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Abstract: This paper deals with the extension of principal component analysis, canonical correlation
analysis, the Cramer—Rao inequality, and a few other statistical concepts in the real domain to
the corresponding complex domain. Optimizations of Hermitian forms under a linear constraint,
a bilinear form under Hermitian-form constraints, and similar maxima/minima problems in the
complex domain are discussed. Some vector/matrix differential operators are developed to handle
the above types of problems. These operators in the complex domain and the optimization problems
in the complex domain are believed to be new and novel. These operators will also be useful in
maximum likelihood estimation problems, which will be illustrated in the concluding remarks.
Detailed steps are given in the derivations so that the methods are easily accessible to everyone.
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1. Introduction

In most textbooks on statistics, scalar/vector/matrix-variate random variables in the
complex domain and the corresponding statistical analysis in the complex domain, are not
discussed. But, in a large number of physical situations, it is natural or more convenient to
represent variables in the complex domain. Hence, statistical techniques in the complex
domain are required for data analysis in these situations. In the physical science and
engineering literature, there are a number of papers dealing with random variables in
the complex domain. Data reduction techniques such as principal component analysis
in the complex domain seem to be the main topic in these areas. Most of the papers in
these applied areas, concentrate on developing algorithms for computing eigenvalues and
eigenvectors, which are useful and relevant in principal component analysis, independent
component analysis, factor analysis, and so on. Statistical analysis in the complex domain
is widely used in the analysis of multi-look return signals in radar [1], in multi-task
learning in artificial intelligence and machine learning [2], in problems such as signal
processing [3], in principal component analysis and independent component analysis in
analyzing meteorological data in the complex domain [4], in optimal allocation of resources,
especially energy resources [5], in holography, microscopy and optical metrology [6],
in delayed mixing in speech processing, in biomedical signal analysis, and in financial data
modeling, etc. [7].

In the present paper, vector/matrix differential operators in the complex domain
are defined. Then, these are applied in optimizing a Hermitian form under a linear con-
straint, a bilinear form under Hermitian-form constraints, etc. Then, as applications of
these optimization problems, the real-domain techniques of principal component analysis
and canonical correlation analysis are extended to the complex domain. Other statistical
concepts such as the Cramer—Rao inequality, least square procedure, and related aspects
are extended to the complex domain. Detailed derivations are given so that the methods
will be accessible even to beginners.
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The following notation is used in this paper: Scalar variables, whether mathematical
or random, are denoted by lower-case letters such as x,y. Vector/matrix variables are
denoted by capital letters such as X, Y. Scalar constants are denoted by a, b, etc., and
vector, matrix constants by A, B, etc. The wedge product of the differentials dx and dy
is defined as dx A dy = —dy A dx, where x and y are two real scalar variables, so that
dx Adx =0,dy Ady = 0. Let X = (xjx) be an m x n matrix with distinct real scalar vari-
ables xj as elements, then dX = /\]"”:1 Ag—1 dxjx. The transpose of a matrix X is denoted by
aprime as X'. Fora p x p matrix X, if X = X’ (symmetric), then dX = Aj>rdxjp = Aj<gdx.
Variables in the complex domain are written with a tilde, such as ,7, X, Y. If Xisa p x q
matrix in the complex domain, then X=X +iXp,i=+/ (—1), X1, X, are real, then dX is
defined as dX = dX; A dX,. The determinant of a real p X p matrix Y is written as | Y| or as
det(Y) and if Y is in the complex domain, then the absolute value of the determinant of Y is
written as |det(Y)|. Also, tr(Y) means the trace of the square matrix Y. A p x p real matrix
A being positive definite is written as A > O, and X = X* > O indicates that the matrix X,
in the complex domain, is Hermitian positive definite. Other notation is explained when it
occurs for the first time.

This paper is organized as follows: Section 2 starts with defining a vector differential
operator in the complex domain. Then, with the help of this operator, some optimization
problems such as optimizing a linear form subject to Hermitian-form constraint, a Her-
mitian form under Hermitian-form constraint, and a bilinear form with Hermitian-form
constraints are discussed. Then, a matrix differential operator in the complex domain is
defined. Differentiations of the trace of a product of matrices and determinant of a matrix,
by using the matrix differential operator in the complex domain, are dealt with. Section 3
deals with the extension of principal component analysis to the complex domain. Section 4
delves into the extension of canonical correlation analysis to the complex domain. Section 5
examines the extension of the Cramer—Rao inequality, Cauchy-Schwarz inequality, and
the least square estimation procedure to the complex domain. Detailed steps are given in
each situation.

2. Optimization Involving Linear Forms, Traces, and Determinants

Here, we will consider linear forms and their differentiations first, and then, we
will consider some situations of optimizing a Hermitian form with linear constraint and
optimization of a linear form with Hermitian-form constraint. We consider some basic
results to start with. Let

ay X1

ap Xp
where A1, Ay, X1, Xp are real vectors. Assume that A is a non-null arbitrary coefficient
vector and X is a known vector random variable in the complex domain.

Theorem 1. For A and X as defined above,

- oil -
~:A*X 7:2X. 1
i :>8A (1)

Proof. This can be easily seen from the following: i = (A} —iA})(X; +iXp) = A1 Xy +
Al Xy + (A} X, — AL X;) Then,

o1l . ofl )
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from the corresponding real variable case. That is,

O

Now, we consider a slightly more general result. Consider ii = A*%11X, %11 = 2 > 0.

9 __ 0 ) 0 __ o :_d o __
Let ;% = (E - ZE) and y4 = (m — lm). Then, from (2) note that 3%z = O and

a‘i@ =0; %:( =0; aa)fgc =2A and aaxﬁ* = 2A’, where A means the complex conjugate of A.
Theorem 2. For X and A as defined above, let i1 = A*L1 X. Let Xq1 be a p X p matrix, free of
the elements in A and X. Then, 5

i

Proof. Since Y11 and X are free of the elements in A, we may take 11X = B = By +iB,,
i =4/(—1), By, By real. Then, from Theorem 1 the result follows. [

Now, consider a p x 1 vector A and a p X p matrix ¥ and the Hermitian form
ii = A*XA in the complex domain where ¥ = X* > O is free of the elements in A.
Then, we have the following result:

Theorem 3. For the Hermitian form as defined above, where A = Ay +iAy, L = X +iLy,
2=X*>0,A1,Ap %, ,arereal,
d d

i = 2 [A"EA] = 224, (4)

Proof. Opening up i, we have the following:
il =A"SA = (A] —iA))L(A] +iAy) = AJZA; + AJS Ay +i(AJZA; — AJTA)).  (5)

Since ¥ = X*, we have ¥1 = X (real symmetric), ¥, = —X} (real skew symmetric).
AjXA = AlX1 A1 +iA[E0A1 = A{Z1 A1 because A|X;A1 = 0 due to ¥ being real skew
symmetric. Similarly, AJ>A, = A1 A;. Then, from the results in the real case, we have

the following:

d 0
E[Allzlz‘h] = 2% Ay, asz[AlzzlAZ] = 2% 4A;. (6)

Consider

i(A1ZAy — AJTAy) = i[(A1Z1 A2 — AGE1Ar) +i(A1ZaAr — ApTaAg)].
But, 1 = X} and (A}X1A1)" = A]Z1Ap and real 1 x 1, and hence, A|X1A; — Al¥ A1 = 0.
Also, AY¥p A1 = —A|Xp Ay because ¥y = —X), and hence, A|¥p Ay — ASY0 Ay = 2A130A =
—2A%%) A;. Therefore,

i(A1ZA; — ASTA)) = i2A150Ar = —i2ALTH A
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Then, from the real case,

9 .. . —
aAl [122A322A2] = ZZZZQAZ = 2(122)(1142) =
9 <
—(A*ZA) =251 A1 + 2(i%;) (iA3)
9A,
aiAz(—zizA’zzzAl) = 21°%,A1 = 25,A; =

i(A*ZA) =251 Ar + 250 A 7)
04,

from the corresponding real case. Then, from (2)—(5),

A a
7 ATA] = (G + i) (ATE4)

=2%1A1 + 281 Ap + 2i¥ (A1 +iAp) = 251 A+ 2iXpA = 25 A.
This establishes the result. [

2.1. Optimization of a Linear Form Subject to Hermitian-Form Constraint

Consider a linear form ii = A*X, where A and X are p x 1 non-null vectors, with A
being arbitrary, and X being a known vector variable with variance Var(il) = A*Zq1 4,
where 11 = ¥, > O is the covariance matrix in X. Consider the optimization of #, subject
to the constraint that the variance of 7 is fixed, say unity, that is, A*£j;A = 1. Then, we
have the following result:

Theorem 4. For the linear form i = A*X and the constraint A*<q11 A = 1, as defined above,

A*X] =/ X2 X 8
g [ATX] = Xy, (8)

Proof. Letw = A*X — A(A*%11A — 1), where A is a Lagrangian multiplier. Observe that
Z11 = Xj; and we assume that it is Hermitian positive definite. From previous results

(1) and (2),
37:} :ZX—)\ZZ11A:O:>X:)\211A$)\:A*X. (9)
That is,
A=I5pl% = A" = ZX5l 5 A = A% = XEIX 1
=arnA T A = apd Ey T AS I il i (10)
But from (9), A = A*X which means that the maximum of our linear form is the

largest A and the minimum of our linear form is the smallest A. But, from (9) and (10),
AAC = A2 = X*2]' X, where |A| means the absolute value of A and A° is the complex

conjugate of A.
max [i] = \/X*Z'X, X*£'X >0
A*Znaf)x(:l[u] 1 1

being positive definite Hermitian form. This completes the proof. [

2.2. Optimization of a Hermitian Form Subject to Linear Constraint

Now, consider a problem of optimizing A*¥41 A subject to A*X = « fixed, where A
and X are p x 1 vectors and 17 = Xj; > Ois a p X p Hermitian positive definite matrix,
free of the elements of A. Then, we have the following result:
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Theorem 5. For the Hermitian form A*%q1 A and linear form constraint A*X = a, we have

max [A*Y11A] = +00, min [A*T1A] = ———.
g A A Ann AT A X r X

(11)

Proof. Let A be a Lagrangian multiplier and consider @ = A*%1;A — A(A*X — a). From
(1) and (2), we have

aw

9A =2Y11A — 2AX = Y11A = AX = A*ZHA = AA*X = \a. (12)
From (12),
A=AL]X = a=A"X=AXC X = |\ = L’l (13)
X*Xq X

because X*Zﬁlf( is Hermitian positive definite, where |A| and |a| denote the absolute
values of A and a, respectively. Then, max[X* AX]| = +oo since A is arbitrary and since the
linear restriction cannot eliminate the effect of A fully. Hence, we look for the minimum.
From (13),

o I
M= g T M T e x
11 11
Hence,
o
A*%=1 XEolX

This completes the proof. [

2.3. Differentiation of Traces of Matrix Products and Matrix Differential Operator

Now, we consider a few matrix-variate cases, where also the problem is essentially
optimization involving vector variable situations. Let A = (aj) be a p x q matrix of
arbitrary elements ;. Let X = (%) be a p x ¢ matrix in the complex domain with
distinct scalar complex variables ¥, as elements. Consider # = tr(A*X). Let Ajand Xj
be the j-th columns of A and X, respectively. Then, @i = 23'721 AiX;. Let Aj = Ajy +iAp,
i=+/(-1),Aj, Ap arereal p x 1 vectors. Let il; = A]’-‘f(]-. Consider the operator

) 0 0 ) 0 0 0 0 0

1= G tisa ) am = Gar —is ) a4 = G —iaas)
0A; ~ 0Aj | 0AR”"0AT T 0AL T '9ALV9AT T N9An oA

oil; 0. . . s .
and then, a—Z]_ = % since we are taking partial derivatives. Then, we have the following result:
j j

Theorem 6. Let i, A, A]-, f(j be as defined above. Then,

o 9 .o 5
T4 = 54 (ATX)] =2%. (14)

Proof. From the previous result,

o0
aA]'_ aAjl aA]-2 ]
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oil; i . .
from Theorem 1. But, % = %. Now, stack up these side by side as q columns for
] ]

j = 1,.q. Note that A = [Al""'Aq]'% = [%/---,ﬁ]r and a‘% = 25(]-, and hence,
9% — 2X. This completes the proof. [l

For the next result to be established, we need a result on matrices, which will be stated
here as a lemma.

Lemma 1. For two p X p real matrices A and B, where A = A’ (symmetric) and B = —B' (skew
symmetric), tr(A’B) = 0.

Proof. For two p x p matrices A; and By, it is well known that tr(A;) = tr(A}) and
tr(A1B1) = tr(B1Ap). Then, for our matrices A and B, A = A’,B = —B’, we have
tr(A’'B) = tr(A'B)’ = tr(B’A) = —tr(BA) = —tr(AB) = —tr(A’B). That is, tr(A'B) =
—tr(A’B) = tr(A'B) =0 = tr(AB) = 0,tr(AB’) = 0. O

For the next problem, let A = A* be a p X p Hermitian matrix of arbitrary elements
aj. Let X = X* be a Hermitian matrix in the complex domain with distinct complex scalar
variables as elements except for the Hermitian property. Let A = A1 +iA;, X = Xj +iXp,
where A1, Ay, X1, X5 are real. Then, A} = A}, X; = X] (symmetric), Ay = —A}, X, = =X}
(skew symmetric). Let # = tr(A*X). Then, we have the following result:

Theorem 7. Let A, X, A, A1, Ay, X1, Xo, and i = tr(A*X) be as defined above. Then,

il o e
34— 2X — diag(X)

where diag(X) means a diagonal matrix consisting of only the diagonal elements from X.

Proof. Opening up i, we have the following:

i = tr(ATK) = tr{(A] —iAD)(X; +iXa)}
= tr{A’1X1 + A/2X2 + Z'(A/1X2 — A/2X1)}
= tr(A’1X1 + AéXz)

since tr(A]X;) = 0,tr(A}X;) = 0 by Lemma 1. Now, from the known result for symmetric
matrices in the real case, we have

aiAl[tr(Alxl)] — 2X; — diag(Xy). (15)

If the (j, k)-th element, for j # k, in Aj is +aj, then the (j, k)-th element in A} is —aj and
the (k, j)-th element in A’ is a;;. Hence, tr(A5X;) = 2Y <k apXjk = Lk ajkxjk- Hence,

Sl Asx)] = 2%, (16)

since the diagonal elements in A, and X; are already zeros. Combining (15) and (16),
we have

%[tr(A*X)] — 2% — diag(X)

which corresponds to the result in the real case. [

2.4. Differentiation of a Determinant in the Complex Domain

Here, we will start with defining the derivative of a scalar quantity with respect to
a matrix or we will define a matrix differential operator first. Let X = (xj) be an m x n
real matrix and let X = (%jx) be an m x n matrix in the complex domain. Then, we can
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always write X = X1 +iXp, wherei = /(—1), X1, X, are real m x n matrices. Then, matrix
differential operators % and % will be defined as the following:

ER
9 x.n x.ln p) 9 9
X1 B

Consider a p x p nonsingular matrix X in the complex domain and let | X| be its determinant.
Then, we have the following result:

Theorem 8. For the p x p nonsingular matrix X in the complex domain,

%HXH = 2|X|(X*) " for a general X
and
J ¥ ¥ —1 . —1 57 %
1)) = |%I[2% — diag(X)] for X = X"

Proof. The cofactor expansion of a determinant holds in the real and complex domains
and it is the following:

1X] = 211G + ... + %1,C1p
= %1Co1 + ... + X2y Cop

= szlcpl +..+ JZPPCPP (17)

where C]-k is the cofactor of Xji for all j and k. Let C=(C jk) be the matrix of cofactors. For a
general matrix, all Xj’s are distinct and the corresponding Cjk’s are also distinct. Hence, in

the real case, taking the partial derivative of the j-th line in (17) we have % [|X]] = Cj for
]

all j and k. Hence, in the real case
d / "N —1 1\ —1
1)) = ¢ = x| () 7 = X (x)

This is a known result. But, in the complex case, the situation is different. Before we tackle
the complex-domain situation, we will develop some necessary tools. It is a known result
that X~ 1 = \)1"(| C'. But when X = X* (Hermitian), the eigenvalues are real, and hence, the
determinant is real. Then, X! is Hermitian, thereby C is also Hermitian. The following
results will be helpful when we apply our matrix differential operators to scalar functions
of matrices in the complex domain. For two scalar complex variables ¥ and § the following

can be easily verified.

Q.. 9 [ ..
S157) =0, = [#7] =0

=C~C

) 9 o L
57 X0 =20, 5= [X7] =20, (%] =27, (18)

For convenience, let us consider the term

iy = ¥5,C = (xijx — ixa) (Crjp — iCaji)

= x1jxCrjx — %2k Cojk — i(x1jxCojic + X2k Caji) (19)
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where X = x1j; + ixojx, C]-k = Cyjx + iCyjk, with xqjx, X2jx, C1jx, Cojx being real scalar quanti-
ties. Note that Tjp = J?Z]- when X is Hermitian. Hence, for example, when we differentiate
with respect to £, it is equivalent to differentiating with respect to %}, and vice versa.
When x7,C;, is differentiated with respect to 15 it is equivalent to differentiating %1 Co;
with respect to %1, and so on. Then,

d

_ ) Jd .. ) 0 -
m[”;’k] = Cyjx — lczjk,w[ujk} = —Cojp — iCyjt, = ij[ujk] =2C.  (20)

This is the derivative of the complex conjugate of the (j, k)-th element in (18) for all j and k
when X is a general matrix with distinct scalar complex variables as elements. Then,

d 11 — i Cl1 — nC e 5rx1—1

S [1X1] = 0, = [1X¢]] = 2€° = 2/%°|[%]

O 11 oe — o2 %1

Txe X = 2¢ = 2|X|(X) . (21)

When X = X* (Hermitian) we have | X| = |X*| = |X¢|. Then, the result in (20) holds for
the k-th term in the j-th line in (18). But, when X is Hermitian, there is one more element
contributing to x1j and x,j. This is the j-th term in the k-th line of (18). Thus, the sum
of the contributions coming from these two terms is the derivative of |X| with respect to
Xjr. The sum of the contributions is the following, observing that x1j = x14j, C1jx = Ciy;,

Xojk = —Xogj, Coj = —Coxj

x1%Crjk — %2k Coj — 1(x1j%Coji + 22k C1jk)

+ x1%C1xj — Xk Coxj — 1(x1kjCoxj + x2kjCixj)

= 2014 Cyjk — 222 Cojic — i[x1jx(Cojic + Cakj) + Cuj (xajk + x2x7)]
= 2x13Cqjk — 2224 Cojg since Coj + Coxj = 0, xjk + X2 = 0.

Now,
0

for all j # k. When j = k, the diagonal elements in X and C are real, and hence, the term

occurs only once, and therefore,

0

sCcAC1 _ AC
il = Gy = Ciie

Since we are taking the partial derivative, the derivatives are the same as differentiation of
|X¢|. Hence,

%HXCI] = 2C° — diag(C°) = |X*|[2(X*) " — diag((X*) )]
= |X|[2X7" — diag(X )]

and then,
2 1o ot -
a5 1K1 = IX|2X " — diag(X~1)].
Here, we have used two properties that for a p X p matrix B, |B| = |B’| and (B¢)’ = B* = B
if B is Hermitian. Then, we have the following theorem: O

Theorem 9. When the p x p nonsingular matrix X in the complex domain is Hermitian, that is,
X = X*, then,
d

2 11[) = [X|[2X " ~ diag(X )]
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In the following sections, we will consider some applications of the results obtained in
Section 2.

3. Principal Component Analysis in the Complex Domain

This is an application of the mathematical problem of optimization of a Hermitian
form under a Hermitian-form constraint.

In many physical situations, variables occur in pairs, such as time and phase, and
hence, the most appropriate representation of such variables is through complex variables
because a scalar complex variable can be taken as a pair of real variables. Let ¥ = x1 4 ix»,
i = /(—1),x1, x, are real scalar variables, be a scalar complex variable. Then, a statistical
density associated with ¥ is a real-valued scalar function f(%) of ¥ such that f(¥) > 0
over the entire complex plane, something like a hill on the complex plane, so that the
total volume under the surface is unity, that is, f +f (¥)d% = 1, where d¥ = dx; A dxy,
the wedge product of the differentials dx; and dx, respectively. Then, the center of gravity
of the hill f(%) is at E[X] = [, #f(¥)d% and the square of the measure of scatter in ¥ is
0?2 = E[(% — E(%))(% — E(%))*], where E[(-)] means the expected value when # is a scalar
complex random variable and f (%) is its density.

If the scatter is small, then the variable ¥ is concentrated near the center of gravity E[X].
If o2 is large, then ¥ is spread thin far and wide, and hence, it is more or less unrecognizable.
If a large number of scalar variables are being considered as possible variables to be
included into a model, then the ones with the larger scatter are the important variables to
be included into the model. For convenience, one can consider linear functions of such
variables because linear functions also contain individual variables. A linear function is
of the form 7 = aj%; + ... + a;‘,ik, where a7, ..., a;; are constants with ¥, ..., ¥, being scalar
complex variables. For example, ; = 0 = ... = a;, = 0 gives X1, where a * indicates the
conjugate transpose and for a scalar quantity y, #* = ¢ only, where ¢ in the exponent
indicates the complex conjugate. We may write the linear function as # = A*X, where

ay X1
A= ,A, = [Lll, ...,Llp] and X = ,X/ = [fl...., fp]
ap p
where a prime indicates the transpose. The expected value of A*X is E[ii] = A*E[X]

and the variance—covariance matrix or the covariance matrix in X is denoted by £ > O
(Hermitian positive definite). Then, the variance of i, denoted by Var(if), is given by
Var (1) = E[(A*(X — E(X))(X — E(X))*A] = A*LA. The most important linear function is
that linear function having the maximum variance. Hence, we may compute max4 [A*ZA].
But, since 2. > O we have a positive definite Hermitian form in A*>XA and its maximum
over A is at +oo. Thus, unrestricted maximization does not make sense. Without loss of
generality we may take A*A = 1 because this can always be achieved for any non-null A.
Then, the maximization amounts to maximizing A*XA within the unit sphere A*A = 1.
There will be a maximum and a minimum in this case. We may incorporate the restriction
by using a Lagrangian multiplier. Consider

W =A"TA—AA*A—1) (22)

where A is a Lagrangian multiplier. Maximization will be achieved by using the following
result, which will be stated as a lemma.

Lemma 2. Let Y = Y; +iYy,i = +/ (=1),Y1, Yy are p x 1 vectors with distinct real scalar
variables as elements. Let B = B* be a p X p constant Hermitian matrix. Let the partial differential
operator % be defined as
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Then,
d J

ViRV \/ __ npx* VAV AV
S [VBY] =2BY,B = B" > 0, < [V*¥] = 2V.
Proof. Let B = B* = Bj +iB,. When B is Hermitian, B; = B}, B, = —Bj), that is, B is
real symmetric and B; is real skew symmetric. Let Y =Y +iYs,i = /(—1),Y1,Y, are
real. Then, Y*BY = (Y] —iY)B(Y; +iY2) = Y{BY; + Y3BY, +i(Y;BY, — Y}BY;), where
Y{BYl = Y{31Y1 + ZY{Bzyl = Y{Blyl because Y{BzYl =0dueto B, = —Bé From the real
case it is well known that a% [Y{B1Y1] = 2B1Y;. Similarly, 3%2 [Y;BY;] = 2B;Y,. Now,

d d
[Y{BY, — Y}BY|] = i=—[Y{B1Y, — Y4B, Y, +i(Y|ByYs — Y}BoY1)]

oY, Y,
5 0 .
=0+ ZZE[Y{leﬁ + Y{BzYz] = ZZZBzYz = —232Y2.
Similarly,
a%[—Yl’BYz — Y}BY;] = —2iB,Y; = 2ByY;

where we have used two properties. When By = Bj, that is, it is real symmetric, we have
Y{B1Y> = Y}B1Y; because both are 1 x 1 real, and hence, each is equal to its transpose, and
therefore, the difference is zero. When B, = —B) we have Y;B,Y; = —Y{B,Y,, because
both are 1 x 1 real, and hence, each is equal to its transpose. Then, from the real operator
operating on a real linear form the result follows. Similar results hold when differentiating
with respect to the operator aiyz' Thus, we have the following:

%[Y*BY] = 2B,Y; — 2B,Y, = 2By Y] + i*2B, Y, and
1
%[Y*BY] =2B1Y, +2B,Y;.
Therefore,
O 0\ ronpe . . . o
(aiyl + l%) [Y BY] = 2B1(Y1 + ZYz) + ZZBz(Yl + le) =2B1Y +2iByY

= 2BY.

Hence, the result. For B = I, the identity matrix, the result on Y*Y follows, that is,
% (Y*Y) = 2Y. Now, by using Lemma 1 we can differentiate @ in (22). That is,

J d

=S (E-A)A=0=|Z—Al|=0 (23)

where |(-)| means the determinant of the square matrix (-). From (23), LA = AA and
pre-multiplying by A* and using the fact that A*A = 1, we have A*£A = A. Hence,

max [A"XA] = Ay and min [A*"XA] = A, (24)
A*A=1 A*A=1
where Ay is the largest eigenvalue of & = £* > O and A, is the smallest eigenvalue of
Y. When X is Hermitian, all its eigenvalues are real and when it is Hermitian positive
definite, all its eigenvalues are real positive also. Hence, the procedure is the following:
Take the largest eigenvalue of ¥, say Ay. Then, through (23), compute an eigenvector
corresponding to Ay, that is, solve XA = A; A for an A. Then, normalize this eigenvector
through A7A; = 1. That is, if an eigenvector corresponding to A is a1, then compute
A; = —~—un;. This A; is the normalized eigenvector corresponding to A;. Now, consider

\/ayay
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iy = A;X. This 1 is the first principal component in the sense of the linear function
having the maximum variance. Now, take the second largest eigenvalue A,. Go through
the same procedure and construct the normalized eigenvector A, corresponding to Aj.
Then, i, = A3X is the second principal component. Continue the process and stop the
process when the variance of i;, namely, A;, falls below a preassigned number. If there is
no preassigned number, then 7y, ..., if, will be the p principal components. Here, we have
assumed that the eigenvalues of X are distinct. When the eigenvalues are distinct, we can
show that the eigenvectors corresponding to the distinct eigenvalues of a symmetric or
Hermitian matrix are orthogonal to each other. Hence, our principal components will be
orthogonal to each other in the sense that the joint dispersion in the pair (i, #;) is 0 for
i # j or the covariance between #; and i; is zero when i # j. The covariance is defined
as the following: Let U be a p x 1 vector in the complex domain and let V be a g x 1
vector in the complex domain. Then, the covariance of U on V is defined and denoted
as Cov(U,V) = E[(U - E(0))(V — E(V))*], whenever this expected value exists, so that
when V = U, then Cov(U, V) = Cov(U), the covariance matrix in I, and when p = 1, it is
the variance of the scalar complex variable ii. [J

When the covariance matrix X is unknown, then we may construct sample principal
components. Let our population be the p x 1 vector XX =1x,.. fp], where X,j=1,..,p
are distinct scalar complex variables. Consider n independently and identically distributed
(iid) such p-vectors. Then, we have a simple random sample of size n from X. Then,
the sample matrix is the p X n,n > p matrix, denoted as the following:

211 flz ver fl?’l
- - . X1 Xoo ... Xy
X = [Xl/ /XTI] -

55}71 Tp2 oo Xpn

1IX;1 + ...+ X, and the matrix of sample

Let the sample average be denoted =
[X, ..., X]. Then, the sample sum of products

b
averages be denoted by the bold letter X
matrix S is given by

y:

§=X-X][X-X]" = (5i)

where §j = Y1 (¥j, — X;) (%% — X)*. The motivation in using the sample sum of products
matrix S is that -1 S is an unbiased estimator of X. Since we will be normalizing the eigen-
vectors, operate with S itself. Compute the eigenvalues of S. Take the largest eigenvalue
of 5. Call it m;. Construct an eigenvector corresponding to m; and normalize it through
MjM; = 1, where M is the normalized eigenvector corresponding to 111. Then, 3; = Mi‘f(
is the first sample principal component. When the columns of the sample matrix are not
linearly related then we have S = $* > O (Hermitian positive definite) and all eigenvalues
my, ..., my will be positive. We assume that the eigenvalues are distinct my > mp > ... > my.
This will be true almost surely. Now, take m; and construct M, and the second principal
component ¥, = M3 X and continue the process. We can show that the covariances between
0j and 0y will be zeros for all j # k. This property follows from the fact that when the
matrix is symmetric or Hermitian, the eigenvectors corresponding to distinct eigenvalues
are orthogonal. When the population X is p-variate complex Gaussian, then we can show
that S will be a complex Wishart distributed with degrees of freedom n — 1 and parameter
matrix 2. The distributions of the largest, smallest, and j-th largest eigenvalues and the
corresponding eigenvectors of S in the complex domain are given in [8].

4. Canonical Correlation Analysis in the Complex Domain

This is an application of the mathematical problem of optimization of a bilinear form
in the complex domain, under two Hermitian-form constraints. The following application
is regarding the prediction of one set of variables by using another set of variables.
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Consider two sets of scalar complex variables

51 = {551,..., fp} and 52 = {y~1,...,y~q}

where p need not be equal to 4. Consider the appended vector

2= 3] %= | [ 7= 5] B = BT =
Xp Yq
. X_Vx Sk ok Yok k]| AN X1 X
== EHY_M} XX Vy]} = Cov(2) = |:221 222}

where £1; = Cov(X),Zp»n = Cov(Y),Z;p = Cov(X,Y), and X%, = 1, and vice-versa.
That is, X is the covariance matrix in Z, Xq; is the covariance matrix in X, Xy, is the
covariance matrix in Y, and so on. Also, £ = X* > O,Xq; = 2 > 0,Xp»n =15, > 0.Our
aim is to predict the variables in the set S; by using the variables in the set S, and vice-
versa, and obtain the “best” predictors; “best” in the sense of having the maximum joint
dispersion. In order to represent each set S; and Sy, we will take arbitrary linear functions
of the variables in each set. Consider linear functions ii = A*X and & = B*Y, where

a by

Tp by
where X and Y are listed above already. Since aj and b]- are scalar constant quantities,
a;.* = a]‘?, j=1,..,pand b]’.‘ = b]C., j =1, ..., g. Variances for linear functions are already seen
in Section 2. Therefore, Var(ii) = A*YXq1A, Var(d) = B*¥XB and Cov(i,3) = A*L3B,
Yo = Xf,, B*Xy1 A = Cov(7, ). Here, X1, and Xy can be taken as measures of joint dis-
persion or joint variation between X and Y and A*X1,B = Cov(il, 9) as the joint dispersion
between il and 7. As a criterion for the “best” predictor of i by using ¥ and vice versa, we
may take that the pair # and 9 have the maximum joint variation. The best predictor of i by
using 7 as that pair having the maximum A*¥1, B and the best predictor of ¢ by using i as

that pair having the maximum value for B*X;; A. Since covariances depend upon the units
of measurements of the variables involved, we may take a scale-free covariance by taking

Cov/(
P \/Var (il

i, 5) B A*Y1,B
(if)Va ~ V[AZ1A][B*ZB]

Further, as explained in Section 2, without loss of generality we may take A*X1A = 1
and B*X» B = 1 or confine the bilinear form (hyperboloid) within unit positive definite
Hermitian forms (ellipsoids) in order to prevent them from going to +co. Hence, our pro-
cedure simplifies to optimizing A*X1, B subject to the conditions A*Xj1A = 1,B*X»nB =1
and computing that pair of A and B which will maximize A*Y¥.1,B. As before, we may use
the Lagrangian multipliers A; and A, and consider the function

@ = A*S15B — A (A*S11A — 1) — Ay(B* LB — 1). (25)

In order to optimize this @ we need one result on differentiation of a bilinear form, which
will be stated as a lemma.

Lemma 3. Let X = Xy +iXp,i = \/(—1), X1, Xp are real, p x 1 vectors of distinct real scalar
variables X1 and X2j, respectively, where X = xp+ isz,j =1,.,p. Let Y = Y, +iYs,
= /(=1),Y1,Y; are real, q x 1 vectors of distinct real scalar variables y; and yj, respec-
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tively, where §; = yj1 +iyp,j = 1,...,9, where Xj1, Xjp, yj1, Y2 are real. Let the partial differential
operators be as defined in Section 2, namely,

o s
9 g My 3 .9
ol B >l B > Sale> A Y

and similar operators involving Y = Y1 + iYo. Then,

9 IR AY] = 24V and 2 [V A" K] = 24" X
90X Y

Proof. Opening up X* AY we have the following:
X*AY = (X{ —iX5)A(Y] +iYs) = X{AYl + X5 AY, + i(X{AYz — X5 AYY).
Then, from the known results in the real case, we have the following:

0 e o~ 0 .y o~
— [X"AY] = AY- AY d —[X*AY]| = AY, — i AY-
axl[ ] 1+ iAY; an axz[ ] > —iAY;

irrespective of whether A is real or in the complex domain. Then,

9 3047) = (2 + -0 )10 AT) - 247
0X

Similarly, =2 [Y*A*X] = 2A*X. This completes the proof. [l

Now, differentiating @ in (25), we have the following:

.
% —0=3%pB-MZpA=0 (26)
I

9B =0= 221A — A2nB =0. (27)

Now, premultiply (26) by A* and (27) by B* to obtain the following, observing that
221 = ZTZ:
A*leB = )\1,B*221A =N, = Ay = )\i

or Ay = A, A, = A€, Take B from (27) and substitute in (26) to obtain the following;:
(Z' 21220, T01 — ANT)A = O, AN = |A2 (28)

This shows that AA¢ = |A|> = u is an eigenvalue of Zﬁ12122£21221, where the matrix is
p X p. From symmetry, it follows that u is also an eigenvalue of Z;zl 2 ZﬁlZu, where the
matrix is g X q. Hence, all the nonzero y’s are common to both of these matrices. Hence,
the procedure is the following: If p < g, then compute the eigenvalues of 21_1121222_21 201,
otherwise, compute the eigenvalues of the other matrix 22_21 201 21_11212, both will give the
same nonzero eigenvalues. Let y1 be the largest and i, be the smallest nonzero eigenvalues.
Then, we have the results

max A*leB = U1
A*ZHA:LB*ZzzB:l[ ] #

and

min A*leB = .
A*ZHA:l,B*ZzzB:l[ I=m
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Then, the procedure is the following: If p < g, then compute all the eigenvalues of
2;112122521 Yp1. Let the largest eigenvalue be 1. Then, compute one eigenvector corre-
sponding to p1. Use the equation (2122521221 —mu1211)A = O. Let it be A1;. Then, nor-
malize it through A};X11 A1 = 1. That is, compute A; = \/ﬁf\n. Then, compute

iy = A} X. Then, use the same eigenvalue y; and compute one eigenvector from the equa-
tion (22121_11212 — 111X2)B = O. Let it be By;. Then, normalize it through B};X»Bq; =1,
1

that is, compute B; = —————DB11. Now, compute ; = B;Y. Then, (i1, 7) is the first
1122011

pair of canonical variables in the sense 7 is the best predictor of 7; and vice-versa. Now,
take the second largest eigenvalue p; of 2;112122;21 21. Then, compute one eigenvector
corresponding to py, that is, solve the equation (2122;21221 — tp¥q1)A = O. Let Ay be that

. . . . 1 ~ *
eigenvector. Normalize it, that is, compute A = \/jAﬂ. Now, compute 7, = A3 X.
A3 ZnAn

Use the same i, and solve for B from the equation (22121_11212 — UpXp)B = O. Let By

1
v/ B31Z22Bn B
Oy = B;Y. Then, (iip, ) is the second pair of canonical variables. Continue the process
until y; falls below a preassigned limit. If there is no such preassigned limit, then compute
all the pairs, that is, p if p < g; otherwise g. If g < p, then start with the computation
of the eigenvalues of 25212212;11212 and proceed parallel to the steps used in the case

be one solution. Then, normalize it, that is, compute By = 1. Now, compute

p < g. Observe that the symmetric format of X' X125,/ %01 is 21_1% 2122i12212£%. This
form is also available from the same starting equation (28). The symmetric format can
always be written in the form C*C for some matrix C, and hence, the symmetric form
is either Hermitian positive definite or Hermitian positive semi-definite, and therefore,
all the nonzero eigenvalues are positive. Let us assume that the eigenvalues y1, ji2, ... are
distinct, uy > po > ... > pp if p < g. Itis a known result that eigenvectors corresponding
to distinct eigenvalues of Hermitian or symmetric matrices are orthogonal to each other.
Hence, i1, 1iy, ... are non-correlated. Similarly, 71, @, ... are non-correlated.

If X171, X12, X92 are not available, then take a simple random sample of sizen, n > p +¢,

from Z = {}5} . Then, compute the sample sum of products matrix:

Y
g_ [5:11 5:12]
Syt Sx’

as for the case of principal component analysis. Now, continue with S jk'saswith X3 ’s. Then,
we will obtain the pairs of sample canonical variables. Some distributional aspects of sample

canonical variables and the sample canonical correlation matrix U = STl% §12§2_21 Sy STF
are discussed in [8]. Note that when 517 is 1 x 1, then we have the square of the multiple
correlation coefficient in U = ii, which is scalar. In this case, our starting set S; will have
only one complex scalar variable and the set S, will have g variables. Here, the problem
is to predict one variable in S; by using the variables in S;. The exact distributions of
the canonical correlation matrix U and the square of the absolute value of the multiple
correlation coefficient i are available in explicit forms in [8].

5. Covariance and Correlation in the Complex Domain

Consider scalar complex variables first. Let ¥; and ; be two scalar complex variables
or scalar variables in the complex domain. Then, the mean values or expected values
of %1 and §, are, respectively, E[%;] = [, %1 f(%1)d%, E[fh] = f]]l 718(i71)di1, where E[-]
means the expected value of [-], and f and g are the densities of ¥; and ¥, respectively.
Let ¥ = %1 — E[%1],7 = 71 — E[jh]. Let & = x11 +ixqp,i = \/(—1), x11, x12 are real scalar
variables, and let 7 = y11 +iy12,1 = \/(—1), Y11, Y12 are real scalar variables. Then, E[X] = 0,
E[j] = 0. Then, the variance, denoted by Var(-), and covariance, denoted by Cov (-, -), are
the following:
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Var(%;) = Var(%) = E[Z%"] = oy
Var(y,) = Var(y) = E[77"] = 02
Cov(x1,71) = Cov(%,9) = E[%7"] = 012

where, for example, ¥* = ¢, with * indicating the conjugate transpose and ¢ indicating the
conjugate only. Here, we have only scalar variables, and hence, the complex conjugate trans-
pose is only complex conjugate. For convenience, we have used the notation o1, 02, 015.
Then, 091 = E[j%*] = E[jx‘] = Cov(§, %). For a scalar complex variable ¥ = x17 + ix1p,
X = x{; — ix], = x11 — ix1p = %°. Let us examine the variances of sum and difference. Let

s Exm o o - yl _

y
/ Var(£1) ﬁ VVar(iy) Vo2

Then,

Var(ii+0) =E[(i+0—E(li+9))(ii+ 07— E(ii +7))"]
X gyt %
=E|l— + +

[ 011 022 V011022

This can be simplified as the following:

. [Cov(%,7) + COV(J% )]
Var(i + ) =242 >0 29
_ . _ E[zx” ] Elgy] [f.?* + 7]
V — =
ar(u v) 011 022 V011022
[Cov(%,7) + Cov (7, X)]
=22 >0 30
2,/011022 - (30)

From (29) and (30) we have

Cov(%,7) + Cov(7, %)
-1 <1 31
N 2\/011022 - 5

Let us examine the quantity, Cov(%, ) + Cov(y, ¥) = E[%7*] + E[§%*]. Note that

E[%7"] = E[(x11 +ix12) (Y11 — iy12)] = E[x11y11 + *12y12 + i (X12411 — X11Y12)]
E[7%*] = E[x11y11 + X12y12 + i(y12X11 — y11x12)] =
E[x7"] + E[§%*] = Cov(%, ) + Cov(¥, ¥) = 2E[x11y11 + X12y12] = 2E[R(X7")]

Hence,
1[Cov(%,7) +Cov(y,%)| _ E[xu]/n +X12y12}
2 V011022 V011022
= g R
V011022

Therefore, we may define the correlation coefficient in the complex domain, denoted by 7,
as the following:

R(Cov (%, 7))
V011022

F= = -1<7<1 (32)
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where R(-) denotes the real part in (). Also, note that |%§*|? = |%|?|7|2. This will motivate
us to examine the dot product of two vectors in the complex domain and the Cauchy-
Schwarz inequality in the complex domain.

5.1. The Cauchy—Schwarz Inequality in the Complex Domain

Let X, X' = [%,..., %p], and Y, Y = [ih, ., Jp] be two p x 1 vectors in the complex
domain. We will define the dot product between X and Y, and it will be denoted and
defined as the following: X ©® Y = X*Y and

XY = XY = 271 + ... + %57,
= 21 Pl + o 4 2P

= (¥ + x0) (Vi1 + ) + -+ (x?ﬂ + xiz)(yfn + %292)

< (3 xfp et xfﬂ + x;272)(y%1 +yip + o +]/§1 +1/§2)

= [XoY| < |X]]Y]. (33)

Thus, the Cauchy-Schwarz inequality holds for the complex domain also.

5.2. Minimum-Variance Unbiased Estimators in the Complex Domain

In the class of linear estimators A*X for the parametric function g(6), which linear
function is the minimum-variance unbiased estimator for g(6)? Let

ay X1

ap Xp

and Var(A*X) = A*XLA, E[X] = ji where X is the covariance matrix in X. Our aim here
is to minimize A*X A subject to the constraint A*fi = ¢(6) (given). Let A be a Lagrangian
multiplier and let @ = A*XA — A(A*ji — g(0)). Then,

ow _ _

53 =0=2mA-20i=0=EA= M. (34)
Thatis, A*2A = AA*ji = Ag(0). Hence, g(6) multiplied by the minimum value of A gives
the minimum of A*XA. From (34),

_ -1~ A%~ A Cmxy—1s c __ g(@)
A=AL""i=g(0) =A% = AG*L y:>)\—ﬂ*2_1ﬁ.

Then,

_ 88 _ sl
Ag(e) - ﬁ*zflﬁ - ﬁ*Zflﬁ

is the minimum value of the variance of our linear estimator. Hence, the minimum-variance
unbiased estimator is

Ve 8 ~kg—1 <
T(X) = = 1R).
Note also that
= A= (A'S)(Z2f) < VATA S i = VARA > — 5

FE TR

The first inequality follows from the inequality established in Section 5.1.
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5.3. Cramer—Rao-Type Inequality in the Complex Domain

Let %1, ..., ¥, be a simple random sample from the population designated by the
density f(%;), where X;,j = 1,.., n are independently and identically distributed (iid). Then,
the joint den51ty L= ]—I]:1 f (x]) Let T(%y, ..., X,), denoted as T(X), be a statistic with the

expected value g(0). That is, E[T] = [; TL dX = g(6). Differentiating with respect to 6,
we have

2g(0) oL dlnL o dlnL
= = dX= | T LdX =E[T

20 / (5 el ) /X ( 00 ) [T 26 ) (35)
where we have assumed that the support of X is free of 6 and differentiation inside the
integral is valid. But, from the total integral being one, we have

S dlnL 5 dlnL
ALdX—hﬁéfaeﬂdX—O:EF%{—Q (36)
From (35) and (36), we have E[T( a]an—gL)] = Cov(T, agéL) because for any two scalar random
variables 1 and v real, or i and 7 in the complex domain, Cov(u,v) = E[(u — E(u))(v —
E(v))] = E[u(v — E(v))] = E[(u — E(u))v] and the corresponding results in the complex
domain also hold. Therefore, since E[ah‘L] =0, E[T(alnL)] = Cov (T, alar{‘)L) Then,

dlnL dlnL . 1
|Cov(T, 30 )| <4/ Var(T)4/ Var( ) = Var(T) > Var(ala%L) (37)
Note that JlnL JlnL dln f JlnL
nL, nL ., nf, nL.,

This shows that the Cramer—Rao-type inequality holds in the complex domain also.

5.4. Least Square Estimation in Linear Models in the Complex Domain

Let us examine whether the least square procedure, in the class of linear models, holds
in the complex domain also. Let %1, ..., ¥ be preassigned complex numbers or observations
on k random variables in the complex domain. Let j be a scalar complex variable. Then,
a linear model of %y, ..., ¥ for predicting 7, can be of the following form:

a X1

J=ag+pXp= || X=
3 Xk

But, in order to predict jj by using linear predictors we must know the conditional distri-
bution of i, given *, ..., £, and also the conditional expectation must be linear in %, ..., £.
If the conditional distribution is not known, then we may use a distribution-free procedure.
One such procedure is the estimation procedure by using the least square method. In this
method, we set up a corresponding model of the following form for the j-th observation on
7, namely, 7 forj=1,...,n, where n > k 41 is the sample size.

Jg=ao+m¥+..+aXi+e,j=1.,n (39)

corresponding to the linear model in the real case, where ¢; is the random part or the sum
total contributions coming from unknown factors, corresponding to ;. Then, if we sum up
the observations and divide by n we obtain the sample averages 7, X;, 7 = 1,..., k, where,
for example, %, = 1 Lj1 %j. Then, from (39), we have
g— ag+ a1%1 + ... + ;X + 0 = ag —y:—ala?l — e — W X
=co=7—ajXy — ... — . (40)
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We have taken the error sum as zero without much loss of generality. Since a9 is available
from (40), we may rewrite (39) as follows:

Ji—g=a(Xj— %)+t (B — %) +€,—6j=1,...,n (41)

We may write all the equations in (41) together as U = ZB + e, where

V17 i1 — %1 . g — X e 1
a=| : |,z=| = . + |e=|:|p=

Gn— 9 X — %1 o Epn— X &n ax

Note that [ is an # x 1 matrix, Z is an n X k matrix, Bisak x 1 matrix, and éisann x 1
matrix. Then, the sum of squares of the absolute values of the errors is the following:

e = (U — 2B)" (1 — Zp). (42)

In the least square procedure, we minimize this error sum of squares of the absolute values of
the errors, and then, estimate the parameter vector B. Note that (I — Zg)* = U* — *Z* and

oge*é
9B
B=(2*2)"1z*0 (43)

—0=0-0-27"1+22*Zp=0

where we have assumed that Z*Z is a nonsingular matrix because %,j’s are preassigned
numbers, and hence, Z can be taken as a full-rank matrix with rank k < n. Then, the esti-
mated B, as per the least square estimate, again denoted by B, is 8 = (Z*Z)~'Z*U and the
estimated model for 7 is a + p*X, X' = [#1, ..., %], p* = U*Z(Z*Z) ! or the estimated 7 is

j=a5+pX=a5+U2(2°2)7X (44)

where B is available from (43) and af = 7 — B*X, X = [%, ..., &]. This shows that the least
square procedure in the complex domain also runs parallel to that in the real domain. If &is
assumed to have an n-variate complex Gaussian distribution, then the inference problems
also runs parallel to those in the real domain.

6. Concluding Remarks

In this paper, we have introduced vector/matrix differential operators in the complex
domain. These differential operators in the complex domain are believed to be new.
With the help of these operators, we have examined the optimization of a linear form with
Hermitian-form constraint, optimization of a Hermitian form with linear form as well
as Hermitian-form constraint, and optimization of a bilinear form with Hermitian-form
constraints, where the linear forms and bilinear forms involve vectors and matrices in
the complex domain. As applications of these optimization problems, we have extended
principal component analysis and canonical correlation analysis to the complex domain.
Also extended to the complex domain are the Cramer-Rao inequality, the Cauchy-Schwarz
inequality, minimum-variance unbiased estimation, and least square analysis. If we use
the general definition of a density f(X) as a real-valued scalar function such that f(X) > 0
in the domain of X and [ f(X)dX = 1, where the argument X may be scalar or vector or
matrix or a sequence of matrices in the real or complex domains [8], then the structures
of the joint density, marginal density, conditional density, etc., will be parallel to those
in the real domain. Then, we will be able to extend Bayesian analysis to the complex
domain. One can also explore extending other multivariate statistical techniques such as
factor analysis, classification problems, cluster analysis, analysis of variance, analysis of
covariance, etc., to the complex domain. These are some of the open problems. Since the
likelihood function L is a product of densities at the observed sample point, in the simple
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random sample case, this L will be a real-valued scalar function. Then, one can extend the
maximum likelihood method of estimation to the complex domain. For example, in the
p-variate complex Gaussian case, in the case of a simple random sample of size 1, we have

n
InL =c—np In|E[ —tr(E7'5) - Y (X~ p) £ (XK~ )
j=1

where ¢ is a constant, S is the sample sum of squares and cross-products matrix, i is
the population mean value, and £ > O is the Hermitian positive definite covariance
matrix. We have already established results on vector and matrix differential operators
in the complex domain, operating on the trace and determinant involving a Hermitian
positive definite matrix. Hence, all the terms in % [InL] = Oand a% [InL] = O are defined
and such equations are already solved in our discussion of our operators operating on
traces and determinants. Thus, we will see that % [InL] = O yields the sample average

as the estimate/estimator of ji, and %[In L] = O, with the estimate on fi, yields the
estimate/estimator of ¥ as %5 . One can also examine the maximum likelihood estimation

involving other scalar/vector/matrix-variate densities in the complex domain. The above
are some of the open problems.
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