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Abstract: In this paper, we apply two different methods, namely, the G@/-expansion method and the
%—expansion method to investigate the nonlinear time fractional Harry Dym equation in the Caputo
sense and the symmetric regularized long wave equation in the conformable sense. The mentioned
nonlinear partial differential equations (NPDEs) arise in diverse physical applications such as ion
sound waves in plasma and waves on shallow water surfaces. There exist multiple wave solutions to
many NPDEs and researchers are interested in analytical approaches to obtain these multiple wave
solutions. The multi-exp-function method (MEFM) formulates a solution algorithm for calculating
multiple wave solutions to NPDEs and at the end of paper, we apply the MEFM for calculating
multiple wave solutions to the (2 + 1)-dimensional equation.

Keywords: Harry Dym equation; SRLW equation; multi-exp-function method; %—expansion method;
%—expansion method

MSC: 35Q53; 35C05; 35C08

1. Introduction

The study of nonlinear physical models relies on the analysis of wave solutions for
nonlinear equations. Recently, numerous and varied methods have been applied to solve
NPDEs, such as the Trial equation method [1], functional variable method [2], Sine-Gordon
expansion method [3], first integral method [4], and so on [5-12].

The objective of the present paper is to apply two methods, namely, the %-expansion

method and the g—;—expansion method [13], to construct new solutions for the nonlinear
time fractional Harry Dym (HD) equation and the symmetric regularized long wave
(SRLW) equation.

The nonlinear time fractional Harry Dym equation is given by [14]

D¥u(x,t) = ud(x, Huxex(x,t), 0<a<1,
u(x,0) = (a—?’\z/gx>3, @

where D* is the fractional derivative of order « in the Caputo sense.
For & =1, (1) reduces to the classical nonlinear Harry Dym equation

Ur = u3uxxx1 ()

and the exact solution of (2) is given by
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u(x,t) = (a— %Z/E(x—i—bt))é.

Equation (2) was presented by Harry Dym while trying to shift several results about
isospectral flow to the string equation. The relation between the classical string problem
and the HD, with variables springy parameter, was introduced in 1979 and the HD equation
could be considered as a particular case of a broad class of NPDEs, and also the relation
between Korteweg de Vries (KdV) equations and the HD equations was considered. The
HD equation describes a system in which nonlinearity and dispersion are coupled together.
It has an infinite number of conservation laws and does not have the Painleve property.
Many authors used numerical and analytical techniques to solve the HD equation. Singh,
Kumar, and Kiliman considered the HD equation by means of the homotopy perturbation
Sumudu transform technique and the Adomian decomposition technique in Ref. [15] and
to obtain the solution of the HD equation with approximate analysis, Saleh and Ghiasi
applied the homotopy analysis technique in Ref. [16]. Mokhtari used variational iteration,
power series, and direct integration to obtain exact solutions for traveling waves of the HD
equation [17], and this equation was solved by Fonseca through the Lattice-Boltzmannn
technique in Ref. [18]. Rawashdeh applied the fractional reduced differential transform
technique to calculate the solutions to the HD equation in Ref. [19], and the g-homotopy
analysis technique is used to find analytical solutions of the HD equation in Ref. [20].
Mukherij and Assabaai applied the Lie group technique to present the numerical solutions
of the HD equation in Refs. [21,22], and Shunmugarajan used the homotopy analysis
technique to obtain a solution that could approximate the HD equation. The homotopy
perturbation technique along with the reconstruction of the variational iteration technique
were applied by Khorshidi and Soltani to get the analytical solution of the HD equation in
Ref. [23].

The SRLW equation is given as follows [24]:

DX u + D3"u + uD] (DJu) + DYuD}u+ D2 (D3"u) =0, 0<y<1, ®)

where D7, is the conformable derivative of order .

Equation (3) arises in diverse physical applications such as ion sound waves in plasma.
For v = 1, this equation was noted to depict space-charge waves and weekly nonlinear
ion acoustic and the real part of u(x, t) is related to the dimensionless fluid velocity with a
decay condition.

The abovementioned methods are usually about traveling wave solutions of NPDEs.
However, there are multiple wave solutions (MWSs) to many NPDEs, for instance, multi
soliton solutions to several significant models such as the Harris-Benedict equation [25,26],
and the KDV equation [27]. Thus, one is interested in presenting a method for obtaining
MWSs to NPDEs and the MEFM formulates a solution algorithm for calculating MWSs
to NPDEs.

At the end of the article, we apply the MEFM [28] for calculating MWSs to the following
(2 + 1)-dimensional equation [29]

Uyt + &llyy + Py +uyy =0, a,p€C.

for the following special cases

iyt + 5ttxx + (=1)35uyy + 1y = 0, @)

and
Uyt — Sllxy — Subyy + Uyy = 0. 5)

We get multi classes of solutions including one, two, and triple-soliton solutions. All
the computations have been performed applying the software package Maple 15. The
gained solutions contain three classes of soliton wave solutions in terms of one, two,
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and three wave solutions, which are displayed graphically, highlighting the effects of
non-linearity. Besides, the multiple soliton solutions are proposed with more arbitrary
autocephalous parameters, in which the one, two, and triple solutions are localized in every
direction in space. The obtained results have shown a major impact on wave behavior and
can be applied in different branches of science, especially in fluid dynamics, to investigate
the understanding of complex physical phenomena.

The MEFM applied by some of the powerful authors for different nonlinear equations
such as the (3 + 1)-dimensional generalized KP and BKP equations [30], the nonlinear
evolution equations [31], the generalized (1 + 1)-dimensional, and (2 + 1)-dimensional Ito
equations [32], the new (2 + 1)-dimensional KdV equation [33], the (2 + 1)-dimensional
Calogero—Bogoyavlenskii-Schiff equation [34], and a new generalization of the associated
Camassa—Holm equation [35], and so on [36]. Additionally, in Ref. [33], the authors utilized
the MEFM for the KdV equation, and obtained one, two, and three-soliton-type solutions
with interpretations for the gained soliton solutions.

2. Algorithm for the %-Expansion, the %-Expansion, and the Multi-Exp-Function Method

2.1. The Basic Idea of the %—Expansion Method

In this subsection, we consider the algorithm of the g—;—expansion method for a nonlin-
ear fractional PDE as follows:

*  Consider the general nonlinear fractional PDE of the type:
N(u, D¥u, D%, DEu, D¥Dfu, D¥DPu, - ) =0, 0 <a,p<1, 6)

where u = u(x,t).
*  Convert the nonlinear PDE (6) into an ODE through the following transformation,

dxB cxe®

SZF(1+[3)+I’(1+¢J¢)' u(x, t) = ule), (7)

where d and ¢ are constants and T'(.) is the Gamma function defined in Ref. [3].
*  Rewrite Equation (6) as
N(u, o', u”,u",...)=0. (8)

*  Assume the general solution of (8) can be expressed in terms of % as

SICHRICHN! <9>

where G(¢) satisfies the following Riccati equation:

G'(e)\ G'(e)\?

(@) =12 (Gw) 1o
in which # # 1, A # 0. The constants by or ay may be zero, but both of them cannot
be zero simultaneously. Also, b;,a;, i =1,..., N, are constants to be determined in the
next step. In addition, the value of N € N can be computed through the homogeneous
balance principle [37].

Notice that (10) results in

G+ (G')*(2G +A)
pr— G2 y
(G')®

GZ

G// (8)

(11)

(6+6Al +2A2i). (12)

" A
G"(e) = G'(6Gy +2An) + C o2
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Insert (9), along with (10), into (8). Collect all coefficients of the same power of

i
(82((‘2)) > fori =1,...,N. Then, set all of the obtained coefficients to zero. Then solve

the system of algebraic equations on variables ag, b;, a;,1,A,cand d, fori =1,...,N.
Depending on the values of 77 and A, the general solutions of (10) can be separated
into the following cases:

Case 1: Ay > 0;

G'(e) _ [y (Ccos(y/nAe) + Dsin(y/yAe)
B \/><Dcos(\/177/\£) - Csin(\/ﬂs))' 13)

Case 2: Ay < 0;

G'(e) [7A] (Csinh(zx/ [nAle) + Ccosh(2/|nAle) + D) (14)
Csinh(2+/]7Ale) 4+ Ccosh(2\/|yAle) — D )’

G2(e) A

Case3: A #0,7 =0;
G'(e) C
G2(e) ~  A(Ce+D)’ (15)

where C, D # 0.

By substituting the obtained values of ag, b;, a;,7, A, c,d and the solutions (13)—(15)
into (9) with the transformation (7), the exact traveling wave solutions of (6) can
be obtained.

2.2. The Basic Idea of the %-Expansion Method

In this subsection, we present the algorithm of the %-expansion method for a nonlinear

fractional PDE as follows:

Consider the general nonlinear fractional PDE of the type (6).
Convert the nonlinear PDE (6) into an ODE through the transformation defined in (7).
Rewrite (6) as the NODE (8).

Assume the general solution of (8) can be expressed in terms of %/ as

G'(e)

=3[ (&) | a6

i=0

where G(¢) satisfies the following second order ODE:
G"(e) + AG'(¢) + 1G(e) = 0, (17)

in which #,A and a;,i = 1,--- , N, are constants to be determined later.
Notice that we can obtain the value of N by the homogeneous balance principle.
Insert (16), along with (17), into (8). Collect all coefficients of the same power of

1
(%8) . Then set all of the obtained coefficients to zero. Then solve the system of

algebraic equations on variables a;,1, A, c.

Depending on the values of # and A, the general solutions of (17) can be separated
into the following cases:

Case 1: A2 — 45 > 0;

G'(¢) _ 0'5\/m(Ccosh(0.5\//\2 — 4ye) + Dsinh(0.5y/A% — 417£)> (18)
Csinh(0.51/A2 — 457¢) 4+ D cosh(0.51/A% — 4y¢) )
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Case 2: A2 — 45 < 0;

' _Csi Y A2
G'le) _ 05./12 — 417< Csin(0.5y/—A? 4 4ne) + Dc.os(0.5\/ A +4178)), (19)
G(e) Ccos(0.5\/—A% +45e) + Dsin(0.5/— A% + 4ye)

Case 3: A2 — 45 = 0;

/ (20)

where C, D # 0.

* By substituting the obtained values of a;,7, A, c and the solutions (18), (19), and (78)
into (16) with the transformation (7), the exact traveling wave solutions of (6) can
be obtained.

2.3. The Basic Idea of the Multi-Exp-Function Method
In this subsection, we formulate the MEFM by considering

N(x, t, up, uy,...) =0, (21)

where 1 = u(x, t).

*  Step 1: Assume that
e =ciel, &=Sx—wit, e=kx—wit i€c][ln], (22)

in which k;, ¢;, and w; are angular wave numbers, arbitrary constants, and wave
frequencies, respectively. Notice that

eix = kigi, &y = —wie;, 1€ [1,n]. (23)

e  Step 2: Assume
u(x,t) :=

n M
=L L
r,s=11,j=0
n N
=) )X
)5

rs=11i,j=0

IC(£1182/ /€ l’l)
H(S £2/ / 11)’

Prs,ijelres/ (24)
Qrs,i i Sl;fg]s:

where Q,;j and Py ;j are fixed to be determined from (21).
We now get
N(x,t e, e, ,e4) =0. (25)

*  Step 3: When we solve a system of algebraic equations on variables w;, k;, Qs;; and
Pysij, we get the MWSs u as

K(ciexp(kix —wit), -, cnexp(kpx — wpt))
H(crexp(kix —wqt), -+, cnexp(knx — wpt))

u(x, t) = (26)

3. Application of the —-Expanswn Method

Example 1. Assume the nonlinear time fractional Harry Dym Equation (1). where D* is the
fractional derivative of order « in the Caputo sense and for a given function f : Rt — R s
defined by

t () (s
D"‘f(t):I”“D”f(t):F(nl“)/o (tfs)tf )n+1ds n—l<a<neN,t>0,
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and the Riemann—Liouville fractional integral operator If of order B is defined by

B _ 1 /t g1
Lf(t) = =— t—s s)ds, B>0,t>0.

Now, we employ the following transformations, which represents a new dependent variable

X — /x ds ,
—co U(s, t)
tD(

T="Taray )
EX,T)=u (x(X, T),t(X, T))

where x = x(X, T) and t = (X, T).
We shall employ the fact that u(x, t) and its spatial derivative tends to zero as |x| — oo. Then

D SR
ot 9X ot* T o
_ 9 (EExx—3EK) 3
oT =2 X’
Also,
a1
dx  E(X,T)oX
Therefore, (1) can be expressed as
ExxxE? — 3ExxExE + 353
Er + 2% XS TR, (28)
Now consider the following transformation
pXT) =2 29)
From (28) and (30), we get the following KAV equation
3 2
Y1 — S¥TPx + Pxxx = 0. (30)
Now, let
YXT) = yle),
e=¢(X,T) =X —T, (1)
where c is constant.
Inserting (31) in (30), we get
—Cl/J/ _ g¢2lp/ + l/]ll/ — O (32)
Integration of (32) yields
1
—ep =S¥y =0, (33)

Here, we get the balancing number 3N = N +2or N = 1.
Suppose the solution of (33) can be given by

/ A
1P(€)=110+111(gz)+51(g2) , (34)
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in which ag, by, a1 are constant to be determined later.
Inserting Equation (34) into Equation (33), we have

—cag —ca G'(e) —c G(e) —1a3—§a2a & éaz %_éu uzw
071G ~ NG (e) 270 270G T 271G (e) T 270 GA(e)

ngaghy — Sagpp G 1 a(COF 35 Gl 3, 12GYe) 1B

G 26 217G 2" G T 2(Ge)

G"(e ) G"(e)G'(¢) (G'(e))° G2(e)G" () G(e)G" ()

+a1 G2(e) — 6a; G3(e) + 641 G2 (e) +2b G @) —2b; 10

G*(2)G"(¢) oy —
—blw +201G'(¢) = 0.
Note 1. Making use of (10), we get
G (e) = 16 (E) +2(C'(€)2G(e) + MG () 35)

G*(e) '

and

& (e) = nG(e)G'(e) + 6 S | 62 (E ) +2/'\17G’(£)+2/\2(G,(82>3. (36)

G(e) G3(e) G*(e)
G/ N\ —1
Using (10), (35), and (36), and then inserting — e = X, and <G2> :=Y, we have that
—cm X —ch Y — ga%alx — %a%blY — gaoa%Xz — gaob%Yz — ga%le — %alb%Y
-ume+%wqumﬁxﬁame—%ﬁxtewmm—%ﬁw—%@—am:o

By collecting all terms with the same power of X and Y and then equating each coefficients of
this polynomial to zero, we get the following system of algebraic equations:

Y3:2mn2—-%b§::a

3
YZ . 75&017% — O,
Y : —cb — ga%bl — %alb% +2bhyA =0,

1
X0Y% . —3aya0by — Eag —cagp =0,
3 3
X:—ca — ia%al — Ea%bl +2mAn =0,
3
2. 2 _
X< — 501 = 0,

1
X3:2a1A2—-§a§::0
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Solving the above system of nonlinear algebraic equation, we get
c:—%a%, n=mn, A=A, ag=ay, a1 =0, by =0, (37)
c=c¢, =1, A=A, ay=0, a1=0, by =0, (38)
c=2Ay, =1, A=A, a9=0, a1 =0, b =27, (39)
c=2An, n=1n, A=A, ap=0, a1 =0, by =-27, (40)
c=2Ay, =¥, A=A, ap=0, a1 =2A, by =0, (41)
c=2Ay, =1, A=A, ap=0, ag=-2A, by =0, (42)
c=—4Ay, n=1n, A=A, a9=0, a1 =2A, by =2y, (43)
c=8An, n=1n, A=A, ag=0, a; =-2A, b =2y, (44)
c=8Ay, =1, A=A, ap=0, a3 =2A, by = -2y, (45)
c=—4Ay, n=1n, A=A, a9=0, a3 =-2A, b =-217. (46)
Inserting (43) and (46) in (34), we get
G’ G\
P(e) = i2A<G2> +2y (GZ> (47)
Therefore, we get three types of travelling wave solutions as follows:
e ifAn >0;
(1) = £2A8 +25(81) ", (48)
in which
—4A —4Ant
- ’7( Ccos(y/nA(x — r(lﬁ;) )+ Dsin(y/nA(x — 1"(17435)))
= —4A “ —4A
ANDcos(y/gA(x — (13 — Csin(/gA(x — (1fi)))
*  ifAn <0;
u1p(x,t) = £2A8 +21(82) 7, (49)
in which
. —4) —4Agt"
e VI <Cs1nh<z\/|m|( FAUIE)) + Ccosh(2y/TyA(x — TAME)) D)
2= 7 . —4r —aA ’
A \Csinh(2/T7Al(x — 7o) + Ceosh(2y/T7A] (x — ls5) — D
e fA#0,n=0;
ulrz(x, i’) = F+2A¢3 £ 271((;(3)_1,
in which
& <
3= —aAH ’
MC(x = Fi455) + D)
where C,D # 0.
Inserting (44) and (45) in (34), we get
G G
¥(e) = i2A<G2>$Zn<G2> (50)
Therefore, we get three types of travelling wave solutions as follows:
* ifAn >0;
usa(x,t) = £2A8 F2(&1) ", (51)

in which
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C 2 8Ant" D si 1 8Ant*
[ = 1 ( cos(/nA(x — F(l+a¢))+ sin(/nA(x — m))
1-— Y o R ] s
A D cos(y/nA(x — rg()l‘fa))) — Csin(/nA(x — %))
if Ay < 0;
uza(x, ) = £20& F21(5) 7, (52)
in which
&y VAT <c5mh(z,/|m|( — FEE)) + Cosh(2y/TpA(x — f115)) + D)
2 = — ) ® Vi
A \Csinh(2/[pA](x — fi5)) + Ceosh(2y/ [y A (x — f7k57)) — D
ifA#0,11=0;
uza(x, t) = £2A% F25(Z3) 7Y,
in which c
g3 1= —

where C,D #£ 0.
Inserting (41) and (42) in (34), we get

G/
ve) = 21( & ) 63)

Therefore, we get three types of travelling wave solutions as follows:

if Ay > 0;

u516(x, t) = :|:2/\§1, (54)

in which

) + Dsin(iA(x — 2125 )

Ccos Alx —
F = 17( (\/777(

7

A\D cos(\/nA(x — 2(“”“ — Csin(y/gA(x — W“

if Ay < 0;

s 5(x, 1) = £278, (55)
in which
S \/W<Csinh(2\/|177|(x rz()‘”t 7)) + Ccosh(2 VAl (x — rz()l"f%))) + D)’

A \Csinh(2/[7A](x — £5255)) + Ceosh(2y/[nA(x — Fi55)) — D
ifA#0,1=0;
uza(x,t) = £2A¢3,

in which

C

where C,D # 0.
Inserting (39) and (40) in (34), we get

AC(x — 222y 4+ D)’

T(1+a)

N
ve =721( ) - (56)

Therefore, we get three types of travelling wave solutions as follows:
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e ifAn>0;
uzg(x,t) = F21(61) 7", (57)
in which
e [T SV ) 1 Dl )
T VAND cos( G - ) - Coin(yia(x - i)/’
* ifAn <0
uzg(x,t) = F21(5) 7", (58)
in which

2A
\/W(Csmh 2/ |yl (x — 11_7:“

Goi=—
A Csinh(2+/|7A](x 2)1‘37:“

« fAA£0=0;
u7,8(xr t)

in which

) + Ccosh(2/[7A](x — 2(?1_7:,,4) )+ D)
)+ Ceosh(2y/ Al (x — AAL)) D)’

=F21(83) 7",

C

B

where C,D # 0.
The plots of uq, - - -

2A17t”‘
T(1+a) ) + D)

, uy are displayed in Figures 1-5, for two different cases Ay > 0 and

An < 0, for specific values 1 = 3,A = 2,0 = %,D =2C=3andy=3,A=-2,a = %,

D = 2,C = 3, respectively.

20 10 0 10 -20 10 -5 0 5 10
(@)
1200 10
20
1000 ;
5 !/
800 10
600
0
400 0
200
-5
10
0
200 -10
0 5 10 15 20 20
1
[— a=030 — a-0.50 =090 [— a=030— em0.50 4=0.90|
(©) (d)

Figure 1. The (a—d) display the 3D, 2D and the contour plots of u; », for Ay > 0.
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I.
120 —
100
r 80
60
40
)
100 110 120 130 140 150 160 170 180 190
X
() (b)
60 10 10
8
401 "
5 5
20 4
2
0 0 \ 0
[ 02 004 006 08 olo 5
£ 5 45 3
—20 -2
-5 -5
-40 =4
-6
-60 -10 -10
|— =040 — =060 a:0.9(1| |— @=0.40 — =060~ ¢=0.90
() (d)

Figure 2. The (a—d) display the 3D, 2D and the contour plots of u; », for yA < 0.

—-40004 1

=3000+

=2000+

- 1000

B R s Ria nars oo
3n-n m 0 non o3xo2n :
2 7 2 2 £
@) (b)

Figure 3. The (a,b) display the 3D plots of u3 4, for Ay > 0 and Ay < 0.
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2
2007 >
.'."
1 -.‘O‘.-
< egese,
H sy Ve
=] o
=] SR
o -~
" S e
~200 o4 et
3> >
YT,
1 Lottt
— Testatats
B L L L S AN RN LA Ui LTS
RARN RARN RALE LALN LARS LARN LA o o s
-2 -1 0 T 27 =5
x !

Figure 4. The (a,b) display the 3D plots of us¢, for Ay < 0and Ay > 0.

(d) (e) (f)
Figure 5. The (a—f) display the 3D, 2D and the contour plots of u7g, for Ay > 0 and Ay < 0.
Example 2. Here, we consider the SRLW Equation (3), where D7 is the conformable derivative of
order vy, given by

DW(C'O) — lim w(g+€§l—7) — CD(@)
¢ e—0 €

, >0 0<y<1,

in which @ : [0,00) — R is a given function.
If the above limit exists, then @ is called y-differentiable. Assume 0 < v < 1, and @ and @'
be «y-differentiable at point & > 0, then D" has the following properties:
DY (c@ +d@') = ¢DY (@) + dD7(@') where c,d € R,
D7(g") = ng"~7, wheren € R,
D7(x) =0 = (&) = x(is a constant),
(
(

o O O O

DY (0@') = @D (@) + @' D7 (@),

o DY@)(E) = cl—V‘Z—‘g@,
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pr( @) - @' D7 (@) — @D (")
(D/ (CO/)Z
Now, using the following transformation
_ax” BtY B
871"(1+7)+1"(1+’y)' u(x,t) =u(e), (59)

Equation (3) turns into
B2 + aPu" + Baun” + Ba(u')? + prau® = 0. (60)
Integrating (60) twice yields
1
B + (B2 + o+ k)u + Eﬁzxuz +8=0,
where k and © are integral constants. For simplicity, we set ¢ = 0. therefore, we get
1
BRaPu” + (B + o + k)u + 5 Bau? = 0. (61)

Here, we get the balancing number 2N = N +2or N = 2.
Suppose the solution of (61) can be given by

el G'\! G'\* G\’
u(e) =ag+m <G2> + by (GZ) +L12(G2> + by (G2> , (62)
in which agy, by, ay, by, a, are constant to be determined later.
Inserting Equation (62) with Equation (10) into Equation (61) and collecting all terms with

the same power of g—;, and then equating each coefficients of this polynomial to zero, we get the
following system of algebraic equations:

G\t 1
(G2> : E,Babﬁ + 6ﬁ2062b2772 =0,

: 20(2,321721?1 + N‘Bblbz =0,

|
]

: % Bab? + 8B%a*baAy + Baaghy + bk 4 bya® + by =0,

I
—_

: 202 B2y Aby 4 aBagby + aparby + a’by + by +kby =0,

o

1
: Baay by + Paagby + 202 B2ayy? + 282a2byA? + aga® + agB* + agk + Eﬁaa%,

: Zaczﬁznx\al + aPapay + aPazxby + o2ay + ‘32611 +ka; =0,

N

1
: E,tha% + 8B%a2as Ay + Baagas + axe® + axp® + agk =0,

(e8]

: 202B%A%a; + afaray = 0,

=

1
: Eﬁzxa% + 6B%a%ayA% = 0.

7N 7N 7N 7N 7N N N N
QA a2 Qa Qe Ya QYa Qa
N N T N~ N~ T ~—
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Solving the above system of nonlinear algebraic equation, we get

1
11:17,k:—anaﬁ—txz—ﬁ2,)\:)\,ao:ao,al:0,a2:O, by =0, by =0,(63)

n=nk=kA=A,a=0,a1=0,a,=0,b=0,0p=0, (64)
n=n,k=16a>g*n\ —a®> — p?, A = A, agp = —24Anap, a; =0, (65)
ay = —12A%apB, by = 0, by = —1277%ap,
n=n,k=—-16a2*y\ —a®> — 2, A = A, ap = 8AyyapB, a; = 0, (66)
a, = —12A%ap, by = 0, by = —1277%aB,
n=1,k=4\na’p* —a* — B, A=A, ag = —12AnapB, a; =0, (67)
ay =0, by =0, by = —125%aB,
n=n,k=—dAna?p*> —a® — B2, A=A, ag = —4Ayap, a =0, (68)
a, =0, by =0, by = —1277%aB,
n=1,k=4\na’p? —a*— B, A=A, ag = —12Anap, a; =0, (69)
ay = —12A%aB, by =0, by = 0,
=1, k= —4AaB? —a* — %, A=A, ag = —4Anap, a; =0, (70)

ay = —12A%aB, by =0, by = 0.

Inserting (65) in (62), we get

206( S\ _12n2a8( S
u(e) = —24Anap — 121 oc,B(Gz) — 12y 04/3((;2) , (71)
Therefore, we get three types of travelling wave solutions as follows:
if Ay > 0;
1 = —24Anap — 12A2aB()% — 1272aB(E1) 2, (72)
where
ax BtY . ax” pt7
B i A V() I U B L A (S I RO
o A D cos(y/nAe) — Csin(/5A( ax? + pt! ) /
Ty T Ty
if Ay <0;
Uy = —24Anap — 12A%aB(&)? — 12n%ap(&) 2, (73)
where
pt’ ptY
Csinh(2+/|7A( )) + Ccosh(2/|yA|( ))+D

1—1—7 F(1+ ) 1+'y F(1+'y)

X7 xY Y >’
Csinh(2+/|7A|( A7 ) + Ccosh(24/|nA|( b )))—D

1+7 r(1+ )
ifA#0,1=0;

1+7 1+

uz = —24Aqaf — 12A%aB(&3)* — 12%aB(83) 72, (74)

where

C
63 = - ax lBt'y s

MeGary Ty TP

where C,D # 0.
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. . . 1 1
The plots of (72) and (73) are displayed in Figures 6 and 7, forn =2,A =3,a = 5, = 3,
vy=%D=2C=3,andy=-2,A=3,a=138=17=1D=2C =3, respectively.

10 19
9
#

5
v Y
6
r o5 Q ‘ 0
4
3 E s
2z
1 \
D 10
2 4 6 3 10
x
(b)
0 =

P ﬁ%ﬁﬂ&)ﬁ |

-400

-600

-800

1000

-1200

-1400

-1600

1800

— y=0.30 — y=0.60 =0.90] — =030 — y=n.60 — 3=0.90|
() (d)

Figure 6. The (a—d) display the 3D, 2D and the contour plots of (72).

-0.10

T y=0.30 T v=0.60 ~y=0.90 T =030 T y=0.60 ~=0.90

(© (d)
Figure 7. The (a—d) display the 3D, 2D and the contour plots of (73).
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4. Application of the Gﬁl-Expansion Method

Example 3. Assume the nonlinear time fractional Harry Dym Equation (1).

Now, we employ the transformations (27), which represents a new dependent variable.

In a similar way presented in Example 1 in Section 3, we consider the ODE (33). Here, we get
the balancing number 3N = N +2or N = 1.

Suppose that the solution of (33) can be given by

¥(e) = ao+a1<(é>, (75)

in which ay, a1 are constants to be determined later.
Inserting Equation (75) with Equation (17) into Equation (33) and collecting all terms with
!/

the same power of %, and then equating each coefficient of this polynomial to zero, we get the
following system of algebraic equations:

7\ 3 3
<G) LI ) P

G 2
G'\* 3
(G) . —ana% + 3”1)\ = O,
G\ 3
<G) T —cay — Ea%al +mAr+ 2a1m =0,
G/ 0 a3
<G) : —cag + anA — 50 =0.

Solving the above system of nonlinear algebraic equation, we get
ag = FA, a; = F2, ¢ = —0.5(A% —4y). (76)

Inserting (76) in (75), we get

P(e) = £2 (g) +A. (77)

Therefore, we get three types of travelling wave solutions as follows:
Case 1: A2 — 45 > 0;

u2(x, ) = £4/2(—05(A2 — 7).

( iC cos(y/ L0 (x — (70’5}(&;%”))”)) + Dsin(y/ Z050=4) (o (*0.5r(();2_~;4)77))t“)) )
—iCsin(y/ COSGEA) (¢ — SOSUEAI ) | o [(OBUIAN) (0502 Ane

Case 2: A> — 4y < 0;

u2(x, 1) = +i1/2(~05(A2 — 47)).

<—Csin( (—0-5();—477)) (x — (—0-?(31—0(4)'7))” )) + D cos( (—0-5()52—477)) (x — (—0-5r(();2+—a4)77))f“ )>
C cos( (—0-5(/\22—4'7)) (x — (—0-5;(();:‘4)'7))?5”‘ )) + D sin( (—0-5(/;2—4’7)) (x — (—0-5}(();:‘4)’7))”‘ )

Case 3: A2 — 4n = 0;
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Lll,z(x, t) =4+ D ’ (78)

_ 2_ o
D(x— LA

where C,D # 0.

The plots of uy, - - - , uy are displayed in Figures 8 and 9, for two different cases A> — 4 > 0
and \? —4n < 0, for specific values n = —3,A =2,a = %,D =2C=3,andn=3,A=2,
x = %, D =2,C = 3, respectively.

-15 -14 -13 -12 -11 -10 -9 -8 —T\—S

(b)
Figure 8. The (a,b) display the 3D and the contour plots of u1 5, for A2 — 45 > 0.

Figure 9. The (a,b) display the plots of real and imaginery part of u; 5, for A2 — 457 < 0.

5. Comparing the %’-Expansion and the g—;-Expansion Methods

Here, diverse values of the solutions of (1) obtained through the g—;-expansion method
and the %-expansion method are presented in Tables 1 and 2.
As you can see, the obtained solutions through the g—;—expansion method present a bet-

ter description of Equation (1) than the obtained solutions through the %-expansion method.
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Table 1. Diverse values of the solutions of (1) obtained through the %—expansion method.
Ay >0 A <0
x=t u1,2(x, 1) uza(x,t) us6(x, t) uyg(x,t) u1,2(x, 1) uza(x,t) us6(x, t) uzg(x,t)
0.001 +10.8391 +5.1739 +3.0254 +7.9327 +0.0069 +9.7979 +4.9993 +4.8005
0.010 +11.4354 +3.9987 £3.0052 +7.9859 0.0000 £9.7979 +4.8991 +4.8988
0.100 +15.5875 £0.9025 +1.6523 +14.5247 0.0000 +9.7979 44.8989 +4.8989
1.001 +16.1931 +15.2886 +9.8816 +2.4287 0.0000 +9.7979 +4.8989 +4.8989
1.010 +13.5703 +10.6300 £33.0590 +0.7259 0.0000 £9.7979 +4.8989 +4.8989
1.100 +18.5057 14.9848 +1.4733 +13.7668 0.0000 +9.7979 14.8989 +4.8989

Table 2. Diverse values of the solutions of (1) obtained through GEl-expansion method.

A2 —4y>0 A2 -4y <0
x=t u1,2(x, t) u1(x, t)
0.001 +4.1671 0.0000
0.010 +4.0050 0.0000
0.100 £4.0000 0.0000
1.001 +4.0000 0.0000
1.010 +4.0000 0.0000
1.100 +4.0000 0.0000

The %-expansion method and the %/-expansion method are related to traveling wave
solutions of NPDEs only. As mentioned before, there exist MWSs to NPDEs. We are
interested in a novel approach for obtaining MWSs to NPDEs, and the MEFM formulates a
solution algorithm for calculating MWSs to NPDEs. In Section 6, we present two different

examples of the MEFM.

6. Application of the Multi-Exp-Function-Method

6.1. Example 1

Here, we apply the MEFM to obtain the novel analytical solutions for (4).

¢ One wave solutions for (4):

First, consider €1 = €1(x,y,t) as

where @1, S1, R1, and w; are constants. Now, €1 has the following relations

€1 = 01 exp(Slx + Ry — (Ull’),

€1y = 5161, €1y = Ryey, €14 = —wieq.

Therefore, we assume

K(e1) = Py + Pyey,
H(e1) = Qo+ Qie1,

where Py, P1, Qp, and Qg are fixed to be determined from (4). Thus, we get

By setting (83) into (4), we get:

u(x,t) =

K(e1)

Py + Pieq

Py = arbitrary,

w1

H(er) Qo+ Qier’

. 15iv/3R] +1057 +25,R; —5R}

2

Rq

By inserting (84) in (83), the one wave solutions can be presented by 1.

(79)

(80)

(81)
(82)

(83)

(84)
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The real part of u; is displayed in Figure 10 for Sy = 7,R; = —5,Q1 = —0.70,
Qo = 0.40, Py = 0.90, P; = 3, (a) is three dimensional with y = 2. Here, (b), (c), and
(d) exploit the z,y, x—axis orientation, respectively. Additionally, (e) is the contour
plot. In addition, the imaginary part of equation u; is displayed in Figure 11 for
S1=7,Ry = -5,0Q1 = —0.70,Qy = 0.40, Py = 0.90, P; = 3, (a) is three dimensional
with y = 2. Here, (b), (c), and (d) exploit the z, y, x—axis, orientation, respectively.
Additionally, (e) is the contour plot.

Two wave solutions for (4):

Consider ¢; = ¢;(x,y,t),i = 1,2, such that

g; = @;exp(Six + Rjy —w;t), i=1,2 (85)

in which S;, @;, R;, and w; are fixed. Now, we have

gi,y = Ri/ si,x = Sigi/ ‘Cfi,t = —w;§;, i= 1, 2. (86)

Then, we assume
K(e1,€2) = 2(S1€1 + Saen + P1o(S1 + S2)e1€2), (87)
H(eq,€2) =141 + €2+ Pppgqey, (88)

where Py, is a constant to be determined from (4). Therefore, we have

u(x t) _ 2(5181 + Soep + P12(51 + 52)8182) (89)
! 1+4+¢e14+¢ex+ Prperen ’

Using (89) into (4), we get:

Ppp =1,
15iv/3R2 41082 + 251 Ry — 5R?
w1 =5 7
2 Ry
15iv/3R3 + 1053 +2S,Ry, — 5R3

Using (89), we can show that the two wave solutions can be presented by u5.

The real part of u; is displayed in Figure 12 for Sy = 3,5, = —5,R; = 2,Ry, = -7,
(a) is three dimensional with y = 2. Here, (b), (c), and (d) exploit the z, y, x—axis,
respectively. Additionally, (e) is the contour plot. In addition, the imaginary part of
equation uy is displayed in Figure 13 for S; = 3,52 = —5,R; = 2,R, = -7, (a) is
three dimensional with y = 2. Here, (b), (c), and (d) exploit the z, x, y—axis orientation,
respectively. Additionally, (e) is the contour plot.

Three wave solutions for (4):

Consider ¢; = ¢;(x,y,t),i = 1,2,3, such that

g = @;exp(Six+ Ry —w;it), i=1,2,3 (90)
where S;, @;, and w; are fixed. Now, ¢; has the following relations
€ix = Si€i, &y =Rie1, &= —w, 1=1,23. 1)

Therefore, we assume
K(e1,€2,€3) = 2(S1€1 + Soex + Szez + P12(S1 + S2)eq2
+P13(S1 + S3)e1€3 + Po3(S2 + S3)e263 4 P1oPi3Po3(S1 + Sz + S3)e1€2€3),
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and
H(eq, e2,63) =1+ €1 + €2 + €3 + Piperes + Praeres + Pasenes
+ P12 P13 Przeq €563,

where Py, P13, and Py3 are fixed to be determined from (4). Thus, we get
u(x,t) = |:2(5181 + Soep + Szez + P1a(S1 + S2)eqen
+P13(S1 + S3)e1e3 + Paz(Sz + S3)e2e3 + PraP13Pa3(S1 + So + 53)€1€2€3)} / (92)

[1 + &1+ & + &3+ Pogren + Pizeqes + Pazenes + P12P13P23€1€283} .

Now, by setting (92) into (4) and solving the system of algebraic equations, we have:

Ppp =1,
Pz =1,
Py =1,
o = 5iv/3R% + 1052 + 251 Ry — 5R?
1 — 2 Rl 7
15iv/3R3 + 1053 + 2SR, — 5R3
Wy = = 7
2 Ry
w= L 5i\/3R3 + 1053 + 2S3R3 — 5R3
2 R3 '
P =1,
Pz =1,
Py3 = ;
R
. 5iv/3R% 41057 + 251R; — 5R?
1— 2 Rl 7
or — 1 5iv/3R3 4+ 10S3 + 2S,Ry — 5R3
2 — 2 R2 7
0 — 1 53(5iV3R3 + 1083 + 25, R, — 5R3)
2 RzSz !
Pp=1,
Pz =1,
Py = LR
o
o — 1 51(5iV3Rj + 1083 + 253R3 — 5R3)
2 R3S3 ’
15iv/3R3 4+ 1055 + 25,R, — 5R3
273 R ’

2
15iv/3R3 + 1053 + 2S3R3 — 5Rj
=32 Rs ’
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Pp=1,
Py3 = arbitrary,
P53 = arbitrary,

Ry = Lle,
Sy
S3R2
R3 - —G
Sy
o — 1 S1(5iv/3R3 + 1053 + 2S5,R; — 5R3)
172 R3S, ’
15iv/3R3 + 1053 + 2SR, — 5R3
wy = = 7
2 Ry
on— L S3(5iv/3R3 + 1053 + 2SR, — 5R3)
) RS, ’
Py = arbitrary,
Pz =1,
Py =1,
R, — 2R
51
15iv/3R? + 1052 + 2SRy — 5R?
w1 =3 s
2 Ry
or 1 S»(5iv/3R? + 1052 4 251 Ry — 5R?)
272 RS, ’
15iv/3R3 + 1053 + 2S3R;3 — 5R3
T2 Rs ’

and
Py = arbitrary,
P13 = arbitrary,
Py3 = arbitrary,

Ry, = Lle,
51
S3Ry
R3 = ,
S1
15iv/3R? + 1057 + 251Ry — 5R3
w1 =3 ’
2 Ry
w0, 15(5iV3R3 + 1087 + 25, Ry —5R7)
2 RiS ’
_ 1S5(5iv/3R% +10S% + 251 Ry — 5R?)
w3 = < .
2 RiS

Thus, the three wave solutions can be presented by usq1,u32,u33,U34,U35,
u3 6, respectively.

The real part of u3; is displayed in Figure 14 for S; = 0.5,5, = —0.7,k3 = 1.20,
Ry = —1.50,R; = 2,R3 = 1.50, (a) is three dimensional with y = 2. Here, (b), (c), and (d)
exploit the z, y, x—axis, orientation. Additionally, (e) is the contour plot.

The imaginary part of equation u3; is displayed in Figure 15 for S; = 0.5,
Sy = —0.7,k3 = 1.20,Ry = —1.50, R, = 2,R3 = 1.50, (a) is three dimensional with
y = 2. Here, (b), (), and (d) exploit the z,y, x—axis, orientation. Additionally, (e) is the
contour plot.

The real part of u3 is displayed in Figure 16 for S; = 3.50,S, = —3.70,k3 = 1.20,
Ry =5,Ry; =2.30,R3 = 3, P,3 = 3, (a) is three dimensional with y = 2. Here, (b), (c), and
(d) exploit the z, x, y—axis, orientation. Additionally, (e) is the contour plot.

The imaginary part of equation u3 is displayed in Figure 17 for S; = 3.50, So = —3.70,
k3 =1.20, Ry =5,Ry; = 2.30,R3 = 3, P,3 = 3, (a) is three dimensional with y = 2. Here, (b),
(c), and (d) exploit the z, y, x—axis, orientation. Additionally, (e) is the contour plot.
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The real part of us3 3 is displayed in Figure 18 for S; = 3.50,S, = —3.70,k3 = 1.20,
Ry = 2.30,R3 = 3, Pj3 = 3, (a) is three dimensional with y = 2. Here, (b), (c), and (d) exploit
the z,y, x—axis, orientation. Additionally, (e) is the contour plot.

The imaginary part of equation u3 3 is displayed in Figure 19 for S; = 3.50, S = —3.70,
ks =1.20,Ry = 2.30, R3 = 3, P13 = 3, (a) is three dimensional with y = 2. Here, (b), (c), and
(d) exploit the z, y, x-axis, orientation. Additionally, (e) is the contour plot.

The real part of u3 4 is displayed in Figure 20 for S; = 3.50,5, = —3.70,S3 = 1.20,
Ry = 2.30,P3 = 5,P13 = 7, (a) is three dimensional with y = 2. Here, (b), (¢), and (d)
exploit the z, y, x—axis, orientation. Additionally, (e) is the contour plot.

The imaginary part of equation u3 4 is displayed in Figure 21 for S; = 3.50, S = —3.70,
S3 =1.20,Ry = 2.30, Po3 = 5, Pj3 = 7, (a) is three dimensional with y = 2. Here, (b), (c),
and (d) exploit the z, y, x—axis, orientation. Additionally, (e) is the contour plot.

The real part of us5 is displayed in Figure 22 for S; = 3.50, S, = —3.70, S = 3.50,
S3=120,R; =11,R3 =13, Py3 =5, Pjp =9, (a) is three dimensional with y = 2. Here, (b),
(c), and (d) exploit the z, y, x—axis, orientation. Additionally, (e) is the contour plot.

The imaginary part of equation u3 5 is displayed in Figure 23 for S; = 3.50, S, = —3.70,
S1=13.50,5; =1.20,R; = 11,R3 =13, P,3 = 5, Pj» = 9, (a) is three dimensional with y = 2.
Here, (b), (c), and (d) exploit the z, y, x—axis, orientation. Additionally, (e) is the contour
plot.

The real part of uz¢ is displayed in Figure 24 for S; = 3.50,5, = —3.70,5; = 3.50,
S3 =1.20,R; =11, Py3 = —11, P;3 = 13, P; =9, (a) is three dimensional with y = 2. Here,
(b), (¢), and (d) exploit the z, y, x—axis, orientation. Additionally, (e) is the contour plot.

The imaginary part of equation u3 ¢ is displayed in Figure 25 for 5; = 3.50, S, = —3.70,
S1 =3.50,535 = 1.20,Ry = 11, P53 = —11, Pj3 = 13, Pj5 = 9, (a) is three dimensional with
y = 2. Here, (b), (), and (d) exploit the z,y, x—axis orientation. Additionally, (e) is the
contour plot.
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Figure 10. The (a—e) display the 2D, 3D and the contour plots of the real part of u;.
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Figure 11. The (a—e) display the 2D, 3D and the contour plots of the imaginary part of u;.
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Figure 14. The (a—e) display the 2D, 3D and the contour plots of the real part of u3 ;.
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Figure 15. The (a—e) display the 2D, 3D and the contour plots of the imaginary part of u3 ;.
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Figure 18. The (a—e) display the 2D, 3D and the contour plots of the real part of u33.
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Figure 19. The (a—e) display the 2D, 3D and the contour plots of the imaginary part of u3 3.
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Figure 20. The (a—e) display the 2D, 3D and the contour plots of the real part of u3 4.
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Figure 23. The (a—e) display the 2D, 3D and the contour plots of the imaginary part of u3 5.
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(e)
Figure 25. The (a—e) display the 2D, 3D and the contour plots of the imaginary part of 3.
6.2. Example 2
In this subsection, we use the MEFM to get the novel analytical solutions for (5).

¢  One wave solutions for (5):
In a similar way, we get
Py = arbitrary,

552 —S1R; +5R% (93)
w1 — .
Ry
By inserting (93) in (83), the one wave solutions can be presented by v;.
vy is displayed in Figure 26 for S; = 7,Ry = —-5,Q; = —0.70,Qo = 040,

Py = 090,P; = 3, (a) is three dimensional with y = 2. Here, (b), (c), and (d) ex-
ploit the z, y, x—axis orientation. Additionally, (e) is the contour plot.

e Two wave solutions for (5):
In a similar way, we get

P =1,
582 — SRy +5R?
(Ul - Rl 7
553 — S2Rp + 5R3
Wy = — R2 .

By setting the above values in (89), the two wave solutions can be presented by v,.
vy is displayed in Figure 27 for S; = 3,5, = —5,R; = 2, Ry = —7, (a) is three dimen-
sional with y = 2. Here, (b), (c), and (d) exploit the z-axis, y-axis, x-axis orientation,
respectively. Additionally, (e) is the contour plot.

e  Three wave solutions for (5):
In a similar way, we get
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Pp =1,
Pz =1,
Py =1,
552 — S1Ry + 5R?
wp = — ,
Ry
552 — SRy + 5R3
Wy = — R ’
2
on — 552 — S3R3 + 5R3
3 = R3 7
Pp =1,
P13 = arbitrary,
P,3 = arbitrary,
R, = 1R
1 S,
Ry = 3N2
3 S5
$1(553 — S2R, + 5R3)
w1 = — ’
RS,
553 — SR, + 5R3
Wy = — R s
2
- — S3(583 — SR, + 5R3)
3= stz 7
Pp =1,
Pj3 = arbitrary,
Py =1,
R, — 91Rs
1 Sl’é{ ’
R. = B3R2
3 S5 !
o 1(553 — S3R3 + 5R3)
1— R353 7
553 — SyR, + 5R3
Wy = — R s
2
o — 552 — S3R3 +5R3
3 — R3 7
and
Py = arbitrary,
Pz =1,
Py =1,
S2Rq
Ry = —,
2 )
S? — S1R; +5R?
w1 = — R ’
1
$2(552 — S1R; + 5R3?)
wy = — 7
R15q
55% — S3R3 + 5R3
w3 = — .
R3
Thus, the three wave solutions can be presented by v3 1,32, V33, U3 4, respectively.
v31 is displayed in Figure 28 for S; = 0.5,5; = —0.7,S3 = 1.20,R; = —1.50,

Ry = 2,R3 = 1.50, (a) is three dimensional with y = 2. Here, (b), (c), and (d) exploit
the z, y, x—axis orientation. Additionally, (e) is the contour plot.
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v3 is displayed in Figure 29 for S; = 3.5,5; = —3.7,53 = 120,R, = 2.30,
Pz = %,P23 = —g, (a) is three dimensional with y = 2. Here, (b), (c), and (d) exploit
the z,y, x—axis orientation. Additionally, (e) is the contour plot.

v33 is displayed in Figure 30 for S; = 3.5,5 = —3.7,55 = 1.20,Ry = 2,R3 = 3,
Py; = %, (a) is three dimensional with y = 2. Here, (b), (c), and (d) exploit the z, y, x—axis
orientation. Additionally, (e) is the contour plot.

v34 is displayed in Figure 31 for S; = 3.5,5; = —3.7,53 = 4.20,R; = —0.50,
R3 =0.90,Pp = %, (a) is three dimensional with y = 2. Here, (b), (c), and (d) exploit the
z,Y, x—axis orientation. Additionally, (e) is the contour plot.

Although the MEFM can obtain the MWSs to nonlinear equations, calculating each
wave solution separately takes a lot of time and this can be one of the shortcomings of
this method.
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Figure 26. The (a—e) display the 2D, 3D and the contour plots of v.
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Figure 27. The (a—e) display the 2D, 3D and the contour plots of vy.
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Figure 28. The (a—e) display the 2D, 3D and the contour plots of v3 ;.
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(o) ()

Figure 30. The (a—e) display the 2D, 3D and the contour plots of v3 3.
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Figure 31. The (a—e) display the 2D, 3D and the contour plots of v3 4.

7. Concluding Remarks

In this paper, we applied three different methods, namely, the Gé—expansion method,

the g—;—expansion method, and the MEFM to investigate the nonlinear time fractional Harry
Dym equation in the Caputo sense and the symmetric regularized long wave equation
in the conformable sense. In particular, we calculated the multiple wave solutions to
(2 + 1)-dimensional equations by means of operating the MEFM, containing one, two, and
triple-soliton-type solutions. It is obvious that this new technique has plenty of families
of solutions, including rational exponential functions by choosing special parameters.
Thus, the present paper provides encouragement for future research in soliton topics. The
behaviors of the solutions for the known nonlinear equations gained via the MEFM by
choosing the suitable values are cited in Figures 10 and 31. Besides, numerical simulations
involving the determination of the coefficients have been carried out to prove that the
projected algorithm is efficient and applicable. An analytical study was performed for the
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solutions obtained using employing the aforementioned technique, revealing one, two,
and triple-soliton-type solutions. The obtained results are beneficial for the study of wave
propagation. The computations in the present paper were made with the aid of Maple.
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