynomial (1) and write it as

m
§(Y) = T(z1,22,23)25 = 25 Y, Te(z1,22)75,
k=0
with some natural m. Here polynomials Ty (z1,z,) are computed by the command
coeff (T,z[k],m) in CAS Maple. Here Ty(z1,22) = h(z1,22) from (3).
Step 7.1f Ty (b1 (t), b2 (t)) # 0, we make the substitution
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z1=b1(t)+e zp=0y(t) +¢ 4)

into the polynomial T(z1,zp, z3), obtain function u(g, t,z3) = T(z1,22,23), apply to
the equation u(¢, t, z3) = 0 the Formal Generalized Implicit Function Theorem 1 [1]
and get the parametric expansion

e= Y cal(t)zh 5)
=1

Step 8. We compute several terms of expansion (5), substitute them into (4). The result is
substituted in power transformation (2), and we obtain parametric expansion of Y
in power series of z3 with coefficients which are rational functions of ¢.

If Ty (b1 (t), ba(t)) = 0, we continue computation with new Newton polyhedron etc.

The method is new, with parts: the Newton polyhedron I'(g), polyhedron’s faces Tl

]‘ ’
polyhedron graph, normal cones Ul and power transformations (2) were proposed by the

first author beginning 1962. Early such objects he calculated manually, but now there are
programs for that.

In [1], this theory was applied to a problem arises in the study of Ricci flows (see [14-22]).
The Ricci flows describe the evolution of Einstein’s metrics on a variety. The equations of
the normalized Ricci flow are reduced to a system of two differential equations with three
parameters: a, a> and a3:

dx x
7; = fl (xl,xz, ai, a2/a3)/

6
@ =" (6)
W = fZ(xll X2,41,42, a?’)’

here, fl and fz are certain given functions.

The singular points of this system are associated with the invariant Einstein’s metrics.
At the singular (stationary) point xJ, x3, system (6) has two eigenvalues, A1 and A,. If at
least one of them is equal to zero, then the singular (stationary) point x?, x) is said to be
degenerate. It was proved in [14-22] that the set () of the values of the parameters a1, a3, a3,
in which system (6) has at least one degenerate singular point, is described by all solutions

of the equation

def

Q(s1,52,53) = (251 +4s3 — 1) (64s§ — 64s7] + 857 + 2405753 — 15365153 —

— 409653 + 1252 — 240s;53 + 76853 — 657 + 6053 + 1) -

— 85152(2s1 +4s3 — 1)(2s7 — 3253 — 1)(10s7 + 3253 — 5)—
— 165753 (5257 + 6408155 + 102453 — 5251 — 32055 +13) +
+64(251 — 1)s3 (251 — 3253 — 1) + 204857 (251 — 1)s3 = 0,

where 51, 57, 53 are elementary symmetric polynomials, equal, respectively, to

S1 =ay+ax—+as, Sy =aiax+a1az+axaz, S3 = a14a4as.

Here Q is different from Q’s in Steps 2 and 3, but the sign & means only a new notation.

Hence the polynomial P(ay,a3,a3) = Q(s1,52,53) has degree 12. In [23], for symmetry
reasons, the coordinates a = (a1, a3, a3) were changed to the coordinates A = (A1, Ay, A3)
by the linear transformation
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m A (1++3)/6 (1-+3)/6 1/3
a | =M-[A|, M=|(1-v3)/6 (1++3)/6 1/3
a3 Az -1/3 -1/3 1/3
The resulting polynomial is
R(A) = P(a) @)

and has degree 12 again.

Definition 1. Let ¢(X) be some polynomial, where X = (x1,...,%n). A point X = X0 of the set
¢(X) = 0is called the singular point of the k-order, if all partial derivatives of the polynomial
@(X) with respect to x1, ..., X, turn into zero at this point, up to and including the k-th order
derivatives, and at least one partial derivative of order k + 1 is nonzero.

In [23], all singular points of the variety () in coordinates A = (A1, Ay, A3) were found.
The five points of the third order are:

Name Coordinates A
P (0,0,3/4)
) (0,0,-3/2)

3 _
P (55
3 _
pi) (\/521,_1+2\/§,%>
P (1,1,1/2)

three points of the second order

Name Coordinates A
Py (12 203
” (=550)
p{? (=1/2,-1/2,1/2)

and three more algebraic curves of singular points of the first order:
F= {al =gy, 1643 +16a%a3 — 4ay — 2a3 + 1 = 0},

1
I_{A1+A2+1_O, A3_2},

2 +1
() = (t+1)(P—4t+1) }

1 W

K = {A1 = —2ih(t), Ay = —h(t), As =

The points P(3), Pf’) and P5(3) are of the same type; they pass into each other when

rotated in the plane Ay, Ay by an angle 27/3, just as all points P1(2), P2(2), P3(2). The curves
F,Z, K correspond to two more curves of the same type. Therefore, it is sufficient to study

the variety Q) in the neighborhood of points P(3), P2(3), P5(3), Péz) and curves F,Z and K.
Moreover, in [23] there were computed sections of the variety () by planes A3 = const, and
was shown that in finite part of the space R® = { A1, Ay, A3} the variety Q) consists of two
dimensional branches Fy, F,, F3, G1, G, G divided into parts Fl.i, GijE with boundaries at
the plane A3 =1/2.
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In the paper [24], three variants of the global parametrization of the variety () were
proposed. These parametrizations were computed using the parametric description of the
discriminant set of a monic cubic polynomial [25] and can be written in radical form [26].
Such a global description of the variety () cannot provide an adequate picture of the ()
structure in the vicinity of its singular points.

In [1], parametric expansions of the variety () near the singular points Pl(a) (Section 7),
P1(3) (Section 8), Pz(z) (Section 8), PéZ) (Section 10) and near the line of singular points J
(Section 9) were computed. Here these expansions are computed near the singular point

PéS) (Section 2), near the curves of singular points H (Section 3) and F (Section 4), and near
infinity (Section 5). Together they cover a wide range of cases. The following tactic has
developed: if the truncated equation contains linear multipliers, they are used to do a linear
transformation of the coordinates followed by the computation of Newton’s polyhedron;
and if they are nonlinear, a power transformation of the coordinates is done. To understand
the present article it is necessary a knowledge with papers [1] (open access), [23] and the
book [27].

2. The Structure of the Manifold () near the Singular Point Pé3)
2.1. Preliminary Computations
Near the point P5(3) : (A1, Az, A3) = (1,1,1/2) we introduce local coordinates x1, xp, x3:
1
Al=x1+1, Ary=x+1, A3:§+x3. (8)

Then, from the polynomial R(A) in (7) we get a polynomial of degree 12.
54(x1/ X2, x3) = R(A) = Q(Sl/ 52, 53)'

We compute the support S of the polynomial S4, the Newton polyhedron I'y(Sy), its
(2)
j
algebra system (CAS) Maple 2021 [27]. We obtain 5 faces 1";2). The graph of the polyhedron
I'y is shown in Figure 1.

faces I':” and their external normals using the PolyhedralSets package of the computer

Figure 1. Graph of the polyhedron I'y.
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In the top row—the whole polyhedron, in the next—all two-dimensional faces. Further
down are the edges, then the vertices, and at the bottom is the empty set. The external
normals to its two-dimensional faces are

Ny1 = (—=1,-1,-1),Nus = (1,1,1), Nay5 = (—1,0,0), Nozg = (0, —1,0), Npsg = (0,0, —1).

Since x1, xp, x3 — 0, we take the only normal that has all coordinates negative. This
is Ny; = (—1,—1, —1). It corresponds to a truncated polynomial

N 2
Fr=—16 (2x% — 82122 + 2123 + 223 + 23013 — xg) /81. )

The quadratic polynomial bracketed in (9) does not factorize in the field of rational
numbers, but it does factorize in the extension of this field with \/5 We get

f= Zx% — 8x1xp + 2x1x3 + Zx% + 2xpx3 — x%.

We proceed according to [27]:

>alpha := RootOf(y”2-3);
>factor (f,alpha);

—1((2x2R00tOf (2% — 3) — x3R00tOf (Z* — 3) + 2x1 — 4xp + x3)-
-(2x2R00tOf (Z? — 3) — x3R00tOf (Z? — 3) — 2x1 + 4x; — x3))

ie.,
f= —%(le - (4 - zﬁ)xQ + (1 - x@)x3) : <2x1 - (4+2\@)x2 + (1 + x@)x3).
Now we do a linear substitution of the coordinates
=21 — (4-2V3)xm + (1-V3)xs,
v2=2x — (4+2V3) 0 + (1+V3)x3,
—
Its inverse substitution is

(2+v3)v3  (-2+V3)vE
12 1+ 1 Y2+ 5Y3,

2= V1T 2T gl

X1 =

X3 = Y3.

We substitute it into the polynomial S4(x) and get the polynomial S5(y) = S4(x). For
the polynomial S5(y), we compute Newton’s polyhedron I's. Its graph is shown in Figure 2.
It has 11 two-dimensional faces with external normals

Nigz97 = (—=1,—1,0), Nis959 = (=1,0, 1), Nygpe9 = (=2, -2, 1),
N39917 = (0, —1,—1), Ni11761 = (1,1,1), Niz1145 = (—1,0,0), Niyzaz35 = (0,0,1),
Nyzs677 = (0,1,0), Nizzgss = (1,0,0), Nisoaso = (0, —1,0), Nigo19 = (0,0, —1).

We parse the first 4 of them that have 2 or 3 coordinates negative, dedicating a
subsection to each of them. Below we use notation from Maple [27].

2.2. The Normal (—2,-2,—1)
The corresponding truncated polynomial is
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f1r19269 = —104976(5 + 3a) (864ay1y§ — 3456ay,yS + 117ay3ys — 594ay,yoys
+1287ay5y35 — 1728y1y3 + 6048y2y5 — 12ay7y2y3 + 48ay1y3y3 — 360ay3y3 — 117y7y3
+990y1y2y3 — 2223y3y3 + 6ayiys — 2433 + 24yiv2y3 — 84y1y3y3 + 62415y5 — 10y713),

where a = /3. Here and below “ ftr” number means truncated polynomial, corresponding
to normal N; with written number j. According to [11], we compute the matrix 7 =

1 0 0 1 0 0
0 1 0] such that (—2,—2,—1)y = (0,0, —1). Since v 1=1[0 1 0], thenwe
-2 -2 1 2 21

do a power transformation

Y1 =2123, V2 = 2223, Y3 = Z3. (11)

57w NN

t KPS BRI X *‘ \|
A A l\\
W s NN

T BT SR R T D IO 8 )@@m

A\
)
AN

L P e
N NI LA

e

Figure 2. Graph of the polyhedron I's.
We get after factorization
f1r19269 = —104976(5 + 3a) (6az3z5 — 120232, + 48az125 — 360az5 — 10232323

+117az} — 59%4az 2y + 1287250 — 2425 + 24232 — 842125 + 62425 + 8644z,
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—3456azy — 11723 + 9902125 — 222325 — 172821 + 60482,)25,

where & = /3. The large polynomial in the parentheses is denoted by
fi(z1,22) = 602325 — 120232, + 4847125 — 360az5 — 10232323

+1170z% — 594az12; + 1287230 — 2425 + 24232, — 842123 + 62425 + 864az;
—3456azy — 11722 4 990225 — 222323 — 172821 + 6048z;.

Consider the curve fj(z1,z2) = 0. It has intersections with the axes: z; =0, zp = 0. It
is a curve of genus 0, with one singular point

(z1,22) = (—6 +6v/3;—6 — 6\@) ~ (4.39230485; —16.39230485)
and parameterization

(5+3V3) (2042820/3t — 521639194050 + 641/3 — 7660575t — 119)

21 = by(t) = :
1=h() 2(510705¢ + 2)?
(153\/5 + 265) B (2042820\/§t — 260819597025t2 + 1201/3 — 5617755t — 212)
72 =by(t) = 2(510705¢t + 2) '

B =3(4v/3+ 510705t —5).

We simplify these expressions by transforming t = ¢; /510705 and obtaining

3(5+3V3) (4v/3h — 263 + 643 — 154 — 119) (43 + 1 = 5)
2(t+2)?
3(265 n 153\/5) (4\@1 — 241203 — 11t — 212) (4\@ T - 5)
2(t +2) '

The curve is shown in Figure 3.

z1 = by(t) =

7

(12)

7y = by(ty) =

0

1
—100 —50 0 50 100

—50

—=100-

Figure 3. Curve fj(z1,22) = 0.
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With z3 fixed according to (8), (10) and (11) at the original coordinates A, we obtain

acurve
2 -2 1
Al =1+ 2+ \/g)\@zlzé + (F2+4 V3)V3 ﬁ)\@zzzé + 523,
12 12 2 (13)
V3., V3., 1
A2 =1+ ﬁZlZ:‘j — ﬁZZZS + §Z3,

where z1 = by1(#1), zo = by(#1) according to (12).
If z3=—0.05, 21 =b1 (t1), z2 = ba(#1) then according to (8), (10) and (13) A3 =9/20=0.45,

24+ V3V3_ (=24 V3)V3_ | 39
M=Tmoo T w0 2T 14)
V3 V3 39

Zo + —

27 480071 T 48002 " 40°

This curve is shown in Figure 4. This curve is similar to the curve of [23] (Figure 12)
showing the cross-section of the variety () at A3 = 0.45, with branches F;” and G, .

10

—10-
Figure 4. Curve (14).

If zz = 0.005, then A3 = 101/200 = 0.505, hence according to (13)

2+V3)V3 (=24 VB)V3 . 401
480000 ! 480000 2" 400’

Ay = V3 Z1 — Vo z+401
27480000 480000 " 4

Ay =1

(15)

400°
When z1 = bi(t1), zo = by(t1), the curve (15) is shown in Figure 5. It is similar to

Figure 15 in [23], which shows the section of the variety () at A3 = 0.505, with coinsiding
branches F;" and G;.
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1.0 1.1 1.2 1.3 1.4 1.5

Figure 5. Curve (15).

In fact, the parametric expansion of the variety () can also be computed here. To do
this, we substitute (11) into the polynomial S5(y) and get the polynomial of Step 6
- K
T(z) = Zg Z Ti(z1,22)23, (16)
k=0

where polynomials Ty (z1,z) are uniquelly determined and can be computed by the com-
mand coeff (T,z[k],m).
In it, according to (12), we make the substitution
zZ1 = bl(f) +e& zp= bz(t) +&. (17)

We obtain that T(z)/z§ = u(e, z3) with coefficients depending on t via by () and by (t).
We apply Theorem 1 in [1] to the equation u(¢, z3) = 0 and obtain the expansion

Returning to initial coordinates A via (8), (10)—(12) and (17), we obtain expansions

1 2v3+3 > 3-2V3
A =1+ 523 + EEVEE (bl(tl) + 2 Ck(tl)ZI§> Z% + EETEE <b2 h)+ 2 oty Z3>Z§,

k=1 k=1
1 V3 o V3 o
Ay =1+ zz3+ - | bi(t) + Z ()25 |25 — ba(ty) + ) ck(t1)25 | 23, (18
227 12 = 12 =
A3 = % + 23

with parameters t; € R and z3 € R for small |z3|. Formula (13) contain first terms of
expansions (18).
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2.3. The Normal (—1,—1,0)
It corresponds to a truncated polynomial
fr14397 = —11337408(1 + &) (a2 + y1 — 2y2) (4ys — 1) (y3 +2)°y5. (19)

Since it is linear on y1, y», its root is the y3-axis, i.e., y; = y2 = 0, which we denote by
N. This line N lies on the variety () and through N it passes one of its branches, which in
the first approximation has the form y; = (2 — a)y».

According to (8) and (9) in the original coordinates A, this line N has the following form

1 1 1
A1—§y3+1, A2—§y3—|—1, A3—§—|—y3.

This is the straight line g of [23] (Figure 3). In [23] (Figures 4-15), the points of the

line N lie in the plane M : A; = Aj. Moreover, in Figure 6 A; € (—1,0), in Figures 8-11

Ay € (0,1), in Figures 4, 13 and 14 A; € (1,2). According to (19), there are 3 singular
points on the line N

Y3 = 0, Y3 = -2, Y3 = 1/4. (20)

In A coordinates, they look like this:
(1,1,1/2), (0,0, —=3/2), (9/8,9/8, 3/4),

i.e., they are points P(3), P2<3), and a point with ¢ = 1 on the curve # of singular points. The

structure of the variety () near the point P5(3) is dealt with in this Section, near the point P2(3)
was dealt with in Section 7 of [1], and in the next Section we will deal with the structure of
the variety () near the curve H.

We can obtain an expansion of the variety () near the line N. To do this, we substitute
(10) in the polynomial S4(x) and obtain the polynomial V(y1,y2,y3) = Sa(x), which we
write as

V(L y2.y3) = Y Vg (v3)y] y2,
where 0 < q1, 92 € Z, V,4,(y3)— polynomials. Thus according to (19)
Voo =0,
Vip = —11337408(1 + ) (4ys — 1) (y3 +2)°y§,
Vor = —11337408(1 + &) (a — 2) (4ys — 1) (y3 +2)°y5-
According to [1] (Theorem 1), the equation V' = 0 has a solution
y1=Q2—a)y2+ éck(ys)ylé-

Going to the original coordinates, we get the expansion for A with parameters y, and
y3. It is valid everywhere except the neighborhoods of the points (20).

2.4. The Normal (—1,0,—1)

It corresponds to a truncated polynomial
F1r15959 = —18(—26 4 150) (—y2 + 6 + 6a)*(—y2 + 3 + 3a)* - (—181313x + 60131

—108y2y30 — yiys + 36y3y3 — 18ayi + 6yiya + 108y2y3 — 36y7) - 3.
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Let’s put
fa = ~18y3y3a + 6ayiys — 108y2y°y3a — yiy + 36y3y°y3 — 18ay7 + 6yTya + 108y2y3 — 36y7.
1 00
According to [11], we compute the unimodular matrixy = | 0 1 0] such that
-1 0 1

1 0 0
(—1,0,—1)y = (0,0, —1). Since y ! = (0 1 O) , then we do a power transformation
1 0 1

Vi=2123, Y2=22, Y3=23 (1)
We get
fo(z1,22,23) = (6&2%22 — 23235 — 18a2% — 18az5 + 6232 — 108zp0 — 3627 + 3623 + 10822>z§
Let’s denote

Z21,22) = 61xzzzz — 7222 — 18az% — 18az% — 18az3 + 62222 — 108200 — 3622
8 1 122 1 1 2 1 1

2 2,2 2 2 2 (22)
+36z5 +108zy = —z7z5 + 6(a + 1)z7z0 — 18(a + 2)z7 + 18(—a + 2)z5 + 108(—a + 1)z5.
The curve g(z1,z2) = 0 has genus 0, intersections with axes
6(v3-1)
(z1,22) = (0,0), (z1,22) = | 0, ———=—| = (0, 16.39230485), (23)
V3-2
parameterization
7 =bi(t) =
3(173465063+/3 — 1091281895) B (—176651t + 52563 + 26043+/3)

70130447(2376102210+/3t — 784698969712 — 814835898+/3 + 4779544314t — 1425469788)

(2662513 + 1729681v/3 ) 3 (24)

Zp = bz(f) = — ,
1891308 (—456831& 117823 + 9267\/5) (—131t +25411 \/5)

Ba = (717 + 381V/3 — 3971).

The singular points are reached at

_ 71743813 52563 +26043+/3

~ 3. = ~ 0.5529026114,
H 57 3.468290574, t, ecEl

The plot of the curve is shown in Figure 6:
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20

—10

—20 1

— 30 -
Figure 6. Plot of the curve g(z1,2z;) = 0.

According to (8), (10) and (11) in coordinates Aj, Ay, A3, we obtain

2 3)v3 -2 3)v3 1
A1 =1+ ( +\[)\le23+ ( +\f)\fzz+723,
12 12 2 (25)
V3 V3 1 1
Av =1+ z1z3— Y220+ 223, A3 = = + z3.
2 + B Z123 o Zo + 223, 3 > +z3
If z3 = 0 then,
(—2+v3) V3 V3 1
A=1t ot Ao =1 oz, A= (26)

This is the singular line of [23] (Figure 5), which is obtained from the singular line J
by rotating by an angle 277/3. If z3 = —0.05, then according to (25) Az = 9/20 = 0.45 and

(2+\/§)\/§ (—Z—i-\/g)\@ 39

Ay = — >z
1 240 AT 12 2% 27)

When parameterized by (24), this curve is shown in Figure 7. It is similar to the part
of [23] (Figure 12) corresponding to A3 = 0.45, with parts of branches F;” and G, .
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Figure 7. Curve (27).

If z3 = 0.005, then A3 = 33 = 0.505 and

s (2—1-\5)\@ (—2-\-\@)\/3 401
7T R 1 27100 (28)
V3 V3 401

2% 24007 T 122 4007

When parameterized by (24), this curve is shown in Figure 8. According to (23) in this
figure, when z; < 0 and zp > 6(2{73\}31), 2 branches each merge into one line. These results
are similar to those of Section 9 of [1], differing from them by the angle 277/3 rotation.

Figure 8 is similar to the part of Figure 15 in [23]corresponding to A3 = 0.505 with

parts of branches F;" and G5 .

3

0.5 1 115

_3-

Figure 8. Curve (28).
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Here the branches are very close and a different scale is needed. We can draw each
branch separately, as in Figure 9.

A
0 0.1 0.2 0.3 0.4

4, —2.04

—22-

—2.4+

—2.6

4, 2.8
Figure 9. Curve (28) in more detail.

In that case also there exists a parametric expansions. In the polynomial V(y) = S(x)
we make the power transformation (21) and obtain

10

V(y) = W(z) = 23 ) wi(z1,22)25.
k=0

Here wy(z1,22) = §(z1,22) from (22). According to (24) we substitute (17) into polyno-
mials wy (z1,22). We obtain W(z) /23 = uy (e, z3) with coefficients depending on t via by (t)
and b (t). We apply Theorem 1 in [1] to the equation u1 (¢, z3) = 0 and obtain the expansion

£ = Z ~k(if)z’é.
k=1
So according to (25)
2v/3+43 3—-23 1
A =1+ (*/172*)(1;1(0 +e)zs + %(bz(t) +e) + 523
V3 J3 N )
Ay =1+ 5(51@) +e)z3 — ﬁ(bz(f) +e)+ 723 Az =5 + 2.

Formulas (26) and (27) give the initial terms of them.

2.5. The Normal (0,—1,—1)

It corresponds to a truncated polynomial
Ftr39917 = 18(26 + 152) (y1 — 3 + 32)2(y1 — 6 + 62) %%
(18ydv3n — 6my1y3 + 108y113a — 3y3 + 36y343 + 18y3n + 6y193 + 108y113 — 3613 ).
Let’s denote

f3 = 18yiy3a — 6ay1y3 + 108y1y3a — yiy3 + 36y7y3 + 18y3a + 6y1y5 + 108y1y3 — 3613.
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1 0 0
According to [11], we compute the matrixy = (0 1 0 | suchthat (0,—1,—1)y =
0 -1 1
1 00
(0,0, —1). Since 1= (O 1 0) , then we do a power transformation.
011

1 =21, Y2 = 2223, Ys = 23

and we get
fa= (—6azlz§ — 2325 + 18az% + 18az5 + 62123 + 108az; + 3627 — 3625 + 10821)25.
Let us denote
91(z1,22) = —2325 + (180 + 36)z% + (—60 + 6)z123 + (108a + 108)z1 + (18x — 36)23 =

= —232% + 6(—a + 1)z123 + 18(a + 2)z7 + 18(a — 2)23 + 108(a + 1)z1.

According to (22) the polynomial g1(z1,z7) is obtained from the polynomial g(z1,z)
by the transposition
(21,22, &) = (22,21, —0). (30)

So here everything is similar to Section 2.4, but in the plane A, A; rotated by an angle
of 271/3. Also here there are expansions symmetric to (29) by transpositions (30) and

((51(£), b2(t)) — ((b2(2), b1 (1)) (31)

e Result of Section 2

Theorem 1. Near the singular point Pég) the variety () has 3 local singular parametric expansions
(18) and (29) and symmetric to (29) by transpositions (30) and (31). The expansions (18) describe

parts of branches Fy and Gy very near the point PS(B). Expansions (29) and its symmetric describes
branches Fy and Gy near line (26) and symmetry line to it. For ¢ — 0 branches Fy and G, coincide
at parts of these lines.

3. The Structure of the Manifold () near the Curve H of Singular Points
Recall that the curve H is given by equations

B B 9t(t +1)
A =bi(t) = C4(t+1) (2 —4t+1)
ba(f) = 9(£ +1) 32
Az_bZ(t)__4(t+1)(t2—4t+1)’ 2
3

In the polynomial R(A) = Q(s), substitute

3
Az = —
377 +u
and write the result as .
R(A1, Ao, 1) = Y Re(A1, Ay, (33)
k=0

The polynomials Ry, R1, Ry, and R3 are computed using the command coeff (R, mu, k) [27].
After factorization, the polynomials Ry, Ry, Ry and R3 have the form:
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Ro(A1, Ay) = —(256A% — 1536 A5 Ay + 768 A1 A3 + 5120A3 A3 4 768 A2 A3 — 1536 A1 A3 + 256 AS — 5184 A%
—10368A2 A3 — 5184A3 + 17496 A3 + 17496 A5 — 19683) (4A3 — 12A3 Ay — 12A1 A3 + 4A3 + 9A3 + 9A3)? /2125764,

Ri(A1, Ay) = (—1/177147)(8(4A3 — 12A3 A, — 12A1 A3 + 4A3 +9A3 + 9A3) (64A% — 38447 A,
+256A8 A3 + 896 A5 A3 + 384 AT A4 + 896 A3 A3 + 256 A2 AS — 384A1 A] + 64A5 — 576 A7
+1728 A8 A, + 576 A3 A3 + 2880 AT A3 + 2880A3 A3 + 576 A3 A3 + 1728 A AS — 576 A7 — 2592 A%
—7776 A3 AT — 7776 A3 AT — 2592 A5 + 3888 A3 — 11664AT Ay — 7776 A3 A% — 7776 A3 A3
—~11664A1 A5 + 3888A3 + 13122A7 + 26244 A3 A2 + 13122 A% — 6561 AT + 19683 A% Ay
+19683A1 A3 — 6561 A3 — 19683A% — 19368A43)),

Ry(A1, Ay) = 58414A27%6A3 58414A6 136A3 52172A5A1+16A2A2+16A1A2
52172A2A5 52474A2A4+550A3A3 5;74 %+% 2 §+%A‘f g+%A%AZ
b AR D ATAR 4 oo A+ SO A - TS A A, — DD AR AS 4 2 A AS
+3752894 I Zigg ASAZ 4 256 256 46 4, 225108878 A543 4 256 256 p3 - 3752894 Atad s 1280 1280 14 45
628 Ata, 225108878 A5t 1280 1280 13 44 1376 576 oz + 120 2 22461213 AA 3752894 4]
+27A1A6_7A1A4 1376A2A2 166536814 A8A2 1:536316A7A2 129064883A6A3 765576716A5A4
765576716 3—% 145 ?5?)% 1A% - 166536814 A3~ 22576 A2+¥A5+830A4
T g S0 B P
+§3§i§ A+ ?3335
Rs(Ay, Ag) = 5712290 e 1;;6 2 5712290 a9 12;6 A 5214230 o 12916 24,4 12916 a2,
521423,OA5A2 5214230‘42‘44 S;ESOASAS 521423()A4A2 11693688430 143 + 223158572 A1A3 + 2;2147‘42
163840  , 23552 57344 ; 23552 5 ., 81920 04 117760 ., 5 14272 ,
19683 143 729 i 2*% +T87A 27 gse1 12T p1g7 143~ g1 A1

57344 5 = 117760 5 ., 28544 5 , 1280 , 8192 23552 14272
19683142 T 157 Ade — 3 A2+ 554 A2+6561A1A2 29 142 g
28544 , 5 65536 ¢ 57344 . , 8192 5 303104 5 ., 303104 ., s 8192
243 2142 7 59049142 T 59049 142 177147 143 59049 142 59049 “ 172 177147
57344 5 ;65536 , 5 23552 o 14272 At 640 40960 40960 s 640

59049172 5904912 T 2187 “27 243 27 72 19683
+14272 s 23552 . 40960 139264 139264

243 1 2187 1 1968371 i 531441 Ay + 531441 Aj.

T AAS

A4

Let’s denote

(A1, A7) = 4( A3+ 43) - 12( A4 + A1 43) + (43 + 43).
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Then Ry is divided by ®2, R, is divided by &, and R, and Rj3 are not divided by .
The curve ®(A;, Ay)= 0 has genus 0, its parameterization is

9t(2 +1) 9(t> +1)

ol =g e a1y en@E—as1)’ (34)

and is shown in Figure 10.

Figure 10. Curve ®(Aq, Ay) = 0.

The parameterization (34) is the same as the formulas of (32). The curve H goes to
infinity at

t1 = —1,t, = 24+ V3 ~ 3.732050808, t; = 2 — /3 ~ 0.267949192.
According to (32) we substitute
A1 =b (i’) +¢e Ay = bz(t). (35)

into the polynomials R (A1, A2). Then the polynomial (33) will become a polynomial

R(Aq, Ay, u) = ule, u) = Zupq(t)sp;ﬂ, (36)
whereby
1 'R,
oAl

where A1 = b1(t), Ay = by(t) according to (32). In particular, we obtain

ugo = u1g = o1 =0, (37)
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1 9*Rg _ 28160 9728 320 512 3 112 14 70 16 9
= Ad+ A TEAT DAL - DAY - AL - AT D AS
2 9A2 T59049°1 5904972 T 243 M T gr 1t 9 9 g Mty ity

320 4 5 64 448 80 ya, 5120 4y 5 3200 4, 3584
g3 348 T A2+ 2043 28 46 TAM — S A+ s AT+

3 243

_233 2A2 4 120 243 58112 1;22390 4248+ 160 10 3 2254630 AAdt 1271982;) 4345 ?;54834
O PN YRR N
—i399064890 2+%A2 5 i’gzg‘;mm 4A1A2—4§A1A5 12A2A2+2§A2A4

A sz’A“A EZZSA?’A ﬂ iiiim @ 355925
R I L IONE ORI e

80, ., 4096 o 22528 o 14336

T MM - M T N T
| 243(R 4 1)%(#* + 612 — 8t — 3)° (516 + 2415 + 15+ — 803 + 1512 + 24t + 5)°

1024(t +1)% (12 — 4t +1)°

ux(t) = ~A3
TAYAS

AZA3 + Ab A,

448

_ 4480 —AAS - T AJAy AT A3

Ay

7

oRy

upr(t) = 94,
_12727512487 AP 536 45~ % A3+ % Mt on 243 A+ 729 9 Alds - 729
2204438 Aj45 - 4204936 ALA3 + 268566712 147 - % ATA3 ~ 42(21936 Aldz ~ 224
114688 ATt 143360 a8 14336, 2 08 4 57344 4343 4 16384 6400

ASAT + A3A3
" 59049 59049 19683 19683 61 12T g 69)
1600 2 44, 640 4096 , - 1600 ., ., 10240 ; 28672 ¢ .3
7 AiAz te A1A2+2187 A+ g At 5 i o561 102
20480 , 20480 3 08 1024 77824 o 20480 2048
= == = - A+ 20 494, A AS
eh61 M2+ aer A1 — a3 A2 — gy M2+ Toags A2 T Tog A8
5120 640 224 204 5120 1024 2240
AAS + ——AJA, - T A3A, — A1 A3 A — -
6561 ST g M 27 g M e M T gy 2 81
320 320 46 4096 2248 448 7168

A3A3 — T AZAS =
27 243 9 2 43 71

729(82 4 1) (£ + 612 — 8t — 3) (510 + 2415 + 15t — 801> + 1562 + 24t + 5)°
512(¢ +1)%(12 — 4t +1)°

224 71680
=32A,A% - A3 A1AS
=324 o M e 2t

1024 2048 A7 320

7168
243

512
243
35840

TASAy 4 3243 — A8

T ALAS

—Z A2A2

= AAS

6
A7

7

up2(t) = Ro(ba(t), ba(t)) =
243(£2 +1)° (2 4 8¢ + 1) (11¢4 4 885 — 4212 4 8t + 11) (50 + 245 + 15¢* — 8083 4 15¢2 + 24t + 5)°
1024(t +1)8(2 — 4t +1)° '

From the Formulas (37) and (38), we can see that the Newton’s polygon I' of the

polynomial u(e, 1) (36) in the plane p, g has an edge Fgl)

(0,2) (Figure 11) with external normal Ny = (—1, —1).

containing the points (2,0), (1,1),
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i
Figure 11. The lower left side of the polygon I'.
So we’re doing a power transformation
€= uo. (39)
Then the polynomial u(e, i) becomes a polynomial.
WAV, 1) = 12 L Vpr (D8P " =ule, ), (40)

where
Uupq(t) = Vpprqg—2(t).
The support and Newton'’s polygon for the polynomial V (4, j¢) are shown in Figure 12.
The truncated equation corresponding to the edge fll is

120(£)6% + 111 (£)8 + uga () = 0. (41)

Figure 12. The support and polygon of the polynomial V (4, ).
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It has two roots

—3(£2 +1)% +2v/518 + 247 + 206 — 5615 + 30t* — 5613 + 2012 + 24t + 5
a) = 62 —8t—3 '

(42)
5a(t) = —3(2 +1)® — 2/565 + 2417 + 20£6 — 5665 + 30X — 5613 + 2012 + 24 1 5
2 t++ 612 — 8t —3 ‘
Their denominator goes to zero at two real points
ty =~ 1.324070992, t5 ~ —0.3044219351. (43)

These points are indicated in Figure 10.
Next, we consider the expansions of the () manifold for the cases of two roots (42).
In the polynomial V' (4, #) of (40), we make the substitutions

0="0i+sx,1i=12. (44)
where ¢; are given by the formula (42). We get
Wi(si, 1) = V (5, p1) = Y Wisr(t)25",1 =12,
where integers s, > 0, r + s > 1. In this case.

Wigr(t) = Y Vs (G0 %, i = 1,2,

p=s
!
where C}, = ﬁ are binomial coefficients. In particular, according to (38), (41) and
(42), we have
Wigo = 0, Witg = 2uz0(t) - 6i(t) + u11(t),i = 1,2.
More specifically,

W0 = 2u20(£)01(t) + 11 (£)
| 243(# 4612 — 8t — 3) (12 + 1) (516 + 2415 + 15t — 803 + 1512 + 24t 4 5)°
256(t +1)° (45)
y V(2 +1)(5t6 + 24¢5 + 154 — 8013 + 152 + 24t + 5)
(2 —4t4+1)°
Wao = 2u0(£)62(t) + 11 (1)
| 243(* + 612 — 8t —3) (2 +1)° (516 + 2415 + 15¢* — 808 + 1512 + 24 + 5)°

7

256(t +1)° (46)
y V(12 +1)(5t6 + 2415 + 15¢4 — 803 + 15¢2 + 24t + 5)
(2 —4t+1)8 ’
ie., W10 = —Wiy0 # 0. Hence Theorem 1 in [1] is applicable, which for solutions of

equations Wj(, ) = 0 according to (45) and (46) gives the expansions
wi(t) = Z Cik(f)]/lk, i=1,2.
k=1
Let’s go from coordinates (¢, i) to coordinates (4, jt) by (44), with decompositions

6W = 51(t) + 54 (t) = 61 + ) cuxp
k=1
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and

8@ = 6(t) +30(t) =02+ Y ottt
k=1

Then we go to the coordinates ¢, i : el = yé(i), i =1,2 by (39) to the coordinates
A1, p by (35):

AV = by (8) + €V = by (1) + p(61 4 39) =i () + & Bp+p Y (Ot @)
k=1

AP Z by (1) + 6@ = by (8) + (G +22) = i () + S (Ou+ 1 Y ex(p,  (@48)
k=1

9(> +1)
Ar = bo(t) = — . 49
2= ba(t) 4(t+1) (2 —4t+1) “9)
With y fixed, the Formulas (47) and (49) are defined in the plane A1, A; with Az =
3/4 + u the first curve K (1), and the Formulas (48) and (49) define there the second curve
K2, We obtain four curves. Restricting ourselves to the initial terms of the expansions, we
draw them. When p = %, the curve K() is

KU = {Al) = b1(5) +01(Hp, A2 = ba(t) }

B 9t (2 +1) —3(2+1) +2/(2 +1)(5¢6 + 2465 + 15t* — 8083 + 152 + 24t 1 5) ()
T A(t+1) (P —4t+1) 8- (tA+6t2—8t—3) S

and it is shown in Figure 13.

A
1
N
_4_
Figure 13. The curve K(1) at u = 1/8.
The curve K?) is
K@ = {A® = b1() + 0(H)p, 42 = ba(t)}

B 9 (2 +1) —3(2+1)? = 2/(2 +1)(5¢6 + 2465 + 15t* — 808 + 152 + 24t 1 5) ()
T A+ D(E—4t+1) 8- (t*+ 612 — 8t —3) S

It’s shown in Figure 14.
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1

Figure 14. The curve K(?) at = 1/8.

When y = —1/8, the curve

KO = {AD = by (1) + () Az = balt))
{ 9H(P2 +1) _3(t2+1)2+2\/(t2+1)(5t6+24t5+15t4—80t3+15t2+24t+5) b (t)}
[ 3 ;02

4(t+1)(2 —4t+1) 8. (t*+ 612 — 8t —3)

is shown in Figure 15.

T T T T
/ -2 0 2 4
A
1

. \

Figure 15. The curve K() at = —1/8.

and the curve
K = LAD = 0y (5) + 82()p, Az = ba(t)}

B 9t(t> +1) 3(2+1)% +2+/(2 + 1)(5¢6 + 24f5 + 15¢% — 8083 + 15¢2 + 24t + 5) ba(t)
T A+ —4t+1) 8- (t*+ 612 — 8t —3) 2

is shown in Figure 16.
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The curves of Figures 13 and 14 correspond to Az = 7/8 and are similar to the curves
of Figure 13 of [23], showing the section of the variety () by the plane A3 = 1. The curves
of Figures 15 and 16 correspond to Az = 5/8 and they are similar to the curves of Figure 14
of [23], showing the cross section of () by the plane A3z = 5/8. This confirms the correctness
of the calculated expansions.

In Figures 13, 15 and 16, there are discontinuities in the curves at the places of the
roots (43) of the denominators 61 (t) and 6, () in (42). They can be eliminated by substituting

Al = bl(t) +e Ay =Dby(t) +e¢

instead of substitution (35) and calculate the corresponding expansion.

Figure 16. The curve K(?) at y = —1/8.

e Result of Section 3

Theorem 2. Near the curve H of singular points the variety () has two singular parametric
expansions (47), (49) and (48), (49). They represent parts of branches G} and G5 correspondingly.
At Az = 3/4 they coincide with curve H.

4. The Structure of the Variety () near the Curve 7 of Singular Points
We take the polynomial Q(s) = Q(s1,52,53), where sy = ay +ay +as, sp = a1 -ax +
ay -as +aj - as, s3 = aj - 4 - a3 are elementary symmetric polynomials, and we substitute
a1 = ap. Then the polynomial Q(s) takes the form
. 3
Q(ay,a3) = —(1+ 2a3) (8a1a3 + Sag —4ay — 4az + 1) (16a§ + 16a%a3 —4ay — 2a3 + 1) .

Let’s write the polynomial 1643 -+ 16a%a3 — 4a; — 2a3 + 1 in A coordinates, substituting

1++/3 1-+3 1 1 1 1
= A A1+ ZA =—-A1—--A1+ZA
6 1+ 6 1+3 3,43 34173 1+3 3

a

with A; = Aj.
Then we get a polynomial — 55 (16A3 — 48A; A3 — 32A3 + 54A; — 27). We put

F(A1, Az) = 16A3 — 48A A% — 32A3 + 54 A5 — 27.
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The curve F = 0 consists of singular points, has genus 0, and parameterization

(5t +2)(t + 4)> 1163 — 4812 — 48t — 16

[A1, As] = b1(f)=—m' ba(t) = 6L(12 — 16t — 8)

(50)

The curve is shown in Figure 17.

Figure 17. The curve F(A;, A3) = 0.

In [23] (Figure 3), the components fli, f2, f3:t of this curve are shown in gray. The
scales on the axes are different there. In the polynomial R(A) = Q(s) we substitute

Ay =By, Ay =B1+ By, A3 =B, (51)
and we get a polynomial depending on three variables,

12
K(By, By, B3) = Y K(Bi, B3)Bh. (52)
1=0

We factorize K| for I = 0, 1, 2,3 because they are need for our computation and get
— 531441K(By, B3) = (—2Bs — 3+ 4By) (163% — 40B; B + 16B% + 12B; — 24B5 + 9)
3
x (163{’ — 48B,B2 — 32B3 + 54B; — 27) =
= (—2B3 — 3+4By) (163% — 40By B3 + 16B% + 12B; — 24B3 + 9) F3(By, Bs).
and
3 2 3 2
—177147K; (B, B3) = 8B; (16131 — 48B,B2 — 32B3 + 54B; — 27)
x (2568} — 704B3B; + 96 B3B3 + 736B1 B} — 320B3 -+ 378B1 B; — 4323 — 189B; + 216B;)

= 8B, (25613;L — 704B3 B3 + 96B3B3 + 736B1 B3 — 320B3 + 378B; B3 — 432B3 — 189B; + 216B3) F2(By,Bs).
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Then
o S S S S S

1638400 , , 5472256 . , 2621440 B3 2768896 B4Bé+671744 g2 1441792
37 19683 3 19683

19683 183 - 59049 1B3 19683 19683 !
3407872 BB + 2048 2048 1o 8192 8192 3 s 1856 8;?2 BB - 2gz;8 BB,

——B{B; —
59049 27 81 27
1024 65536 1024 32768 256 1952
K3(By,B3) = 3133 -0 ———BB§ 3133 =% B1B3+ B1B3 o3 ——B}
336896 5 3276800 917504 9 90112 7, 3424 53 5632 Bt 5632 B5 4 45056 56
6561 1 531441 531441 d 6561 2 243 3 243 3" 243 73" 6561 °
112 56 720896 28 851968 , - 23953408 pipg + 632360 655360

—=5 B3+ 383~ Toees B1B3 — 57 ~ Sopae P18+ rmiay 6561

| 6324224 1oy 13991936 g 1015808 g 53248 2ps 2772992 BB 20480

59049 173 177147 183 59049 2187 6561 37 243

2048 , 7808, 604160 52 673792 720896 512 , 26624
~ BB 4 B3y — 22 E Ry + L2 BT 4 222

81 37 43 P19 T g7 P1P3 T Tgagr P13 T ogg P1P3 T gy P1P3 T gy

1386496 _, 10240 1y 302080 5 7808 2048

B3B3 o
6561 37 To43 1737 o187 173 a3 81

BYBS

BiB3

1B3

BB

B3B3+ ——BIBS.

The multiplier F (B, B3) enters in Ko(B1, B3) in the third degree, in K7 (Bj, B3) in the
second degree, in K»(By, B3), and in K3(By, B3) it does not enter. Then K is divisible by 72,
K; is divisible by 72, and K, and K3 are not divisible by F. The curve F (B, B3)= 0 has
genus 0, parameterization (50).

The curve F = 0 goes to infinity at

=0t = 2(4 n 3\@) ~ 16.48528137, t3 — 2(4 - 3\/2) ~ —0.485281372.

Into the polynomials K;(Bj, B3) we substitute
By = bl(t) +¢, B3 = b2<t> (53)
according to (50). Then the polynomial (52) will become a polynomial

1 oK,

K(B1,Bs,By) = u(e,By) = Y upy(t)e’Bl, whereby up, = o o8]

p,.q>0

(b1(t), b2(t)), (54)
where By = by(t), B3 = by(t) according to (50). In particular, we obtain

2
ugp =u1g = g1 =0, U (t) Z% <aaé<20> (b1 (1), b2(t)) =0,
(55)

64(5t 4+ 2)2(t+4)*(t—2)*(t +1)*

u (f) = (g;) (b1(8),b2(t)) = 0, uon(t) =Ka(br(t), ba(t)) = 2(12 — 16t — 8)°
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10240 286720 4., 57671680

81 729 173 531441 1

3670016 22528 22528 180224
B + B} - =~ B

1 Ko 40960 14417920
6 oB; 81 59049
360448 ., = 4259840

B3+ BYB; + —— BiB3 —

Uzp =

B3BS +

6561 3 6561 531441 243 243 73 6561 9
1835008 102400 2621440 2981888 150470656
=" BB} BBy + = B]B} — =" BBy — —— 2 Bop3
2187 T oas P19 T e P1Bs 6561 173 177147 3
2883584 ) pg 4096 p g 4096 o oy 131072 oo 262144 oo 573440 oy
_ 227 B B, B} BB — < 2 B.B BB}
19683 "1 57 M1 7 13 729 D193 T g P1Bs T ng— Bibs 5
1490944 ;g 224 ) 13696 p5 448, 25600 B+ 112 917504 s (56)
6561 1 9 % Tpa3 3 9 3 243 27 2187 178
102400 5, 17039360 103546880 5 o 1024 40370176 5,
243 183 59049 BIB] + 177147 BiBs + 57 27 B1B; 59049 BiB;
1064960 _, 5 | 18350080 .5 532480 ., 40960 L, o 8519680 5 ,
—5157 BiB3 T —jogez B1B3 + 51g; BiBs — —gy BiBs — —gzgr BiBs

8192(5¢ + 2) (¢ + 4)2(t — 2)2(t +1)° (8+3 — 32 + 24t + 8)°
65615 (12 — 16t — 8)° '
From the Formulas (55) and (57), we can see that the Newton’s polygon I' of the
polynomial u(e, By) given by (54) in the plane p, g has an edge Fgl), containing the points
(3,0), (0,2) (Figure 18) with external normal N; = (-2, —3).

49
q

Figure 18. Bottom left of the polygon I'.

A truncated polynomial corresponds to this edge

€ u(t) + Biuga(t) = 0 (57)

According to [11] we find the unimodular matrix & = < 3 _1> for Np such that

-2 1
Nja = (0, —1). Therefore, we need to do a power transformation

(Iné,InD) = (Ing,InBy) - a,
where § and D are new variables, i.e.,

(Ing,InBy) = (Ind,InD) -~ *
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Since a~! = (; ;), then e = 6D?, B, = 8D3. Hence we can write

K(B1,Bs3,By) = u(e,By) = Y upg(t)e"Bi = Y upy(t)6P 1D 431 = §2DCV (5, D).
Then the polynomial u(e, By) becomes a polynomial
82DV (5,D) = 8*D° Y Vis(£)0"D° = u(e, By),

where Vi s(t) = Vyyg2p134(t) = tpgq(t). Thus the polygon I of Figure 18 takes the form
shown in Figure 19. For the polynomial V (4, D) the polygon is shown in Figure 20. The
truncated Equation (57) takes the form of

(52D6(u30(t)5 +ugy(t)) =0.
From where

uga(t) _ 6561(5t+2)-(t+4)7- (t—2)*(t+1)F

So(t) =co(t) =
o) =al) == ® 128(8f3 — 312 + 24t + 8)°

The only real root of the denominator is

3(13+ 16\@)% o

b= — n
8(13+16v2)

+ - ~ —0.3111842957. (58)

™| =

8

Q=

Figure 19. The Newton’s polygon of the polynomial 62D®V (5, D).
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187 h

16

144

124

Figure 20. Newton's polygon of the polynomial V (4, D).

In this case.
Vg,h(t) = Vp+q—2,2p+3q—6(t) = up,q(t)'
After substitution 6 = dy(t) + ¢, into the polynomial V (4, D), we obtain

W(C,D) = V<5O(t) + ng)'

When ¢ = 0, the polynomial W(0, D) is calculated using the command coef f (M(0, D), 0) [27].
The quotient at D of degree zero is zero. The coefficient on the first degree of D is ob-
tained by

15943236 (5t + 2)(t + 4)*(t — 2)* (¢ + 1)*

a(t) = coeff (M(0,D), D,1) = 5

Therefore, Theorem 1 in [1] is applied to equation W(¢, D) = 0, and according to it a
solution is

=Y ca(t)D" (59)
k=1

When we get the truncated equation uzy(t) - ¢ +a(t) - D = 0, then it follows

6

1046035320311 (£ + 1) (5t 4 2) (¢ + 4)*(t — 2)* (2 — 16t — 8
S U (t+ D2+ =2 ) D —ey(t)D.
uzo(t) 16384(8t3 — 312 + 24t + 8)
Now let’s go back and get an approximation
e = 0D* = (y(t) + &)D?* ~ do(t)D* + ¢1 (1) D3, (60)
By = (6o(t) + &)D? ~ 8o(+) D> + c1 (£) D*. (61)

Therefore, from the formula (51) we get

Ay = By = by(t) + 6 (t)D* +¢1 (t) D3, (62)
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Ay = By + By = by (t) + 8o () D? + (c1(t) 4 6(£)) D> + 1 (£) D,
1143 — 48t2 — 48t — 16

6t(t2 — 16t — 8)
The curves (62) and (63) at D = £0.1 are shown in Figures 21 and 22, respectively. The

gaps in these curves are the neighborhoods of the point t4 of (58). They can be filled in if
instead of substituting (51) we do

Az = B3 = by(t) = (63)

B1 = b](t) +¢&, B3 = bz(t) +e.

10
II/II
—[10 —5 0 5 10

<\ A,

_5_

_10_

Figure 21. Curve (62) and (63) at D = 1/10.

—[10 =5 0

—10-

Figure 22. Curve (62) and (63) at D = —1/10.
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The closeness of these curves to the curve of Figure 17 confirms the correctness of the
found parametric expansion of the (59) of the variety () near the curve of singular points.
According to (61) and (62) branches F; intersect curve F with singularity of type

AL =bi(t) [ B \'?
do(t) N<f5o(t)) '

e  Result of Section 4

Theorem 3. Near the curve F of singular points the variety () has one singular parametric
expansions (59)—(61) and (63). They represent parts of branches Fli, B, F;E. At Ay = A they
coincide with curve F, having points of curve F as singular points.

5. The Variety ) at Infinity

The number of branches of the variety () at infinity exceeds their number near its sin-
gularities. Their complete study would exceed 7 sections on branches in the finite domain
(4 Section in [1] and 3 Section here). Therefore, we study here only those branches corre-
sponding to the first nonlinear polynomial multiplier included in the truncated polynomial
in degree one.

5.1. Reducing the Study at Infinity to the Study in the Finite Domain

In the polynomial S(A) = Q(s), we do a power transformation
A1 =BiBs, Az =BBs, Asz=Bs. (64)

The resulting polynomial is divided by Bi? and factorized, we get

S(B1Bs, ByBs, B3) /B3 = T(B1, By, B3).

531441

In the sum T(Bl, By, B3), which is not a polynomial, we substitute
B =Ci, By =Cy, B3 =C5. (65)

The resulting polynomial is J(C;, Cz, C3) = T(B1, By, B3). Let us explain the meaning
of these transformations for the two-dimensional case, restricting ourselves to coordinates
Ap and Ajz. The polyhedron of the original polynomial S(A) has the form shown in
Figure 23.

ord(A,)

ord(A,)

Figure 23. Projection of the polyhedron of the polynomial S(A) onto the plane ord Ay, ordAs.
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After replacing (64), it takes the form shown in Figure 24.

oni(B3)

ord(Bz)

Figure 24. Projection of the polyhedron of the polynomial S(BiBs, ByB3, B3) in coordinates
ordB,, ordBs.

The polyhedron of sum T(B) is shown in Figure 25.

ord(B,) ord(B,)

Figure 25. Projection of the polyhedron of sum T(B).

After substituting (65), we get the polynomial J(C), whose polyhedron is shown in
Figure 26.

In Figures 23-26, the edge that corresponds to infinity in coordinates A is bolded.

Now we need to study the polynomial J(C) at C;,C; — const, C3 — 0. For this
purpose, we compute the Newton’s polyhedron I's of the polynomial J(C). Its graph is
shown in Figure 27.



Axioms 2024, 13, 106 33 of 63

Figure 26. Projection of the polyhedron of the polynomial J(C).

Figure 27. Graph of polyhedron I's.

It has 4 two-dimensional faces with external normals
N53 = (1r 1r1)/ N71 - (71/ 01 0)1 N77 = (Or 711 0)/ N79 = (01 Or *1)

Since C; and C; — const, and C3 — 0, we select the only normal Ny9 = (0,0, —1),
which has only the third coordinate negative. After factorization, the corresponding
truncated polynomial f{r79 has the form:

2
179 = 1024((:% —4C1Cy + C3 —2C;1 — 2G5 — 2)

2
x (c% —4C1Cy + C3 +4Cy +4C, — 8) (Cr+Ca+2)%(C1+Cr—1)% (66)
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We will devote a separate subsection to each of its multipliers.

5.2. The First Multiplier in (66)

Multiplier
fi=C?—4CiCy+C3 —2C; —2C, —2

does not factorize in the field of rational numbers, but does factorize in the extension of that
field with a = /3. It is the product of two linear forms f; = D; Dy, and we will consider
the whole thing as a coordinate substitution, where

Dy =C1—Cz(\/§+2) — (\@-1—1),

D2=C1+C2(\/§—2)+(\/§—1),
D3 = C;.

and put D = (Dq, Dy, D3). Its inverse substitution is

o (24VANE, L VAN,
6 6
Cy = —?Dl + ?Dz —1, C3 = Ds. (67)

We substitute it into the polynomial J(C) and get the polynomial S;(D) = J(C). For
the polynomial S1(D), we compute its Newton’s polyhedron T'y.
Its graph is shown in Figure 28. It has 11 two-dimensional faces with external normals

Nsga5 = (—1,0,—1), Ng1jo1 = (—1,—1,—1), Nyze31 = (0, —1, —1), N116147 = (1,1, 1),
Niae3 = (—1,0,0), Ni2oeo7 = (0,3,2), N12a121 = (0,1,0), Ni33zo5 = (0,0, —1),
Nis0921 = (3,0,2), Nisaos1 = (1,0,0), Ni75461 = (0, —1,0).

Since D1, D; and D3 — 0, we select the only normal that has all coordinates negative.
Thisis Ngig1 = (—1, —1, —1). It corresponds to the truncated polynomial

ftr6101 = —23328(—2 + &) (288aD{ D} — 128aD3 D5 + 2564 D3 D5 — 288a D3 D3 D3
+1728aD; DD — 1782aDy Dy DY — 43200 D3D5 + 4212 DD} — 2916aDS + 64D4 D3
~576D{D3% — 256D3D3 + 432D3 D, D3 + 448D3 D5 — 576 D3D3 D3 + 1053D? D5
43024D,D3D3 — 3564D1 D, D3 — 7488D5 D3 + 7371D3 D5 — 5832D5).

After the power transformation
Dy = MyMs3, Dy = MpM3, D3 = M;, (68)
we get f1r6101 = Fjo(My, My) - Mg, where
Fio(My, Mp) = (—128aM3 M3 + 2560 M3 M3 + 64MFM3 — 256 M3 M3 + 448 M2 M3 + 288a M}

—288a M2 M3 + 1728a M M3 — 43200 M5 — 576 M7 + 432 M3 M, — 576 M2 M3 + 3024M; M3
—7488 M5 — 17820 My My + 42124 M3 + 1053M3 — 3564 M M, + 7371M3 — 29164 — 5832) M.
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Figure 28. Graph of polyhedron I'g.

The curve Fjp = 0 has genus 0, and parameterization

My = by (t) = —(3(35677231 + 53951067a ) (226041519229686484434944000a t>
+ 312865218289492809482240000t* + 29692450221454838768025600at>+
2752150186688110972108800t> + 19470907467358707865979520a t
+ 205018459636432060173312000t2 + 431078468622082108802982«
+ 552278881165356491537664+ + 2976481999975581125816265)) /
(81242985303506296261120¢ x
x (2346560t + 357378 + 757301a)(56960at + 204800t — 26880t + 25527)), (69)
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My =by(t) = —((—327921327 + 14585478104)(845687115552141577420800000&1?3
+ 15278292434425670008832320000t* — 582100343712291111321600at?
— 8379475635071933625131392000£> + 22597125012513902404916160at

+ 129684691757394325122969600t> + 862156937244164217605964« (70)
+ 7644517497617158949374080t + 4294936642585162134439377))/

(123980512928512598138 (56960oct + 20480082 — 26880f + 25527)
(56960t + 8509a)(—8509 + 8960t)),

and is shown in Figure 29.

_—
»aEu‘-

10
Figure 29. Curve Fjp = 0.
In (70), the denominator has 2 real roots
f1 =0, ~ —0.7112802609. (71)
In (70), the denominator has 2 real roots

8509

8509v/3
> 8960

~ 0.9496651786,t4 = ———— ~ —0.2587433343 72
tT 56960 72
In fact, the parametric expansion of the variety (2 can also be calculated here. To do
this, we perform a power transformation (68) to the polynomial S; (D) and similarly to (16)
get the polynomial
™) _ ¢

M6 = Z Tk(Ml/MZ)M]?:r
3 k=0

where M = (Mj, M, M3). We substitute into the polynomials Ty (M;j, M) according to
(69) and (70)
My =Dbi(t) +¢, My =0y(t) +e. (73)
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We obtain the polynomial u(e, M3) = —T(Mj, Ma, M3)/MS$ with coefficients depend-
ing on t via by (t) and by (t). In this polynomial.

6
u(e, Mz) = Y Ti(b1 +¢,b + e) M- = Y upgef Mi,

k=0 p.4=0
where ) T
q
Upg = ' , (74)
" p1+p;pzl pitpat aMy OMY?
when M; = b;(t),i=1,2,p1,p2 > 0,p > 1,
Specifically
ugg =0,
_dTy (M1, Mp) . 9Tp(My, Mp)
U0 = + =
oM, oM,

29859840 MM, + 5971968a M M3 — 5971968a M2 M3 — 2985984a M M5
— 5971968 M} M, — 2985984 M3 M3 — 2985984 M3 M3 — 5971968 M M

— 97417728aM; + 30233088 M3 M, — 302330884 M M3 + 974177284 M3
+ 167961600M; — 47029248 M? M, — 47029248 M; M3 + 167961600M3

+ 49128768 M, — 49128768aM, — 56687040M; — 56687040Ms % H(by (1), by(1)),

o1 =T (b1(£),b2(t)) & G (1 (8), ba (1)),

Here the sign 2 means new notation.

Indeed functions u1o(t) and ug (t) have very complicated forms. So we omit them
and give only some their properties.

The function u1((t) has two multiple roots

_ 5553288233+/3 1415395569  6443874209v/6 = 828223515+/2 ~ —0.1361976710,

57 11245663040 2811415760 22491326080 2249132608 (75)

55532882331/3 1415395569  6443874209+/6 _ 828223515+/2 ~ 2581322779

6 711245663040 2811415760 22491326080 2249132608

of multiplicity 6, and the function ug; (¢) has the same roots of multiplicity 8. The denomi-
nators of the functions u1o(t) and ug; (t) each have four multiple roots of (71) and (72). By
the implicit function theorem [1] (Theorem 1), the equation u(e, M3) = 0 has a solution as a
power series on M3

£ = i ce(HME, (76)

where ci(t) are the rational functions of f, which are expressed through the coefficients
upq(t), which in turn are expressed through by (t) and b> (t) according to (74). This expansion
is valid for all values of ¢, except maybe the neighborhood of the roots of (75). In particular,
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c1(t) = —? = —% - (3 (5000596138840425\/5 - 6061042284824999) (7108208938240\/51‘ + 15394617958400£2 +
10

1623856300668+/3 — 1613861867520 + 6311014555365) (7108208938240\/§t + 7197224345600t
4541285433556/3 + 7246825313280¢ + 1592795378919)) / (42266280808032016 x

X (693742211’:"0894188740608000\ﬁif2 + 303911073479526952468480000t* — 9161742964858347934924800+/312

— 168426828577166939652096000£> 4 21223516032095931917445120+/3¢

+ 80511690505906612625817600t> + 2536997119105720789608561+/3
+21428792681795614620161280t + 5952963999951162251632530))

where the denominator has no real roots. According to (76) approximately.
e~ c1(t)M;s.

By the sequence of substitutions (64), (65), (67), (68) and (73), we return to the original
coordinates, which at small | M3| by Q) are approximated with

Dy = (b1(t) +c1(t)M3)M3z, Do = (ba(t) +c1(t)M3)Ms, D3 = Ms3;

2v3-3
C1 = ( g ) ( 2cy(t )(2\@+3)M§ + (bl(t) —4V3by(t) — 7b2(t))M3 +4\/§+6>/
3
G2 = % (bl )Mz — by (t )M3+2\/§),
C3 _M3/
According to (65)
1 1
B1=Cy, B =0y, B3_€3_E_
According to (64)
1 3 1 3 1
Ay = B1B3 = by(t) (2 - {) + by(t) <2 + {) + o1 () Mz — R 77)
3 3 1

1

M3’

When M3 = —0.1, the curve (77) and (78) is shown in Figure 30.
At M3 = 0.1, the curve (77) and (78) is shown in Figure 31.

Az =
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207
154
Ay 10

-5 0 5 10 15 20

Figure 30. Curve (77) and (78) at M3 = —0.1.

5

Figure 31. Curve (77), (78) at M3z = 0.1.

5.3. Second Multiplier in (66)
Polynomial
fo=C? —4C1Cy+ C344C, +4C, -8

does not factorize in the field of rational numbers, but does factorize in the extension of
that field with « = /3. It is the product of two linear forms f, = D - D,, which we treat as
coordinate substitutions
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Dy =Ci-Go(V3+2) + (2v3+2),0, = G+ G (V3 -2) - (2v3-2),D5 = Cs.

Its inverse substitution is

2+ V3V3,, (2433
¢ = +6\[)\[D1+( +\6[)\[D2+2,
3 3 79
e YV3p V3 1o (79)
6 6
Cs =Ds.

We substitute it into the polynomial J(C) and get the polynomial S,(D) = J(C). For
the polynomial S, (D), we calculate Newton’s polyhedron I'yg.
Its graph is shown in Figure 32. It has 11 two-dimensional faces with external normals

Npoa9 = (=2, -2, —1),Neooz = (—2,0, —1), Nsze73 = (0, -2, —1),
Nii7a43 = (1,1,1), Niogoss = (—2,1,0), Ninoogy = (0,1,0), Niozgey = (—1,0,0),
Niz2855 = (0, —1,0), Nispe11 = (1,0,0), Nisgo11 = (0,0, —1), Nigsoa9 = (1, —2,0).

-.»L =
, £ '/ /
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(Y .’I >
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Figure 32. Graph of Polyhedron I'y.



Axioms 2024, 13, 106 41 of 63

Since D1, Dy and D3 — 0, we select the only normal that has all coordinates negative.
This is the normal Nppy9 = (—2, —2, —1). It corresponds to the truncated polynomial

Ftr2049 = 26244(3aD3 + 3D2 — 8D;)* (3uD2 — 3D? + 8D, ).
Assume
2 2
x1 = —8D1+ (3& + 3)D3, Xy = 8Dy + (SIX — 3)D3, x3 = Ds.
The inverse transformation is
1 3+3 1 3-3
( + LK) 2 7( a) x%, D3 = X3. (80)

D] = —g.Xl + 3 .X3,D2 = §x2 + 8

We substitute it into the polynomial S;(D) = J(C) and get the polynomial S3(x) =
J(C). For the polynomial S3(x), we compute Newton’s polyhedron I'y;.
Its graph is shown in Figure 33. It has 9 two-dimensional faces with external normals

Nig19 = (—2,0,—1), Nppa9 = (—2,—2,—1), Nass9 = (0, -2, —1),
Ni2a7 = (2,2,1), Nuasyn = (—1,0,0), Nisp95 = (0,1,0),
Nis335 = (1,0,0), Nigoas = (0,0, —1), Nig131 = (0, —1,0).

Y RN
[ 7 SRS NN
Y TV T EE N S A D L T S S
N 74
W 7

}

LN
N7
() "/'

Vdlavii ey Sy 8707,
\\\‘0 /

Figure 33. Graph of polyhedron I'y;.

Since x1, x2, and x3 — 0, we select the only normal that has all coordinates negative.
This is Npos9 = (=2, —2, —1). According to results of our program, it corresponds to the

truncated polynomial
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ftr2049 = —1369513028852121642x5 — 126806761930752a2x2 x5 — 5072270477230084%x1 x5
—126806761930752a%x3 x5 + 41085390865563648x5 + 380420285792256x7x3
+1521681143169024x3x1 x5 + 380420285792256x3x% + 7044820107264x3 x3.

Doing the power transformation
X1 = Y1¥3, X2 = Yay3, X3 = Y3 (81)
and factorize we get
f1r2049 = —7044820107264 (18«% + 7262y1yp + 18a%y3 — Y33 + 1944a% — 54y% — 2161y, — 543 — 5832) .

If we substitute « = /3, into the polynomial in parentheses, it is equal to —y2y3.
Therefore, the power transformation (81) is substituted into the large polynomial S3(x)
and divided by (=7 + 4v/3)y5 we get the polynomial Sy(y). We compute its Newton
polyhedron I'yp.

Its graph is shown in Figure 34. It has 11 two-dimensional faces with external normals

Nyze7 = (—1,0,0), Nsgaz = (—1,0,—1), Ngog9 = (—1,-1,-1),

Nize29 = (0, —1, —1), N5y365 = (0, —1,0), N111755 = (2,2, —1), N122609 = (0,1,0),
Niog119 = (0,2, —1), Nisp93 = (1,0,0), Nig2o19 = (0,0,1), Nigaoao = (2,0, —1).
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Figure 34. Graph of polyhedron I'y,.
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Since y1, y2, and y3 — 0, we select the only normal that has all coordinates negative.
This is Negg9 = (—1, —1, —1). The corresponding shortening

ftr6099 = —28179280429056y3 5 + 63403380965376y3y2y30 — 31701690482688y3 5

1+232479063539712y1y3y3 — 507227047723008y1 yoy3& + 285315214344192y 1 30
—475525357240320y3y3a + 1046155785928704y, 30 — 570630428688384 14
—49313740750848y3y3 + 105672301608960y3 113 — 634033809653761/31/3
+401554746114048y1 3y — 887647333515264y11,3 + 475525357240320y1 3
—824243952549888131/3 + 1806996357513216y,y3 — 998603250204672y/4

Doing the power transformation.
V1= 2123, Y2 = 2223, Y3 = Z3. (82)
and we get
ftr6099pow = —176120502681623 (1642325 — 36az32y — 13202123 + 282325 + 18az3

12882125 + 270023 — 60232y — 2882125 — 1620z1 — 594az) + 3627 + 50421z, + 46825 + 324a
—270z; — 102625 + 567) = —176120502681625 - F0(21, 22),

where addition “pow” indicate that it is after power transformation.
If we substitute « = /3 inside the brackets, we get the factorization

(4v/3 +7)(3v/3 — 221 +3)°(—222 + 3v/3 — 3)

2
2 .

Fyo(z1,22) =

The power transformation (82) we do in the polynomial S4(y), we get the polynomial
4 —
2355(2) = S4(y)
In S5(z), we substitute, introducing new variables L;,

3(vV3-1)
s

3(v3+1

> Z3 = L3. (83)

We get the polynomial S¢(L) = S5(z) and for it we calculate Newton’s polyhedron I'3.
Its graph is shown in Figure 35. The computer computed the polyhedron I'j3 in 87 h
and 23 min. It has 9 two-dimensional faces with exterior normals
Naigs = (0,—1,0), Nsoar = (0,0,1), Nsgao = (3,1, —1),
Neogs = (1,0,0), Ninigo = (1,3, —1), Nizogz = (—1,0,0),
Nigz7s = (=1, =1, 1), Ni7273 = (3,3, 1), Nizeeo = (0,1,0).

Since L1, Ly, and L3 — 0, we select the only normal that has all coordinates negative.
This is N14775 = (—1, —1, —1). The corresponding truncation

ftr14775 = —440301256704(a + 1) (384aL3L3 + 672013 Lo L3 — 315aL3L3 + 2688aL 1313
+5778aL1LyL3 + 7564y L3 — 2880aL3Ls — 346501313 + 3024aLy L3 + 972a L} — 192131,
+ 640L3L3 + 134413 L, L3 — 315L3L3 + 470411 L3L5 + 9630L; Lo L3 + 15121, L3
— 49921315 — 5985L3L3 + 52921, L3 + 1620L%)
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Figure 35. Graph of polyhedron I'y3.
We do a power transformation.
L1 = MiM3, Ly = MpM3, L3 = Ms. (84)
Then

ftr14775pow = —440301256704(x + 1) (384a M3 M3 + 672a M2 M, + 2688a M M3 — 28800 M3
+ 640M3I M3 — 3150 M7 + 5778a My My — 34656 M35 — 192M3 + 1344 M3 M, + 4704M; M3
— 4992 M3 + 7560 M + 3024a M, — 315M3 + 9630M; My — 5985M3 + 972a + 1512M; + 5292M, + 1620) M3
= —440301256704(a + 1) M3 - Fy.

The curve Fyy = 0 has genus 0, and parameterization

[My, Mp] = [b1(t), b2(t)] =
= {(5 —3/3)(1344V/31% + 13 4 23521% — 345047040/3 — 597639168) / (2561),

(265 — 153v/3) (— 1> + 3612672v/3t + 1380188160v/3 + 6257664¢ + 2390556672) / (49152t)} (85)

and is shown in Figure 36.
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Figure 36. Curve Fy(M7, M) = 0.

Figure 36 shows the limiting values of t = —o0, —0, 4-0, +-00, when the branch goes to
infinity. The approximate values of the zeros of the numerators in (85) are. t; ~ 481,241, t, ~
—4623,972, t3 ~ —537,144 for by (t) and t4 ~ 3715,095, t5 ~ —3328,446, i, ~ —386,649

for by(t).
We do a power transformation (84) to S¢(L), and we get

—M3E(M) = S¢(L) = —Mj Y Ex(My, Mp) M5,
k=0

where

Eo = 440301256704(1 4 ) (384a M3 M3 4 6720 M2 M, 4 2688aM; M3 — 2880a M3 + 640M3 M3
—315aM? + 5778a M1 My — 34560 M3 — 192M5 + 1344 M3 M, + 4704 My M5 — 4992 M5 + 7564 M
+3024a M, — 315M3 + 9630M; My — 5985M3 + 972a + 1512M; + 5292M, + 1620),
Ey = —2641807540224(1 + ) (1120 M? My + 448a M1 M3 — 480a M5 — 1050 M3 + 19260 M M,

—1155a M3 — 32M5 + 224M3 M, + 784M; M3 — 832M3 + 378aM; + 15120 M, — 105M? 4 3210M; M, (86)
—1995M3 + 648a + 756 M + 2646 M, + 1080),
E, = —55037657088(1 + &) (7680a M3 M3 + 7728a M2 M, + 309120 My M3 — 21600a M3 + 12800M3 M3
+4599a M? — 327780 M; M + 505894 M3 — 1440M3 + 15456 M2 M, + 54096 M1 M3 — 37440M3
—17766aM; — 710640 Mj + 4599M? — 54630M; M, + 87381 M3 — 52002« — 35532M; — 124362M, — 86670).

Into the polynomial E(M) we substitute
My =by(t), Mo = ba(t) + ¢ (87)
according to (85). Then the polynomial E(M) becomes a polynomial

u(e, Mz) = Y upg(t)ef M,
P70

whereby
—2 (b1 (1), ba(1)), (88)
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where My = by1(t), My = by (t) according to (85). In particular, from (86)—(88) we obtain
Ugy = E(bl(t),bz(t)) =0,

oE
u19(M1, Mp) = 871\/102 =
9F,

u10(My, Mp) = W, 1761205026816(7 + 4a) (168aM% + 3364 M M, — 4324 M3 + 128 M3 M,

—315a M, — 168M?3 + 336M; M, — 720M3 + 189a + 963M; — 630M, + 189))

| 69984(571a — 989) (384at — 12 — 5160964 + 672t — 893952)° (¢ + 672 + 384a)°
- - )

ugr = E1(by (1), ba(t)) = ((729(151316a — 262087) (23040ct + 12+ 516096a + 4032t + 893952)

(384at — 12 — 516096a + 672t — 893952)° ( + 672 + 384a)*) / (2561°)),

E
u (M, Mp) = aanz — —5283615080448(5 + 3a) (112aM; My — 1926 M3 + 321aM; — 315a M,

1
—|—56M% 4 224My M, — 336 M3 + 189a + 321M; — 525M, + 378) = s (209952(571a — 989)-

-(—3333609787974746112 — 189122158264321> 4 14958900893712384t + t° + 1792t + 2681856t*
+1024at® + 1548288at* — 4600627200at> — 1924660508460318720a — 10918972882944 >
+8636525457702912at — 79685222401%) (t + 672 + 384a)?),

1({ 9*E
upo(My, Mp) = > <8M2> = 880602513408 (7 + 4«) (336aM1 — 864aM, + 128 M3 — 315a
2

+336M; — 1440M; — 630) = (6879707136 (x — 2) (144at — £2 — 69120 + 240t — 119808) x
X (5281xt + 2 + 9630720 + 912t + 1668096) (t + 240 + 144a) (—t + 912 + 528a) / £4).

According to [1] (Theorem 1), the solution to the equation u (e, M3) = 0 has the form,
e=Yr 4 ck(t)M’3‘, where

(1) — _ton(l) _ (£265+15%) (2304at + 2 + 516096 + 4032t + 893952) (t + 672 + 384a)
Al = e 49152t '

The denominators in ¢1(¢) and in (85) have root t = 0.
Now let’s go back and approximately from (84) obtain

Ly =b1(t)Ms, Lo = (ba(t) +c1(t)Ms)Ms = by () Mz = ba(t)M3 + 1 (H) M3, L3 = Ms.

Substitute that into (83).

3(v3+1 3(v3—-1
s =y + 225D o +aem+ 22 v )
We substitute the values of (89) into (82) and obtain
3(v3+1
y1 =b1(H)M5 + 3v3+1) > ) s,
3(v3—-1 90
2 =er (M3 + ba(p + 23D g, 0

y3 =Ms.
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We substitute the values of (90) into (81) and obtain

(\f‘f‘ 1) SEREYE}

3(v3-1)
2

=y15 = b1 ()M

91
x2 =y23 = c1(t) M3 +b2<t>M§ n M2 1)

X3 =Y3 = M3.

We substitute the values of (91) into (80) and obtain

1 (3+3a) 1 3(V3+1

gX] + 8 x% = 7§b](t)M§ — ( )
1 3-3 1

Dz :gXZ + ( 8 a) x% = gC] (t)Mg + bz(t)M% +

D3 =M;.

(3+3v3)
M; +
16 8
3(vV3 -
16

Dy =— M§,

333 (92)
8 v5) M3,

Dp ¢

We substitute the values of (92) into (79) and obtain
(-2+v8)v3  (2+3)v3 (2v3+3) ) )
Dy + Dy+2= 7(cl(t)M3 — 4/3by (t) M2
6 6 48
+7by (t) M5 + 8by (t) M3 — IM3 + 6V3M5 + 18M3 — 12v/3M3 — 96 + 64\/3),

V3. V3 V3

Co = =YDy + 2Dp 2 = 32 (1 ()M + by (1) M3 + 80 (1) M3 + 3V3M] — 6V3ME +32V3),

Cs = M.

C =

(93)

We substitute the values of (93) into (65) and obtain

(2v3+3)
B =C; = T(cl(t)Mg’ — 4+/3by () M3 + 7by () M3 + 8by (t) M3 — 9IM3
+6V3M3 + 18M3 — 12v/3M3 — 96 + 641/3),
/3 (94)

o (c1 (M3 + b (M4 + 8bo(1) M3 + 3VEMS — 6V3ME +32V3),

1
T My
Finally, we substitute the values of (94) into (64) and obtain values A, Ay, A3:
(2549

48

s
Ay =BB3 = (c1(H)M3 — 4V/3b, (t)Mf; + 7by (t) M3 + 8b (t) M3

—9MZ + 6v3M3 + 18M3 — 12v/3M3 — — 64f
Ms M3

) (95)

V3 c1(£) M3 + by () M3 + 8by () M3 + 3v3M2 — 63/3M;3 + 32\[

A2 :Bng, =
48 ( M;3

(96)

We need them to drive figures. Figures 37 and 38 show the curves of (95) and (96) at
M3 = 0.1 and M3 = —0.1, respectively.
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Figure 37. Curve (95) and (96) for M3 = 0.1.
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—21 —20.8 —20.6 l720.4 —20.2 —20
1 1 1

r—20

r—21

r—22

L_23
Figure 38. Curve (95) and (96) for M3 = —0.1.

5.4. Third Multiplier in (66)

It is a linear multiplier defined with
f3=C+C+2
The substitution is
D =C+C+2, Dy=0C, D3=0GCs.
Its inverse substitution is

Ci=D;—Dy—2,Cy=D,, C3=Ds. (97)
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Let’s consider all of this as a coordinate substitution in the polynomial J(C). We
substitute it into the polynomial J(C) and get the polynomial S;(D) = J(C). For the
polynomial S7(D), we compute Newton’s polyhedron I'y4.

Its graph is shown in Figure 39. It has 7 two-dimensional faces with external normals

Nyp1 = (=2,0,—1), Nygo3 = (1,1,1), Niszz = (0,0, 1),

Nigz9 = (0,—1,0), N1ggs = (—2,1,0), Nagog = (0,1,0), Naogs = (—1,0,0).

ST
%

RSN Vl\
7 IR AN

TSR350 B0V 220764524 Fo3 50903 T4 152 AS A6

i

R R X
KRRy

'l KN X )
@%<\&Bi?@$®@
&

Since D1 — 0, Dy — const, and D3 — 0, we select the only normal whose first and
third coordinates are negative. This is the normal Nyg; = (—2,0, —1). It corresponds to a
truncated polynomial

FHr701 = 186624(D; + 1) (D% +2D, — 2)2><
x <748D1D%D§ + 64D?D3 — 96D, D, D3 4 27D} + 128D? D, — 48D, D3 + 64D%).
Do a power transformation.
D = xlxg, Dy = x3, D3 = x3. (98)

Then ftr701 after the power transformation (98) is
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2(.2 2 4 2,2 2 2 2
Ftr701pow = 186624(x; + 1) (x2 + 21y — 2) x (64x1x2 +128x2x; — 48133 + 64x% — 96x1x; — 48x1 + 27)
2
= 186624(x, + 1)2 (x% 2%y — 2) x4 Byo(x1, x2),

where F3(x1,x2) = 64x%x% + 128x%x2 — 48x1x3 + 64x% — 96x1xp — 48x1 + 27. The curve
F30 = 0 has genus 0, and parameterization

B B 81(29t + 3)° 2745912 + 8682t + 787
Lz} = {ba(8), ba(t)} = { 4(232832 4+ 5466t +499)"  48(3t +2)(29t 4 3) ©9)

and is shown in the Figure 40.

X1

Figure 40. Curve Fzp(x1,x2) = 0.
The curve F3p = 0 goes to infinity x, = £oo at

3 2
b= =g ~ —0.1034482759, 1 = — 3 & —0.6666666667. (100)

We do a power transformation of (98) to the polynomial S7(D) and get the polynomial
AW(x) = S7(D)=x3 ¥ Wi(x1, x2)x5.
k=0

where

2
Wo =186624(x2 + 1)° (x3 + 235 — 2) (64233 + 1281, — 48x12 + 64xF — 9613 — 4831 +27),

2( 2 2 2
Wy =559872(x, + 1) (x2 42y — 2) <8x1x2 £ 16x7x) + 8] — 9),
2 3.6 3.5 3.4 2.5 3.3 (101)
Wo = — 15552(x3 + 2x — 2)(512x3x5 + 6144x3x3 +19968x3 x5 — 2304x2 x5 + 2406415 x5
— 10080x3x5 + 6144x5x3 — 13824x2x3 — 7680x3x, — 8352x2x3 + 972x1x5 — 81x5 — 4096x3

— 4032x2x) + 4860x1 x5 — 324x3 — 1728x% 4 5832 xp — 243x3 + 1944x; + 162x, — 1296).
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Into the polynomial W(x) we substitute
X1 = bl(i’), Xy = bz(f) +¢€ (102)
according to (99). Then the polynomial W(x) becomes a polynomial

u(e,x3) =y upq(t)s”xg,

P20
whereby .
upq - ? . V;(Xl,xz), (103)

where x1 = by (t), x, = by(t) according to (99). In particular, from (101)—-(103) we obtain

ugo = W(b1(t), b2(t)) =0,
dWp 2
U10(x1, %2) = <0 = 373248(x; + 1) (xz 1 2%y — 2)
axz
X (256x%x§JL +1024x3 x5 — 192x1x5 + 1152x3x3 —
—768x1x3 + 256x7x) — 864x1 x5 — 128xF — 192x1x7 + 81x3 + 9611 + 162x2))

81(23283t2 + 5466t + 499) (221312 + 3930¢ — 13)*
2048(29t +3)° (3t +2)°

7

27(232832 + 5466t + 499)° (221312 + 3930¢ — 13)°
8388608 (29t + 3)°(3t 4 2)° '

According to Theorem 1 of [1], the solution of equation u(e, x3) = 0 is
e =Y, cx(t)x, where

ugr = Wi (by(t), ba(t)) =

(1) = 1ot () (2328312 + 5466t + 499) (221312 + 3930t — 13)
C = — = — .
! uro(t) 12288(29¢ + 3) (3t + 2)°

The denominator in ¢1 (¢) has roots (100).
Now let’s go back and approximate from (102) obtain

x1 = by(t), xp =0by(t) +c1(t)x3.
Substitute that into (98) and we get
Dy = by(t)x3, Dy = ba(t) +c1(t)x3, D3 = x3. (104)
We substitute the expression (104) into (97) and obtain

Ci=D1—-D,—-2= bl(i‘)x% —by(t) —c1(t)x3 —2,
(@) :bz(t) + Cl(i’)X3, (105)
C3 =X3.

We substitute (105) into (65) and we get
B1=C = b1(t)x§ — bz(t) — C](f)Xg —2,Bp=0Cy, = bz(t) + C](f)X3, B3 = C:,)_l = —.

Finally, according to (64)



Axioms 2024, 13, 106

52 of 63
Ay =BBs = (bl(t)xg —by(t) — c1(H)x3 — 2) /x5 = b1(t)xs — c1(t) — (ba(t) +2) /3, (106)
Az =ByB3 = c1(t) + ba(t) / x3, (107)

A3 :B3 = 1/X3.

In Figures 41-44, are shown the curves of (106) and (107) for values x3 = —1, —0.1, 1,
0.1, respectively.

Figure 41. Curve (106) and (107) at x3 = —1.

20

—20 —10 0 10 20
A

—10-

—20-

Figure 42. Curve (106) and (107) at x3 = —0.1.
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—27.28

—27.30

—27.324

—27.34+

—27.367

—27.384

—27.40

—27.42+

—27.44-

Figure 44. Curve of (106) and (107) at x3 = 0.1.
The another branch is symmetric to this one with respect to the line A1 = A,.

5.5. Fourth Multiplier in (66)
5.5.1. Preliminary Calculations

The 4th multiplier is a linear multiplier f; = C; + C; — 1. Let’s do the substitution
D1 =Cy+Cy, —1, Dy = Cy, D3 = Cs. Its inverse substitution is

Ci=D1—Dy+1,Cy = Dy, C3 = Ds. (108)

We treat it all as a coordinate transformation in the polynomial J(C). We substitute
it into the polynomial J(C) and get the polynomial Sg(D) = J(C). For the polynomial
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Ss(D), we compute Newton'’s polyhedron I'i5, with graph given in Figure 45. It has 7
two-dimensional faces with external normals

Nso3 =(—1,0, —1), N1295 = (1,1,1), Nygs5 = (0,0, —1),

Nig41 =(—1,0,0), N19gg = (0,3,2), N2111 = (0, —1,0), Na171 = (0,1,0).

PO AN \\
‘i@}%ﬂg‘wz@\

Iﬁ@ R vi WV
AL A R A

963 R/

@%‘lfe@}@g

Figure 45. Graph of Polyhedron T'y5.

Since D1 — 0, Dy — const, and D3 — 0, we select the only normal that has neg-
ative first and third coordinates. This is Nso3 = (—1,0,—1) and it corresponds to the
truncated polynomial

4
Ftr593 = 186624 (2D§ —2D, — 1) (2D; — 3D3)(2D; + 3D3).

Let’s do the substitution x; = 2D; — 3D3, x, = Dj, x3 = 2D + 3D3. Its inverse

substitution is 1 1 1 1
Dl = Zx] + Zx?)/ D2 = X2, D3 = _gxl + 6x3’ (109)

and treat it all as a coordinate change in the polynomial Sg(D). Substitute it into the
polynomial Sg(D) and get the polynomial Sg(x) = Sg(D). For the polynomial Sg(x), we
calculate Newton’s polyhedron I'y5.

Its graph is shown in Figure 46. It has 8 two-dimensional faces with external normals

Nsg3 = (—1,0,—-2), Nigpz3 = (—2,0,—1), Nazps = (1,1,1), Nyse1 = (0,0, 1),

(110)
Nugo1 = (0,1, —2), N5ga9 = (—1,0,0), Ng3e3 = (0,1,0), Neags = (0, —1,0).
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Figure 46. Graph of polyhedron I'y7.
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Since x;1 — 0, x — const, and x3 — 0, we select two normals whose first and third

coordinates are negative. These are N5g3 = (—1,0, —2) and Nygp3 = (—2,0, —1). We will

N NN
NN\ X IV
NS0y o
PR
G332223 515} 7 GIIDED
deal with them in separate subsubsections.

5.5.2. The Normal Nsg3 = (—1,0, —2)

According to result of our program it corresponds to a truncated polynomial
3
Ftr593 = 764411904x (2x§ —2xp — 1) (32x3x3 + x2 — 32xpx3 — 16x3).
Making a power transformation
X1 = Y1, X2 = Y2, X3 = Y1V3, (111)
We get a polynomial
3(9,2 3 2
Ftr593pow = 764411904y (2y2 — 2y, — 1) (32y2y3 — 329513 — 16y3 + 1) =
3 (2 3
= 76441190473 (243 — 292 — 1) - Fso 32, 3),

where F5p = SZy%yg, — 32yoy3 — 16y3 + 1. The curve Fsp = 0 has genus 0, parameterization

{y2,y3} = {ba(t), b3(t)} = {t, —M} (112)

and is shown in Figure 47.
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Figure 47. Curve Fs50(y2,y3) = 0.

In (112), the denominator in by () has 2 real roots
1 1

t = 5T ? ~ 1.366025404, t, = 5 ? ~ —0.3660254040. (113)

In fact, here we can also compute the parametric expansion of the (2 manifold. To do
this, we do the power transformation (110) in the polynomial S¢(x) and get the polynomial

U(y) = So(x) = v} Y U(v2, y3)¥5-
k=0

In the polynomials Uy (y2, y3) according to (112) we substitute
Yo ="b1(t) +¢ ys =by(f) +e

We obtain the polynomial u(e, y1) = U(y1,Y2,y3) with coefficients depending on ¢
through by (t) and by (#). In this polynomial

m
u(eyr) = Y Ur(bi+eba+e)yk = Y upgely],
k=0 2,4>0

1 U,

where 1y, = Lpi+pr=p>1 piipat ayhloyl?

Specifically,

when y; = bi(t),i = 2,3, p,p2 > 0,p>1

Uy (y2,y3) n Uy (y2,y3)

ug =0, ug =
00 10 EA s

2
= 1528823808 (2y§ — 2y, — 1) (323/2* +256y3y3 — 643 — 384y3ys + 382 + 64y3 + 5)

2
= 1528823808 (2t — 3) (16t3 — 82 — 12t — 3) (2t2 —2t— 1) L H by (1), ba(1)),

2 gef

Upp = ul(bl,bz) = 31850496(2f + 5) (2t — 1) <2t2 — 2t — 1) = G(b] (t), bz(f))
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The function u1o(t) has real roots

3

t1==-=15

1=5 ,
1 V3

ty == + — ~ 1.366025404 2-multiple,

25313 muttiple (114)
1 3

t3 =5 g ~ —0.3660254040, 2-multiple,

ty ~=1.232176060,

and the function 11 (t) has 2-multiple roots t,, t3 and

5 1
t = —— = —2. t = —.
5 > Ste =5
By the Implicit Function Theorem [1] (Theorem 1), the equation u(e, ;) = 0 has a

solution as a power series on y;
[e9)
_ k
e=) ()i,
k=1

where ci(t) are rational functions of ¢, which are expressed through the coefficients up,(t),
which in turn are expressed through by (t) and b, (t) according to (110). This expansion is
valid for all values of t, except maybe the neighborhood of the roots of (114). In particular,

 f(un) G (2t+5)(2t - 1)
ci(t) = _<ulo(1)> - H _48(2t—3)(16t3 —8t2 — 12t —3)’

where the denominator has 2 real roots t; and ¢4 of (114). Approximately we get

e~ c1(H)yr.

Let’s return to the previous coordinates, which are approximated to be equal for small
ly3| on the manifold O

y2 =bi(t) +cr(t)y1, y3 = ba(t) +c1(t)y1.

X1 =y, 22 = yo = bi(t) + by, xs = yiys = ba(t)yg + i (b)yy. (115)
We substitute the expressions (115) into the transformation (109) and get
1 1 1 1 1
Dy=ga+6=nt sz(t)]/% + ch(t)l/?/
Dy =xy = bl(t) + Cl(t)]/lr (116)

1 1 1 1 1
Dy=—cxidexs=—cyi+ 8172(15)3/% + gcl(t)y?'

We substitute the expressions (116) into the transformation (109) and obtain variables
defind in (108)

Cy =Dy = by (t) +c1(t)y1,

1 1 1
Co=D1—Da+1= i+ h(t)yi+ oy —bi) —abn+1, a1

1 1 1
G =D3 = ~ei + gbz(f)y% + gcl(t)y‘;’-
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Substitute (117) into (65) and obtain
By =C1 = b1 (t) +c1(t)yr,

1 1 1
By =C = ch(t)]/? + ZbZ(t)I/% tayi—aly —bh)+1, (118)
1 1
B3 :C_l = — = .
PG i+ ib®y + la®y

Finally, we substitute the expressions (118) into the transformation (64) and obtain

by(t) + t 6(b1(t) + t
Ay = BBy = — 11( ) C12( )3/11 N (b1 (t) 201( )y1) L)
—sy1 +gbha(t)yy + g (H)yy y1—ba(t)y; —a(t)yy
Ay — BoBa — 110y} + 1ba (DY + qy1 —ca(Bys = ba(t) +1
2 = ByB3 =

—sy1+ gha(t)y] + ger ()]
3ty + 3ba(Hy + Sy —6e1(tys — 6bi(H) +6
y1 = ba(O)y] — e ()]
6
y1—ba(t)yg —ca(t)yy
Figures 48 and 49, show the curves (119) and (120) for values y3 = 1 and —1, respectively.

(120)

7

A3:B3:—

20

T 1
—20 —r 0 10 20

—20-

Figure 48. Curve (119) and (120) at y; = 1.

207

r T T 1
—20 =10 0 10 20

—20-

Figure 49. Curve (119) and (120) at y; = —1.
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5.5.3. The Normal Nygp3 = (—2,0, —1) from (110)
It corresponds to a truncated polynomial

2 3 2.2 2 2 2
£1r1923 = 2548039683 (sz —2x) — 1) (4x2x3 + 96123 — dxpx% — 963107 + X2 — 48x1).

By the power transformation

X1 = 13, %2 = Y2, X3 = V3. (121)

We have
3
Ftr1923pow = 25480396813 (2y§ — 2y, — 1) (96y1y§ — 96y1ys + 4y3 — 48y — Ay, + 1) =

3 2 3
— 2548039683 <2y2 — 2y — 1) “Foo(y1,42),

where Fgo(y1,y2) = 96y1y3 — 96y1y2 + 4y3 — 48y1 — 4y + 1. The curve Fsy = 0 has genus

0, and parameterization

2
2} = (00,8000} = (- gy 1) (122)

It is shown in Figure 50.

3

=3

Figure 50. Curve Fy(y1,12) = 0.

In (122), the denominator in b () has 2 real roots t1,t, given by (113). In fact, the
parametric expansion of the manifold () can also be calculated here. To do this, we do a
power transformation (121) in the polynomial Sg(x) and get the polynomial

—13P(y) = So(x) = —y3 Y Pe(y1,12)v5.
k=0

Into the polynomials Py (y1,y2) we substitute

yi=b1(t)+e& ya=0b(t) +e=t+e
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according to (122).
We obtain the polynomial u(e, y3) = P(y1,Y2,y3) with coefficients depending on ¢
through by (t) and b, (t). In this polynomial

m
u(e,ys) = Y Pe(bi+eba+e)ys = Y upefy,

k=0 p,q>0
dPP, .

where tpg = Yy, 4 py=p>1 iyt W wherey; = b; = bi(t),i =12, p1,p2 20,p = 1.

Specifically
uopo EO,

_ 0Py, y2) | IP(y1,y2) _ 2 2
g =5 W S — 509607936 (2y2 2y, 1) x
x (768y1y§ + 964 — 1152y112 — 160y3 — 48y3 + 192y + 114y, + 23) = (123)

2
— — 1528823808(2t — 3) (16t3 — 82— 12t — 3) (2t2 2t — 1) L H b1 (1), ba(1)),

"9 G by (1), (1)),

The function u1o(t) has real roots (114). By the Implicit Function Theorem [1] (Theo-
rem 1), the equation u (¢, y3) = 0 has a solution as a power series on y3

1oy =P1 (b1, by) = —31850496(2t +5) (2t — 1) (2t2 —ot— 1)

e= Y al(t)yh,
k=1

where ci(t) are rational functions of t, which are expressed through the coefficients 1y, (t),
which in turn are expressed through by (t) and b, () according to (122). This expansion is
valid for all values of t, except maybe the neighborhood of the roots of the polynomial
(123). In particular,

c1(t)=—<z(l)(1)> __S__ (2t +5)(2t — 1)

H  48(2t—3)(16t3 — 82 — 12t — 3)’
where the denominator has 2 real roots t; and t4 of (114). We get an approximation
e~ c1(h)ys.

Let’s return to the previous coordinates, which, for small |y3| on (2, are approximately

equal to
y1= b1(f) + Cl(t)y3, Yo = bz(t) + Cl(t)yg. (124)

We substitute the expressions (124) into the transformation (121) and get
X1 = y13 = bi(H)y3 + (3, x2 = y2 = ba(t) +c1(H)ys, x3 = . (125)

We substitute the expressions (125) into the transformation (109) and obtain

1 1 1 1 1
Dy :le + ZX3 = Ebl(t)y% + ch(t)yg + 1%'
Dy =xy = bz(t) + Cl(f)yg,, (126)
1 1 1 1 1
D3 =— gt = fgbl(t)yé - gcl(t)yg +g¥s

We substitute the expressions (126) into the transformation (108) and get the follow-
ing results
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Ci =D, = bz(f) +C1(t)y3,
1 1 1
Co=D1—Dy+1=1bi(hy3+ za(hy3 + gya —ba(t) —ar(Hya +1, (127)
1 1 1
C3 =D3 = — b1 ()5 — za1()y3 + Zya.
We substitute the expressions (127) into the transformation (65) and obtain
B1 =Ci = b(t) + c1(t)ys,
P 31 2 1
By =G = za(t)ys + hi(t)ys + gys —ea()ys — ba(t) +1, (128)

1 1
G —ih(hy3 - ta(yd+ Lys

B3 :Cg’_l =

Finally, we substitute the expressions (128) into the transformation of (64) and obtain

ba(t) +c1(t)ys 6(ba(t) +c1(t)y3)
Al :B1B3 = —lb 2 1 3 1 = - ¢ 3 b P 2 7 (129)
sb1()ys — se1(t)ys + Vs c1(t)yz +b1()y3—ys
4y —B,B, — 3B+ 3B+ Gys —a(Bys —ba(t) +1 (130
— (Y3 — s (Hy3 + §v3
__ 3a1()y3 + 3b1()y3 + 3ys — 6c1(t)ys — 6ba(t) + 6 (131)

c1(t)y3 +b1(Hy3—ys
6

albyi+b(Hy3—ys

In Figures 51 and 52, show the curves (129) and (131) for values y3 = 1 and y3 = —1,
respectively.

A3 :B3: —

—20 —10 0 20

—101

—20-

Figure 51. Curve (129) and (131) aty; = 1.
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20

—10

Y
Figure 52. Curve of (129) and (131) at y; = —1.

6. Conclusions

In the paper we show that all parametric expansions of variety () near its singularities
and infinity can be computed with any accuracy and compute their first terms. We consider
a very rich set of cases and find the ways to finish computations in all of them.

We do not intend to explain our results for original problems of Ricci flows and Ein-
stein’s metrics. Let it will be done by authors of [14-22], who are specialists in the problem.
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