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Abstract: The purpose of this research is to unify and extend the study of the well-known concept of
coefficient estimates for some subclasses of analytic functions. We define the new subclass Aj}*® of
analytic functions related to the four-leaf domain, to increase the adaptability of our investigation.
The initial findings are the bound estimates for the coefficients |a,|, n = 2, 3,4,5, among which the
bound of |a;| is sharp. Also, we include the sharp-function illustration. Additionally, we obtain the
upper-bound estimate for the second Hankel determinant for this subclass as well as those for the
Fekete-Szeg6 functional. Finally, for these subclasses, we provide an estimation of the Krushkal
inequality for the function class A}°.

Keywords: analytic functions; subordination; four-leaf function; coefficient inequalities; Hankel
determinant; Fekete-Szeg® functional; Krushkal inequality

MSC: 30C45; 30C80

1. Introduction and Preliminaries

We let A denote the class of analytic functions defined in the open unit disk D :=
{z € C: |z| < 1}, having the power-series expansion of the type

flz)=z+ ianz”,zeﬂ). (1)
n=2

Also, we let S denote the class of all functions of A that are univalent in D.

If F and G are analytic functions in D, and if there exists a function w analytic in D
with w(0) = 0 and |w(z)| < 1in D, such that F = G o w, then we say that F is subordinated
to G, written F(z) < G(z) (see, for example, [1] p. 368). Using the Schwarz lemma, it is easy
to show that F(z) < G(z) implies F(0) = G(0) and F(D) C G(D), and assuming that G is
univalent in D then the next equivalence holds:

F(z) < G(z) & F(0) = G(0) and F(D) C G(D). @)

The classic Fekete-Szeg6 problem [2] involves finding the exact limits of the functional
|a3 — pa3| for a compact-function family or f € A with any y € C; for further details, one
may refer to [3].
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Pommerenke provided the following Hankel determinant in [4,5], denoted by D, . (f),
which contains the coefficients of a function f € S:

an Apy1 -0 Opgg—1
an+1 Any2 An+q
D)= | R
Ant+q-1 fAn+q " Gn429-2

with g,n € N:= {1,2,...}. Therefore, by altering the parameters g4 and n we obtain the
following Hankel determinants:

N _|a2 az| _ 2
Dya(f) = gy | =BT Dap(f) = 0s g 7204 %
1 ap as
D31(f) = |ay a3 ag| = az(agas — a3) — ag(ay — a2a3) + as(as — a3), 3)
a3 as as

that denote the first, the second, and the third-order Hankel determinants. There are a few
references in the literature to the Hankel determinant for functions in the general family
S. The best-known sharp inequality for the function f € Sis D, ,(f) < x+/n, where « is
a constant, and it is due to Hayman ([6] Theorem 1). Additionally, for the class S, it was
found in [7] that

11
|Dao(f)| <x, where 1<k < 5 ~366...,

32 + /285

D < h
|D31(f)] <v, where 15

O |

<y < ~ 3.25879%....

The precise bounds of Hankel determinants for a given family of functions have
piqued the interest of several mathematicians. For the three well-known subfamilies of
the set S that are £, §*, and R (convex, starlike, and functions of a bounded turning,
respectively), Janteng et al. [8,9] computed the sharp bounds of |D,(f)|. These bounds
are provided by

é, for fek,
Dap(f)l <41, for feS¥,
g, for feR.

Moreover, the sharp bounds of this determinant for a few subclasses S* and K were
found in [10] and subsequently studied in [11]. This problem was solved for various
families of bi-univalent functions in [12-14].

Finding the bound of |D,,(f)| is significantly easier than calculating | D31 (f)|, as is
shown by Formula (3). In 2010, Babalola [15] was the first to study the third-order Hankel
determinant for the classes K, $*, and R. The same approach was then used by several
authors [16-20] to the values of |D31(f)| for certain subclasses of univalent functions.
The researchers became interested in Zaprawa’s study [21] because he enhanced Babalola’s
findings by utilizing a novel technique to show that

49

5407 for fek,
D3i(f)|<S1,  for feS

4 for feR,

60’
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and he also noted that the bounds are not sharp. For f € S*, Kwon et al. [22] made a more

agreeable finding in 2019 and proved that |Ds(f)| < g Zaprawa et al. [23] improved

this limit even more, since they proved that for f € S* the inequality |D31(f)| < g holds.

In recent years, a sharp bound was obtained by Kowalczyk et al. [24] and Lecko et al. [25]
for the third Hankel determinant, as below:

4 for fek,

D31 (f)] < ¢ 1% (1
Y for feS 5 )

where S* % is the family of starlike functions with order %

Gandhi in [26] introduced a set of bounded turning functions connected to a three-
leaf function. In 2022, in the articles [27,28] the authors introduced and studied different
subclasses of analytic functions defined by subordination to the four-leaf function (see
Figure 1, made with MAPLE™ 2023 computer software) that is given by

Qu(z):=1+ gz+ %zS, z € D.

Figure 1. The image of Q4(D).

With the aid of a four-leaf function, we define the following subclass of A, using the
notion of subordination, as follows:

Definition 1. A function f € Ais said to be in the class A} if

Y, sf(z) = (1—7)(1— s)@ + (s+7r(1+59))f'(z) +rs(zf"(z) —2) < Qu(z), (4)
wherer > 0and s € [0,1].

The reason for taking the above left-hand-side expression consisted in the fact that
we could obtain a subordination condition where appeared the usual expressions f(z)/z,
f'(z), and zf"(z). For special values of the parameters r and s, some of these functions
vanished or the formula became more simple and, as we can see in the further Remark 2,
we could simply obtain expressions subordinated to the four-leaf function.

Many results regarding some subclasses defined by subordinations with different
functions with significant geometrical properties (e.g., the limagon function, convex func-
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tions in one direction, the cosine function, the nephroid function, etc.) were studied by the

fourth author in many papers (see, for example, [29-32]). The novelty of these subclasses

and of this paper consists in the fact that such subordinations with similar expressions to

the left-hand side of the subordination (4) were not studied in some other previous articles.
Throughout this paper, unless otherwise stated, we assume that

Ty :zl—i—(n—l)(r—l—s)—l—(nz—l—l)rs,neN\{l}, (5)
where r > 0and s € [0, 1]. Evidently, 7, > 1 and
Tyy1 — T = (1+ (2n+1)s)r+s > 0.

Remark 1. (i) If ¢ is an analytic function in ID then ¢ is said to be a starlike function with respect
to wy = ¢(0) if ¢ is univalent in D and ¢ (D) is a starlike domain with respect to wo—that is, the
segment [wo, ¢(z)] lies in ¢(ID) for all z € D. It is well known that the function ¢ is starlike with
respect to wy = ¢(0) if and only if ¢'(0) # 0 and

z¢'(z)
Re o) —wo

Since Q4(0) =1, Q}(0) =5/6 # 0and

zQ)(z) B 1+ 274
—94(2)_94(0)—5R85+ >0,zeD,

it follows that the four-leaf function Q4 is starlike ( univalent) in D with respect to wy = Q4(0) =
Moreover, from the fact that (Q4(1) + Q4(—1))/2 = 1 it follows that the domain Q4(ID )
symmetric with respect to the point wy = 1, and because Q4(z) = Q4(Z), z € D the domain

Q4 (D) is symmetric with respect to the real axis.
We have Re Q4(z) > 0, z € D because

>0, ze D.

Re

1 1 1
ReQ4(Z):Re<1+zz+6z5) :1+Re<Zz+ 625) >1-— gz+625
5 1 5 1
>1—Z|z| - 22| >1-2 -2 = D
>1- 2 - >1-2 1 =0 ze,

hence, Re Q4(z) > 0,z € D.

(ii) We will emphasize that the class Ay° is not empty. Considering f(z) =z +az2 + b2,
for the particular case a = 0.08, b = 0.01, r = 1.5, and s = 0.5, using the 2D plot of the MAPLE™
computer software we obtain the images of the boundary 0D by the functions ¥, s f and Qy, shown
in Figure 2a. Since Qy, as we showed above, is univalent in D, the equivalence (2) yields that the
subordination ¥, s f (z) < Qu(z z) holds whenever ¥y s f F(0) = Q4(0) = 1and ¥, s f (D) C Qu4(DD)
(see Figure 2b). In conclusion, f € AY* for the above values of the parameters; hence, the class Aj°
is not empty for non-trivial values of the parameters.

The following univalence theorem on the boundary is well known (see, for example, [33]
Lemma 1.1, p. 13): Let f be analytic in D and injective on the boundary OD. Then, f is univalent in
D and maps D onto the inner domain of the (closed) Jordan curve | = f(9D).

For the function f defined by the above item (ii), we have f € A}°. Using the 2D plot of the
MAPLE™ computer software, the image of the boundary oD by the functions f (see Figure 2b),
we see that f(ID) is a simple curve; hence, f is univalent on dD. Therefore, according to the above
result, we conclude that f € S; hence, Ay* NS # @ for some values of the parameters r > 0 and

€ [0,1].
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Figure 2. Figures for Remark 1 (ii): (a) The images of ‘I’rlsf<eig> (blue color) and Q4 (eie) (red color),
6 € [0,277). (b) The image of f(3D).

(iii) Let us consider the function j?(z) =z +az? + bz% fora = 0.58, b = 0.01, and let us
take v = 0.05 and s = 0.06. From the 2D plot of the MAPLE™ computer software we represent
the images of the boundary oD by the functions ‘-I’r,sj?aiid Qy in Figure 3a. For similar reasons,
like item (ii) we have ¥, sf (z) < Qu(z). In conclusion, f € Ay*° for the above given values of the
parameters. But, representing with a 2D plot of the MAPLE™ computer software the image of
the circle |z| = 0.98 by the functions f(see Figure 3b), we see that f(0.98 eie), 6 € [0,2m) is not
a simple curve; hence, fis not univalent in D. Consequently, we have Ay° ¢ S for the general
choices of the parameters r > 0 and s € [0, 1].

0.5

—0.57

(@ (b)
Figure 3. Figures for Remark 1 (iii): (a) The images of ‘I’r,sf(ew) (blue color) and Q4 <ei9) (red color),

0 € [0,277). (b) The image of £(098¢?), 0 € [0,27r).

(iv) Not only polynomial functions belong to these classes A}°, as can we see in the next

1
examples. Taking fo(z) =z - 117:2 for the particular case a = 0.58, b = 0.001, r = 0.05, and

s = 0.06, we similarly obtain the images of the boundary 0D by the functions ¥, s fo and Qq4, shown
in Figure 4a, and, for the same reasons as in the above item, we conclude that f. € A}° for these
values of the parameters. We could mention the same property for the transcendental function
fe(z) = ze" with a = 0.38, where for r = 0.05 and s = 0.06, using a proof similar to those of
item (ii) (see Figure 4b), we obtain f. € A}”.
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(v) Foralln € N\ {1} and v € C with |y| = 1, if we define the functions

5 1 _ _
fu2(z) ==z + g’Y” 2"+ 6'(5747571 "%,z €D, (6)
n n—

using the fact that

Wrsfua(z) =1+ 2720 4 L (2% = (92" ) < ()

it follows that f,_» € Ay* forallr > 0,s € [0,1] and n € N\ {1}

0.5 0.5

T
0.2

0 T T ,m, T
02 04 06\ 08 10 12 14 [l6 18 20

—0.5 —0.5

(@) (b)
Figure 4. Figures for Remark 1 (iv): (a) The images of ¥, s fc (ew) (red color) and Q4 (eie) (blue color),

8 € [0,27). (b) The image of ¥, s fe (ew) (red color) and Q4 (ew) (blue color), 8 € [0,27).

(vi) Definition 1 of the class Aj° generates the next natural question: whether for every
function f € A there exists r > 0 and s € [0, 1], such that the function f belongs to the class Ay”°.

We will provide below a negative answer to this question, i.e., there exists a function g € A,
such that for any r > 0and s € [0,1] we have ¥, :g(z) A Qa(z). The proof of this fact will be
presented below, where we provide an example of such a function.

Letting g(z) := ze* € A, from Formula (4) we easily obtain

H(z) :=Y,s8(z) = {[(zz +32+2)s+z]r+zs+l}ez — 2rs,

that is, an entire function (analytic in the whole complex plane C), and from the theorem of the
maximum of the module if follows that

sup |H(z)| = max |H(z)| = max |H(z)|
zeD zeD |z|=1

> |H(1)| = [(6e —2)s +e|r+ (1+5)e =: L(r,s), 7)
with L : [0, +c0) x [0,1] — R. Since

oL(r,s)
ar

=(6e—2)s+e>e>0, (r,s) €[0,+o0) x [0,1],
it follows that L(-,s) is a strictly increasing function on [0, +c0) for all s € [0, 1], therefore,

L(T’,S) > L(O,S) = (1 +S)e >e (T,S) € [0, +°°) X [Or 1}, (8)
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and combining the inequalities (7) and (8) we deduce that
sup |H(z)| > e ~27182... )
zeD
On the other hand, the function Qy is also an entire function and it is easy to check that
sup |Qa(z)| = Qu(1) =2, (10)

zeD

consequently, from (9) and (10) we obtain

sup [¥,,s8(z)| > e >2 = sup|Qu(z)],
zeD zeD

which implies ¥, sg(z) A Qa(z). Thus, for the function g(z) = ze* € A, there does not exist
(r,8) € [0,+00) x [0,1], such that g € A}*; hence,

A g { A7 (r,5) € [0,+00) x [0,1]}.

Remark 2. Some relevant special cases of the class Ay° could be obtained as follows:
(i) For s = 0 and r > 0, the class .AZ’O will be

ap={reaa-nt2ire <@}

(ii) Putting s = O and r = 1 in (4), we obtain the class Al’o, which was introduced and
studied by Sunthrayuth et al. [27], which is

AP ={feA:f(z) < Quz)}.

To prove our main results, we will use the next preliminary results.
We say a function p belongs to the class P of Carathéodory functions (see [34,35]) if and
only if it has the series expansion

p(z) =1+ Z cnzt, z € D, (11)
k=1

and Re p(z) > O forall z € D.

Lemma 1. Let p € P be of the form (11). Then:
(i) Forn > 1
len| < 2. (12)
The inequality holds for all n > 1ifand only if p(z) = (1 + Az)/(1 — Az), |A| = 1.
(ii) Also, if u > 0 then

2, if 0<pu<1,

. (13)
22 — 1|, otherwise.

|chak — penck| < 2max{1;|2u — 1|} = {

If0 < u < 1 the inequality is sharp for the function p(z) = (1 +z”+k>/(1 - z”+k>.

In the other cases, the inequality is sharp for the function p(z) = (1+2z)/(1 —z).
(iii) Moreover, if B € [0,1] with B(2B — 1) < D < B, we have

c3 — 2Bcicr + DC“;’ <2 (14)
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We note that inequality (12) is the well-known result of the Carathéodory lemma [34]
(see also ([33] Corollary 2.3, p. 41), ([36] Carathéodory’s Lemma, p. 41)). Inequality (13)
represents Lemma 2.3 of [37], that for 4 = 1 was proved in a more general form for
p(0) = ¢o in Lemma 1 of ([38] p. 546). Inequality (14) refers to Lemma 3 of ([39] p. 66).
Lemma 2. If p € P is given by (11) then

2co :C%+X(4— |C1|2), (15)

4c3 = c% —0—2(4 — c%)clx — (4 — C%) X+ 2(4 — C%) (1 — |x|2> n, if ¢1>0, (16)
for some x, y with |x| <1, |y] < 1.

Formula (15) for c; can be found in relation (10) of ([33] p. 166), while (16) for c3 was
originally derived by Libera and Zlotkiewicz, as referenced in equalities (3.9) and (3.10)
of ([40] p. 229) and ([41] p. 254), respectively.

Lemma 3 ([37] Lemma 2.1). Let 9, ¢, ¢, and a satisfy that a, ¥ € (0,1) and
8a(1—11)((19£—2 2 —¢)? - - 2 2(1-0)%(1—
¢) + (B(a+9)—e)) +0(1—98)(e—2a0)* <4ad*(1—0)*(1—a). (17)

If p € P and is given by (11) then

gc‘lL + ac% + 20¢cqc3 — gsc%cz —cy| <2 (18)

2. Initial Coefficient Estimates for Class A}*°

The first theorem gives us the upper bounds for the first five coefficients |a,| for the
functions belonging to A}° as follows:

Theorem 1. If the function f € Ay* is given by (1) then
lan| < i, n=2>3,4,5, (19)
6T,
where T, is given by (5).
For n = 2 the bound is the best possible, and the inequality |ap| < 6ir2 is sharp for the
function

5 1
pa r)/ZZ + 7’)/526/

fulz) =z + = 67

withy € C, |y| =1.

Proof. Supposing that f € A} has the form (1), then there exists a function w analytic in
D withw(0) = 0 and |w(z)| < 1, z € D satisfying

(1-r)(1— s)@ + (s+7r(1+5))f'(z) +rs(zf"(z) —2) = Qu(w(z)), zeD.  (20)
It is easy to check that

(1—r)(1— s)@ + (s+7r(14s))f'(z) +rs(zf"(z) —2) =1+ i Tz Y, z €D, (21)
n=2
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where 1,4, = (11!

{2,3,4,5}.
Letting the function I defined by

,with ¥, s f and 7, given by (4) and (5), respectively, for n €
1+ w(z) o 1 o
l(Z)::m:1+Zln2,Z€D

since |w(z)| < 1in D, it follows that ] € P.
A simple computation gives

1 —
w(z) = 18+1 fllz—l— (12—12)2 + 5 <13—l112+13)2 +...,zeD, (22)

and by replacing the power series expansion of (22) in relation (20) we obtain

5
(1 —r)(l—s)@—f— (s+r(1+s))f'(z) +rs(zf"(z) —2) =1+ Ellz (23)
5L, 512, 53) 3
+ (12—24 z° 4+ ﬁl3 2lllZ+Ell z
5 5, 55 5.5 54\ 4
+ (1214 121113 2412 + 161211 9611)2 +...,zeD.

Equating the first five coefficients of (21) and (23) we obtain

ay = ].2T2 1, (24)

_ 17 5, 5

1 5 5 5 3
ag = - ( 121112 + 12[3 + 4811), (26)

and 1/5 5 5 5

—_ (= ~ g2 4

a5 = T5(1214+ 16l 12 96l 241 l1l3> (27)
Using the inequality (12) for n = 2 in (24) we obtain
5
2
laz| < 65 (28)

Since (25) can be written as
5
- 12
o (2~ 2%)
1w
2

using inequality (13) forn = k = 1 and 4 = - we obtain

laz| < o

From (26), it follows that

5 1 1,
a4 o7, I3 7 lllz+4l1
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and we will compare the right-hand side of the above relation to (14). Therefore, since

0<B=-<1 B=->D=-, B2B-1)=0<D=-

N\’—‘

all the requirements of Lemma 1 (iii) are satisfied; hence, (14) leads us to

as < 2
=6y
Equality (27) implies that

5 |1 31
|a5| = E gl% l2 +2- 1113 P l%lz —ly|, (29)

and by comparing the right-hand side of (29) with the left-hand side of (18) we obtain

1_9:

S_l
)

_1
=5
Since

8a(1— ) (9 — 26 + (8(a+8) —c)?) + 6(1 — B)(e 208> = 0 < 11? — 4ady(1— 6)2(1—a),

the assumption inequality (17) holds; consequently, (18) combined with (29) implies

las| < o’

and the proof of the theorem is complete.
To prove the sharpness for n = 2, we will use the fact f. = fy, given by (6). From
Remark 1 (iv) we obtain f, € A}° and for n = 2 the equality holds in (19). O

Fekete and Szeg6 [2] proved the well-known result,
_ 2
max{‘ag —;m%‘ 1 f e S} =1+2e ™r, nel01],
and in the next result we consider the corresponding problem for the family A}*:

Theorem 2. If the function f € Aj° has the form (1) and p € R then

5 25yl
— <
’”3 ”“2‘ max{6T3 3612

Proof. If f € A}* has the form (1), as in the proof of the previous theorem, using (24) and

(25), we obtain
1/5 5, 25,
r3(1212 24[1) Ve h

Using inequality (13) for the right-hand side of the above equality, if n = k = 1 we

obtain
~ maxd O Blu]
6T3 36’1’2

5

- 6T22 +5u T3 2
- 12T3

2 — 1/
1277

2
‘ag - }laz‘ -

672 4 5113

-1
675

5
’ag—yaz‘ < —ma {1;
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Another three estimations of the differences of the coefficients modules for the func-
tions of the class Aj® will be presented as follows.

Theorem 3. If the function f € Aj*° has the form (1) then
ol < =
|aza3 — ay| < 6T,

Proof. Since f € AZ’S is of the form (1), as in the proof of Theorem 1 according to (24)—-(26)

we obtain
5 5T4 1 5T4 1 3
— 3 —2 = Ll = 3].
ol (241273 + 2) 12+ (241213 + 4) 1

_ — 30
|a2a3 — ay] B (30)

If we compare the right-hand side of the above equality with the left-hand side of (14)
we obtain

- 5T4 1 - 5T4 1
N 24”[2”[3 2’ a 24T2T3 4’
Since
B _ 000r%s® 4 240r% + 2407 s> 4+ 24r% + 14375 4 245> + 21r + 215+ 7 _
N 24(5rs+r+s+1)(10rs +2r +2s + 1)
and
1 4.4
B(2B—1)-D=— . . (180000r s
288(5rs +r+s+1)7(10rs +2r +2s + 1)

+ 1440007%s3 + 1440007°s* + 432007452 + 1944007°3s° + 432001%s*
+5760r*s + 820807352 + 82080725 + 5760r s* + 288r* + 14112135
+43823r%5% + 141127 s° + 288s* + 8647° + 9402125 + 94027 s + 864s°

171172 4 273275 + 7115% + 282 + 2825 + 47) <0

forall » > 0 and s € [0,1], using also (5), it follows that

5T4 1 5’L'4 1 5T4 1
O < B = - < 1, B = - > D = -,
- 24713 + 2~ 24713 + 2~ 2413 4
514 514 1 51y 1
B(2B—-1) = - ) <D= —.
( ) 12113 (24T2T3 + 2) - 24713 + 4

Since all the conditions of Lemma 1 (iii) are satisfied, using (14) we obtain from (30)
the required conclusion. O

Theorem 4. If the function f € Ay* is given by (1) then

as — aray| < —.
|as 24|f61,5

Proof. Similarly, as in the proof of the previous theorems, since f € A}* has the form (1)
from (24), (26), and (27), we obtain

5 |13 575 515 32 55, 1\ .4
5~ M= T on [2 “lat <12m4 + 1)1113 N (12’1’2’1’4 + 4)112 + <48721'4 + 8)11 ’
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hence,

5

a5 — a204] = 35

1 55 \4 1, 1 51
(8 + 48’1_'2’1,’4)11 + 212 +2<2 + 24’[2’[4)1113 (31)

3 1 5T5 2
E <2 + 18T2T4 > ll 12 14

Comparing the right side of (31) with the left-hand side of (18) we obtain

_1+ 515 a_} 19_1+ 515 S—1+ 515
“ T8 By T2 VT2 dnn T2 18nm

and denoting

U :=8a(1—a) ((03 —2¢)% + (8(a+0) — s)2) F0(1-9)(e—2a0)% (32
V= 4ad(1 - 9)*(1 —a), (33)

it follows that

V-UuU= ! : - (1217736180000r858
373248(5rs +r+s+1)"(17rs +3r +3s + 1)
+ 1833767424000r%s7 + 1833767424000r7 s + 1207454947200755°
+ 3675624998400rs” + 12074549472007%58 + 454063656960r%s°
+ 3015278369280r"s° + 3015278369280r°s” + 454063656960r°s8
+ 10665948844818s* + 1355054095872r” s> 4 29929981110487°5°
+ 1355054095872r°s” + 106659488448r*s® + 1602577612815s°
+ 3696383185921 s* + 15864052484161°s® + 15864052484167°s°
+ 369638318592r%s” + 16025776128r%s8 + 1504096128782
+ 631599068167 s> 4 500006872080r%s* + 9677537059447 s>
+ 500006872080r*s° + 6315990681673s” + 1504096128758
+ 80621568735 + 663448320077 s> + 97102192320r°%s> + 3453932698087°s*
+ 345393269808r*s° + 971021923201s° + 6634483200r%s” + 80621568r s°
+ 1889568° + 393030144+ s + 11439040392r°s2 + 751851895681°s>
+ 135240643162r*s* + 75185189568r°s° + 1143904039212s° + 3930301447 s”
+ 18895685 + 1007769617 + 7516860487°s + 98588489281°s>
+ 31767073568r*s> + 31767073568r°s* + 9858848928r%5° + 7516860487 s°
+ 100776965 + 211844167° 4 7171706641°s + 448845210015
+ 78224405007%s% 4 4488452100r%s* + 7171706647 s> + 211844165°
+ 222660007 4 354292592745 4+ 11530240567°s2 + 115302405672s>
+ 354292592r s* + 22266000s° + 120450587 + 96743788175 + 174849942125>
+ 96743788 5% 4 12045058s* + 36034007 + 1547695215 + 15476952r 52

+ 3603400s° + 64397472 + 1497212rs + 64397452 + 73648 + 736485 + 4603) )

Therefore, V > U for all r > 0 and s € [0, 1]; hence, assumption (17) of Lemma 3 is
satisfied, and by combining (31) with (18) we obtain our result. [
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Theorem 5. If the function f € A}° is given by (1) then

5
‘ﬂ5fﬂ3 Sa

Proof. If f € A}* has the form (1), from (25) and (27) we obtain

5 [(1, 5u 1, 5% 3(1, 5

2 5 4 5 2
—af=- I B+ = Bl —1
SR 12T5[<8+48 >1+(2+12 >2+13 2<2+18732>12 41’

hence, it follows that

| 5
‘”5 ”3‘ 121

1 5T5 4 5T5 2 1
I 2\ B+2- -4l
<8+48T32>1+<2+12 >2+ 2 13

3 1 5T5 2
— |15l — 1. 4
2( +18 )12 4 (34)

Comparing the right-hand side of (34) with the left-hand side of inequality (18), that

is,

3
et + ac3 +20cic3 — Esc%cz —cy4

7

we obtain

1 5T5 1 5T5 1 1 5T5

s+ —, a=z-+-——, ==, €=+ —.
8 = 4872 2 1272 2 2 18172

If we use notations (32) and (33), for the above values of the parameters we obtain

V-Uu=

1
46656(10rs + 2r 425 +1)°
+ 4665600000007 52 + 3265920000007%5° 4 8864640000007 s”

+ 3265920000007°s® + 1306368000007%s° 4 7185024000007 s® + 718502400000r°s”
+ 1306368000007°s® + 3265920000078s* + 3265920000007 s> + 6482196000007°s°
+ 3265920000007°s” 4 32659200000r*s® + 5225472000785 + 9144576000077 s*

+ 3226003200007°s° + 3226003200007°s® 4 91445760000r*s” + 522547200075

+ 5225472007552 + 161989632007 s> + 982255680007°s* + 1712723040007°s°

+ 982255680007*s° + 1619896320073s” 4 522547200r%s° + 29859840735

+ 177666048017 s + 188718566407°s> + 54977126400r°s* + 54977126400r*s°

+ 18871856640r°s° + 1776660480r%s” + 29859840r s® + 746496r% + 11048140877

4 2242816128r%s% + 111298037761°s> + 1835591512074s* + 111298037767°s°

+ 22428161281*s® + 1104814087 57 + 7464965% 4 298598417 + 1510548481°s

+ 14033456641°s> + 3861088640r4s> + 3861088640r°s* + 1403345664r%s°

+ 1510548487 s + 29859845’ + 4419072r° 4 101308032r°s + 510650880r*s2

+ 8387038407°s3 + 11505312073s% 4 510650880r2s* + 1013080327 s> + 4419072s°
+ 320947275 + 39359360r*s + 115053120r%s° + 393593607 s* + 320947255

+ 13595207* + 9404800735 + 16218960r%s2 + 94048007 s> + 1359520s*

+ 3575687 + 1389024125 + 13890247 s + 357568s> + 5899212 + 126464rs

(291600000000r8s8 + 466560000000785”

+ 5899252 + 62567 + 62565 + 391) >0,r>0,s€(0,1],
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because all the terms of the sum are positive and, thus, assumption (17) of Lemma 3 is
satisfied. Therefore, the required inequality follows from (34) and (18). O

3. Krushkal Inequalities for the Class A}°
In this section, we will show that for the well-known inequality

ah — ag(nfl) < gp(n=1)-n? (35)

we can find smaller upper bounds for the subclass A} and for the specific couples of values
n=4,p=1andn =5, p = 1. This inequality was originally introduced and proved by
Krushkal for the entire class of normalized univalent functions S and integersn > 3, p > 1,
while it is sharp and the equality occurs for the Koebe function (as cited in [42] Theorem 6.1,
p- 17).

First, for n = 4 and p = 1 we obtain the following first upper bound for the left-
hand side of (35), while the second result deals with the same problem forn =5, p = 1.
According to the fact that 75 > 74 > 1, it is obvious that these bounds are smaller than the
right-hand side of (35) for these values of # and p.

Theorem 6. If the function f € Ay* has the form (1), then

3 5
‘ﬂ47ﬂ2 S 67’1_’4

Proof. If f € A}*, from (24) and (26) we obtain

51 51 5 125

3 3 2 3
ag—ay=—— ——1+|—-——-——= ]I

4 2 12[4 12 T4 ! <4:8 T4 1728[23> v

hence,
5
1 2T4

‘a4 — a%‘ = . (36)

1 1 25T4 3
ls—2- - bly+ |+ — !
3T kT (4 1441'23’) !

Comparing the right-hand side of the above relation (14), since r > 0 and s € [0, 1]
and according to (5), we obtain

1 1 1 254
- 27 277 4 1447
Moreover,
1 2
B2B—1)=0<D=1_ 24,
4 1447
because

5_ 1
144(5rs+r+s+1)
+540r 53 + 361 + 1188725 + 1188~ s> + 365> + 1087% + 331rs + 108s> + 33r

2 (4500r3s3 +2700r%s% + 2700r%s> + 540r%s + 3780r7s>

+33s + 11) >0,r>0,5€[0,1],
and using (14) together with (36) we obtain the desired result. [

Theorem 7. If the function f € Ay* is given by (1) then

4 5
‘ﬂ}j*ﬂz S E



Axioms 2024, 13, 155 15 of 19

Proof. If f € AZ’S has the power expansion series (1), from (24) and (27) we obtain

s 5(43-8ly) 51 51, 625 5\
975 1215 16 T 207361 = 96T5
hence,
5 1 1257 1 1 31
4 5 4 2 2
— = = —. 2.2 .. — L. 7
‘615 az‘ o (8 + 1728T§> I7 + 5 I3+ 5 hiz 27 Bl —1y (37)

After we compare the right-hand side of (37) to

3
et + ac3 + 28cic3 — Eec%cz —Cy

we obtain

L S
T8 sy T2 YT T

Letting U and V be defined by (32) and (33), it follows that

1
V-U= X (9112500000r8s8 -+ 145800000007°”

373248(5rs +r+s+1)

+ 145800000007 s® + 10206000000785° + 349920000007”s” + 102060000007°s8
+ 4082400000r%s° + 3265920000077 s® + 326592000007°s” + 40824000007°s8
+ 1020600000785 + 1632960000077 s° + 408240000007°5° + 163296000007°s”
+ 10206000007*s® + 163296000r%s> + 489888000077 s* 4 261273600007°s°

+ 261273600007°s° 4 4898880000r*s” + 16329600078 + 163296007552

+ 91445760017 s> 4 9634464000r%s* 4 215550720007°s° + 963446400074s°

+ 914457600157 4 16329600r%s8 + 933120185 + 10450944077 s>

+ 2142443520r%s% + 99937152007°s* + 9993715200r%s° + 21424435207°s°

+ 1045094407257 4 933120 s + 23328+% 4 6718464r” s + 2847882241°5>

+ 2712019968r°s> + 5888453760r*s* + 2712019968r°s° + 284788224r%s°

+ 67184647 s” + 2332858 + 18662417 + 209018881°s + 4284887041°s>

+ 1998743040r*s> 4 1998743040r%s* 4 428488704rs> + 209018887 s°

+ 186624s” + 653184r° + 36578304r°s 4 38537856014 s> + 862202880r°s>

+ 385378560r°s* + 36578304r s> 4 653184s° + 1306368r> + 39191040r*s

+ 2090188807°s> + 209018880725 + 391910407 s* + 1306368s° + 1632960r*
+ 261273607%s + 547559007252 + 261273607 s° + 1632960s* + 1306368+°

+ 7200944725 + 72009447 s + 1306368s> + 403184r% + 926988rs + 40318452

+ 616247 + 616245 +7703), r > 0, 5 € [0,1),

using the fact that all the terms are positive, and from (18) combined with (37) we obtain
our result. [

Next, for the class f € A}° we will determine an upper bound for the Hankel determi-
nant of order two.
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Theorem 8. If the function f € Ay* is given by (1) then

25

D :‘aa —a2‘<—.
|Daa(f)] 204 = 05| < 302

Proof. If f € A}*, from (24), (25), and (26) we obtain

et B (B 25\ (25 25,
U T g P \4ny 28872 )1\ B7enn 57612 )
25

- (38
14472 2 (38)

Using (15) and (16) to express I; and I3 in terms of /1, and noting that without loss in
generality and using (12) we can write /1 := [ € [0,2], from (38) we obtain

25(4—12) [ —2k*n 1t — (1 x* — 217) T3 — TyTax? (4 — I?)]

2 _
R 576 Ty T4 T2
- _576252T4 . (4 - 12>x2 * 28;?2&[(4 B lz) (1 - kz)” - 57265T32 v <4 - lz>2/

where |x| = k < 1and || < 1. Using the triangle inequality in the above relation, since
1 €10,2] and k, || € [0,1] we obtain

’”2"4 - “%‘ = 5762~Zr4 a (4 - lz)kz + 28;’?2T4l(4 - lz) (1 - kz)

25 2
K(4—12) = ¢(k), 39
taeat (=) = elLb (3)

and we need to determine
max {¢(L,k) : (I,k) € [0,2] x [0,1]}.
For this purpose, a simple computation shows that

ap(Lk) 2512(4—P)k  251(4— 1)k  25k(4—12)°

ok  288Ty1y 14401y 28872
25(1-2)*(1+2) k [I(mts — 13) + 21274 (40)
N 2881, 14 T2 )

Since
DT~ T = — (1552 +8s + l)r2 —8rs? — 2,

a simple computation leads to
l(rm - rg) 211 = [5(34 —31)s2 +8(8 — I)s + 6 — 1]
+[8 4565 +8(8 —1)s*]r + (6 — 1)s* +2(1 +4s) >0

for all r > 0, because all the coefficients of r from the above equality are non-negative
whenever (,k) € [0,2] x [0,1]. Thatis,

l(T2T4 — 132) +21%1 >0,
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and from (40) we obtain

25(1 —2)%(1+2)k [I —12)+2
op(Lk) _ 25(1—2)*(1+2) [(Tz’f; %) 2200 o k) e 0,2) x 0,1,
ok 288T2T4T3

therefore, the function ¢(/, -) is increasing on [0, 1]; hence,

25 25 2
P10 < 9(11) = g 2 (4 - 12) + 5702 (4 - 12) = (1) (41)

Using the fact that

251
P =— 5 5 (15[2r252
144(5rs +r+s+1)(17rs +3r +3s + 1) (10rs +2r +2s + 1)

+812125 + 8177 s% + 1?1 + 128% + 140r%s? + 48725 + 487 s> + 41> + 567s
+452 + 8r + 85 +2) <0,1€[0,2),

forallr > 0and s € [0, 1], the function i will be decreasing on [0, 2], which implies that

25

== 42
3672 “2)

p(1) < 9(0)

According to inequalities (41) and (42) we deduce

and from (39) we obtain our final result. [

Remark 3. The results presented in this paper specifically for the case when r = 1 and s = 0 were
previously obtained by Sunthrayuth et al. [27].

4. Conclusions

In this study, we focused on a subclass of bounded turning functions associated with a
four-leaf-type domain. We made some useful findings for this class, including the bounds
of the first four initial coefficients, the Fekete-Szeg6-type inequality, the Zalcman inequality,
the Krushkal inequality, and the estimation of the second-order Hankel determinant.

Related results for subclasses defined by subordinations with the limacon function,
convex functions in one direction, the cosine function, the nephroid function, etc., were
studied in the last period by the fourth author. The actual results do not overlap any of
these, nor the structure of the subclasses, because the subordinations by expressions as the
left-hand side of subordination (4) had not already appeared.

All of the obtained results have been confirmed to be the best possible. This work
has been applied to derive higher-order Hankel determinants, such as when investigating
the boundaries of fourth- and fifth-order Hankel determinants. Furthermore, this novel
methodology can be used to obtain precise bounds on the third-order Hankel determinant
for various subclasses of univalent functions.

Taking into account the upper bounds given in Theorem 1, an interesting open problem

5
that could start a real challenge is to prove that the inequality |a,| < o holds for all
n
n € N\ {1} for the function class A}°, where T, is given by (5).
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