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1. Introduction

Let N denote the set of all natural numbers. A sequence of numbers is said to be
statistically convergent to a certain number if the terms of that sequence which are far from
the limit are indexed by a subset of N of natural density zero. The notion of statistical
convergence was originally proposed by Zygmund [1] in the first edition of his 1935
monograph published in Warsaw. A few years later, Fast [2] introduced the notion of
statistical convergence of number sequences via the density of subsets of N [3,4]. The
literature of statistical convergence has, ever since, been developed and enriched in the
recent past years with deep and beautiful results provided by many authors [5-13].

The notion of partial metric space was introduced by Matthews [14] as a generalization
of a usual metric space in 1994, and he studied its more relevant properties. In particular,
he investigated the concept of weightable quasi-metric spaces and provided a partial metric
generalization of Banach’s contraction principle. Later, O’Neill [15] and Heckmann [16]
provided some other generalizations of partial metric spaces. Recently, the concepts
of g-Cesaro and statistical convergence in partial metric spaces were introduced in [17],
obtaining basic and essential results. Very recently, the authors of [18,19] introduced and
studied other several types of convergence in partial metric spaces.

The purpose of this manuscript is to advance one step further on statistical conver-
gence theory and partial metric space theory by introducing and studying f-statistical
convergence in partial metric spaces, that is, statistical convergence in partial metric spaces
by means of a modulus function f.

2. Materials and Methods

This section is aimed at introducing the necessary tools upon which we will base our
results. It is divided into two subsections: modulus statistical convergence and partial
metric spaces.

2.1. Modulus Statistical Convergence

According to [20], a function f : [0,00) — [0, 00) is called a modulus when it satisfies
the following:

e f(x)=0&x=0.
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* flaty) < f(O)+fy) Vo y 2 0.
e fisincreasing.
*  fis continuous from the right at 0.
The above properties force f to be everywhere continuous on [0, ). Also, f(Mx) <
Mf(x) forall M € Nand all x > 0, and f(%) > }f(x) for every x € R* and every k € N.
A modulus may be unbounded or bounded. For instance, f(x) = 7 is bounded, whereas
f(x) =xP (0 < p <1)isunbounded.
A modulus function f is said to be compatible [21] provided that for any ¢ > 0 there
f(ng)
f(n)

are compatible. However, f(x) = log(x + 1)

can be found & > 0 and ny = ny(e) such that < eforall n > ny. According to [21],

f(x) = x+log(x+1)and f(x) = x + xj‘rl
and f(x) = W(x), where W is the W-Lambert function restricted to [0, c0) (in other words,
the inverse of xe*), are not compatible. For the study related to a modulus function, one
may refer to [22-29] and many others.

The notion of f-density for subsets of N was originally coined in [30]. In this sense,
the f-density of a subset A of N is defined by

— lim f(card(AN[1,n]))
)= I

provided that the limit exists. When f is the identity, the classical version of density [31] of
subsets of N, denoted by d(A), is obtained. Some basic properties of ds follow:

* Increasingness: d¢(A) < d¢(B) whenever A C B C Nand ds(A),df(B) exist.

4 df(@) =0.

hd df(N) =1

e 0<df(A) <1forevery A C Nifd(A) exists.

*  Subadditivity: df(AUB) < d(A) +dg(B) forevery A,B C Nifds(A),d(B) exist.

e IfACNandds(A) =0,thends(N\ A) = 1 (the converse does not hold [30] (Example
2.1)).

e df(A) =0implies d(A) = 0 foreach A C N.

e If A C Nis finite and f is unbounded, then d f(A) =0.

From the above properties, it is not hard to infer that the collection of all subsets of N
with f-density 0 is an ideal of P(N). Even more, if f is unbounded, then all finite subsets
of N have null f-density, meaning that the union of all sets with null f-density is the whole
of N; therefore, under the assumption that f be unbounded, the collection of all subsets of
N with f-density 0 is a bornology of P(N).

The next lemma can be found in [30] (Lemma 3.4) and will be exploited later on.

Lemma 1. For each infinite subset H of N there is an unbounded modulus function f satisfying
de(H) = 1.

In [30], by means of the f-density of a subset of N, the following non-matrix concept
of convergence is defined: A sequence (x;,),cN is said to be f-statistically convergent to x
if forevery e > 0, {n € N : |x, — xo| > €} has null f-density; in other words,

lim f(card{k <mn: |xx —xo| > €})

R 70)

written as f-stlim, x, = xo.

As previously mentioned, the collection of all subsets of N with f-density 0 is a
bornology of P(N) (for f unbounded). Therefore, f-statistical convergence is a particular
case of ideal convergence.

All modulus functions considered throughout the rest of this manuscript will be
assumed to be unbounded by default.

=0,
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2.2. Partial Metric Spaces

This subsection is devoted to introducing some basic definitions and properties related
to partial metric spaces [14,15].

Definition 1. A partial metric on a nonempty set X is a function p : X x X — R such that for all
x,y,z¢c X:

e Indistancy implies equality: p(x,x) = p(x,y) = p(y,y) © x=y;

*  Non-negativity and small self-distances: 0 < p(x,x) < p(x,y);

* Symmelry: p(x,y) = p(x,y);

o Triangularity: p(x,z) < p(x,y) + p(y,z) — p(y, y).

The pair (X, p) is called a partial metric space.

Every metric space is obviously a partial metric space, but the converse is not true.
The following examples of non-metric partial metric spaces can be found in [14,17,32].

Example 1. (X, p) is a non-metric partial metric space, where X := [0,00) and p(x,y) :=
max{x,y} forall x,y € X.

Example 2. (X, p) is a non-metric partial metric space, where X := R and p(x,y) := 2max{xy}
forall x,y € X.

Example 3. (X, p) is a non-metric partial metric space, where X is the collection of all finite
sequences and all infinite sequences of a given set S and p(x,y) := 27 for k the largest positive
integer (possibly oo) such that x; = y; for each i < k being x,y € X with x = (xp, x1,...) and
y=Woyr--.).

Example 4. (X, p) is a non-metric partial metric space, where X stands for the set of all intervals
[a, b] for any real numbers a < b and p([a,b], [c,d]) := max{b,d} — min{a, c}.

Not necessarily, an element in a partial metric space has a zero distance from itself.
However, if we take p(x, x) = 0 for every x € X, then (X, p) is precisely a metric space.
On the other hand, every partial metric space induces a metric space. Indeed, if (X, p) is a
partial metric space, then (X, p™) is a metric space, where

p": XxX — R
(vy) = ploy) = 2p(y) = plxx) = py,y).

It is well known that each partial metric p on X generates a Ty topology 7, on X for

which the family of open p-balls
{Up(x,0) :x € X,6 > 0},

where U, (x,0) := {y € X : p(x,y) < p(x,x) + 6}, is a base of the topology.

1)

Remark 1. Let (X, p) be a partial metric space. Let (x,),en be a sequence in X and let xy € X.
Then:

i.  (xn)nen is bounded by definition whenever there exists M > 0 such that p(x,, xm) < M for
alln,m € N.
ii.  (Xn)nen is Ty-convergent to xq if and only if p(xo, x0) = nh_r}r(}o p(xo, Xn).

iti.  (xXn)nen is a Cauchy sequence by definition whenever lim  p(x,, Xy ) exists.
n,m—o0

A partial metric space (X, p) is said to be a complete partial metric space if every
Cauchy sequence (x;),cn in X Tp-converges to a certain xo € X such that p(xg, xg) =

1113 p(xn, Xm). According to [14], a sequence is Cauchy in the partial-metric sense pre-
n,Mm—00

cisely when it is Cauchy, in the metric sense of the word, with respect to p”'. As a conse-
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quence, a partial metric p is complete precisely when p” is complete in the metric sense of
the word.

In [33], (Corollary 3.8), completeness of uniform spaces with a countable base of en-
tourages (like, for instance, pseudometric spaces) was characterized through the f-statistical
convergence of the f-statistically Cauchy sequences.

Throughout the rest of the manuscript, whenever we talk about convergence in a
partial metric space, we mean T,-convergence.

3. Results

In [17], the definition of statistical convergence in a partial metric space X was given
as follows: A sequence (x,),en € X is called statistically convergent to x¢ € X if for every
e>0,

lim 1card{k <mn:p(xg x9) — p(xo,x0) > €} =0,

n—oo 1

and it is denoted as stlim, p(x,, x9) = p(xo, x0)-
Our first step is to introduce the definition of f-statistical convergence in partial
metric spaces.

Definition 2. Let X be a partial metric space, (xp)nen € X, and f an unbounded modulus
function. We say that the sequence (x,),cn is f-statistically convergent to xo € X if for every
e>0,
lim f(card{k < n: p(xg, x0) — p(x0,%0) > €})
n—00 f(n)

and we denote it by f-stlim, p(x,, x0) = p(xo, Xo).

:O,

Let us display a representative example of an f-statistically convergent sequence in a
non-metric partial metric space.

7 _T_ . [21]. Notice that

A = {n®: n € N} satisfies that df(A) = 0. Indeed, card(A N [1,n]) = [ /n] foralln € N.
Then

Example 5. Consider the compatible unbounded modulus f(x) = x +

card(AN[1,n]))

0 < df(A) = lim f(

< (0
g S SR S
n—00 f(n) ~ n—oo f(n) n—oo 1N+ Hin ’

Consider the non-metric partial metric space X := [0, 00) endowed with the partial metric p(x,y) :=
max{x,y} forall x,y € X. Consider the sequence (xy),cN defined by

N Vn, neaA,
" 0, neN\A.

Notice that (xy,),cn is f-statistically convergent to 1 in X. Indeed,

[ In, neA,
”(x”’l){ 1 neN\A

Therefore, for every e > 0, {n € N: p(x,,1) — p(1,1) > e} C A, s0
de({n € N:p(xn,1) —p(1,1) > e}) <ds(A) =0.

The following remark establishes the relation between convergence and f-statistical
convergence in partial metric spaces.
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Remark 2. Let X be a partial metric space and let (x,),eny € X be convergent to some xg € X.
Take € > 0. There exists ng € N such that for all n > ng, p(xn,x9) — p(x0,x0) < €. Therefore,
card{k < n : p(xx, x0) — p(x0,x0) > €} < ng for all n € N. Since for all f unbounded, the
f-density of any finite set is zero, this means that (x,),cn is f-statistically convergent to x.
Therefore, we obtain that

li}gn p(xn, x0) = p(x0,x0) = Vf unbounded f—stlirrln p(xn, x0) = p(x0, x0)- (2)

Conversely, suppose that (x,),cN is not convergent to xq. In this case, there exists ¢ > 0 for which
the set H := {k € N : p(xx, x9) — p(x0,x0) > €} is infinite. In view of Lemma 1, there exists an
unbounded modulus function f such that d¢(H) = 1. In other words, (xu),en is not f-statistically
convergent to xq. As a consequence, we have that

Vf unbounded f—stli}gn p(xn, x0) = p(x0,x0) = lirrzn p(xn, x0) = p(x0, x0)- 3)

The following remark establishes the relation between statistical convergence and
f-statistical convergence in partial metric spaces.

Remark 3. Let X be a partial metric space and let (x,),en C X be f-statistically convergent to
some xg € X. For every ¢ > 0 and r > 0, there exists n, € N such that

f(card{k < n: p(xx, x0) — p(xo,%0) > €})
f(n)

<

1
T
forn > n,, hence

Fleard{k < ' pli,x0) — plxo,x0) = ) < 00 < p(2),

By relying on the increasingness of f, we obtain that

Leard{k < ' plx, o) - plxo,0) > €} < 1
for n > n,. This means that stlim, p(x,, xo) = p(xo, Xo). Therefore, we have that
3f unbounded f-stlim p(xy, x9) = p(x0,x0) = stlim p(x,, x9) = p(x0, x0)- 4)
n n

Conversely, assume that f is a compatible modulus function and that (x,),cn is statistically

convergent to xq. Take an arbitrary ¢ > 0. Note that f is compatible; thus, we can find € > 0
f(ne)
fn) : ‘
stlimy, p(xn, x0) = p(xo0, X0), there exists ny = nq(e) such that if n > ny, then card{k < n :

p(xx, x0) — p(x0,x0) > €1} < ne. From the increasingness of f, we have

flcard{k < n: p(xi, x0) — p(x0, %0) > €1}) _ f(n€)
f(n) ~ f(n)

for n > max{ng, ny}. As a consequence, f-stlim, p(x,, x0) = p(xo, xo). Therefore, we have that

and ny = ng(e) such that

< € forall n > ng. Fix another arbitrary e1 > 0. Since

<e&

Stliﬁn p(xn, x0) = p(x0,x0) = Vf compatible f—stlign p(xn, x0) = p(x0, x0)- (5)

The following definition serves to introduce the notion of proper f-statistical conver-
gence in partial metric spaces. This notion is specific for non-metric partial metric spaces.

Definition 3. Let (x,),cn be a sequence in a partial metric space X, f an unbounded modulus
function, and xg € X. If f-stlim,, x, = x in (X, p™), then we say that the sequence (xy)eN i
properly f-statistically convergent to xo and it is denoted by fpr-stlim, x, = xo.

The next step is to relate proper f-statistical convergence with f-statistical convergence
in partial metric spaces.

Theorem 1. Let X be a partial metric space, (xn)yen C X, f an unbounded modulus function,
and xo € X. Then
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fpr—stlign Xy = X & f—stlirlln p(xn, x0) = f—stli}gn p(xn, xn) = p(x0,x0)-

Proof. First off, notice that, in accordance with [33] (Theorem 3.6), for any sequence (V)N
and any yo in any metric space Y, f-stlim, y, = y if and only if there exists A C N such
that d¢(A) = 0 and lim,cyy 4 ¥n = Yo-

= Suppose first that (x,),cn is properly f-statistically convergent to xy. Since (X, p™)
is a metric space, according to [33] (Theorem 3.6), we can take A C N such that
df(A) = 0and lim, ey 4 X = xo. Fix an arbitrary € > 0. There exists g € N such that
ifn € N\ Aand n > ng, then p"(x,,x9) < €. Then

p(xn, x0) = p(x0,X0) < 2p(xn,%0) — P(¥0,%0) = P(¥n, Xn) = P" (¥n, X0) < €

and

[p(xn, Xn) = p(x0,%0)| < 2p(xn, X0) — p(x0, X0) = p(xu, xu) = p™ (xu, x0) < ¢

for all n € N\ A with n > ng, meaning that f-stlim, p(x,, x0) = p(xo,xp) and
f-stlim, p(xu, xn) = p(x0, xo) in view again of [33] (Theorem 3.6).

< Conversely, suppose next that f-stlim, p(x,, xo) = f-stlim, p(xn, x,) = p(x0, x0). By
relying again on [33] (Theorem 3.6), we may assume the existence of A C N such that
df(A) = 0and lim,,cp 4 p(xn, X0) = limy,cpy 4 (X0, X)) = p(x0, X0). Take an arbitrary
e > 0and ny € Nsuch thatif n € N\ A and n > ng, then p(x,, x0) — p(x0,%0) < §
and p(xy, xn) — p(x0,x0) < §. Then for each n € N\ A with n > ng, we have that

p"(xn,x0) = 2p(xn,x0) — p(x0,x0) — p(xn, Xn)
= 2(p(xn, x0) — p(x0,%0)) + (p(x0,%0) — p(¥n, xn))
& )
= E&.

As a consequence, by again applying [33] (Theorem 3.6), f-stlim, p™ (x,, x9) = 0, that
is, fpr-stlimy, x,, = xo.
O

In [17] (Definition 4.1), the definition of strong g-Cesaro summability in a partial metric
space X was given as follows: A sequence (x,),en C X is called strong g-Cesaro summable
to xg € X if 1

. - _ q —
Jim k;(P(xkr x0) — p(x0,%0))7 = 0,
and it is denoted as [Ces’|-lim,, p(x,, x0) = p(x0, X0).

The following definition introduces the notion of f-strong g-Cesaro summability in
partial metric spaces.

Definition 4. Let X be a partial metric space, (xy),en C X, f an unbounded modulus function,
and q a positive real number. We say that the sequence (x,),en is f-strongly q-Cesaro summable
to xg € X provided that
i £ k=1 (P(xk, X0) — p(x0,%0))7)
n—00 f(n)

and it is denoted as [Cesj][]—limn p(xn, x0) = p(x0, X0).

=0

Next, we discuss the corresponding notion of proper f-strong g-Cesaro summability
in partial metric spaces.

Definition 5. Let X be a partial metric space, (xn)nen C X, f an unbounded modulus function,
and q a positive real number. We say that the sequence (x,),cn is properly f-strongly q-Cesaro
summable to xy € X provided that
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Sy P (ke %0)7)

A, fn) =0
and we write [Cesjrpr]— lim,, x, = xo.

The following theorem serves to characterize proper f-strong g-Cesaro summability
via f-strong g-Cesaro summability in partial metric spaces.

Theorem 2. Let X be a partial metric space, (xn)nen C X, f an unbounded modulus function, q
a positive real number, and xo € X. Then

[Ces;pr]—lignxn =Xx) = [Ces}]—li}gn p(xn, %) = [Ces;l]—lign p(xn, xn) = p(x0, x0).

Proof. The following inequalities hold for alln € N:

p"(xn,x0) = 2p(xn,x0) — p(x0,%0) — p(xn, xn)
2(p(xn,x0) — p(x0,%0)) + (p(x0,X0) = p(xXn, X))
2(p(xn, x0) — p(x0,%0)) + |p(x0, X0) — p(xn, xu)|,

IN

p(xn, X0) = p(x0,%0) < 2p(xn, X0) = p(x0,%0) = p(xn, Xn) = p" (¥, X0),
and

[p(xn, xn) = p(x0,%0)| < 2p(xn, X0) — p(x0, X0) = p(xn, Xn) = p" (xu, Xo)-
As a consequence,

FOEi (p(xe x0) = p(x0,%0)T) _ f(Xgey P (X X0))
f(n) - f(n)

and

f(Ei [p (i i) = p(xo,%0)|7) - f (Ko P™ (¥, %0)7)
f(n) - f(n)

foreachn e N. O

The next theorem relates f-strong g-Cesaro summability with strong g-Cesaro summa-
bility in partial metric spaces.

Theorem 3. Let X be a partial metric space, (xy)yen C X, f an unbounded modulus function,
and q a positive real number. If (x,),eN is f-strongly q-Cesaro summable to some xg € X, then it
is strongly q-Cesaro summable to xo and f-statistically convergent to xg.

Proof. Since (x,),cn is f-strongly g-Cesaro summable to xy € X, there exists n, € N for
every r € N, satisfying that

f(Ck=1(p(xn, x0) — p(x0,%0))7)
f(n)

for every n > n,. From the properties of the modulus function f,

f(i(l’(xmxo) - P(xorxo))q> < %f(n) < f(g)

k=1

<1
p

for every n > n,. From the increasingness of f, we obtain the following inequality:

r

% i(p(xn/xo) — p(x0,x0))7 < 1
k=1
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for every n > n,, which gives that (x,),cn is strongly g-Cesaro summable to xo. Next, let
us prove that (x,),cn is f-statistically convergent to xg. Let ¢ > 0 (of the form 1/r forr € N
sufficiently large) and denote

Ky == {k < n: (p(xx x0) — p(x0,%))7 > ¢}
for every n € N. The following inequality holds for every n € N:

f(knzlw(xn,xo) - P(xo,xo))q>

Y (P x0) — px0,30)T + 3. (p(n, x0) — plxo, xow)

keKy k¢ Ky

v v
\'\ \'\
7~ N N -/
1=
—
A~
—
=
g
=
o
SN—
|
A~
—
=
Q
=
o
S—
N—
-
~_—

) wo( )
keKy, keKy,
= ¢ef(card{k < n: (p(xx, x0) — p(x0,%0))? > ¢}).

If both sides of the above inequality are divided by f(n) and by taking the limit as n — oo,
we obtain that the sequence (x,),cn is f-statistically convergent to xp. [

With some additional conditions, the converse of the above theorem is also satisfied.

Theorem 4. Let X be a partial metric space, (xn)nen € X, f a compatible modulus function,
and q a positive real number. Let xo € X. If (x4),en is strongly q-Cesaro summable to xq or
f-statistically convergent to xo and bounded, then it is f-strongly g-Cesiro summable to xo.

Proof. Letusassume first that (x;, ), is strongly g-Cesaro summable to xg. Fix an arbitrary

€ > 0. Since f is a compatible modulus function, there exist € > 0 and 1y = ng(e) such that
f(neg
fn)
meaning that there exists n; = n;(e) € N such that

< e forall n > ng. On the other hand, (x,),cn is strongly g-Cesaro summable to xo,

=

(p(xn, x0) — p(x0,x0))7 < ne

k=1

for every n > ny. By the increasingness of f, we have

f(i(r’(xmx()) —r(x, xO))"> < f(ne).

k=1

for every n > ny. By dividing both sides of the above inequality by f(n), we obtain

S (k=1 (p(xn, x0) — p(x0,%0))7) < f(ne) <.
f(n) = fln) T

for every n > max{ng, ni }. This shows that f-strongly g-Cesaro is summable to xg. Next,
let us assume that (x,),cn is f-statistically convergent to xy and bounded. Fix again
an arbitrary ¢ > 0. Since (x;),en is bounded, there exists M € N sufficiently large for
which (p (x4, x0) — p(x0,x0))" < M for each n € N. Also, by hypothesis, f is a compatible

modulus function, so, again, there are € > 0 and ny = ny(e) such that ff((’f)j < ¢ for all
n > ng. Denote
K i= 1k < 12 (plxex0) — plxo,%0))1 = &)

for every n € N and let H, := N\ K,,. The properties satisfied by f allow the following
inequalities:
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f (k=1 (p(xn, x0) — p(x0,%0))7)
f(n)
f(ZkeKn(P(xnrx()) — p(x0,%0))7 + ZkeHn(P(xn/xO) — p(xo, xO))q)
f(n)
f(MYkek, 1+ Tren, (p(xn, x0) — p(x0,%0))7)

: f(n)

f(card{k < n: (p(xi, x0) — p(x0,%0))1 > €}) | f(ne)
=M f(n) i)
< Mf(Cal"d{k < n: (p(xg, x0) — p(x0,x0))7 > €}) L

f(n)
for every n > ny. Since (xy),en is f-statistically convergent to xo,
lim f(card{k < n: (p(xt, x0) — p(x0,%0))7 > €})
n—oo f(]’l)

Therefore, by taking the limit as # — oo in the above inequality and from the arbitrariness
of ¢ > 0, we obtain that

lim F (k=1 (p(xn, x0) — p(x0,%0))7)
n—co f(n)

which implies that (x,),cn is f-strongly g-Cesaro summable to xo. [J

:0’

4. Discussion

Recently, in [33], f-statistical convergence was transported to the scope of uniform
spaces. It is well known that pseudometric spaces are uniform spaces. However, partial
metric spaces need not necessarily be uniform spaces.

Uniformities provide the right structure to define notions such as uniform continuity,
uniform convergence, Cauchy sequences or nets, and completeness. For instance, a function
f : X — Y between uniform spaces X, Y is said to be uniformly continuous provided that
for every entourage V of Y there exists an entourage U of X such that f(U) C V, where
flU) == {(f(x1), f(x2) € Y XY : (x1,x2) € U}. A sequence (X,),cn in a uniform space
X is said to be a Cauchy sequence provided that for every entourage U in X there exists
ny € Nin such a way that (x,,x;) € U forall p,q € Nwith p,q > ny. Anet (fy),cp of
functions from a given set I, endowed with a bornology G, to a uniform space X converges
to some fy € X! if and only if for every G € G and every entourage V of X there exists
Acu € A such that (f) (i), fo(i)) € Vforalli € Gand all A € A with A > Ag ; (this is
precisely the topology of uniform convergence on elements of G).

As mentioned before, every pseudometric space X is a uniform space, where a base of
entourages is given by Us := {(x,y) € X x X : d(x,y) < J}, for each § > 0. Next, suppose
that X is a partial metric space. If we define

Us :={(x,y) € Xx X :p(x,y) <}

for every 6 > 0, then there is no guarantee that the diagonal Ax of X will be contained in
U, because it might occur that p(x, x) > . A way to overcome this issue is by setting

Us = {(xy) € Xx X: 2p(x,y) < plx,x) +py,y) + 6},
but this is precisely the metric uniformity derived from the metric space (X, p™). Observe
that the metric topology of (X, p™) is not necessarily the same as the partial metric topology
of X.
The next proposition is another way to see that non-metric partial metric spaces are
not necessarily uniform spaces.
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Proposition 1. Let X be a partial metric space. If there exist x,y € X such that x # y and
p(x,y) = p(y,y), then X is not Hausdorff; hence, it is not reqular. As a consequence, X is not a
uniform space.

Proof. Forevery ¢ >0, p(x,y) = p(v,y) < p(y,y) + 6, meaning that x € U, (y, ). There-
fore, no disjoint open sets contain x and y separately. Notice that Ty and regular imply
Hausdorff, therefore X cannot be regular (recall that it was mentioned in Section 2 that
partial metric topologies are Tp). Finally, it is well known that every uniform space is
regular; hence, X cannot be a uniform space. O

Notice that, under the settings of the previous proposition, it must necessarily occur
that p(x,x) < p(x,y). The settings of the above proposition are satisfied by most of the
non-metric partial metric spaces, in particular, by the partial metric given by p(x,y) :=
max{x,y} in X := [0, c0).

As a consequence, non-metric partial metric spaces are not necessarily uniform spaces;
hence, the results provided in [33] on f-statistical convergence do not necessarily apply to
partial metric spaces.

5. Conclusions

The field of summability and convergence is constantly being enriched with extensions
of statistical convergence by moduli to very different ambiences. This manuscript takes
one leap further in this trend by transporting statistical convergence by moduli to general
partial metric spaces. As we discussed in the previous section, non-metric partial metric
spaces need not necessarily be uniform spaces, which shows the relevance and importance
of developing statistical convergence by moduli in partial metric spaces.
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