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Abstract: This paper investigates the long-time behavior of fractional-order complex memristive
neural networks in order to analyze the synchronization of both anatomical and functional brain
networks, for predicting therapy response, and ensuring safe diagnostic and treatments of neurologi-
cal disorder (such as epilepsy, Alzheimer’s disease, or Parkinson’s disease). A new mathematical
brain connectivity model, taking into account the memory characteristics of neurons and their past
history, the heterogeneity of brain tissue, and the local anisotropy of cell diffusion, is proposed. This
developed model, which depends on topology, interactions, and local dynamics, is a set of coupled
nonlinear Caputo fractional reaction–diffusion equations, in the shape of a fractional-order ODE
coupled with a set of time fractional-order PDEs, interacting via an asymmetric complex network. In
order to introduce into the model the connection structure between neurons (or brain regions), the
graph theory, in which the discrete Laplacian matrix of the communication graph plays a fundamental
role, is considered. The existence of an absorbing set in state spaces for system is discussed, and
then the dissipative dynamics result, with absorbing sets, is proved. Finally, some Mittag–Leffler
synchronization results are established for this complex memristive neural network under certain
threshold values of coupling forces, memristive weight coefficients, and diffusion coefficients.

Keywords: fractional-order dynamics; graph Laplacian; asymmetric complex networks; complex
memristive neural networks; connected network on boundary; complete synchronization; pinning
control; dissipativity; absorbing set; local anisotropy; cellular heterogeneity; spatio-temporal patterns
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1. Introduction and Mathematical Setting of the Problem

Complex networks of dynamical systems appear naturally in real-world systems such
as biology, physics (e.g., plasma, laser cooling), intelligent grid technologies (e.g., power
grid networks, communications networks), neuromorphic engineering, social networks, as
well as neuronal networks. Of particular interest are complex memristive neural networks
in the brain network. The macroscopic anatomical brain network, which is composed
of a large number of neurons (≈1011) and their connections (≈1015), is a complex large-
scale network system that exhibits various subsystems at different spatial scales (micro
and macro) and timescales, yet is capable of integrated real-time performance. These
subsystems are huge networks of neurons, which are connected with each other and are
modified based on the activation of neurons. The communication, via a combination of
electrical and chemical signals between neurons, occurs at small gaps called synapses (see,
e.g., [1]). This brain network structure implements mechanisms of regulation at different
scales (from microscopic to macroscopic scales). On the microscopic level, neural plasticity
regulates the formation and behavior of synaptic connections between individual neurons
in response to new information. The association matrix of pair-wise synaptic weights
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between neurons will be of the order of 10100. In view of the scale of the network and the
specific difficulties of accurately measuring all synaptic connections, an accurate description
of a complete network diagram of brain connections is an ongoing challenge and a task of
great difficulty (see, e.g., [2]).

However, the rise of functional neuroimaging and related neuroimaging techniques,
such as Electroencephalography (EEG), Magnetoencephalography (MEG), functional Mag-
netic Resonance Imaging (fMRI), diffusion-weighted Magnetic Resonance Imaging (dMRI),
and Transcranial Magnetic Stimulation (TMS), has led to good mapping and deeper under-
standing of the large-scale network organization of the human brain. The fMRI technique
can be used to determine which regions of the brain are in charge of crucial functions,
and assess the consequences of stroke, malignant brain tumors, abscess, other structural
alterations, or direct brain therapy. For this last one, see, e.g., [3] for the used of online
sensor information to automatically adjust, in real time, the brain tumor drugs through MRI-
compatible catheters, via nonlinear model-based control techniques and a mathematical
model describing tumor-normal cell interaction dynamics.

The EEG and MEG signals measure, respectively, electrical activity and magnetic
fields induced by the electrical activity, from various brain regions with a high temporal
resolution (but with limited spatial coverage). However, fMRI measures whole-brain
activity indirectly (by detecting changes associated with blood flow for each network,
over a specified interval of time) with a high spatial resolution (but with limited temporal
resolution). Consequently, in order to improve both spatial and temporal resolution, EEG
and MEG signals are often associated with fMRI (see, e.g., [4]).

This whole-brain connectomics approach, which relies on macroscopic measurements
of structural and functional connectivity, has notably favored a major development in the
identification and analysis of effects of brain injury or neurodegenerative and psychiatric
diseases on brain systems related to cognition and behavior, for better diagnosis and
treatments (see, e.g., [5–7]).

The dynamic interaction between neuronal networks and systems, which takes into ac-
count the dynamic flows of information that pass through different interconnected, widely
distributed, and functionally specialized brain regions, is crucial for normal brain function
(see, e.g., [8,9]). Measuring electrical activity (from, e.g., dMRI connectivity, magnetoen-
cephalography or electroencephalography recordings) has allowed researchers to point out
the existence of oscillations characterized by their frequency, amplitude, and phase (see,
e.g., [8,10–12]). This phenomenon is considered to result from oscillatory neuronal (local)
synchronization and long-range cortical synchronization (which is linked to many cogni-
tive and memory functions). Moreover, several studies have established that the activity
pattern of cortical neurons depends on the history of electrical activities (e.g., caused by the
long-range interaction of ionic conductances), as a result of changes in synaptic strength
or shape of synaptic plasticity (see, e.g., [13–15]). In addition, the diffusion terms play
an important role in dynamics and stability of neural networks when, e.g., electrons are
moving in asymmetric electromagnetic fields (see, e.g., [16–18]). So, diffusion phenomena
cannot be neglected. Understanding mechanisms behind these synchronized oscillations
and their alterations is very important for better diagnosis and treatments of neurological
disorders. In particular, the relationship between stability of synchronization and graph
theory is established. This relationship characterizes the impact of network topology on
the disturbances. Disturbances or alteration of such synchronized networks, taking into
account memory characteristics of neurons and their past history, play an important role in
several brain disorders, such as neuropsychiatric diseases, epileptic seizures, Alzheimer’s
disease, and Parkinson’s disease (see, e.g., [19–23] and references therein).

Moreover, noninvasive brain stimulation is attracting considerable attention due to
its potential for safe and effective modulation of brain network dynamics. In particular, in
the context of human cognition and behavior, the targeting of cortical oscillations by brain
stimulation with electromagnetic waveforms has been widely used, whether it is to ensure
a safe treatment, to improve quality of life, or to understand and explain the contribution
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of different brain regions to various human Cognitive Brain Functions (see, e.g., [24] and
references therein).

It is well known that the dynamic behavior of neurons depends on the architecture of
the network and on external perturbations such as electromagnetic radiation or stimulation
by an electric field. A memristor, with plasticity and bionic characteristics, is a nonvolatile
electrical component (i.e., retains memory without power) that limits or regulates the flow
of electrical current and is capable of describing the impacts of electromagnetic induction
(radiation) in neurons, by coupling membrane potential and magnetic flux. Moreover,
electromagnetic induction currents in the nervous system can be emulated by memristive
autapses (an autapse is a synaptic coupling of a neuron’s axon to its own dendrite and
soma), which play a critical role in regulating physiological functions (see Figure 1).

Dendrites

Nucleus

Axon

or

Dendrites

Nucleus

Axon

Memristive

autapse

Electromagnetic

radiation

Figure 1. Schematic design of a biological neuron.

The concept of a memristor, which is a passive and nonlinear circuit element, was first
introduced by Chua [25]. The author estimates that the memristor was to be considered as
basic as the three classical passive electronic elements: the resistor, the capacitor, and the
inductor. In the resistor, there is a relation between the instantaneous value of voltage and
the instantaneous value of current. Unlike the resistor, the memristance depends on the
amount of charge passing through it and consequently, the memristor can remember its
past dynamic history. It is a natural nonvolatile memory.

Memristor-based neural network models can be divided into (see, e.g., [26,27]) (a) mem-
ristive synaptic (autapse or synapse) models, in which a memristor is used as a variable
connection weight for neurons; (b) neural network models affected by electromagnetic
radiation, in which a memristor is used to simulate the electromagnetic induction effects.
The memristive synaptic model uses the bionic properties of the memristor to realistically
mimic biological synaptic functions, while the neural network model under electromagnetic
radiation employs a magnetic flux-controlled memristor to imitate the electromagnetic
induction effect on membrane potential.

Recently, considerable efforts have been made to mimic significant neural behaviors
of the human brain by means of artificial neural networks. Due to the attractive property
of this new type of information storage and processing device, it can be implemented using
synaptic weights in artificial neural networks. It can also be an ideal component for simu-
lating neural synapses in brain networks due to its nano-scale size, fast switching, passive
nature, and remarkable memory characteristics (see, e.g., [28–30] and references therein). In
recent years, the dynamical characteristics of memiristor-based neural networks have been
extensively analyzed and, in this context, several studies have been reported as regards
chaos, passivity, stability, and synchronization (see, e.g., [31–37] and references therein).

Currently, fractional calculus is particularly efficient, when compared to the classical
integer-order models, for describing the long memory and hereditary behaviors of many
complex systems. Fractional-order differential systems have been studied by many re-
searchers in recent years; the genesis of fractional-order derivatives dates back to Leibniz.
Since the beginning of the 19th century, many authors have addressed this problem and
have devoted their attention to developing several fractional operators to represent nonlin-
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ear and nonlocal phenomena (such as Riemann, Liouville, Hadmard, Littlewood, Hilfer,
and Caputo among others). Fractional integrals and fractional derivatives have proved to
be useful in many real-world applications; in particular, they appear naturally in a wide
variety of biological and physical models (see, for instance, Refs. [38–43] and references
therein). Both the Riemann–Liouville and Caputo derivative operators are the most com-
mon and widely used way of defining fractional calculus. Unlike this Riemann–Liouville
operator, when solving a fractional differential equation, we use the Caputo fractional oper-
ator [44], for which there is no need to define the fractional-order initial conditions. One of
the most important characteristics of fractional operators is their nonlocal nature, which
accounts for the infinite memory and hereditary properties of underlying phenomena.
Recently, in [39], we proposed and analyzed a mathematical model of the electrical activity
in the heart through the torso, which takes into account cardiac memory phenomena (this
phenomenon, also known as the Chatterjee phenomenon, can cause dynamical instabilities
(as alternans) and give rise to highly complex behavior including oscillations and chaos).
We have shown numerically the interest of modeling memory through fractional-order
derivatives, and that, with this model, we are able to analyze the influence of memory on
some electrical properties, such as the duration of action potentials (APD), action potential
morphology, and spontaneous activity.

On the other hand, synchronization of neural networks plays a significant role in the
activities of different brain regions. In addition, compared with the concept of stability,
the synchronization mechanism (with possible control), for two or more apparently inde-
pendent systems, is being paid increasing attention in neuroscience research and medical
science, because of its practicality. The study of dynamical systems and the synchroniza-
tion of biological neural networks, with different types of coupling, have attracted a large
amount of theoretical research, and consequently, the literature in this field is very extensive,
especially in the context of integer-order differential systems. Since the literature on this
topic has been receiving a significant amount of attention, it is not our intention to comment
in detail here on all the works cited. For a general presentation of the synchronization
phenomenon and its mathematical analysis, we can cite, e.g., [45–48]. Concerning problems
associated with integer-order partial differential equations various methods and technique,
we can refer to, e.g., [49–54]. Finally, for problems associated with fractional-order partial
differential equations, various methods have recently been studied in the literature, such as,
for example, [55], which considers the synchronization control of a neural network’s equa-
tion via Pinning Control, ref. [56], which investigates the dissipativity and synchronization
control of memristive neural networks via feedback controller, and [57], which explores the
stability and pinning synchronization of a memristive neural network’s equation.

Motivated by the above discussions, to take into account noninvasive brain stimulation
and the effect of memory in the propagation of brain waves, together with other critical
brain material parameters, we propose and analyze a new mathematical model of fractional-
order memristor-based neural networks with multidimensional reaction–diffusion terms,
by combining memristor with fractional-order neural networks. The models with time
fractional-order derivatives integrate all the past activities of neurons and are capable of
capturing the long-term history-dependent functional activity in a network. The diffusion
can be seen as a local connection (at a lower scale), like, e.g., in [58], whereas the coupling
topology relates to dynamical properties of network dynamical systems, corresponding to
physical or functional connections at the upper scale.

Thus, the derived brain neural network model is precisely the system (1)–(5) (see
further), which is a nonlinear coupled reaction–diffusion system in the shape of a set
of fractional-order differential equations coupled with a set of fractional-order partial
differential equations (interacting via a complex network).

In the present work, we are interested in the synchronization phenomenon in a whole
network of diffusively nonlinear coupled systems which combines past and present in-
teractions. First, we will impose initial data on a closed and bounded spatial domain,
and analyze some complex dynamical property of the long-time behavior of a derived



Axioms 2024, 13, 440 5 of 47

fractional-order large-scale neural network model. After a rigorous investigation of dissi-
pative dynamics, different synchronization problems of the developed complex dynamical
networks are studied.

2. Formulation of Memristive-Based Neural Network Problem

We shall consider a network of m coupled neurons denoted by NG = {Ni : i =
1, 2, . . . , m}, where the network size m ≥ 2 is a positive integer. Our model of a memristor-
autapse-based neural network with external electromagnetic radiation can be depicted as
in Figure 2.

Ni

Electromagnetic

stimulation

Activited neuron

Nj

Memristor

autapse

Electromagnetic

radiation

Figure 2. Concept map of the coupled neural network.

In this paper, motivated by the above discussions (see Section 1), we introduce the
following new fractional-order memristive neural network of coupled neurons, modeled
by the following Caputo-fractional system, including the magnetic flux coupling (on each
neuron Ni of the network, for i = 1, m):

cα∂α
0+ϕi − div(K f (x)∇ϕi) = F(x, ϕi) + σui +

ξh
m

m

∑
j=1

aij(x, t)Hj(ϕj)

+ fex(x, t)− κϕiΨ(wi) +
ξ f

m
Gi(ϕ1, . . . , ϕm), in Q∞

cβ∂α
0+ui = a − bui − c2ϕ2

i + c1ϕi, in Q∞

cγ∂α
0+wi − div(Ke(x)∇wi) = ν1ϕi − ν2wi + gex(x, t) +

ξe

m
Gi(w1, . . . , wm), in Q∞

(1)

where Q∞ = Ω×]0,+∞[ and the spatial domain Ω is a bounded open subset and its
boundary denoted by Γ = ∂Ω is locally Lipschitz continuous. Here, ∂α

0+ denotes the
forward Caputo fractional derivative with α a real value in ]0, 1]. The state variables ϕi, ui,
and wi describe, respectively, the membrane potential, the ionic variable, and the magnetic
flux across the membrane of the i-th neuron Ni, for i = 1, m. The term F is the nonlinear
activation operator. The functions fex and gex represent the external forcing current and the
external field electromagnetic radiation, respectively. The parameters ξh ≥ 0, ξ f ≥ 0, ξe ≥ 0
are the coupling strength constants with ξeξ f ̸= 0. The values a and σ can be any nonzero
number constants and all the parameters b, c1, c2, κ, ν1, and ν2 can be any positive constants.

The fractional parameter cα is cα = κsCα > 0, where Cα is the membrane pseudo-
capacitance per unit area and κs is the surface area-to-volume ratio (homogenization
parameter). The membrane is assumed to be passive, so the pseudo-capacitance Cα can be
assumed to be constant. Moreover, since the electrical restitution curve (ERC) is affected
by the action potential history through ionic memory, we have represented the memory
via u (respectively, via w) by a time fractional-order dynamic term cβ∂α

0+u (respectively,
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by cγ∂α
0+w), where the positive parameters cβ and cγ are assumed to be constants. The

fractional parameters cα, cβ, and cγ depend on the fractional-order α.

Remark 1. According to the expression of the Caputo derivative, we can obtain that the unit for
the dimension of

cα

C
is sα−1, with s the unit for the dimension of time and C the capacitance cα for

α = 1 (this result remains valid for cβ and cγ).

The functions aij, for i, j = 1, m, represent the memristor’s synaptic connection weight
coefficient (an example with three neurons is depicted in Figure 3).

Neuron1

Synapse

Neuron3

Neuron2
𝑎12

𝑎21

Self-connected

synaptic weight

Self-connected

synaptic weight

Self-connected

synaptic weight

𝑎11 𝑎22

𝑎33

Figure 3. Abridged general view of synaptic connection.

The term ∑m
j=1 aij(x, t)Hj(ϕj) could be regarded as an emulation of a neurological

disease, e.g., epileptic seizures, in which the nonlinear operators Hj are some activation
functions. We assume that (for i, j = 1, m)

aij ∈ L∞([0,+∞)× Ω) with aij ≤ aij ≤ aij, a.e., in [0,+∞)× Ω (2)

where (aij, aij) are in IR2, and we denote

s
aij = max(| aij |, | aij |) and

d
aij =| aij − aij | . (3)

The operator Ψ = q1Ψ1 + q2Ψ2 is the memory conductance of the flux-controlled
memristor, where Ψ1(w) = δ1 + η11w+ η12w2, Ψ2(w) = δ2 + ζ2 tanh(w), all the parameters
δ1, δ2, η11, η12, ζ2 can be any positive constant, and q1q2 ̸= 0, with qk ≥ 0, for k = 1, 2. The
magnetic flux coupling κϕΨ(w) could be regarded as an additive induction current on the
membrane and represents the dynamic effect of electromagnetic induction on neurological
diseases (examples with three neurons are depicted in Figure 4). For simplicity, we can
write Ψ(w) = δ + η1w + η2w2 + ζ tanh(w), where δ = q1δ1 + q2δ2, η1 = q1η11, η2 = q1η12,
and ζ = q2ζ2.
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Electromagnetic
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Figure 4. Two examples of connection topology of the neural network with three neurons (based on
memristor–autapse and under electromagnetic radiation effects).
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The operator Gi, which contains the information of network topology, is defined by
(for i = 1, m)

Gi(v1, . . . , vm) =
m

∑
k=1,k ̸=i

Gik(vk − vi) (4)

with the coupling (or connectivity) matrix G = (Gij)1≤i,j≤m (−G is called the Laplacian
matrix of the graph), in which Gij are the coefficients of connection from the i-th to the j-th
neuron, satisfying the assumption

(HG) Gik ≥ 0 for i ̸= k and Gii = −
m

∑
k=1,k ̸=i

Gik, i.e., the matrix G has vanishing row and

column sums and non-negative off-diagonal elements.

Then, Gi(v1, . . . , vm) can be written as Gi(v1, . . . , vm) =
m

∑
k=1

Gikvk.

In graph theory, the Laplacian matrix −G, also called the graph Laplacian or Kirchhoff
matrix, defines the graph topology with m the number of vertices/nodes Ni in graph
G(NG, EG) (with NG set of vertices and EG set of edges/links). The diagonal matrix
D = −diag(G11, . . . , Gmm) is called the degree matrix of graph and A := D + G is called
the adjacency matrix of the graph.

The state variable (ϕi, ui, wi), for i = 1, m in this network, is coupled with the other
neurons {Nj : j ̸= i} in the network through the state equation by Gi and/or through the
boundary conditions as follows (fully connected network on boundary):

(
K f .∇ϕi

)
· n −

p f

m ∑
k=1,m

(ϕk − ϕi) = 0, on Γ,(
Ke.∇wi

)
· n − pe

m ∑
k=1,m

(wk − wi) = 0, on Γ.
(5)

where n is the outward normal to Γ and p f > 0, pe > 0 are the coupling strength constants
on boundary. The tensors K f and Ke are the effective diffusion tensors that describe the
heterogeneity of brain tissue and local anisotropy of cell diffusion.

The initial conditions of (1) to be specified will be denoted by (for i = 1, m)

(ϕi(0), ui(0), wi(0)) = (ϕ0i, u0i, w0i), on Ω. (6)

The rest of the paper is organized as follows. In the next section, we give some
preliminary results useful in the sequel. In Section 4, we shall prove the existence, stability,
and uniqueness of weak solutions of the derived model, under some hypotheses for data
and some regularity of nonlinear operators. An important feature of the uniqueness of
the solution is the semiflow physical property of the system; starting the system at time t0,
letting it run until time s = t0 + τ, and then restarting it and letting it run from time s to
the final time of Tf amounts to running the system directly from time t0 to final time Tf . In
Section 5, the existence of an absorbing set in state spaces for the system is discussed, an
estimate of the solutions is derived when time is large enough, and then the dissipative
dynamics result, with absorbing sets, is proved. In Section 6, synchronization phenomena
are discussed and some Mittag–Leffler synchronization criteria for such complex dynamical
networks are established in different situations. Precisely, some sufficient conditions for the
synchronization are obtained first for the complete (or identical) synchronization (which
refers to the process by which two or more identical dynamical systems adjust their motion
in order to converge to the same dynamical state as time approaches infinity) problem
and then for the master–slave synchronization problem via appropriate pinning feedback
controllers and adaptive controllers. In Section 7, conclusions are discussed. In Appendix A,
the full proof of well-posedness of the derived system is shown, and in Appendix B, a
brief introduction to some definitions and basic results in fractional calculus in the Rieman–
Liouville sense and Caputo sense is given.
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3. Assumptions, Notations, and Some Fundamental Inequalities

Some basic definitions, notations, fundamental inequalities, and preliminary lemmas
are introduced and other results are developed.

Let 0 ⊂ IRd, d ≥ 1, be an open and bounded set with a smooth boundary and 0T =
0× (0, T). We use the standard notation for Sobolev spaces (see [59]), denoting the norm
of Wq,p(0) (q ∈ IN, p ∈ [1, ∞]) by ∥ . ∥Wq,p . In the special case p = 2, we use Hq(0) instead
of Wq,2(0). The duality pairing of a Banach space X with its dual space X′ is given by
⟨., .⟩X′ ,X . For a Hilbert space Y, the inner product is denoted by (., .)Y and the inner product
in L2(Ω) is denoted by (., .). For any pair of real numbers r, s ≥ 0, we introduce the Sobolev
space Hr,s(0T) = L2(0, T; Hr(0)) ∩ Hs(0, T; L2(0)), which is a Hilbert space normed by(
∥ v ∥2

L2(0,T;Hr(0)) + ∥v ∥2
Hs(0,T;L2(0))

)1/2
, where space Hs(0, T; L2(0)) denotes the Sobolev

space of order s of functions defined on (0, T) and taking values in L2(0), and defined by
interpolation as Hs(0, T; L2(0))=[Hq(0, T, L2(0)), L2(0T)]θ , for s = (1− θ)q with θ ∈ (0, 1)
and q ∈ IN, and Hq(0, T; L2(0))=

{
v ∈ L2(0T)| ∂jv

∂tj ∈ L2(0T), for 1 ≤ j ≤ q
}

.
We now recall the following Poincaré–Steklov inequalities (see, e.g., [60]):

Lemma 1. (Poincaré–Steklov inequality) Assume that 0 is a bounded connected open subset of IRd

with a sufficiently regular boundary ∂0 (e.g., a Lipschitz boundary). Then,

C2
PS(ζ) ∥ v ∥2

L2(0)≤ ℓ2
0(∥ ∇v ∥2

L2(0) +ζ ∥ v ∥2
L2(∂0)), ∀v ∈ H1(0).

where ℓ0 := diam(0) > 0 and C2
PS > 0 is the smallest eigenvalue of the Laplacian supplemented

with the Robin boundary condition ζv + n.∇v = 0 on ∂0 (with ζ > 0 any positive constant).

Lemma 2. (Extended Poincaré–Steklov inequality). Assume that q ∈ [1, ∞) and that 0 is a
bounded connected open subset of IRd with a sufficiently regular boundary ∂0 (e.g., a Lipschitz
boundary). Let R be a bounded linear form on W1,q(0) whose restriction on constant functions is
not zero. Then, there exists a Poincaré–Steklov constant ĈPS;q > 0 such that ĈPS;q ∥ v ∥Lq(0)≤
ℓ0 ∥ ∇v ∥Lq(0) + | R(v) |, ∀v ∈ W1,q(0).

Remark 2. Let q be a nonnegative integer and 0 be a bounded connected open subset of IRd with a
sufficiently regular boundary ∂0. We have the following results (see, e.g., [59]):

(i) H1(0) ⊂ Lp(0), ∀p ∈ [1, 2d
d−2q ], with continuous embedding (with the exception that if

2q = d, then p ∈ [1,+∞[ and if 2q > d, then p ∈ [1,+∞] ).
(ii) (Gagliardo–Nirenberg inequalities) There exists C0,q,θ > 0 such that

∥ v ∥Lp(0)≤ C0,q,θ(∥ ∇v ∥θ
L2(0)∥ v ∥(1−θ)

Lq(0)
+ ∥ v ∥Lq(0)), ∀v ∈ H1(0)× Lq(0),

where 0 ≤ θ ≤ 1, q ≥ 1, and p > 0 such that d
p = θ( d

2 − 1) + (1 − θ) d
q (with the exception that

if 1 − d
2 is a nonnegative integer, 0 ≤ θ < 1).

Definition 1 (see, e.g., [61]). A real valued function H defined on D × IRq, q ≥ 1, is a
Carathéodory function iff H(.; v) is measurable for all v ∈ IRq and H(y; .) is continuous for
almost all y ∈ D.

Our study involves the following fundamental inequalities, which are repeated here
for review:
(i) Hölder’s inequality:

∫
D

Πi=1,k fidx ≤ Πi=1,k ∥ fi ∥Lqi (D), where ∑
1≤i≤k

1
qi

= 1.

(ii) Young’s inequality (∀a, b > 0 and ϵ > 0): ab ≤ ϵ

p
ap +

ϵ−q/p

q
bq, f or p, q ∈]1,+∞[ and

1
p
+
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1
q
= 1.

(iii) Minkowski’s integral inequality (for p ∈]1,+∞[ and t > 0):[∫
Ω

(∫ t

0
| f (x, s) | ds

)p
dx
]1/p

≤
∫ t

0

(∫
Ω
| f (x, s) |p dx

)1/p
ds.

Finally, we denote by | 0 | the Lebesgue measure of 0, by sgn(x) the sign of the scalar
x, and by L(A; B) the set of linear and continuous operators from a vector space A into
a vector space B. The operator R∗ stands for the adjoint to linear operator R between
Banach spaces.

From now on, we assume that the following assumptions hold for nonlinear operators,
matrix coupling, and tensor functions appearing in our model on Ω.

First we introduce the following spaces: H = L2(Ω) and V = H1(Ω) (endowed with
their usual norms). We will denote by V′ the dual of V. We have the following continuous

embeddings (p′ is such that
1
p′

+
1
p
= 1):

V ⊂ H ⊂ V′ and V ⊂ Lp(Ω) ⊂ H ≡ (H)′ ⊂ Lp′(Ω) ⊂ V′ (7)

and the injection V ⊂ H is compact, where p ≥ 2 if d = 2 and 2 ≤ p ≤ 6 if d = 3.
For tensor functions, we assume that the following assumptions hold.

(H1) We assume that the conductivity tensor functions Kθ ∈ W1,∞(Ω), θ ∈ {e, f }, are
symmetric, positive definite matrix functions and that they are uniformly elliptic, i.e., there
exist constants 0 < d f ≤ r f and 0 < de ≤ re such that (∀v ∈ IRn)

d f ∥v∥2 ≤ vTK f v ≤ r f ∥v∥2 and de∥v∥2 ≤ vTKev ≤ re∥v∥2 in Ω. (8)

The operators F and (Hi)i=1,m, which describe behavior of the system, are supposed
to satisfy the following assumptions.

(H2) The operators F and (Hi)i=1,m are Carathéodory functions from Ω × IR into IR. Fur-
thermore, the following requirements hold.

(H2)1 The nonlinear scalar activation function F ∈ C1(Ω × IR), which can be taken
as F = F1 + F2 with F1 as a decreasing function on the second variable, satisfies
(∀(x, v) ∈ Ω × IR):

(i) F(x, v)v ≤ −λ | v |4 +ρ0(x);
(ii) | F(x, v) |≤ α1 | v |3 +ρ1(x);
(iii) | ∂F

∂v (x, v) |≤ α2 | v |2 +ρ2(x) and ∂F
∂v (x, v) ≤ −α3 | v |2 +β;

(iv) | F2(x, v) |≤ α4 | v |2 +ρ3(x);
(v) | EF(x, v) |≤ α5 | v |4 +ρ4(x) and EF(x, v) ≤ −α6 | v |4 +α7 | v |2 +α8.

λ, β, and αi, for i = 1, 8, are positive constants, ρi ∈ L2(Ω), for i = 0, 4, are given
functions, and EF is the primitive function of F1.

(H2)2 The nonlinear scalar activation functions Hi are bounded with Hi(0) = 0 and
satisfy li-Lipschitz condition, i.e.,

(vi) | Hi(u) |≤ Mi and | Hi(u)− Hi(v) |≤ li | u − v |, ∀(u, v) ∈ IR2, with li > 0 and
Mi > 0.

For the operators (Gi)i=1,m, which are defined from the matrix coupling G, we intro-
duce first the following notations: the matrix S = (ϵij)1≤i,j≤m, where ϵij = ϵji =

1
2 (Gij +Gji)

and the matrix A = (δij)1≤i,j≤m, where δij = −δij =
1
2 (Gij − Gji), for i ̸= j. Then, the matrix

S is symmetric, the matrix A is antisymmetric, and G can be represented uniquely as
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G = S + A. It is evident that both S and A have zero row sums (i.e.,
m

∑
k=1

ϵjk = 0 and

m

∑
k=1

δjk = 0) and 2δii =
m

∑
k=1

Gki. Then, we can now derive the following two lemmas.

Lemma 3. For (ϕ, w, u) in L4(Ω)× L2(Ω)× L2(Ω) and ( fex, gex, ρ0) ∈ (L2(Ω))3, we have the
following inequalities:

(i) − κ
∫

Ω
| ϕ |2 (δ + η1w + η2(w)2 + ζ tanh(w))dx ≤ θw ∥ ϕ ∥2

L2(Ω),

(ii)
∫

Ω
F(x, ϕ)ϕdx + σ

∫
Ω

uϕdx +
∫

Ω
fexϕdx ≤ −λ

2

∫
Ω
| ϕ |4 dx +

υ

2
∥ u ∥2

L2(Ω)

+
1

2λ
∥ fex ∥2

L2(Ω) + | Ω | (∥ ρ0 ∥L2(Ω) +
1

2λ
(

σ2

2υ
+

λ

2
)2),

(iii) c1

∫
Ω

ϕudx − c2

∫
Ω
| ϕ |2 udx + a

∫
Ω

udx − b ∥ u ∥2
L2(Ω)

≤ −5b
8

∥ u ∥2
L2(Ω) +

2c2
1

b
∥ ϕ ∥2

L2(Ω) +
2a2 | Ω |

b
+

2c2
2

b
∥ ϕ ∥4

L4(Ω),

(9)

where θ0 = η1
2η2

, θw = κ(η2θ2
0 + ζ − δ) and υ > 0 (υ is any positive constant, to be chosen

appropriately).

Proof. Since | tanh(w) |≤ 1, we have (according to assumption (H2))

−κ
∫

Ω
| ϕ |2 (δ + η1w + η2(w)2 + ζ tanh(w))dx

≤ κ(ζ − δ)
∫

Ω
| ϕ |2 dx − κη2

∫
Ω
| ϕ |2 ((w + θ0)

2 − θ2
0)dx

≤ θw ∥ ϕ ∥2
L2(Ω),∫

Ω
F(x, ϕ)ϕdx + σ

∫
Ω

uϕdx +
∫

Ω
fexϕdx

≤ −λ
∫

Ω
| ϕ |4 dx + σ

∫
Ω

uϕdx +
∫

Ω
fexϕdx +

∫
Ω

ρ0dx

≤ −λ
∫

Ω
| ϕ |4 dx +

υ

2
∥ u ∥2

L2(Ω) +(
σ2

2υ
+

λ

2
) ∥ ϕ ∥2

L2(Ω) +
1

2λ
∥ fex ∥2

L2(Ω) + | Ω |∥ ρ0 ∥L2(Ω)

≤ −λ

2

∫
Ω
| ϕ |4 dx +

υ

2
∥ u ∥2

L2(Ω) +
1

2λ
∥ fex ∥2

L2(Ω) + | Ω | (∥ ρ0 ∥L2(Ω) +
1

2λ
(

σ2

2υ
+

λ

2
)2)

and

c1

∫
Ω

ϕudx − c2

∫
Ω
| ϕ |2 udx + a

∫
Ω

udx − b ∥ u ∥2
L2(Ω)

≤ −5b
8

∥ u ∥2
L2(Ω) +

2c2
1

b
∥ ϕ ∥2

L2(Ω) +
2a2 | Ω |

b
+

2c2
2

b

∫
Ω
| ϕ |4 dx.

This completes the proof.

The estimates of the previous lemma are needed to construct a priori estimates (to
establish the existence result).

Lemma 4. For all (vi)i=1,m ∈ IRm, we have the following relations (with ψij = vj − vi for
1 ≤ i, j ≤ m).

(i) ∑
1≤i≤m
1≤k≤m

Gikvkvi =
−1
2

m

∑
i,k=1;k ̸=i

Gik(vk − vi)
2 +

m

∑
k=1

δkkv2
k ,
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(ii) ∑
1≤i,j≤m
1≤k≤m

(Gjk − Gik)vkψij = −m ∑
1≤k,j≤m

ϵjkψ2
jk + 2 ∑

1≤i,j≤m
δjjψ

2
ij

= −m ∑
1≤k,j≤m

ϵjkψ2
jk + m ∑

1≤i,j≤m
µijψ

2
ij, with µij =

δii + δjj

m
.

Proof. Since ∑m
k=1 Gik = 0, we can deduce that

m

∑
i,k=1;k ̸=i

Gik(vk − vi)
2 =

m

∑
k=1

(
m

∑
i=1

Gik)v2
k − 2

m

∑
i,k=1

Gikvkvi = 2
m

∑
k=1

δkkv2
k − 2

m

∑
i,k=1

Gikvkvi

and then the relation (i). For the relation (ii), we have (we proceed in a similar way as
in [62])

∑
1≤i,j≤m
1≤k≤m

(Gjk − Gik)vkψij = − ∑
1≤i,j≤m
1≤k≤m

(ϵikψik + δikψik − ϵjkψjk − δjkψjk)ψij

= ∑
1≤i,j≤m
1≤k≤m

(ϵjkψjk − ϵikψik)ψij + ∑
1≤i,j≤m
1≤k≤m

(δjkψjk − δikψik)ψij = I + I I.

Since ψjk = ψji + ψik and
m

∑
k=1

δjk = 0, we can deduce that

I I = ∑
1≤i,j≤m
1≤k≤m

(δjkψjk − δikψik)ψij =
m

∑
k=1

m

∑
i=1

m

∑
j=1

(δjkψjkψij)−
m

∑
k=1

m

∑
i=1

m

∑
j=1

(δjkψjkψji)

= 2 ∑
1≤i,j≤m
1≤k≤m

δjkψjkψij = 2 ∑
1≤i,j≤m

δjjψ
2
ij + 2

m

∑
i=1

(
m

∑
j,k=1;k ̸=j

ψijδjkψik).

We can deduce that
m

∑
j,k=1;k ̸=j

ψijδjkψik = ∑
1≤j<k≤m

ψij(δjk + δkj)ψik = 0 (since δjk + δkj = 0), and

then I I = 2 ∑
1≤i,j≤m

δjjψ
2
ij = m ∑

1≤i,j≤m
µijψ

2
ij, with µij =

δii + δjj

m
, for 1 ≤ i, j ≤ m. For the

term I, we have that

I = ∑
1≤i,j≤m
1≤k≤m

(ϵjkψjk − ϵikψik)ψij = ∑
1≤i,j≤m
1≤k≤m

ϵjkψjkψij − ∑
1≤i,j≤m
1≤k≤m

ϵjkψjkψji

= 2 ∑
1≤i,j≤m
1≤k≤m

(ϵjkψjkψij)
(10)

and then

I = ∑
1≤i,j≤m
1≤k≤m

ϵjk(ψjk + ψij)
2 − ∑

1≤i,j≤m
1≤k≤m

ϵjk(ψ
2
jk + ψ2

ij)

= ∑
1≤i,k≤m

( ∑
1≤j≤m

ϵjk)ψ
2
ik − ∑

1≤i,j≤m
1≤k≤m

ϵjkψ2
jk − ∑

1≤i,j≤m
( ∑

1≤k≤m
ϵjk)ψ

2
ij

= −m ∑
1≤j,k≤m

ϵjkψ2
jk (since S is symmetric and has zero row sums).

(11)

This completes the proof.
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Remark 3. (a) If ∑m
k=1 Gki = 0 then δii = 0 (for all i = 1, m) and consequently ∑

1≤i,j≤m
δjjψ

2
ij = 0

(with ψij = (vj − vi)) and
m

∑
i=1

δiiv2
i = 0 (in Lemma 4).

(b) The matrix (µij)i,j is symmetric and satisfies ∑1≤i,j≤m µij = 0.

Remark 4. Let A be an arbitrary antisymmetric matrix. Then, for any vector w, we have
wtAw = 0.

To end this section, we give the following lemmas and definitions. From, e.g., [63,64],
we can deduce, respectively, the following Lemmas.

Lemma 5. (A generalized Gronwall’s inequality) Assume γ > 0, h is a nonnegative function
locally integrable on (0, T) (some T ≤ +∞) and b is a nonnegative, bounded, nondecreasing
continuous function defined on [0, T). Let f be a nonnegative and locally integrable function
on (0, T) with, for t ∈ (0, T), f (t) ≤ h(t) + b(t)Iγ

0+ [ f ](t). Then (for t ∈ (0, T)), f (t) ≤

h(t) +
∫ t

0

∞

∑
k=1

h(τ)(t − τ)kγ−1 (b(t))
k

Γ(kγ)
dτ. If, in addition, h is a nondecreasing function on (0, T),

then f (t) ≤ h(t)Eγ,1(b(t)tγ).

The used function Eθ1,θ2 is the classical two-parametric Mittag–Leffler function (usually

denoted by Eθ1 if θ2 = 1), which is defined by Eθ1,θ2(z) =
∞

∑
k=0

1
Γ(kθ1 + θ2)

zk. The function

Eθ1,θ2 is an entire function of the variable z for any θ1, θ2 ∈ lC, Re(θ1) > 0.

Lemma 6. Let ω be a locally integrable nonnegative function on [0,+∞) such that ∂α
0+ω(t) +

λω(t) ≤ R. Then, we have ω(t) ≤ ω(0)Eα,1(−λtα) + RtαEα,α+1(−λtα) = ω(0)Eα,1(−λtα) +
R(1 − Eα,1(−λtα)).

The invertibility of f (t) = Eα,β(−t), t > 0 follows from the complete monotonicity
property of Eα,β. As shown in [65], this function is completely monotone if and only if
0 < α ≤ 1 and β ≥ α. Since Eα,β(0) = Γ(β)−1 and lim

t−→+∞
Eα,β(−t) = 0, then the inverse

function g = −Lα,β of f , is the function g : (0, Γ(β)−1] −→ [0, ∞) (0 < α ≤ 1 and β ≥ α).

Definition 2 (see, e.g., [66]). The initial-boundary value problem (1)–(6) is called dissipative in a
Banach space L(Ω) if there is a bounded set, in L(Ω), KS = B(0, r) for some positive constants
r > 0 such that for any bounded subsets KI (of L(Ω)) and all initial data (ϕ0i, u0i, w0i)i=1,m
belonging to KI , there exists a time TK, depending on KI , such that the corresponding solution
(ϕi(t), ui(t), wi(t))i=1,m is contained in KS for all t ≥ TK. The set KS is called an absorbing set
and r is called a radius of dissipativity.

Remark 5. (i) We can also express the previous definition as follows. For any bounded set KI , there
exists a finite time TK such that any solution started with initial condition in KI remains within the
bounded ball KS for all time t ≥ TK.
(ii) The study of dissipative dynamics opens the way to the analysis of the synchronization problem.

Definition 3 (see, e.g., [67]). The initial-boundary value problem (1)–(6) is (locally) complete
synchronized if

lim
t−→+∞

(∥ ϕi − ϕj ∥L2(Ω) + ∥ ui − uj ∥L2(Ω) + ∥ wi − wj ∥L2(Ω)) = 0, ∀i, j = 1, m,

whenever the initial state belongs to an appropriate bounded open set.
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Definition 4. The initial-boundary value problem (1)–(6) is locally complete Mittag–Leffler syn-
chronized if there exist X∗ > 0 and λ∗ > 0 such that for any t > t∗ (∀i, j = 1, m),

(∥ ϕi − ϕj ∥2
L2(Ω) + ∥ ui − uj ∥2

L2(Ω) + ∥ wi − wj ∥2
L2(Ω))(t) ≤ X∗Eα,1(−λ∗(t − t∗)α),

whenever the initial state belongs to an appropriate bounded open set. The value λ∗ is called
Mittag–Leffler synchronization rate (or degree).

4. Well-Posedness of the System

This section concerns the existence and uniqueness of a weak solution to problem (1),
under Lipschitz and boundedness assumptions on the non-linear operators. We now define

the following bilinear forms: A f (w, v) =
∫
Ω

K f∇w · ∇vdx, Ae(w, v) =
∫
Ω

Ke∇w · ∇vdx.

Under hypothesis (8), it can easily be shown that the forms Ak (for k = e, f ) are symmetric
coercive and continuous on V. We can now write the weak formulation of the initial-
boundary value problem (1)–(6) (for all v, ϑ, ρ in V and a.e. t ∈ (0, T), with T > 0):

〈
cα∂α

0+ϕi, v
〉
V′ ,V + A f (ϕi, v) =

∫
Ω
(F(x, ϕi) + σui)vdx +

∫
Ω

fexvdx

+
ξh
m

m

∑
j=1

∫
Ω

aij(x, t)Hj(ϕj)vdx − κ
∫

Ω
ϕiΨ(wi)vdx

+
p f

m

m

∑
j=1

∫
Γ
(ϕN

i − ϕN
j )vdΓ +

ξ f

m

∫
Ω
Gi(ϕ1, . . . , ϕm)vdx,〈

cβ∂α
0+wi, ϑ

〉
V′ ,V + Ae(wi, ϑ) =

∫
Ω
(ν1ϕi − ν2wi)ϑdx +

∫
Ω

gexϑdx

+
pe

m

m

∑
j=1

∫
Γ
(wN

i − wN
j )ϑdΓ +

ξe

m

∫
Ω
Gi(w1, . . . , wm)ϑdx,(

cγ∂α
0+ui, ρ

)
L2(Ω)

=
∫

Ω
(a − bui − c2ϕ2

i + c1ϕi)ρdx.

(12)

The first main theorem of this paper is then the following result.

Theorem 1. Let assumptions (H1) and (H2) be fulfilled and T > 0. Assume that there exists
ν̃2 > 0 such that

ν̃2 ≤ ν2 −
ξe

m
max
i=1,m

δii. (13)

Then, for any (ϕ0i, w0i, u0i) ∈ V2 × L3(Ω) (for i = 1, m) and fex, gex ∈ L∞(0, ∞; L2(Ω)), there
exists a unique weak solution (ϕi, wi, ui)i=1,m to problem (1) verifying (for i = 1, m)

ϕi ∈ L∞(0, T;V), ∂α
0+ϕi ∈ L2(0, T; L2(Ω)),

wi ∈ L∞(0, T;V), ∂α
0+wi ∈ L2(0, T; L2(Ω)),

ui ∈ L∞(0, T; L3(Ω)), ∂α
0+ui ∈ L2(0, T; L2(Ω)),

(14)

Moreover, if α > 1/2, then (ϕi, wi, ui) ∈ C([0, T]; L2(Ω)) and (ϕi, wi, ui)(0+) = (ϕ0i, w0i, u0i).

Proof. To establish the existence of a result of a weak solution to system (1), we proceed as
in [39] by applying the Faedo–Galerkin method, deriving a priori estimates, and then pass-
ing to the limit in the approximate solutions using compactness arguments. The uniqueness
result can be evaluated in the classical way. The full proof is given in Appendix A.

5. Dissipative Dynamics of the Solution

In this section, first we prove that all the weak solutions of initial value problem (1)
exist for time t ∈ [0, ∞). Then, we show that there exists an absorbing set in space
Hm = (L2(Ω)× L2(Ω)× L2(Ω))m for the solution semiflow, which is dissipative in space
Hm in the sense of Definition 2.
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Theorem 2. Under the assumptions of Theorem 1, there exists a unique global weak solution
(ϕi(t), wi(t), ui(t))i=1,m in the space Hm, for time t ∈ [0, ∞), of problem (1)–(6). Moreover, for any
given ε0 > 0, there exists an absorbing set for the semiflow for problem (1)–(6) in space Hm, which is

a bounded ball B(0, D), where D = ε0 +
G1

Cmin
. The value G1 = G0+ | Ω |

m

∑
i=1

(1+ sgn(θi))
θ2

i
2λ0

,

with λ0 =
ϵλ

2
−

2c2
2

b
, θi = (ϵ(θw +

1
2λ

+
ξ f

m
δii +

ξh
2m

m

∑
j=1

(
s
aij + l2

i
s
aji)) +

ν2
1

ν̃2
+

2c2
1

b
), θw =

κ(
η2

1
4η2

+ ζ − δ), G0 = ϵ(
1

2λ
∥ fex ∥2

L∞(0,∞;L2(Ω)) + | Ω | (∥ ρ0 ∥L2(Ω) +
1

2λ
(

σ2

2υ
+

λ

2
)2)) +

m
ν̃2

∥ gex ∥2
L∞(0,∞;L2(Ω)). The value ϵ > 0 is chosen appropriately so that λ0 > 0 i.e., ϵ >

4c2
2

bλ
.

Proof. Taking the scalar product of the equations of system (1) by ϕi, ui, and wi, respec-
tively, and adding these equations for i = 1, m, we obtain, according to Lemma 4 and
assumption (H1):

cα

2
∂α

0+

m

∑
i=1

∥ ϕi ∥2
L2 +d f

m

∑
i=1

∥ ∇ϕi ∥2
L2(Ω)≤ −

p f

2m

m

∑
i,j=1

∫
Γ
(ϕi − ϕj)

2dΓ +
m

∑
i=1

∫
Ω

F(x, ϕi)ϕidx

−
ξ f

2m

m

∑
i,j=1;j ̸=i

∫
Ω

Gij(ϕi − ϕj)
2dx + σ

m

∑
i=1

∫
Ω

uiϕidx +
ξ f

m

m

∑
i=1

δii ∥ ϕi ∥2
L2(Ω)

−κ
m

∑
i=1

∫
Ω
| ϕi |2 Ψ(wi)dx +

ξh
m

m

∑
i,j=1

∫
Ω

aij(x, t)Hj(ϕj)ϕidx +
m

∑
i=1

∫
Ω

fexϕidx,

cγ

2
∂α

0+

m

∑
i=1

∥ wi ∥2
L2(Ω) +de

m

∑
i=1

∥ ∇wi ∥2
L2(Ω)≤ − pe

2m

m

∑
i,j=1

∫
Γ
(wi − wj)

2dΓ − ν2

m

∑
i=1

∥ wi ∥2
L2(Ω)

− ξe

2m

m

∑
i,j=1;j ̸=i

∫
Ω

Gij(wi − wj)
2dx +

m

∑
i=1

∫
Ω

gexwidx

+ν1

m

∑
i=1

∫
Ω

wiϕidx +
ξe

m

m

∑
i=1

δii ∥ wi ∥2
L2(Ω),

cβ

2
∂α

0+

m

∑
i=1

∥ ui ∥2
L2(Ω)≤ c1

m

∑
i=1

∫
Ω

ϕiuidx − c2

m

∑
i=1

∫
Ω
| ϕi |2 uidx + a

m

∑
i=1

∫
Ω

uidx

−b
m

∑
i=1

∥ ui ∥2
L2(Ω) .

(15)

By using similar arguments to derive (A9), we can deduce

∂α
0+
( ϵcα

2

m

∑
i=1

∥ ϕi ∥2
L2(Ω) +

cβ

2

m

∑
i=1

∥ ui ∥2
L2(Ω) +

cγ

2

m

∑
i=1

∥ wi ∥2
L2(Ω)

)
+λ1

( ϵcα

2

m

∑
i=1

∥ ϕi ∥2
L2(Ω) +

cβ

2

m

∑
i=1

∥ ui ∥2
L2(Ω) +

cγ

2

m

∑
i=1

∥ wi ∥2
L2(Ω)

)
+ϵd f

m

∑
i=1

∥ ∇ϕi ∥2
L2(Ω) +de

m

∑
i=1

∥ ∇wi ∥2
L2(Ω) +

ϵp f

2m

m

∑
i,j=1

∫
Γ
(ϕi − ϕj)

2dΓ

+
ϵξ f

2m

m

∑
i,j=1;j ̸=i

∫
Ω

Gij(ϕi − ϕj)
2dx +

pe

2m

m

∑
i,j=1

∫
Γ
(wi − wj)

2dΓ

+
ξe

2m

m

∑
i,j=1;j ̸=i

∫
Ω

Gij(wi − wj)
2dx ≤ G1,

(16)

where G1 = G0+ | Ω |
m

∑
i=1

(1 + sgn(θi))
θ2

i
2λ0

, λ1 = min(
2 | θ̃ |

ϵcα
,

ν2

cγ
,

υ0

cβ
) and | θ̃ |= min

i=1,m
(|

θi |), with G0 = ϵ(
1

2λ
∥ fex ∥2

L∞(0,∞;L2(Ω)) + | Ω | (∥ ρ0 ∥L2(Ω) +
1

2λ
(

σ2

2υ
+

λ

2
)2)) +
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m
ν2

∥ gex ∥2
L∞(0,∞;L2(Ω)), θi = (ϵ(θw +

1
2λ

+
ξ f

m
δii +

ξh
2m

m

∑
j=1

(
s
aij + l2

i
s
aji)) +

ν2
1

ν̃2
+

2c2
1

b
), θw =

κ(
η2

1
4η2

+ ζ − δ), λ0 = ϵλ
2 − 2c2

2
b and υ0 =

5b
8

− ϵυ

2
. The values ϵ > 0 and υ > 0 are chosen

appropriately so that λ0 > 0 and υ0 > 0, i.e., ϵ >
4c2

2
bλ

and υ < 5b
4ϵ . In particular, we have

∂α
0+
( ϵcα

2

m

∑
i=1

∥ ϕi ∥2
L2(Ω) +

cβ

2

m

∑
i=1

∥ ui ∥2
L2(Ω) +

cγ

2

m

∑
i=1

∥ wi ∥2
L2(Ω)

)
+λ1

( ϵcα

2

m

∑
i=1

∥ ϕi ∥2
L2(Ω) +

cβ

2

m

∑
i=1

∥ ui ∥2
L2(Ω) +

cγ

2

m

∑
i=1

∥ wi ∥2
L2(Ω)

)
≤ G1.

(17)

We can solve this Caputo fractional differential inequality (17) to obtain the following
estimate in maximal existence time interval (from Lemma 6):

Cmin

m

∑
i=1

(
∥ ϕi ∥2

L2(Ω) + ∥ ui ∥2
L2(Ω) + ∥ wi ∥2

L2(Ω)

)
≤ G1 + (CmaxX0 − G1)Eα,1(−λ1tα),

(18)

where X0 =
m

∑
i=1

(
∥ ϕ0i ∥2

L2(Ω) + ∥ u0i ∥2
L2(Ω) + ∥ w0i ∥2

L2(Ω)

)
, Cmin = min(

ϵcα

2
,
cβ

2
,
cγ

2
) and

Cmax = max(ϵ
cα

2
,
cβ

2
,
cγ

2
).

Since the solution will never blow up at any finite time, then the maximal existence time
interval is [0, ∞). Consequently, the solution of initial-boundary value problem (1)–(6) exists in
space Hm, for any time t ∈ [0, ∞). Then we have the existence of solution semiflow for (1)–(6),
that is, a mapping ΣS : [t; (ϕ0i, u0i, w0i)i=1,m ∈ Hm] −→ (ϕi(t), ui(t), wi(t))i=1,m ∈ Hm, t ≥ 0
enjoying the semigroup property ΣS[s + t; (ϕ0i, u0i)i=1,m] = ΣS[s; ΣS[t; (ϕ0i, u0i)i=1,m] for any
s, t ≥ 0. Moreover, from (18), we can deduce that for any ε0 > 0 (in view of the asymptotic
property of the Mittag–Leffer function):

lim sup
t−→∞

m

∑
i=1

(∥ ϕi ∥2
L2(Ω) + ∥ ui ∥2

L2(Ω) + ∥ wi ∥2
L2(Ω)) < D = ε0 + D0,

where D0 =
G1

Cmin
(since lim sup

t−→∞
Eα,1(−λ1tα) = 0) and then (ϕi(t), wi(t), ui(t))i=1,m ∈

B(0, D).
Afterwards, for any bounded setB(0, ρ) (ofHm), with ρ > 0, we have, if (ϕ0i, u0i, w0i)i=1,m

∈ B(0, ρ):

m

∑
i=1

(
∥ ϕi ∥2

L2(Ω) + ∥ ui ∥2
L2(Ω) + ∥ wi ∥2

L2(Ω)

)
≤D0 + ρ

Cmax

Cmin
Eα,1(−λ1tα) (19)

and then there exists a finite Tρ, given by Tρ = (− 1
λ1

Lα,β(min(1,
ε0Cmin
ρCmax

)))1/α, such that the

solution trajectories that started at initial time t = 0 from the set B(0, ρ) will permanently
enter the set B(0, D), for all t ≥ Tρ.

So, B(0, D) is an absorbing set in Hm for the semiflow ΣS and this semiflow is dissipa-
tive. This completes the proof.

6. Synchronization Phenomena

Before analyzing the synchronization problems, we will examine the uniform bound-
edness of the solution in Km = (L4(Ω)× L2(Ω)× L4(Ω))m.
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6.1. Uniform Boundedness in Km

In this section, we prove a result on the ultimately uniform boundedness of solution
(ϕi, ui, wi)i=1,m in Km

Lemma 7. For all (vi)i=1,m ∈ IRm, we have the following results.

(i)
m

∑
i,j=1

ϵijviv3
j = −1

2

m

∑
i,j=1

ϵij(vi − vj)
2(v2

j + vjvi + v2
i ) ≤ 0;

(ii)
m

∑
i,j=1

δijvjv3
i ≤

m

∑
i=1

(
m

∑
j ̸=i

| δij | +δii)v4
i .

Proof. Since (vi − vj)
2(v2

j + vjvi + v2
i ) = v4

j + v4
i − v3

j vi − v3
i vj, then (since ϵij = ϵji)

m

∑
i,j=1

ϵij(vi − vj)
2(v2

j + vjvi + v2
i ) =

m

∑
j=1

v4
j (

m

∑
i=1

ϵij) +
m

∑
i=1

v4
i (

m

∑
j=1

ϵij)− 2
m

∑
i=1

m

∑
j=1

ϵijviv3
j .

Because
m

∑
i=1

ϵij =
m

∑
j=1

ϵij = 0, we derive
m

∑
i=1

m

∑
j=1

ϵijviv3
j =

−1
2

m

∑
i,j=1

ϵij(vi − vj)
2(v2

j + vjvi + v2
i ).

For (ii), we have
m

∑
i,j=1

δijvjv3
i =

m

∑
i

m

∑
j ̸=i

δijvjv3
i +

m

∑
i

δiiv4
i . Since (from Young’s inequality and

the fact that δij = −δij, for i ̸= j)

m

∑
i

m

∑
j ̸=i

δijvjv3
i ≤ 1

4

m

∑
i=1

m

∑
j ̸=i

| δij || vj |4 +
3
4

m

∑
i=1

m

∑
j ̸=i

| δij || vi |4

≤ 3
4

m

∑
i=1

| vi |4 (
m

∑
j ̸=i

| δij |) +
1
4

m

∑
i=1

m

∑
j ̸=i

| δji || vj |4≤
m

∑
i=1

| vi |4 (
m

∑
j ̸=i

| δij |),

we obtain that

m

∑
i,j=1

δijvjv3
i ≤

m

∑
i=1

| vi |4 (
m

∑
j ̸=i

| δij |) +
m

∑
i

δiiv4
i =

m

∑
i=1

(
m

∑
j ̸=i

| δij | +δii)v4
i . (20)

This completes the proof.

Theorem 3. Assume now that α > 1/2, gex ∈ L∞(0, ∞, L4(Ω)) and the assumptions of Theorem 2
hold. If there exists a constant ν̃1,2 > 0 such that

ν̃1,2 ≤ ν2 −
ξe

m
max
i=1,m

(∆i), (21)

where ∆i = ∑
j ̸=i

| δij | +δii = ∑
j ̸=i

(| δij | −δij) (since δii = −∑
j ̸=i

δij), then (1)–(6) is dissipative

in Km.

Proof. As g1 : y −→ y3 is an increasing function, then the primitive g1 is convex and

we can have, from [68] (since g1 is independent on time),
1
4

∂α
t+ ∥ v ∥4

L4≤
∫

Ω
v3∂α

0+vdx.

Consequently, by taking the scalar product of the first and third equations of system (1) by
ϕ3

i and w3
i , respectively, and adding these equations for i = 1, m, we can deduce (according

to Lemma 7)
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cα

4
∂α

0+

m

∑
i=1

∥ ϕi ∥4
L4 +3d f

m

∑
i=1

∥ ϕi∇ϕi ∥2
L2(Ω) +

p f

2m

m

∑
i,j=1

∫
Γ
(ϕi − ϕj)

2(ϕ2
i + ϕiϕj + ϕ2

j )dΓ

+
ξ f

2m

m

∑
i,j=1;j ̸=i

∫
Ω

ϵij(ϕi − ϕj)
2(ϕ2

i + ϕiϕj + ϕ2
j )dx

≤
m

∑
i=1

∫
Ω

F(x, ϕi)ϕ
3
i dx + σ

m

∑
i=1

∫
Ω

uiϕ
3
i dx +

m

∑
i=1

∫
Ω

fexϕ3
i dx +

ξ f

m

m

∑
i
(∆i + δii) | ϕi |4

−κ
m

∑
i=1

∫
Ω
| ϕi |4 Ψ(wi)dx +

ξh
m

m

∑
i,j=1

∫
Ω

aij(x, t)Hj(ϕj)ϕ
3
i dx,

cγ

4
∂α

0+

m

∑
i=1

∥ wi ∥4
L4 +3de

m

∑
i=1

∥ wi∇wi ∥2
L2(Ω) +

pe

2m

m

∑
i,j=1

∫
Γ
(wi − wj)

2(w2
i + wiwj + w2

j )dΓ

+
ξe

2m

m

∑
i,j=1;j ̸=i

∫
Ω

ϵij(wi − wj)
2(w2

i + wiwj + w2
j )dx

≤ −ν̃1,2

m

∑
i=1

∥ wi ∥4
L4 +ν1

m

∑
i=1

∫
Ω

w3
i ϕidx +

m

∑
i=1

∫
Ω

gexw3
i dx.

(22)

where ∆i =
m

∑
j ̸=i

| δij | +δii and ν̃1,2 ≤ ν2 −
ξe

m
max
i=1,m

(∆i) (by hypothesis).

Since ∀v ∈ IR, we have | tanh(v) |≤ 1 and v4 ≤ 1 + v6; then (by using Young’s
inequality),

−κ
∫

Ω
| ϕi |4 Ψ(wi)dx = −κ

∫
Ω
| ϕi |4 (δ + η1wi + η2w2

i + ζ tanh(wi))dx

≤ κ(ζ − δ) ∥ ϕi ∥4
L4 −κη2

∫
Ω
| ϕi |4 ((wi + θ0)

2 − θ2
0)dx

≤ θw ∥ ϕi ∥4
L4 (as in Lemma 3),

ξh
m

m

∑
i,j=1

∫
Ω

aij(x, t)Hj(ϕj)ϕ
3
i dx ≤ ξh

m

m

∑
i,j=1

∫
Ω

s
aij | ϕj | lj | ϕi |3 dx

≤ ξh
4m

m

∑
i=1

(
m

∑
j=1

(3
s
aij + l4

i
s
aji)) ∥ ϕi ∥4

L4 ,∫
Ω

F(x, ϕi)ϕi | ϕi |2 dx + σ
∫

Ω
uiϕ

3
i dx +

∫
Ω

fexϕ3
i dx

≤ −λ
∫

Ω
| ϕi |6 dx + σ

∫
Ω

uiϕ
3
i dx +

∫
Ω
( fexϕi + ρ0) | ϕi |2 dx

≤ −λ
∫

Ω
| ϕi |6 dx +

λ

6

∫
Ω
| ϕi |4 dx +

λ

3

∫
Ω
| ϕi |6 dx

+
3

2λ
(σ2 ∥ ui ∥2

L2(Ω) + ∥ fex ∥2
L∞(0,∞;L2(Ω)) + ∥ ρ0 ∥2

L2(Ω)),

−ν̃1,2 ∥ wi ∥4
L4 +ν1

∫
Ω

w3
i ϕidx +

∫
Ω

gexw3
i dx

≤ − ν̃1,2

4
∥ wi ∥4

L4 +
2ν4

1
ν̃3

1,2
∥ ϕi ∥4

L4 +
2

ν̃3
1,2

∥ gex ∥4
L∞(0,∞;L4(Ω)) .

(23)

From (20), (22) and (23), we can deduce
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cα

4
∂α

0+

m

∑
i=1

∥ ϕi ∥4
L4(Ω) +3d f

m

∑
i=1

∥ ϕi∇ϕi ∥2
L2(Ω) +

p f

2m

m

∑
i,j=1

∫
Γ
(ϕi − ϕj)

2(ϕ2
i + ϕiϕj + ϕ2

j )dΓ

+
ξ f

2m

m

∑
i,j=1;j ̸=i

∫
Ω

ϵij(ϕi − ϕj)
2(ϕ2

i + ϕiϕj + ϕ2
j )dx

≤ −2λ

3

m

∑
i=1

∫
Ω
| ϕi |6 dx +

3σ2

2λ
∥ ui ∥2

L2(Ω) +
3m
2λ

(∥ fex ∥2
L∞(0,∞;L2(Ω)) + ∥ ρ0 ∥2

L2(Ω))

+
m

∑
i=1

(λ

6
+ θw +

1
4m

(
m

∑
j=1

ξh(3
s
aij + l4

i
s
aji) + 4ξ f ∆i)

)
∥ ϕi ∥4

L4(Ω),

C0cγ

4
∂α

0+

m

∑
i=1

∥ wi ∥4
L4(Ω) +

C0 pe

2m

m

∑
i,j=1

∫
Γ
(wi − wj)

2(w2
i + wiwj + w2

j )dΓ

+3deC0

m

∑
i=1

∥ wi∇wi ∥2
L2(Ω) +

C0ξe

2m

m

∑
i,j=1;j ̸=i

∫
Ω

ϵij(wi − wj)
2(w2

i + wiwj + w2
j )dx

≤ −C0
ν̃1,2

4

m

∑
i=1

∥ wi ∥4
L4(Ω) +

2C0ν4
1

ν̃3
1,2

m

∑
i=1

∥ ϕi ∥4
L4(Ω) +

2C0m
ν̃3

1,2
∥ gex ∥4

L∞(0,∞;L4(Ω)),

(24)

with C0 > 0 to be chosen appropriately. In particular, we can deduce

cα

4
∂α

0+

m

∑
i=1

∥ ϕi ∥4
L4 +

C0cγ

4
∂α

0+

m

∑
i=1

∥ wi ∥4
L4≤

m

∑
i=1

∫
Ω
(−2λ

3
| ϕi |4 +θ

(i)
2 | ϕi |2) | ϕi |2 dx

+
3σ2

2λ

m

∑
i=1

∥ ui ∥2
L2(Ω) −C0

ν̃1,2

4

m

∑
i=1

∥ wi ∥4
L4 +C1,

(25)

where C1 =
2mC0

ν̃3
1,2

∥ gex ∥4
L∞(0,∞;L4(Ω)) +

3m
2λ

(∥ fex ∥2
L∞(0,∞;L2(Ω)) + ∥ ρ0 ∥2

L2(Ω)) and

θ
(i)
2 = (

λ

6
+ θw +

1
4m

(
m

∑
j=1

ξh(3
s
aij + l4

i
s
aji)+ 4ξ f ∆i)+

2C0ν4
1

ν̃3
1,2

), with θ
(i)
2 ̸= 0 for an appropriate

C0 > 0.
Using a similar argument to derive (A8), we can deduce that

cα

4
∂α

0+

m

∑
i=1

∥ ϕi ∥4
L4(Ω) +

C0cγ

4
∂α

0+

m

∑
i=1

∥ wi ∥4
L4(Ω) +

m

∑
i=1

| θi
2 |∥ ϕi ∥4

L4(Ω) +C0
ν̃1,2

4

m

∑
i=1

∥ wi ∥4
L4(Ω)

≤
m

∑
i=1

(1 + sgn(θ(i)2 ))
3 | θ

(i)
2 |

4λ
|∥ ϕi ∥2

L2(Ω) +
3σ2

2λ

m

∑
i=1

∥ ui ∥2
L2(Ω) +C1.

(26)

If (ϕ0i, u0i, w0i)i=1,m is in a ball B(0, ρ) of Km, then (ϕ0i, u0i, w0i)i=1,m is in a ball B(0, ρ̃) of
Hm and then, from (19), (ϕi(t), ui(t), wi(t))i=1,m is bounded by some constant D̃ > 0 in Hm.
Consequently,

∂α
0+

( cα

4

m

∑
i=1

∥ ϕi ∥4
L4(Ω) +

C0cγ

4

m

∑
i=1

∥ wi ∥4
L4(Ω)

)
+β0

( cα

4

m

∑
i=1

∥ ϕi ∥4
L4(Ω) +

C0cγ

4

m

∑
i=1

∥ wi ∥4
L4(Ω)

)
≤ C1 +

3
4λ

max
i=1,m

(
2σ2 + | θ

(i)
2 |(1 + sgn(θ(i)2 ))

)
D̃,

(27)

where β0 = min(
4θ̃2

cα
,

ν̃1,2

cγ
), with θ̃2 = min

i=1,m
| θ

(i)
2 |.

Then, as in the proof of Theorem 2, we can deduce that if (ϕ0i, u0i, w0i)i=1,m is in a ball
B(0, ρ) of Km, then there exists t∗ ≥ t0, such that for t ≥ t∗, (ϕi(t), ui(t), wi(t))i=1,m is in
a ball B(0, Dρ) in Km. Therefore, B(0, Dρ) is an absorbing set in Km for (1)–(6) (and then
(1)–(6) is a dissipative dynamical system in Km). The proof is complete.
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In the sequel, we assume that (ϕ0i, u0i, w0i)i=1,m is in a bounded set B(0, ρ) of Km, and
then, from Theorem 3, there exists t∗ > t0, such that for t ≥ t∗, (ϕi(t), ui(t), wi(t))i=1,m is in
a ball B(0, Dρ) of Km, where Dρ > 0 depend on some given parameters of the problem.

6.2. Local Complete Synchronization

In this section, we assume that ξh = 0 and we consider the local synchronization
solutions of (1), whether the synchronous state is robust to perturbations, whenever the
initial conditions belong to some appropriate open and bounded set. Set Φij = ϕi − ϕj,
Uij = ui − uj and Wij = wi − wj on [t∗,+∞). Then, (Φij, Uij, Wij) is a solution of

cα∂α
t+∗

Φij − div(K f (x)∇Φij) = (F(x, ϕi)− F(x, ϕj)) + σUij

+
ξ f

m ∑
1≤k≤m

(Gikϕk − Gjkϕk)− κ(ϕiΨ(wi)− ϕjΨ(wj)),

cβ∂α
t+∗

Uij = c1Φij − bUij − c2(ϕi + ϕj)Φij,

cγ∂α
t+∗

Wij − div(Ke(x)∇Wij) = ν1Φij − ν2Wij +
ξe

m ∑
1≤k≤m

(Gikwk − Gjkwk),

(28)

with the boundary conditions(
K f .∇Φij

)
· n + p f Φij = 0, on Γ,(

Ke.∇Wij
)
· n + peWij = 0, on Γ.

(29)

Theorem 4. Under the assumptions of Theorem 3, if there exist appropriate constants ℵij > 0 and
ℶij > 0, i, j = 1, m with i ̸= j, such that

(Kw +
K4

w
4d4

e
+ ϵ

3
α3κ2η2

1
− (1 − γ0,ν)ν2 −

deC2
PS(

4pe
de
)

4ℓ2
Ω

) ∑
1≤i,j≤m;i ̸=j

∥ Wij ∥2
L2(Ω)

−ξe ∑
1≤i,j≤m;i ̸=j

(ϵij − µij) ∥ Wij ∥2
L2(Ω)< − ∑

1≤i,j≤m;i ̸=j
ℵij ∥ Wij ∥2

L2(Ω)

and

(ϵ(κ(ζ − δ +
η2

1
2η2

) + β) +
(c1 + ϵσ)2

b
+

ν2
1

4γ0,νν2
−

ϵd f C2
PS(

p f
d f
)

ℓ2
Ω

) ∑
1≤i,j≤m;i ̸=j

∥ Φij ∥2
L2(Ω)

−ϵξ f ∑
1≤i,j≤m;i ̸=j

(ϵij − µij) ∥ Φij ∥2
L2(Ω)< − ∑

1≤i,j≤m;i ̸=j
ℶij ∥ Φij ∥2

L2(Ω),

(30)

where Kw =
96CΩ

b
(

c2Dρ

α3κη2
)2, ϵ =

8c2
2

bα3
and 0 < γ0,ν < 1 (which can be appropriately and

arbitrarily selected), then the response system (1) is local complete (Mittag–Leffler) synchronized in
Hm at a uniform Mittag–Leffler rate.

Proof. Multiply (28) by the function (Φij, Uij, Wij) and integrate the resulting system over
all of Ω to obtain (according to (29) and Lemma 4)

cα

2
∂α

t+∗
∥ Φij ∥2

L2(Ω) +d f ∥ ∇Φij ∥2
L2(Ω) +p f

∫
Γ
| Φij |2 dΓ ≤

ξ f

m

∫
Ω

∑
1≤k≤m

(Gikϕk − Gjkϕk)Φijdx

+
∫

Ω
(F(x, ϕi)− F(x, ϕj))Φijdx + σ

∫
Ω

UijΦijdx − κ
∫

Ω
(ϕiΨ(wi)− ϕjΨ(wj))Φijdx,

cβ

2
∂α

t+∗
∥ Uij ∥2

L2(Ω)≤ c1

∫
Ω

UijΦijdx − c2

∫
Ω

UijΦij(ϕi + ϕj)dx − b ∥ Uij ∥2
L2(Ω),

cγ

2
∂α

t+∗
∥ Wij ∥2

L2(Ω) +de ∥ ∇Wij ∥2
L2(Ω) +pe

∫
Γ
| Wij |2 dΓ ≤ −ν2 ∥ Wij ∥2

L2(Ω) +ν1

∫
Ω

WijΦijdx

+
ξe

m

∫
Ω

∑
1≤k≤m

(Gikwk − Gjkwk)Wijdx.

(31)
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Since we have (because, for any (y, z) ∈ IR2, −η1
y+z

2 − η2
y2+z2

2 ≤ η2
1

2η2
+ η2

4 (y + z)2 −

η2
y2+z2

2 ≤ η2
1

2η2
, | tanh(y) |≤ 1 and sech2(y) ≤ 1), according to assumption (H1):

−κ(ϕiΨ(wi)− ϕjΨ(wj))Φij = −κ(η1 + η2(wi + wj))
ϕi + ϕj

2
WijΦij

−κ(δ + η1
wi + wj

2
+ η2

w2
i + w2

j

2
+ ζ tanh(wi)) | Φij |2

−κ(
∫ 1

0
sech2(wj + sWij)ds)Wijϕi | Φij |

≤ κ(ζ − δ +
η2

1
2η2

) | Φij |2 +κ | Wij || ϕi || Φij | −κ(η1 + η2(wi + wj))
ϕi + ϕj

2
WijΦij,

(F(x, ϕi)− F(x, ϕj))Φij = (
∫ 1

0

∂F
∂s

(x, ϕj + sΦij)ds) | Φij |2

≤ (−α3

3
(ϕ2

i + ϕ2
j + ϕiϕj) + β) | Φij |2

≤ (−α3

6
(ϕ2

i + ϕ2
j ) + β) | Φij |2,

−κ(η1 + η2(wi + wj))
ϕi + ϕj

2
WijΦij ≤

3
α3κ2η2

1
| Wij |2 +

6
α3κ2η2

2
(w2

i + w2
j ) | Wij |2

+
α3

24
(ϕ2

i + ϕ2
j ) | Φij |2 .

(32)

Then (from Young’s inequality),

cα

2
∂α

t+∗
∥ Φij ∥2

L2(Ω) +d f ∥ ∇Φij ∥2
L2(Ω) +p f

∫
Γ
| Φij |2 dΓ

≤ (κ(ζ − δ +
η2

1
2η2

) + β) ∥ Φij ∥2
L2(Ω) +

ξ f

m

∫
Ω

∑
1≤k≤m

(Gikϕk − Gjkϕk)Φijdx + σ
∫

Ω
UijΦijdx

+
3

α3κ2η2
1
∥ Wij ∥2

L2(Ω) +
6

α3κ2η2
2

∫
Ω
(w2

i + w2
j ) | Wij |2 dx − α3

8

∫
Ω
(ϕ2

i + ϕ2
j ) | Φij |2 dx,

cβ

2
∂α

t+∗
∥ Uij ∥2

L2(Ω)≤ c1

∫
Ω

UijΦijdx +
c2

2
b

∫
Ω
(ϕ2

i + ϕ2
j ) | Φij |2 dx − 3b

4
∥ Uij ∥2

L2(Ω),
cγ

2
∂α

t+∗
∥ Wij ∥2

L2(Ω) +de ∥ ∇Wij ∥2
L2(Ω) +pe

∫
Γ
| Wij |2 dΓ

≤ −(1 − γ0,ν)ν2 ∥ Wij ∥2
L2(Ω) +

ξe

m

∫
Ω

∑
1≤k≤m

(Gikwk − Gjkwk)Wijdx +
ν2

1
4γ0,νν2

∥ Φij ∥2
L2(Ω),

(33)

where 0 < γ0,ν < 1 is any positive parameter (to be chosen appropriately).
Consequently (by summing the first and the second inequalities of (33)),

ϵcα

2
∂α

t+∗
∥ Φij ∥2

L2(Ω) +
cβ

2
∂α

t+∗
∥ Uij ∥2

L2(Ω) +ϵd f ∥ ∇Φij ∥2
L2(Ω) +ϵp f

∫
Γ
| Φij |2 dΓ

≤ ϵ(κ(ζ − δ +
η2

1
2η2

) + β) ∥ Φij ∥2
L2(Ω) +ϵ

ξ f

m

∫
Ω

∑
1≤k≤m

(Gikϕk − Gjkϕk)Φijdx

+(ϵσ + c1)
∫

Ω
UijΦijdx + ϵ

3
α3κ2η2

1
∥ Wij ∥2

L2(Ω) +ϵ
6

α3κ2η2
2

∫
Ω
(w2

i + w2
j ) | Wij |2 dx

+(−ϵ
α3

8
+

c2
2
b
)
∫

Ω
(ϕ2

i + ϕ2
j ) | Φij |2 dx − 3b

4
∥ Uij ∥2

L2(Ω),
cγ

2
∂α

t+∗
∥ Wij ∥2

L2(Ω) +de ∥ ∇Wij ∥2
L2(Ω) +pe

∫
Γ
| Wij |2 dΓ

≤ −(1 − γ0,ν) ∥ Wij ∥2
L2(Ω) +

ξe

m

∫
Ω

∑
1≤k≤m

(Gikwk − Gjkwk)Wijdx +
ν2

1
4γ0,νν2

∥ Φij ∥2
L2(Ω) .

We take ϵ such that −ϵ α3
8 +

c2
2
b = 0, i.e., ϵ =

8c2
2

bα3
. From Gagliardo–Nirenberg inequalities,

we have that there exists CΩ > 0 such that (∀v ∈ H1(Ω)) ∥ v ∥2
L4(Ω)

≤ CΩ(∥ ∇v ∥3/2
L2(Ω)

∥
v ∥1/2

L2(Ω)
+ ∥ v ∥2

L2(Ω)
). Then,
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ϵ
6

α3κ2η2
2

∫
Ω
(w2

i + w2
j ) | Wij |2 dx ≤ ϵ

6
α3κ2η2

2
(∥ wi ∥2

L4(Ω) + ∥ wj ∥2
L4(Ω)) ∥ Wij ∥2

L4(Ω)

≤ Kw ∥ ∇Wij ∥3/2
L2(Ω)

∥ Wij ∥1/2
L2(Ω)

+Kw ∥ Wij ∥2
L2(Ω)

≤ 3de

4
∥ ∇Wij ∥2

L2(Ω) +(Kw +
K4

w
4d4

e
) ∥ Wij ∥2

L2(Ω),

(34)

where Kw = CΩϵ
12

α3κ2η2
2

D2
ρ (since for all k = 1, m, ∥ wk ∥L4(Ω)≤ Dρ). Thus, the previous

relations with (34) yield the following inequalities:

ϵcα

2
∂α

t+∗
∥ Φij ∥2

L2(Ω) +
cβ

2
∂α

t+∗
∥ Uij ∥2

L2(Ω) +ϵd f ∥ ∇Φij ∥2
L2(Ω) +ϵp f

∫
Γ
| Φij |2 dΓ

≤ ϵ(κ(ζ − δ +
η2

1
2η2

) + β) ∥ Φij ∥2
L2(Ω) +ϵ

ξ f

m

∫
Ω

∑
1≤k≤m

(Gikϕk − Gjkϕk)Φijdx

+
(c1 + ϵσ)2

b
∥ Φij ∥2

L2(Ω)

+
3de

4
∥ ∇Wij ∥2

L2(Ω) +(Kw +
K4

w
4d4

e
+ ϵ

3
α3κ2η2

1
) ∥ Wij ∥2

L2(Ω) −
b
2
∥ Uij ∥2

L2(Ω),

cγ

2
∂α

t+∗
∥ Wij ∥2

L2(Ω) +de ∥ ∇Wij ∥2
L2(Ω) +pe

∫
Γ
| Wij |2 dΓ

≤ −(1 − γ0,ν) ∥ Wij ∥2
L2(Ω) +

ξe

m

∫
Ω

∑
1≤k≤m

(Gikwk − Gjkwk)Wijdx +
ν2

1
4γ0,νν2

∥ Φij ∥2
L2(Ω) .

By summing (for all 1 ≤ i, j ≤ m), we can deduce that (according to Lemma 4)

ϵcα

2
∂α

t+∗ ∑
1≤i,j≤m

∥ Φij ∥2
L2(Ω) +

cβ

2
∂α

t+∗ ∑
1≤i,j≤m

∥ Uij ∥2
L2(Ω) +ϵd f ∑

1≤i,j≤m
∥ ∇Φij ∥2

L2(Ω)

+ϵp f ∑
1≤i,j≤m

∥ Φij ∥2
L2(Γ)≤ (ϵ(κ(ζ − δ +

η2
1

2η2
) + β) +

(c1 + ϵσ)2

b
) ∑

1≤i,j≤m
∥ Φij ∥2

L2(Ω)

−mϵ
ξ f

m ∑
1≤i,j≤m

(ϵij − µij) ∥ Φij ∥2
L2(Ω) dx − b

2 ∑
1≤i,j≤m

∥ Uij ∥2
L2(Ω)

+
3de

4 ∑
1≤i,j≤m

∥ ∇Wij ∥2
L2(Ω) +(Kw +

K4
w

4d4
e
+ ϵ

3
α3κ2η2

1
) ∑

1≤i,j≤m
∥ Wij ∥2

L2(Ω),

cγ

2
∂α

t+∗ ∑
1≤i,j≤m

∥ Wij ∥2
L2(Ω) +de ∑

1≤i,j≤m
∥ ∇Wij ∥2

L2(Ω) +pe

∫
Γ

∑
1≤i,j≤m

| Wij |2 dΓ

≤ −(1 − γ0,ν)ν2 ∑
1≤i,j≤m

∥ Wij ∥2
L2(Ω) −m

ξe

m ∑
1≤i,j≤m

(ϵij − µij) ∥ Wij ∥2
L2(Ω)

+
ν2

1
4γ0,νν2

∑
1≤i,j≤m

∥ Φij ∥2
L2(Ω) .
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By adding the above two inequalities, we can deduce that

∂α
t+∗

( ϵcα

2 ∑
1≤i,j≤m

∥ Φij ∥2
L2(Ω) +

cβ

2 ∑
1≤i,j≤m

∥ Uij ∥2
L2(Ω) +

cγ

2 ∑
1≤i,j≤m

∥ Wij ∥2
L2(Ω)

)
+ϵd f ∑

1≤i,j≤m

(
∥ ∇Φij ∥2

L2(Ω) +
p f

d f
∥ Φij ∥2

L2(Γ)

)
+

de

4 ∑
1≤i,j≤m

(
∥ ∇Wij ∥2

L2(Ω) +
4pe

de
∥ Wij ∥2

L2(Γ)

)
≤ (ϵ(κ(ζ − δ +

η2
1

2η2
) + β) +

(c1 + ϵσ)2

b
+

ν2
1

4γ0,νν2
) ∑

1≤i,j≤m
∥ Φij ∥2

L2(Ω)

−ϵξ f ∑
1≤i,j≤m

(ϵij − µij) ∥ Φij ∥2
L2(Ω) −ξe ∑

1≤i,j≤m
(ϵij − µij) ∥ Wij ∥2

L2(Ω)

− b
2 ∑

1≤i,j≤m
∥ Uij ∥2

L2(Ω) +(Kw +
K4

w
4d4

e
+ ϵ

3
α3κ2η2

1
− (1 − γ0,ν)ν2) ∑

1≤i,j≤m
∥ Wij ∥2

L2(Ω) .

From the Poincaré–Steklov inequality, we can deduce that

∂α
t+∗

(
∑

1≤i,j≤m

( ϵcα

2
∥ Φij ∥2

L2(Ω) +
cβ

2
∥ Uij ∥2

L2(Ω) +
cγ

2
∥ Wij ∥2

L2(Ω)

))
+ϵd f

C2
PS(

p f
d f
)

ℓ2
Ω

∑
1≤i,j≤m

∥ Φij ∥2
L2(Ω) +

de

4

C2
PS(

4pe
de
)

ℓ2
Ω

∑
1≤i,j≤m

∥ Wij ∥2
L2(Ω)

≤ (ϵ(κ(ζ − δ +
η2

1
2η2

) + β) +
(c1 + ϵσ)2

b
+

ν2
1

4γ0,νν2
) ∑

1≤i,j≤m
∥ Φij ∥2

L2(Ω)

−ϵξ f ∑
1≤i,j≤m

(ϵij − µij) ∥ Φij ∥2
L2(Ω) −ξe ∑

1≤i,j≤m
(ϵij − µij) ∥ Wij ∥2

L2(Ω)

+(Kw +
K4

w
4d4

e
+ ϵ

3
α3κ2η2

1
− (1 − γ0,ν)ν2) ∑

1≤i,j≤m
∥ Wij ∥2

L2(Ω)

− b
2 ∑

1≤i,j≤m
∥ Uij ∥2

L2(Ω)

and then,

∂α
t+∗

(
∑

1≤i,j≤m

( ϵcα

2
∥ Φij ∥2

L2(Ω) +
cβ

2
∥ Uij ∥2

L2(Ω) +
cγ

2
∥ Wij ∥2

L2(Ω)

))
≤ (ϵ(κ(ζ − δ +

η2
1

2η2
) + β) +

(c1 + ϵσ)2

b
+

ν2
1

4γ0,νν2
−

ϵd f C2
PS(

p f
d f
)

ℓ2
Ω

) ∑
1≤i,j≤m

∥ Φij ∥2
L2(Ω)

−ϵξ f ∑
1≤i,j≤m

(ϵij − µij) ∥ Φij ∥2
L2(Ω)

+(Kw +
K4

w
4d4

e
+ ϵ

3
α3κ2η2

1
− (1 − γ0,ν)ν2 −

deC2
PS(

4pe
de
)

4ℓ2
Ω

) ∑
1≤i,j≤m

∥ Wij ∥2
L2(Ω)

−ξe ∑
1≤i,j≤m

(ϵij − µij) ∥ Wij ∥2
L2(Ω) −

b
2 ∑

1≤i,j≤m
∥ Uij ∥2

L2(Ω) .

Since, from (30), there exist appropriate constants ℵij > 0 and ℶij > 0 such that

(Kw +
K4

w
4d4

e
+ ϵ

3
α3κ2η2

1
− (1 − γ0,ν)ν2 −

deC2
PS(

4pe
de
)

4ℓ2
Ω

) ∑
1≤i,j≤m

∥ Wij ∥2
L2(Ω)

−ξe ∑
1≤i,j≤m

(ϵij − µij) ∥ Wij ∥2
L2(Ω)< − ∑

1≤i,j≤m
ℵij ∥ Wij ∥2

L2(Ω)
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and

(ϵ(κ(ζ − δ +
η2

1
2η2

) + β) +
(c1 + ϵσ)2

b
+

ν2
1

4γ0,νν2
−

ϵd f C2
PS(

p f
d f
)

ℓ2
Ω

) ∑
1≤i,j≤m

∥ Φij ∥2
L2(Ω)

−ϵξ f ∑
1≤i,j≤m

(ϵij − µij) ∥ Φij ∥2
L2(Ω)< − ∑

1≤i,j≤m
ℶij ∥ Φij ∥2

L2(Ω),

it holds that (for t ≥ t∗)

∂α
t+∗

(
∑

1≤i,j≤m

( ϵcα

2
∥ Φij ∥2

L2(Ω) +
cβ

2
∥ Uij ∥2

L2(Ω) +
cγ

2
∥ Wij ∥2

L2(Ω)

))
+λ3 ∑

1≤i,j≤m

( ϵcα

2
∥ Φij ∥2

L2(Ω) +
cβ

2
∥ Uij ∥2

L2(Ω) +
cγ

2
∥ Wij ∥2

L2(Ω)

)
< 0,

(35)

where ℵ =
2
cγ

min
1≤i,j≤m

(ℵij), ℶ =
2

ϵcα
min

1≤i,j≤m
(ℶij) and λ3 = min( b

cβ
,ℵ,ℶ).

Consequently (from Lemma 6),

∑
1≤i,j≤m

( ϵcα

2
∥ Φij(t) ∥2

L2(Ω) +
cβ

2
∥ Uij(t) ∥2

L2(Ω) +
cγ

2
∥ Wij(t) ∥2

L2(Ω)

)
≤ X∗Eα,1(−λ3(t − t∗)α).

(36)

where λ3 is the Mittag–Leffler synchronization rate and X∗ is given by

X∗ =
m

∑
i,j=1

( ϵcα

2
∥ Φij(t∗) ∥2

L2(Ω) +
cβ

2
∥ Uij(t∗) ∥2

L2(Ω) +
cγ

2
∥ Wij(t∗) ∥2

L2(Ω)

)
.

Finally,
m

∑
i,j=1

(∥ Φij(t) ∥2
L2(Ω) + ∥ Uij(t) ∥2

L2(Ω) + ∥ Wij(t) ∥2
L2(Ω)) −→ 0 as t −→ ∞.

Corollary 1. We assume that there exists appropriate positive constants ℵij and ℶij, for i, j = 1, m
with i ̸= j, such that

(Kw +
K4

w
4d4

e
+ ϵ

3
α3κ2η2

1
− (1 − γ0,ν)ν2 −

deC2
PS(

4pe
de
)

4ℓ2
Ω

)− ξe(ϵij − µij) < −ℵij,

(ϵ(κ(ζ − δ +
η2

1
2η2

) + β) +
(c1 + ϵσ)2

b
+

ν2
1

4γ0,νν2
−

ϵd f C2
PS(

p f
d f
)

ℓ2
Ω

)− ϵξ f (ϵij − µij) < −ℶij,

(37)

where Kw =
96CΩ

b
(

c2Dρ

α3κη2
)2, ϵ =

8c2
2

bα3
and 0 < γ0,ν < 1 is any positive parameter (to be chosen

appropriately). Then, the response system (1) is local complete (Mittag–Leffler) synchronized in Hm
at a uniform Mittag–Leffler rate.

6.3. Master–Slave Synchronization via Pinning Control

The goal of pinning control is to synchronize the whole of the memristor-based
neural network by controlling a select part of neurons of the network. Without losing
any generality, we may assume that the first q (1 < q < m) neurons would be pinning.
Controlled synchronization refers to a case when the synchronization phenomenon is
artificially induced by using a suitably designed control law. In order to explore the
synchronization behavior via pinning control, we introduce the corresponding slave system
to the master system (1) by (for i = 1, m)
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cα∂α
0+ ϕ̃i − div(K f (x)∇ϕ̃i) = F(x, ϕ̃i) + σũi +

ξh
m

m

∑
j=1

ãij(x, t)Hj(ϕ̃j)

+ fex − κϕ̃iΨ(w̃i) +
ξ f

m
Gi(ϕ̃1, . . . , ϕ̃m) + Ξi in Q∞

cβ∂α
0+ ũi = a − bũi − c2ϕ̃2

i + c1ϕ̃i in Q∞

cγ∂α
0+ w̃i − div(Ke(x)∇w̃i) = ν1ϕ̃i − ν2w̃i + gex +

ξe

m
Gi(w̃1, . . . , w̃m) in Q∞

(38)

where, for i, j = 1, m, Ξi are reasonable controllers and ãij satisfies the assumption (2). The
initial and boundary conditions of (38) are

(
K f .∇ϕ̃i

)
· n −

p f

m ∑
k=1,m

(ϕ̃k − ϕ̃i) = 0, on Γ,(
Ke.∇w̃i

)
· n − pe

m ∑
k=1,m

(w̃k − w̃i) = 0, on Γ,

(ϕ̃i, ũi, w̃i)(0) = (ϕ̃0i, ũ0i, w̃i0), on Ω.

(39)

Introduce now the symmetric matrix P = (pij)1≤i,j≤m such that pij = 1 if i ̸= j and

pii = −
m

∑
k=1,k ̸=i

pik. Then
m

∑
k=1

pik(vk − vi) =
m

∑
k=1

pikvk.

Remark 6. We can prove easily that (for V = (vi)1≤i≤m)

m

∑
i=1

m

∑
k=1

pikvkvi = VtPV,
m

∑
i=1

m

∑
k=1

Gikvkvi = VtGV (40)

and
m

∑
i=1

v2
i =

1
2m

(
m

∑
i=1

m

∑
k=1

(vi − vk)
2 + 2 |

m

∑
i=1

vi |2). (41)

Set ϕi = ϕ̃i − ϕi, ui = ũi − ui, wi = w̃i − wi, ϕ0i = ϕ̃0i − ϕ0i, ui = ũ0i − u0i and
w0i = w̃0i − w0i.

Thus, from (38), (39), (1), (5), and (6), we can deduce that (for i = 1, m)

cα∂α
0+ϕi − div(K f (x)∇ϕi) = (F(x, ϕ̃i)− F(x, ϕi)) +

ξh
m

m

∑
j=1

(ãij(x, t)Hj(ϕ̃j)− aij(x, t)Hj(ϕj))

+σui − κ(ϕ̃iΨ(w̃i)− ϕiΨ(wi)) +
ξ f

m
Gi(ϕ1, . . . , ϕm) + Ξi in Q∞,

cβ∂α
0+ui = −bui − c2ϕi(ϕ̃i + ϕi) + c1ϕi in Q∞,

cγ∂α
0+wi − div(Ke(x)∇wi) = ν1ϕi − ν2wi +

ξe

m
Gi(w1, . . . , wm) in Q∞,

(42)

with the initial and boundary conditions of (38) (for i = 1, m)

(
K f .∇ϕi

)
· n −

p f

m ∑
k=1,m

(ϕk − ϕi) = 0, on Γ,(
Ke.∇wi

)
· n − pe

m ∑
k=1,m

(wk − wi) = 0, on Γ,

(ϕi(0), ui(0), wi(0)) = (ϕ0i, u0i, wi0), on Ω.

(43)

6.3.1. Feedback Control

In this section, we assume that the control is a feedback law.
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Theorem 5. Assume that assumptions of Theorem 3 hold. Suppose that the pinning feedback
control functions Ξi (for i = 1, m) satisfy

∑
i=1,m

∫
Ω

ϕiΞidx ≤ − ∑
i=1,m

ϖ1i ∥ ϕi ∥
2 − ∑

i=1,m

∫
Ω

ϖ2i | ϕi | dx, (44)

where ϖ1j (for j = 1, . . . , q) and ϖ2i (for i = 1, . . . , m) are positive constants, and ϖ1j ≥ 0, for
j = q + 1, . . . , m. Then, if there exist appropriate constants e f ,i > 0 and ew,i > 0, for i = 1, m,
such that (with Φ = (ϕi)i=1,m, W = (wi)i=1,m)

∫
Ω

Φt(− ϵ
ξ f

m
G −

C2
PSϵ min(d f , p f )

2mℓ2
Ω

P − D f − L f + Pϖ

)
Φdx

+
∫

Ω
W t(− ξe

m
G −

C2
PS min(de, 2pe)

4mℓ2
Ω

P − Dw
)
Wdx

>
m

∑
i=1

(
e f ,i ∥ ϕi ∥

2
L2(Ω) +ew,i ∥ wi ∥2

L2(Ω)

)
and

∫
Ω

m

∑
i=1

(ϖ2i −
m

∑
j=1

(ϵ
ξh
m

d
aij Mj)) | ϕi | dx ≥ 0,

(45)

where 0 < γ0,ν < 1 is any positive parameter (to be chosen appropriately) and

Pϖ = diag(ϖ11, . . . ., ϖ1m), L f = ϵ
ξh
m

diag(
m

∑
j=1

s
a1jlj, . . . ,

m

∑
j=1

s
amjlj),

D f =
(
(ϵ(κ(ζ − δ +

η2
1

2η2
) + β) +

(c2 + ϵσ)2

b
+

ν2
1

4γ0,νν2
)
)
Im,

Dw =
(
(K̂w +

K̂4
w

4d4
e
+

3ϵ

α3κ2η2
1
− (1 − γ0,ν)ν2)

)
Im,

Im = diag(1, . . . , 1), ϵ =
8c2

1
α3b

= 0 and K̂w = CΩ
96D2

ρc2
1

bα2
3κ2η2

2
,

(46)

the master–slave systems (1) and (42) can achieve, in Hm, Mittag–Leffler synchronization via the
pinning feedback control functions (Ξi)i=1,m.

Proof. Multiply (42) by the function (ϕi, ui, wi) and integrate the resulting system over all
of Ω to obtain (according to (43) and Lemma 4)

cα

2
∂α

t+∗

m

∑
i=1

∥ ϕi ∥
2
L2(Ω) +d f

m

∑
i=1

∥ ∇ϕi ∥
2
L2(Ω)≤ −

p f

2m ∑
1≤i,j≤m

∫
Γ
(ϕi − ϕj)

2dΓ +
m

∑
i=1

∫
Ω

Ξiϕidx

+
m

∑
i=1

∫
Ω
(F(x, ϕ̃i)− F(x, ϕi))ϕidx +

ξ f

m ∑
1≤i,j≤m

∫
Ω

Gijϕiϕjdx +
m

∑
i=1

σ
∫

Ω
uiϕidx

−
m

∑
i=1

κ
∫

Ω
(ϕ̃iΨ(w̃i)− ϕiΨ(wi))ϕidx +

ξh
m

∫
Ω

∑
1≤i,j≤m

(aij(x, t)(Hj(ϕ̃j)− Hj(ϕj))ϕidx

+
ξh
m

∫
Ω

∑
1≤i,j≤m

(ãij(x, t)− aij(x, t))Hj(ϕ̃j)ϕidx,

cβ

2
∂α

t+∗

m

∑
i=1

∥ ui ∥2
L2(Ω)≤ c2

m

∑
i=1

∫
Ω

uiϕidx − c1

m

∑
i=1

∫
Ω

uiϕi(ϕ̃i + ϕi)dx − b
m

∑
i=1

∥ ui ∥2
L2(Ω),

cγ

2
∂α

t+∗

m

∑
i=1

∥ wi ∥2
L2(Ω) +de

m

∑
i=1

∥ ∇wi ∥2
L2(Ω)≤ − pe

2m ∑
1≤i,j≤m

∫
Γ
(wi − wj)

2dΓ

−ν2

m

∑
i=1

∥ wi ∥2
L2(Ω) +

ξe

m ∑
1≤i,j≤m

∫
Ω

Gijwiwjdx + ν1

m

∑
i=1

∫
Ω

wiϕidx.

(47)

By using a similar argument as in (32), we can deduce that
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−κ(ϕ̃iΨ(w̃i)− ϕiΨ(wi))ϕi ≤ κ(ζ − δ +
η2

1
2η2

) | ϕi |
2 +κ | wi || ϕi || ϕi |

−κ(η1 + η2(wi + w̃i))
ϕi + ϕ̃i

2
wiϕi,

(F(x, ϕ̃i)− F(x, ϕi))ϕi ≤ (−α3

3
(ϕ2

i + ϕ̃2
i + ϕiϕ̃i) + β) | ϕi |

2≤ (−α3

6
(ϕ2

i + ϕ̃2
i ) + β) | ϕi |

2,

−κ(η1 + η2(wi + w̃i))
ϕi + ϕ̃i

2
wiϕi ≤

3
α3κ2η2

1
| wi |2 +

α3

24
(ϕ2

i + ϕ̃2
i ) | ϕi |

2

+
6

α3κ2η2
2
(w2

i + w̃2
i ) | wi |2 .

(48)

Then (according to (48), (3), (2), and assumptions (H1)):

cα

2
∂α

t+∗

m

∑
i=1

∥ ϕi ∥
2
L2(Ω) +d f

m

∑
i=1

∥ ∇ϕi ∥
2
L2(Ω) +

p f

2m ∑
1≤i,j≤m

∫
Γ
(ϕi − ϕj)

2dΓ

≤
ξ f

m ∑
1≤i,j≤m

∫
Ω

Gijϕiϕjdx + σ
m

∑
i=1

∫
Ω

uiϕidx +
m

∑
i=1

(κ(ζ − δ +
η2

1
2η2

) + β) ∥ ϕi ∥
2
L2(Ω)

+
m

∑
i=1

3
α3κ2η2

1
∥ wi ∥2

L2(Ω) +
m

∑
i=1

6
α3κ2η2

2

∫
Ω
(w2

i + w̃2
i ) | wi |2 dx

−
m

∑
i=1

α3

8

∫
Ω
(ϕ2

i + ϕ̃2
i ) | ϕi |

2 dx +
ξh
m ∑

1≤i,j≤m

s
aijlj ∥ ϕi ∥

2
L2(Ω)

+
ξh
m

∫
Ω

∑
1≤i,j≤m

d
aij Mjϕidx +

m

∑
i=1

∫
Ω

Ξiϕidx,

cβ

2
∂α

t+∗

m

∑
i=1

∥ ui ∥2
L2(Ω)≤

m

∑
i=1

c2

∫
Ω

uiϕidx +
m

∑
i=1

c2
1
b

∫
Ω
(ϕ2

i + ϕ̃2
i ) | ϕi |

2 dx −
m

∑
i=1

3b
4

∥ ui ∥2
L2(Ω),

cγ

2
∂α

t+∗

m

∑
i=1

∥ wi ∥2
L2(Ω) +de

m

∑
i=1

∥ ∇wi ∥2
L2(Ω) +

pe

2m ∑
1≤i,j≤m

∫
Γ
(wi − wj)

2dΓ

≤ ξe

m ∑
1≤i,j≤m

∫
Ω

Gijwiwjdx − (1 − γ0,ν)ν2

m

∑
i=1

∥ wi ∥2
L2(Ω) +

ν2
1

4γ0,νν2

m

∑
i=1

∥ ϕi ∥
2
L2(Ω),

(49)

where 0 < γ0,ν < 1 is any positive parameter (to be chosen appropriately).
Combining the first and second inequalities of (49), we obtain

ϵcα

2
∂α

t+∗

m

∑
i=1

∥ ϕi ∥
2
L2(Ω) +

cβ

2
∂α

t+∗

m

∑
i=1

∥ ui ∥2
L2(Ω) +ϵd f

m

∑
i=1

∥ ∇ϕi ∥
2
L2(Ω) +

ϵp f

2m ∑
1≤i,j≤m

∫
Γ
(ϕi − ϕj)

2dΓ

≤ (ϵσ + c2)
m

∑
i=1

∫
Ω

uiϕidx +
ϵξ f

m ∑
1≤i,j≤m

∫
Ω

Gijϕiϕjdx + ϵ(κ(ζ − δ +
η2

1
2η2

) + β)
m

∑
i=1

∥ ϕi ∥
2
L2(Ω)

−3b
4

m

∑
i=1

∥ ui ∥2
L2(Ω) +

3ϵ

α3κ2η2
1

m

∑
i=1

∥ wi ∥2
L2(Ω) +

6ϵ

α3κ2η2
2

m

∑
i=1

∫
Ω
(w2

i + w̃2
i ) | wi |2 dx

+(− ϵα3

8
+

c2
1
b
)

m

∑
i=1

∫
Ω
(ϕ2

i + ϕ̃2
i ) | ϕi |

2 dx + ϵ
ξh
m ∑

1≤i,j≤m

s
aijlj ∥ ϕi ∥

2
L2(Ω)

+ϵ
ξh
m

∫
Ω

∑
1≤i,j≤m

d
aij Mjϕidx +

m

∑
i=1

∫
Ω

Ξiϕidx,

cγ

2
∂α

t+∗

m

∑
i=1

∥ wi ∥2
L2(Ω) +de

m

∑
i=1

∥ ∇wi ∥2
L2(Ω) +

pe

2m ∑
1≤i,j≤m

∫
Γ
(wi − wj)

2dΓ

≤ ξe

m ∑
1≤i,j≤m

∫
Ω

Gijwiwjdx − (1 − γ0,ν)ν2

m

∑
i=1

∥ wi ∥2
L2(Ω) +

ν2
1

4γ0,νν2

m

∑
i=1

∥ ϕi ∥
2
L2(Ω) .
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By taking ϵ such that −ϵ α3
8 +

c2
1
b = 0 and by using similar arguments to derive (34), we can

deduce that

ϵ
6

α3κ2η2
2

∫
Ω
(w2

i + w̃2
i ) | wi |2 dx ≤ 3de

4
∥ ∇wi ∥2

L2(Ω) +(K̂w +
K̂4

w
4d4

e
) ∥ wi ∥2

L2(Ω), (50)

with K̂w = CΩϵ
12

α3κ2η2
2

D2
ρ.

Substitute (50) into the previous inequalities

ϵcα

2
∂α

t+∗

m

∑
i=1

∥ ϕi ∥
2
L2(Ω) +

cβ

2
∂α

t+∗

m

∑
i=1

∥ ui ∥2
L2(Ω)

+ϵd f

m

∑
i=1

∥ ∇ϕi ∥
2
L2(Ω) +

ϵp f

2m ∑
1≤i,j≤m

∫
Γ
(ϕi − ϕj)

2dΓ

≤
ϵξ f

m ∑
1≤i,j≤m

∫
Ω

Gijϕiϕjdx +
m

∑
i=1

∫
Ω

Ξiϕidx − b
2

m

∑
i=1

∥ ui ∥2
L2(Ω)

+
m

∑
i=1

ϵ(κ(ζ − δ +
η2

1
2η2

) + β) ∥ ϕi ∥
2
L2(Ω) +

m

∑
i=1

(ϵσ + c2)
2

b
∥ ϕi ∥

2
L2(Ω)

+
3de

4

m

∑
i=1

∥ ∇wi ∥2
L2(Ω) +

m

∑
i=1

(K̂w +
K̂4

w
4d4

e
+

3ϵ

α3κ2η2
1
) ∥ wi ∥2

L2(Ω)

+
m

∑
i=1

(
m

∑
j=1

ϵ
ξh
m

s
aijlj) ∥ ϕi ∥

2
L2(Ω) +ϵ

ξh
m

∫
Ω

m

∑
i=1

(
m

∑
j=1

d
aij Mj)ϕidx,

cγ

2
∂α

t+∗

m

∑
i=1

∥ wi ∥2
L2(Ω) +de

m

∑
i=1

∥ ∇wi ∥2
L2(Ω) +

pe

2m ∑
1≤i,j≤m

∫
Γ
(wi − wj)

2dΓ

≤ ξe

m ∑
1≤i,j≤m

∫
Ω

Gijwiwjdx − (1 − γ0,ν)ν2

m

∑
i=1

∥ wi ∥2
L2(Ω) +

ν2
1

4γ0,νν2

m

∑
i=1

∥ ϕi ∥
2
L2(Ω) .

Adding the above inequality, we can write

∂α
t+∗

( m

∑
i=1

( ϵcα

2
∥ ϕi ∥

2
L2(Ω) +

cβ

2
∥ ui ∥2

L2(Ω) +
cγ

2
∥ wi ∥2

L2(Ω)

))
+

b
2

m

∑
i=1

∥ ui ∥2
L2(Ω) +ϵd f

m

∑
i=1

∥ ∇ϕi ∥
2
L2(Ω) +

de

4

m

∑
i=1

∥ ∇wi ∥2
L2(Ω)

+
ϵp f

2m ∑
1≤i,j≤m

∫
Γ
(ϕi − ϕj)

2dΓ +
pe

2m ∑
1≤i,j≤m

∫
Γ
(wi − wj)

2dΓ

≤
ϵξ f

m ∑
1≤i,j≤m

∫
Ω

Gijϕiϕjdx +
ξe

m ∑
1≤i,j≤m

∫
Ω

Gijwiwjdx

+
m

∑
i=1

(ϵ(κ(ζ − δ +
η2

1
2η2

) + β) +
(c2 + ϵσ)2

b
+

ν2
1

4γ0,νν2
) ∥ ϕi ∥

2
L2(Ω)

+
m

∑
i=1

(K̂w +
K̂4

w
4d4

e
+

3ϵ

α3κ2η2
1
− (1 − γ0,ν)ν2) ∥ wi ∥2

L2(Ω)

+
m

∑
i=1

(
m

∑
j=1

ϵ
ξh
m

s
aijlj) ∥ ϕi ∥

2
L2(Ω) +ϵ

ξh
m

∫
Ω

m

∑
i=1

(
m

∑
j=1

d
aij Mj)ϕidx +

m

∑
i=1

∫
Ω

Ξiϕidx.

(51)

From (41), we can deduce that
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∂α
t+∗

( m

∑
i=1

( ϵcα

2
∥ ϕi ∥

2
L2(Ω) +

cβ

2
∥ ui ∥2

L2(Ω) +
cγ

2
∥ wi ∥2

L2(Ω)

))
+

ϵd f

m
∥ ∇

m

∑
i=1

ϕi ∥
2
L2(Ω) +

de

2m
∥ ∇

m

∑
i=1

wi ∥2
L2(Ω)

+
b
2

m

∑
i=1

∥ ui ∥2
L2(Ω) +

ϵd f

2m ∑
1≤i,j≤m

∥ ∇(ϕi − ϕj) ∥
2
L2(Ω) +

ϵp f

2m ∑
1≤i,j≤m

∫
Γ
(ϕi − ϕj)

2dΓ

+
de

4m ∑
1≤i,j≤m

∥ ∇(wi − wj) ∥2
L2(Ω) +

pe

2m ∑
1≤i,j≤m

∫
Γ
(wi − wj)

2dΓ

≤
ϵξ f

m ∑
1≤i,j≤m

∫
Ω

Gijϕiϕjdx +
ξe

m ∑
1≤i,j≤m

∫
Ω

Gijwiwjdx

+
m

∑
i=1

(ϵ(κ(ζ − δ +
η2

1
2η2

) + β) +
(c2 + ϵσ)2

b
+

ν2
1

4γ0,νν2
) ∥ ϕi ∥

2
L2(Ω)

+
m

∑
i=1

(K̂w +
K̂4

w
4d4

e
+

3ϵ

α3κ2η2
1
− (1 − γ0,ν)ν2) ∥ wi ∥2

L2(Ω)

+
m

∑
i=1

(
m

∑
j=1

ϵ
ξh
m

s
aijlj) ∥ ϕi ∥

2
L2(Ω) +ϵ

ξh
m

∫
Ω

m

∑
i=1

(
m

∑
j=1

d
aij Mj)ϕidx +

m

∑
i=1

∫
Ω

Ξiϕidx.

(52)

According to Poincaré–Steklov, we obtain (using the expression of pij)

∂α
t+∗

( m

∑
i=1

( ϵcα

2
∥ ϕi ∥

2
L2(Ω) +

cβ

2
∥ ui ∥2

L2(Ω) +
cγ

2
∥ wi ∥2

L2(Ω)

))
+

b
2

m

∑
i=1

∥ ui ∥2
L2(Ω) +

ϵd f

m
∥ ∇

m

∑
i=1

ϕi ∥
2
L2(Ω) +

de

2m
∥ ∇

m

∑
i=1

wi ∥2
L2(Ω)

≤
C2

PSϵ min(d f , p f )

2mℓ2
Ω

∑
1≤i,j≤m

∫
Ω

pijϕiϕjdx +
C2

PS min(de, 2pe)

4mℓ2
Ω

∑
1≤i,j≤m

∫
Ω

pijwiwjdx

+
ϵξ f

m ∑
1≤i,j≤m

∫
Ω

Gijϕiϕjdx +
ξe

m ∑
1≤i,j≤m

∫
Ω

Gijwiwjdx

+
m

∑
i=1

(ϵ(κ(ζ − δ +
η2

1
2η2

) + β) +
(c2 + ϵσ)2

b
+

ν2
1

4γ0,νν2
) ∥ ϕi ∥

2
L2(Ω)

+
m

∑
i=1

(K̂w +
K̂4

w
4d4

e
+

3ϵ

α3κ2η2
1
− (1 − γ0,ν)ν2) ∥ wi ∥2

L2(Ω)

+
m

∑
i=1

(
m

∑
j=1

ϵ
ξh
m

s
aijlj) ∥ ϕi ∥

2
L2(Ω) +ϵ

ξh
m

∫
Ω

m

∑
i=1

(
m

∑
j=1

d
aij Mj)ϕidx +

m

∑
i=1

∫
Ω

Ξiϕidx.

(53)

Let us put

D f =
(
(ϵ(κ(ζ − δ +

η2
1

2η2
) + β) +

(c2 + ϵσ)2

b
+

ν2
1

4γ0,νν2
)
)
Im,

Dw =
(
(K̂w +

K̂4
w

4d4
e
+

3ϵ

α3κ2η2
1
− (1 − γ0,ν)ν2)

)
Im,

L f = ϵ
ξh
m

diag(
m

∑
j=1

s
a1jlj, . . . ,

m

∑
j=1

s
amjlj).

(54)
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Then (with Φ = (ϕi)i=1,m, W = (wi)i=1,m)

∂α
t+∗

( m

∑
i=1

( ϵcα

2
∥ ϕi ∥

2
L2(Ω) +

cβ

2
∥ ui ∥2

L2(Ω) +
cγ

2
∥ wi ∥2

L2(Ω)

))
+

b
2

m

∑
i=1

∥ ui ∥2
L2(Ω)

≤ −
∫

Ω
Φt(− ϵ

ξ f

m
G −

C2
PSϵ min(d f , p f )

2mℓ2
Ω

P − D f − L f
)
Φdx

−
∫

Ω
W t(− ξe

m
G −

C2
PS min(de, 2pe)

4mℓ2
Ω

P − Dw
)
Wdx

+ϵ
ξh
m

∫
Ω

m

∑
i=1

(
m

∑
j=1

d
aij Mj)ϕidx +

m

∑
i=1

∫
Ω

Ξiϕidx.

(55)

From (44), we can deduce (with Pϖ = diag(ϖ11, . . . ., ϖ1m))

∂α
t+∗

( m

∑
i=1

( ϵcα

2
∥ ϕi ∥

2
L2(Ω) +

cβ

2
∥ ui ∥2

L2(Ω) +
cγ

2
∥ wi ∥2

L2(Ω)

))
+

b
2

m

∑
i=1

∥ ui ∥2
L2(Ω)

≤ −
∫

Ω
Φt(− ϵ

ξ f

m
G −

C2
PSϵ min(d f , p f )

2mℓ2
Ω

P − D f − L f + Pϖ

)
Φdx

−
∫

Ω
W t(− ξe

m
G −

C2
PS min(de, 2pe)

4mℓ2
Ω

P − Dw
)
Wdx −

∫
Ω

m

∑
i=1

(ϖ2i −
m

∑
j=1

(ϵ
ξh
m

d
aij Mj)) | ϕi | dx.

According to assumption (45), we can deduce that

∂α
t+∗

( m

∑
i=1

( ϵcα

2
∥ ϕi ∥

2
L2(Ω) +

cβ

2
∥ ui ∥2

L2(Ω) +
cγ

2
∥ wi ∥2

L2(Ω)

))
+Θ

m

∑
i=1

( ϵcα

2
∥ ϕi ∥

2
L2(Ω) +

cβ

2
∥ ui ∥2

L2(Ω) +
cγ

2
∥ wi ∥2

L2(Ω)

)
< 0,

(56)

where Θ = min(min
i=1,m

(e f ,i)
2

ϵcα
,

b
cβ

, min
i=1,m

(ew,i)
2
cγ

). Then, by Lemma 6, we can deduce that

m

∑
i=1

( ϵcα

2
∥ ϕi ∥

2
L2(Ω) +

cβ

2
∥ ui ∥2

L2(Ω) +
cγ

2
∥ wi ∥2

L2(Ω)

)
≤ X∗Eα(−Θ(t − t∗)α),

where X∗ =
m

∑
i=1

( ϵcα

2
∥ ϕi(t∗) ∥2

L2(Ω) +
cβ

2
∥ ui(t∗) ∥2

L2(Ω) +
cγ

2
∥ wi(t∗) ∥2

L2(Ω)

)
. Hence,

the error system (42) is globally asymptotically stable and the system (1) and response
system (38) are globally (Mittag–Leffler) synchronized in Hm under the feedback controllers
(Ξi)i=1,m (at a uniform Mittag–Leffler rate). This completes the proof of Theorem.

Corollary 2. Assume that the assumptions of Theorem 3 hold. Suppose that the pinning feedback

control functions Ξi (for i = 1, m) satisfy assumption (44). Then, if ϖ2i −
m

∑
j=1

(ϵ
ξh
m

d
aij Mj) ≥ 0, for

i = 1, m, and if there exist diagonal matrices N f and Nw with strictly positive diagonal terms such
that(
− ϵ

ξ f

m
G −

C2
PSϵ min(d f , p f )

2mℓ2
Ω

P − D f − L f + Pϖ

)
−N f ,

(
− ξe

m
G −

C2
PS min(de, 2pe)

4mℓ2
Ω

P −

Dw
)
−Nw are positive-defined matrices, where

Pϖ = diag(ϖ11, . . . ., ϖ1m), D f =
(
(ϵ(κ(ζ − δ +

η2
1

2η2
) + β) +

(c2 + ϵσ)2

b
+

ν2
1

4γ0,νν2
)
)
Im,

L f = ϵ
ξh
m

diag(
m

∑
j=1

s
a1jlj, . . . ,

m

∑
j=1

s
amjlj), Dw =

(
(K̂w +

K̂4
w

4d4
e
+

3ϵ

α3κ2η2
1
− (1 − γ0,ν)ν2)

)
Im,

(57)
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with ϵ =
8c2

1
α3b

, K̂w = CΩ
96D2

ρc2
1

bα2
3κ2η2

2
and 0 < γ0,ν < 1 any positive parameter (to be chosen appropriately),

the master–slave systems (1) and (42) can achieve Mittag–Leffler synchronization via the pinning
feedback control functions (Ξi)i=1,m.

Example 1. The pinning feedback control functions (Ξi)i=1,m can have, for example, the follow-
ing forms.

- First form: {
Ξi(ϕi) = −κ1iϕi − κ2i sgn(ϕi), i = 1, 2, . . . , q,
Ξi(ϕi) = −κ2i sgn(ϕi), i = q + 1, 2, . . . , m,

where κ1j (for j = 1, . . . , q) and κ2i (for i = 1, . . . , m) are arbitrary positive constants, and
κ1j = 0, for j = q + 1, . . . , m. We prove easily that Ξi satisfies the condition (44) (for
i = 1, m).

- Second form:{
Ξi(ϕi) = −κ1iϕi − (κ3idq(∑m

i=1 | ϕi |)2 + κ2i) sgn(ϕi), i = 1, 2, . . . , q,
Ξi(ϕi) = −κ2i sgn(ϕi), i = q + 1, 2, . . . , m,

where dq = 1
∑

q
i=1|ϕi |

if ∑
q
i=1 | ϕi |̸= 0 and dq = 0 otherwise, κ1j, κ3j (for j = 1, . . . , q)

and κ2i (for i = 1, . . . , m) are arbitrary positive constants, and κ1j = κ3j = 0, for j =
q + 1, . . . , m.

For this example, we have if ∑
q
i=1 | ϕi |̸= 0

sgn(ϕi)(
m

∑
j=1

| ϕj |)
2dqϕi =

(∑m
j=1 | ϕj |)2

∑
q
j=1 | ϕj |

| ϕi |≥| ϕi |
q

∑
j=1

| ϕj |

and then

q

∑
i=1

κ3i sgn(ϕi)(
m

∑
j=1

| ϕj |)
2dqϕi =

q

∑
i=1

κ3i
(∑m

j=1 | ϕj |)2

∑
q
j=1 | ϕj |

| ϕi |

≥
q

∑
j=1

q

∑
i=1

κ3i | ϕi || ϕj |≥
q

∑
i=1

κ3i | ϕi |
2 .

Consequently, we obtain that

∑
i=1,m

∫
Ω

ϕiΞidx ≤ − ∑
i=1,q

(κ1i + κ3i) ∥ ϕi ∥
2 − ∑

i=1,m

∫
Ω

κ2i | ϕi | dx.

6.3.2. Adaptive Control

Now, we will consider the case when the pinning controllers are defined as{
Ξi(ϕi) = −(κ̃1i φ1i(x, t) + ζ̃1i)ϕi − κ̃2i φ2i(x, t) sgn(ϕi), i = 1, 2, . . . , q,
Ξi(ϕi) = −κ̃2i φ2i(x, t) sgn(ϕi), i = q + 1, 2, . . . , m,

(58)

where φ1i and φ2j are solutions of (for i = 1, q and j = 1, m)

∂α
t+∗

φ1i(x, t) = ζ̃1iκ̃1i | ϕi |
2 (x, t),

∂α
t+∗

φ2j(x, t) = ζ̃2jκ̃2j | ϕj | (x, t)
(59)

and φ1k(x, t) = 0 and κ̃1k = 0, for k = q + 1, m, with κ̃1j > 0, κ̃2i > 0, ζ̃2i and ζ̃1i > 0
positive constants (for i = 1, m and j = 1, q). Finally, we consider the following functions
(for i = 1, m):
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Si(x, t) =
(φ1i(x, t)− φ1i)

2

2ζ̃1i
+

(φ2i(x, t)− φ2i)
2

2ζ̃2i
,

S(t) =
m

∑
i=1

∫
Ω

Si(x, t)dx,
(60)

where φ1k = 0, for k = q + 1, m, φ1k > 0, for k = 1, q, and φ2k > 0, for k = 1, m.

Theorem 6. When the assumptions of Theorem 3 are satisfied, the master–slave system can achieve
Mittag–Leffler synchronization via pinning feedback controllers (58) if there are always appropriate
positive constants e f ,i and ew,i (for i = 1, m) such that (with Φ = (ϕi)i=1,m, W = (wi)i=1,m)

∫
Ω

Φt(− ϵ
ξ f

m
G −

C2
PSϵ min(d f , p f )

2mℓ2
Ω

P − D f − L f + Rφ

)
Φdx

+
∫

Ω
W t(− ξe

m
G −

C2
PS min(de, 2pe)

4mℓ2
Ω

P − Dw
)
Wdx

>
m

∑
i=1

(
e f ,i ∥ ϕi ∥

2
L2(Ω) +ew,i ∥ wi ∥2

L2(Ω)

)
and

∫
Ω

m

∑
i=1

(κ̃2i φ2i −
m

∑
j=1

(ϵ
ξh
m

d
aij Mj)) | ϕi | dx ≥ 0,

(61)

where 0 < γ0,ν < 1 is any positive parameter (to be chosen appropriately), ϵ =
8c2

1
α3b , K̂w =

CΩ
96D2

ρc2
1

bα2
3κ2η2

2
, the matrices D f , L f and Dw, which depend on the parameter γ0,ν are given by (46) and

the matrix Rφ = diag(κ̃1i φ1i, . . . ., κ̃1m φ1m).

Proof. According to (58) and (59), we can have that ∂α
t+∗
S(t) ≤ I (from the expression of

S) with

I =
m

∑
i=1

∫
Ω

(
(

φ1i(x, t)− φ1i
ζ̃1i

)∂α
t+∗

φ1i(x, t) + (
φ2i(x, t)− φ2i

ζ̃2i
)∂α

t+∗
φ2i(x, t)

)
dx

=
q

∑
i=1

∫
Ω

κ̃1i(φ1i(x, t)− φ1i) | ϕi |
2 (x, t)dx +

m

∑
i=1

∫
Ω

κ̃2i(φ2i(x, t)− φ2i) | ϕi | (x, t)dx

=
q

∑
i=1

∫
Ω

κ̃1i(φ1i(x, t)− φ1i) | ϕi |
2 (x, t)dx +

m

∑
i=1

∫
Ω

κ̃2i(φ2i(x, t)− φ2i) sgn(ϕi(x, t))ϕi(x, t)dx

= −
q

∑
i=1

∫
Ω

κ̃1i φ1i | ϕi |
2 (x, t)dx −

m

∑
i=1

∫
Ω

κ̃2i φ2i | ϕi | (x, t)dx −
m

∑
i=1

∫
Ω

Ξi(ϕi)ϕi(x, t)dx.

Consequently, we derive (according to (55))

∂α
t+∗

( m

∑
i=1

( ϵcα

2
∥ ϕi ∥

2
L2(Ω) +

cβ

2
∥ ui ∥2

L2(Ω) +
cγ

2
∥ wi ∥2

L2(Ω)

)
+ S

)
+

b
2

m

∑
i=1

∥ ui ∥2
L2(Ω)

≤ −
∫

Ω
Φt(− ϵ

ξ f

m
G −

C2
PSϵ min(d f , p f )

2mℓ2
Ω

P − D f − L f
)
Φdx

−
∫

Ω
W t(− ξe

m
G −

C2
PS min(de, 2pe)

4mℓ2
Ω

P − Dw
)
Wdx

−
∫

Ω

m

∑
i=1

(κ̃2i φ2i −
m

∑
j=1

(ϵ
ξh
m

Mj
d
aij)) | ϕi | dx −

q

∑
i=1

∫
Ω

κ̃1i φ1i | ϕi |
2 dx

and then
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∂α
t+∗

( m

∑
i=1

( ϵcα

2
∥ ϕi ∥

2
L2(Ω) +

cβ

2
∥ ui ∥2

L2(Ω) +
cγ

2
∥ wi ∥2

L2(Ω)

)
+ S

)
+

b
2

m

∑
i=1

∥ ui ∥2
L2(Ω)

≤ −
∫

Ω
Φt(− ϵ

ξ f

m
G −

C2
PSϵ min(d f , p f )

2mℓ2
Ω

P − D f − L f + Rφ

)
Φdx

−
∫

Ω
W t(− ξe

m
G −

C2
PS min(de, 2pe)

4mℓ2
Ω

P − Dw
)
Wdx

−
∫

Ω

m

∑
i=1

(κ̃2i φ2i −
m

∑
j=1

(ϵ
ξh
m

Mj
d
aij)) | ϕi | dx,

(62)

with Rφ = diag(κ̃1i φ1i, . . . ., κ̃1m φ1m). According to assumption (61), we can deduce that

∂α
t+∗

( m

∑
i=1

( ϵcα

2
∥ ϕi ∥

2
L2(Ω) +

cβ

2
∥ ui ∥2

L2(Ω) +
cγ

2
∥ wi ∥2

L2(Ω)

)
+ S

)
+Θ

m

∑
i=1

( ϵcα

2
∥ ϕi ∥

2
L2(Ω) +

cβ

2
∥ ui ∥2

L2(Ω) +
cγ

2
∥ wi ∥2

L2(Ω)

)
≤ 0,

where Θ = min(min
i=1,m

(e f ,i)
2

ϵcα
,

b
cβ

, min
i=1,m

(ew,i)
2
cγ

).

Then, by Lemma 4.3 of [33], there exists a TS > t∗ such that (for t ≥ TS)

m

∑
i=1

( ϵcα

2
∥ ϕi ∥

2
L2(Ω) +

cβ

2
∥ ui ∥2

L2(Ω) +
cγ

2
∥ wi ∥2

L2(Ω)

)
≤
(

X∗ + S(t∗) + h
)

Eα(−Θ(t − t∗)α),
(63)

where X∗ =
m

∑
i=1

(ϵcα

2
∥ ϕi(t∗) ∥

2
L2(Ω) +

cβ

2
∥ ui(t∗) ∥2

L2(Ω) +
cγ

2
∥ wi(t∗) ∥2

L2(Ω)

)
and h is any

positive constant. Consequently, lim
t−→∞

m

∑
i=1

(
∥ ϕi ∥

2
L2(Ω) + ∥ ui ∥2

L2(Ω) + ∥ wi ∥2
L2(Ω)

)
= 0.

Hence, the error system (42) is globally asymptotically stable and the system (1) and
the response system (38) are Mittag–Leffler synchronized under the feedback controllers
(Ξi)i=1,m. This completes the proof of the theorem.

We end this analysis by the following corollary (of Theorem 6).

Corollary 3. When the assumptions of Theorem 3 are satisfied, the master–slave system can achieve

Mittag–Leffler synchronization via pinning feedback controllers (58) if κ̃2i φ2i −
m

∑
j=1

(ϵ
ξh
m

d
aij Mj) ≥ 0

(for all i = 1, m) and if there exist diagonal matrices N f and Nw with strictly positive diagonal

terms such that − ξe

m
G −

C2
PS min(de, 2pe)

4mℓ2
Ω

P − Dw −Nw and −ϵ
ξ f

m
G −

C2
PSϵ min(d f , p f )

2mℓ2
Ω

P −

D f − L f + Rφ −N f are positive-defined matrices.

7. Conclusions

Recent studies in neuroscience have shown the need to develop and implement re-
liable mathematical models in order to understand and effectively analyze the various
neurological activities and disorders in the human brain. In this article, we mainly investi-
gate the long-time behavior of the proposed fractional-order complex memristive neural
network model in asymmetrically coupled networks, and the Mittag–Leffler synchroniza-
tion problems for such coupled dynamical systems when different types of interactions
are simultaneously present. A new mathematical brain connectivity model, taking into
account the memory characteristics of neurons and their past history, the heterogeneity of
brain tissue, and the local anisotropy of cell diffusion, is developed. This developed model
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is a set of coupled nonlinear Caputo fractional reaction–diffusion equations, in the shape of
a fractional-order differential equation coupled with a set of time fractional-order partial
differential equations, interacting via an asymmetric complex network. The existence
and uniqueness of the weak solution as well as regularity result are established under
assumptions on nonlinear terms. The existence of some absorbing sets for this model is es-
tablished, and then the dissipative dynamics of the model (with absorbing sets) are shown.
Finally, some synchronization problems are investigated. A few synchronization criteria
are derived to obtain some Mittag–Leffler synchronizations for such complex dynamical
networks. Precisely, some sufficient conditions are obtained first for the complete synchro-
nization problem and then for the master–slave synchronization problem via appropriate
pinning feedback controllers and adaptive controllers.

The developed analysis in this work can be further applied to extended impulsive
models by using the approach developed in [16]. Moreover, it would be interesting to
extend this study to synchronization problems for fractional-order coupled dynamical
networks in the presence of disturbances and multiple time-varying delays. For predicting
and acting on phenomena and undesirable behavior (as opposed to a synchronous state)
occurring in brain network dynamics, the established synchronization results can be applied
in the study of robustness behavior of uncertain fractional-order neural network models by
considering the approach developed in [61].

The future objective is to simulate and validate numerically the developed theoret-
ical results. These studies will be the subject of a forthcoming paper. According to the
stochastic nature of synapses (and then the presence of noise), it would also be interesting
to investigate the stochastic processes in the brain’s neural network and their impact on the
synchronization of network dynamics.

Funding: This research received no external funding.

Data Availability Statement: No new data were created or analyzed in this study. Data sharing is
not applicable to this article.

Conflicts of Interest: The author declare no conflict of interest.

Appendix A

Proof of Theorem 1. To establish the existence result of a weak solution to system (1), we
proceed as in [39] by applying the Faedo–Galerkin method.

Let (ϖk)k≥1 be a Hilbert basis and orthogonal in L2 of V. For all N ∈ IN∗, we denote
by WN = span(ϖ1, · · · , ϖN) the space generated by (ϖk)N≥k≥1, and we introduce the
orthogonal projector LN on the spaces WN . For each N, we would like to define the
approximate solution (ϕN

i , wN
i , uN

i )i=1,m of problem (1). Setting

ϕN
i (·, t) =

N

∑
k=1

ϕN,k
i (t)ϖk, wN

i (·, t) =
N

∑
k=1

wN,k
i (t)ϖk, uN

i (·, t) =
N

∑
k=1

uN,k
i (t)ϖk,

where (ϕN,k
i , wN,k

i , wN,k
i )i=1,m;k=1,N are unknown functions, and replacing (ϕi, wi, ui)i=1,m

by (ϕN
i , wN

i , uN
i )i=1,m in (1), we obtain ∀l = 1, N and a.e. t ∈ (0, T), the system of Galerkin

equations (∀i = 1, m):
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∫
Ω
cα∂α

0+ϕN
i ϖldx = −A f (ϕ

N
i , ϖl) +

∫
Ω
(F(., ϕN

i ) + σuN
i )ϖldx +

∫
Ω

fexϖldx

+
ξe

m

m

∑
j=1

∫
Ω

aij(., t)Hj(ϕ
N
j )ϖldx − κ

∫
Ω

ϕiΨ(wN
i )ϖldx

+
p f

m

m

∑
i,j=1

∫
Γ
(ϕN

i − ϕN
j )ϖldΓ +

ξ f

m

∫
Ω
Gi(ϕ

N
1 , . . . , ϕN

m )ϖldx,∫
Ω
cβ∂α

0+uN
i ϖldx =

∫
Ω
(a − buN

i − c2(ϕ
N
i )2 + c1ϕN

i )ϖldx,∫
Ω
cγ∂α

0+wN
i ϖldx = −Ae(wN

i , ϖl) +
∫

Ω
(ν1ϕN

i − ν2wN
i )ϖldx +

∫
Ω

gexϖldx

+
pe

m

m

∑
i,j=1

∫
Γ
(wN

i − wN
j )ϖldΓ +

ξe

m

∫
Ω
Gi(w1, . . . , wm)ϖldx,

with the initial condition (ϕN
i , wN

i , uN
i )(t = 0) = (LNϕ0i, LNw0i, LNu0i),

(A1)

where (LNϕ0i, LNw0i, LNu0i) satisfies (by construction)

(LNϕi0, LNwi0, LNui0)
N−→∞−→ (ϕ0i, w0i, u0i) strongly in V2 × L3(Ω). (A2)

Step 1. We show first that, for every N, the system (A1) admits a local solution. The
system (A1) is equivalent to an initial value for a system of nonlinear fractional differen-
tial equations for functions (ϕN,l

i , wN,l
i , wN,l

i )i=1,m;l=1,N , in which the nonlinear term is a
Carathéodory function. The existence of a local absolutely continuous solution on interval
[0, T̃], with T̃ ∈]0, T] is insured by the standard FODE theory (see, e.g., [69,70]). Thus, we
have a local solution of (A1) on [0, T̃].
Step 2. We next derive a priori estimates for functions (ϕN

i , wN
i , wN

i )i=1,m, which entail that
T̃ = T, by applying iteratively step 1. For simplicity, in the next step, we omit the “˜” on T.
Now, we set

hN(·, t) =
N

∑
k=1

ϑN,k(t)ϖk, vN(·, t) =
N

∑
k=1

ζN,k(t)ϖk, eN(·, t) =
N

∑
k=1

πN,k(t)ϖk,

where ϑN,k, πN,k and ζN,k are absolutely continuous coefficients.
Then, from (A1), the approximation solution satisfies the following weak formulation:∫
Ω
cα∂α

0+ϕN
i hNdx = −A f (ϕ

N
i , hN) +

∫
Ω
(F(., ϕN

i ) + σuN
i )hNdx +

∫
Ω

fexhNdx

+
ξh
m

m

∑
j=1

∫
Ω

aij(., t)Hj(ϕ
N
j )hNdx − κ

∫
Ω

ϕiΨ(wN
i )hNdx

+
p f

m

m

∑
i,j=1

∫
Γ
(ϕN

i − ϕN
j )hNdΓ +

ξ f

m

∫
Ω
Gi(ϕ

N
1 , . . . , ϕN

m )hNdx,∫
Ω
cβ∂α

0+uN
i eNdx =

∫
Ω
(a − buN

i − c2(ϕ
N
i )2 + c1ϕN

i )eNdx,∫
Ω
cγ∂α

0+wN
i vNdx = −Ae(wN

i , vN) +
∫

Ω
(ν1ϕN

i − ν2wN
i )vNdx +

∫
Ω

gexvNdx

+
pe

m

m

∑
i,j=1

∫
Γ
(wN

i − wN
j )vNdΓ +

ξe

m

∫
Ω
Gi(w1, . . . , wm)vNdx,

with the initial condition (ϕN
i , wN

i , uN
i )(t = 0) = (LNϕi0, LNwi0, LNui0).

(A3)

Take (hN , vN , eN) = (ϕN
i , wN

i , uN
i ) and add these equations for i = 1, m.

We obtain, according to Lemma 4 and assumption (H1),
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cα

2
∂α

0+

m

∑
i=1

∥ ϕN
i ∥2

L2(Ω) +d f

m

∑
i=1

∥ ∇ϕN
i ∥2

L2(Ω) +
p f

2m

m

∑
i,j=1

∫
Γ
(ϕN

i − ϕN
j )2dΓ

≤
m

∑
i=1

∫
Ω

F(x, ϕN
i )ϕN

i dx +
ξ f

m

m

∑
i=1

∫
Ω

δii | ϕN
i |2 dx +

m

∑
i=1

∫
Ω

fexϕN
i dx −

ξ f

2m

m

∑
i,j=1;j ̸=i

∫
Ω

Gij(ϕ
N
i − ϕN

j )2dx

+σ
m

∑
i=1

∫
Ω

uN
i ϕN

i dx − κ
m

∑
i=1

∫
Ω
| ϕN

i |2 Ψ(wN
i )dx +

ξh
m

m

∑
i,j=1

∫
Ω

aij(x, t)Hj(ϕ
N
j )ϕN

i dx,

cβ

2
∂α

0+

m

∑
i=1

∥ uN
i ∥2

L2(Ω)≤ a
m

∑
i=1

∫
Ω

uN
i dx − b

m

∑
i=1

∥ uN
i ∥2

L2(Ω) +c1

m

∑
i=1

∫
Ω

ϕiuN
i dx − c2

m

∑
i=1

∫
Ω
| ϕN

i |2 uidx,

cγ

2
∂α

0+

m

∑
i=1

∥ wN
i ∥2

L2(Ω) +de

m

∑
i=1

∥ ∇wN
i ∥2

L2(Ω) +
pe

2m

m

∑
i,j=1

∫
Γ
(wN

i − wN
j )

2dΓ

≤ −ν2

m

∑
i=1

∥ wN
i ∥2

L2(Ω) +
ξe

m

m

∑
i=1

∫
Ω

δii | wN
i |2 dx +

m

∑
i=1

∫
Ω

gexwN
i dx

− ξe

2m

m

∑
i,j=1;j ̸=i

∫
Ω

Gij(wN
i − wN

j )
2dx + ν1

m

∑
i=1

∫
Ω

wN
i ϕN

i dx.

From Lemma 3 and assumption (H2), we can deduce that

−κ
∫

Ω
| ϕN

i |2 (δ + η1wN
i + η2(wN

i )2 + ζ tanh(wN
i ))dx ≤ θw ∥ ϕN

i ∥2
L2(Ω),

ξh
m

m

∑
i,j=1

∫
Ω

aij(x, t)Hj(ϕ
N
j )ϕidx ≤ ξh

m

m

∑
i,j=1

∫
Ω

s
aij | ϕN

j | lj | ϕN
i | dx

≤ ξh
2m

m

∑
i=1

(
m

∑
j=1

(
s
aij + l2

i
s
aji)) ∥ ϕN

i ∥2
L2(Ω),∫

Ω
F(x, ϕN

i )ϕN
i dx + σ

∫
Ω

uN
i ϕN

i dx +
∫

Ω
fexϕN

i dx ≤ −λ

2

∫
Ω
| ϕN

i |4 dx +
υ

2
∥ uN

i ∥2
L2(Ω)

+
1

2λ
∥ fex ∥2

L2(Ω) + | Ω | (∥ ρ0 ∥L2(Ω) +
1

2λ
(

σ2

2υ
+

λ

2
)2),

c1

∫
Ω

ϕN
i uN

i dx − c2

∫
Ω
| ϕN

i |2 uN
i dx + a

∫
Ω

uN
i dx − b ∥ uN

i ∥2
L2(Ω)

≤ −5b
8

∥ uN
i ∥2

L2(Ω) +
2c2

1
b

∥ ϕN
i ∥2

L2(Ω) +
2a2 | Ω |

b
+

2c2
2

b

∫
Ω
| ϕN

i |4 dx,

(A4)

where θ0 = η1
2η2

, θw = κ(η2θ2
0 + ζ − δ) and υ > 0 to be chosen appropriately.

Consequently (from the assumption (13)),

ϵcα

2
∂α

0+

m

∑
i=1

∥ ϕN
i ∥2

L2(Ω) +ϵd f

m

∑
i=1

∥ ∇ϕN
i ∥2

L2(Ω) +
ϵλ

2

m

∑
i=1

∫
Ω
| ϕN

i |4 dx

+
ϵp f

2m

m

∑
i,j=1

∫
Γ
(ϕN

i − ϕN
j )2dΓ +

ϵξ f

2m

m

∑
i,j=1;j ̸=i

∫
Ω

Gij(ϕ
N
i − ϕN

j )2dx

≤ ϵ
m

∑
i=1

(θw +
λ

2
+

ξ f

m
δii +

ξh
2m

m

∑
j=1

(
s
aij + l2

i
s
aji)) ∥ ϕN

i ∥2
L2(Ω)

+ϵm(
1

2λ
(

σ2

2υ
+

λ

2
)2 | Ω | + 1

2λ
∥ fex ∥2

L2(Ω) + | Ω |∥ ρ0 ∥L2(Ω)) + ϵ
υ

2

m

∑
i=1

∥ uN
i ∥2

L2(Ω),

cβ

2
∂α

0+

m

∑
i=1

∥ uN
i ∥2

L2(Ω)≤ −5b
8

m

∑
i=1

∥ uN
i ∥2

L2(Ω) +
2c2

1
b

m

∑
i=1

∥ ϕN
i ∥2

L2(Ω)

+
2c2

2
b

m

∑
i=1

∫
Ω
| ϕN

i |4 dx +
2ma2 | Ω |

b

(A5)

and
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cγ

2
∂α

0+

m

∑
i=1

∥ wN
i ∥2

L2(Ω) +de

m

∑
i=1

∥ ∇wN
i ∥2

L2(Ω) +
ν̃2

2

m

∑
i=1

∥ wN
i ∥2

L2(Ω)

+
pe

2m

m

∑
i,j=1

∫
Γ
(wN

i − wN
j )

2dΓ +
ξe

2m

m

∑
i,j=1;j ̸=i

∫
Ω

Gij(wN
i − wN

j )
2dx

≤
ν2

1
ν̃2

m

∑
i=1

∥ ϕN
i ∥2

L2(Ω) +
m
ν̃2

∥ gex ∥2
L2(Ω),

(A6)

with the constants ϵ > 0 chosen appropriately and ν̃2 such that ν̃2 ≤ ν2 −
ξe

m
max
i=1,m

δii

(by hypothesis).

Choosing ϵ and υ such that λ0 = ϵλ
4 − 2c2

2
b > 0 and υ0 = 5b

8 − ϵυ
2 > 0, we can deduce,

by summing the previous three inequalities :

∂α
0+
( ϵcα

2

m

∑
i=1

∥ ϕN
i ∥2

L2(Ω) +
cβ

2

m

∑
i=1

∥ uN
i ∥2

L2(Ω) +
cγ

2

m

∑
i=1

∥ wN
i ∥2

L2(Ω)

)
+υ0

m

∑
i=1

∥ uN
i ∥2

L2(Ω) +
ν2

2

m

∑
i=1

∥ wN
i ∥2

L2(Ω) +ϵd f

m

∑
i=1

∥ ∇ϕN
i ∥2

L2(Ω) +de

m

∑
i=1

∥ ∇wN
i ∥2

L2(Ω)

+
ϵλ

4

m

∑
i=1

∫
Ω
| ϕN

i |4 dx +
ϵp f

2m

m

∑
i,j=1

∫
Γ
(ϕN

i − ϕN
j )2dΓ +

ϵξ f

2m

m

∑
i,j=1;j ̸=i

∫
Ω

Gij(ϕ
N
i − ϕN

j )2dx

+
pe

2m

m

∑
i,j=1

∫
Γ
(wN

i − wN
j )

2dΓ +
ξe

2m

m

∑
i,j=1;j ̸=i

∫
Ω

Gij(wN
i − wN

j )
2dx

≤
m

∑
i=1

∫
Ω
(−λ0 | ϕN

i |4 +θi | ϕN
i |2)dx + G0,

(A7)

where G0 = ϵ(
1

2λ
∥ fex ∥2

L∞(0,∞;L2(Ω)) + | Ω | (∥ ρ0 ∥L2(Ω) +
1

2λ
(

σ2

2υ
+

λ

2
)2)) +

m
ν̃2

∥

gex ∥2
L∞(0,∞;L2(Ω)) and θi = ϵ(θw +

1
2λ

+
ξ f

m
δii +

ξh
2m

m

∑
j=1

(
s
aij + l2

i
s
aji)) +

ν2
1

ν̃2
+

2c2
1

b
. Because

∀v ∈ IR, we have

−λ0 | v |4 +θi | v |2= −λ0(| v |2 +
θi
λ0

)2 − θi | v |2 +
θ2

i
λ0

≤ −θi | v |2 +
θ2

i
λ0

if θi > 0 and

−λ0 | v |4 +θi | v |2≤ θi | v |2 if θi < 0,

we can deduce that

−λ0 | v |4 +θi | v |2≤ − | θi || v |2 +(1 + sgn(θi))
θ2

i
2λ0

(A8)

and then we have (from (A7))

∂α
0+
( ϵcα

2

m

∑
i=1

∥ ϕN
i ∥2

L2(Ω) +
cβ

2

m

∑
i=1

∥ uN
i ∥2

L2(Ω) +
cγ

2

m

∑
i=1

∥ wN
i ∥2

L2(Ω)

)
+λ1

( ϵcα

2

m

∑
i=1

∥ ϕN
i ∥2

L2(Ω) +
cβ

2

m

∑
i=1

∥ uN
i ∥2

L2(Ω) +
cγ

2

m

∑
i=1

∥ wN
i ∥2

L2(Ω)

)
+ϵd f

m

∑
i=1

∥ ∇ϕN
i ∥2

L2(Ω) +de

m

∑
i=1

∥ ∇wN
i ∥2

L2(Ω) +
ϵλ

4

m

∑
i=1

∫
Ω
| ϕN

i |4 dx

+
ϵp f

2m

m

∑
i,j=1

∫
Γ
(ϕN

i − ϕN
j )2dΓ +

ϵξ f

2m

m

∑
i,j=1;j ̸=i

∫
Ω

Gij(ϕ
N
i − ϕN

j )2dx

+
pe

2m

m

∑
i,j=1

∫
Γ
(wN

i − wN
j )

2dΓ +
ξe

2m

m

∑
i,j=1;j ̸=i

∫
Ω

Gij(wN
i − wN

j )
2dx ≤ G1,

(A9)
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where G1 = G0+ | Ω | ∑m
i=1(1 + sgn(θi))

θ2
i

2λ0
, λ1 = min( 2|θ̃|

ϵcα
, ν2
cγ

, υ0
cβ
) and | θ̃ |= mini=1,m(|

θi |).
In particular, we have

∂α
0+
( ϵcα

2

m

∑
i=1

∥ ϕN
i ∥2

L2(Ω) +
cβ

2

m

∑
i=1

∥ uN
i ∥2

L2(Ω) +
cγ

2

m

∑
i=1

∥ wN
i ∥2

L2(Ω)

)
+λ1

( ϵcα

2

m

∑
i=1

∥ ϕN
i ∥2

L2(Ω) +
cβ

2

m

∑
i=1

∥ uN
i ∥2

L2(Ω) +
cγ

2

m

∑
i=1

∥ wN
i ∥2

L2(Ω)

)
≤ G1.

(A10)

From Lemma 6 and the uniform boundedness of (ϕN
i , uN

i , wN
i )i=1,m(t = 0) (from (A2)), we

can deduce that (for all t ∈ (0, T))

ΨN(t)=

(
m

∑
i=1

∥ ϕN
i ∥2

L2(Ω) +
m

∑
i=1

∥ uN
i ∥2

L2(Ω) +
m

∑
i=1

∥ wN
i ∥2

L2(Ω)

)
(t) ≤ C (A11)

and then ΨN(t) is uniformly bounded with respect to N. This ensures that, for i = 1, m,

the sequences (ϕN
i , uN

i , wN
i ) are bounded sets of L∞(0, T; L2(Ω)). (A12)

Moreover, from the inequality of (A9), relations (A32) and (A2), we have that for t ∈ (0, T)

(since
∫ t

0
(t − τ)α−1dτ =

1
α

tα ≤ 1
α

Tα)

Γ(α)ΨN(t) +
m

∑
i=1

∫ t

0
(t − τ)α−1(ϵd f ∥ ∇ϕN

i ∥2
L2(Ω) +de ∥ ∇wN

i ∥2
L2(Ω) +

ϵλ

4

∫
Ω
| ϕN

i |4 dx)dτ

≤ C1.
(A13)

We can deduce that

Iα
0+

[
∥ ∇ϕN

i ∥2
L2(Ω

]
(t) =

1
Γ(α)

∫ t

0
(t − τ)α−1 ∥ ∇ϕN

i ∥2
L2(Ω dτ ≤ C2,

Iα
0+

[
∥ ∇wN

i ∥2
L2(Ω)

]
(t) =

1
Γ(α)

∫ t

0
(t − τ)α−1 ∥ ∇wN

i ∥2
L2(ΩH) dτ ≤ C2,

Iα
0+

[
∥ ϕN

i ∥4
L4(Ω)

]
(t) =

1
Γ(α)

∫ t

0
(t − τ)α−1 ∥ ϕN

i ∥4
L4(Ω) dτ ≤ C2.

(A14)

Hence (since α − 1 ≤ 0 and (t − τ) ∈ (0, T),∀τ ∈ (0, t) then (t − τ)α−1 ≥ Tα−1)

the sequence (wN
i ) is in a bounded set of L2(0, T; H1(Ω)) and

the sequence (ϕN
i ) is in a bounded set of L4(0, T, L4(Ω)) ∩ L2(0, T; H1(Ω)).

(A15)

Now we estimate the fractional derivative ∂α
0+(ϕ

N
i , wN

i , uN
i ).

Taking hN = ∂α
0+ϕN

i , vN = ∂α
0+wN

i and eN = ∂
β
0+uN

i in (A3) and using uniform
coercivity of forms A f and Ae, we can deduce
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cα

m

∑
i=1

∥ ∂α
0+ϕN

i ∥2
L2(Ω) +

d f

2

m

∑
i=1

∂α
0+ ∥ ∇ϕN

i ∥2
L2(Ω) +

p f

2m

m

∑
i,j=1

∫
Γ
(ϕN

i − ϕN
j )∂α

0+(ϕ
N
i − ϕN

j )dΓ

≤
m

∑
i=1

∫
Ω

F(x, ϕN
i )∂α

0+ϕN
i dx + σ

m

∑
i=1

∫
Ω

uN
i ∂α

0+ϕN
i dx +

ξ f

m

m

∑
i,j=1

∫
Ω

Gijϕ
N
j ∂α

0+ϕN
i dx

+
m

∑
i=1

∫
Ω

fex∂α
0+ϕN

i dx − κ
m

∑
i=1

∫
Ω

ϕN
i Ψ(wN

i )∂α
0+ϕN

i dx +
ξh
m

m

∑
i,j=1

∫
Ω

aij(x, t)Hj(ϕ
N
j )∂α

0+ϕN
i dx,

cβ

m

∑
i=1

∥ ∂α
0+uN

i ∥2
L2(Ω) +b

m

∑
i=1

∫
Ω

uN
i ∂α

0+uN
i dx

≤ c1

m

∑
i=1

∫
Ω

ϕN
i ∂α

0+uN
i dx − c2

m

∑
i=1

∫
Ω
| ϕN

i |2 ∂α
0+uN

i dx + a
m

∑
i=1

∫
Ω

∂α
0+uN

i dx,

cγ

m

∑
i=1

∥ ∂α
0+wN

i ∥2
L2(Ω) +

de

2

m

∑
i=1

∂α
0+ ∥ ∇wN

i ∥2
L2(Ω) +

pe

2m

m

∑
i,j=1

∫
Γ
(wN

i − wN
j )∂

α
0+(w

N
i − wN

j )dΓ

+ν2

m

∑
i=1

∫
Ω

wN
i ∂α

0+wN
i dx

≤ ξe

m

m

∑
i,j=1

∫
Ω

GijwN
j ∂α

0+wN
i dx + ν1

m

∑
i=1

∫
Ω

ϕN
i ∂α

0+wN
i dx +

m

∑
i=1

∫
Ω

gex∂α
0+wN

i dx.

(A16)

According to assumptions (H1)-(H2) and the boundedness of function tanh, we obtain
from (A16) that

cα

m

∑
i=1

∥ ∂α
0+ϕN

i ∥2
L2(Ω) +

d f

2

m

∑
i=1

∂α
0+ ∥ ∇ϕN

i ∥2
L2(Ω) +

p f

4m

m

∑
i,j=1

∂α
0+ ∥ (ϕN

i − ϕN
j ) ∥2

L2(Γ)

−
m

∑
i=1

∫
Ω

F1(x, ϕN
i )∂α

0+ϕN
i dx

≤ C3

m

∑
i=1

∫
Ω

(
| ρ3 | + | fex | + | ϕN

i | + | uN
i |

)
| ∂α

0+ϕN
i | dx

+C4

m

∑
i=1

∫
Ω

(
| ϕN

i |2 + | ϕN
i || wN

i |2 + | ϕN
i || wN

i |
)
| ∂α

0+ϕN
i | dx

+
ξ f

m

m

∑
i,j=1

∫
Ω
| Gij || ϕN

j || ∂α
0+ϕN

i | dx,

cβ

m

∑
i=1

∥ ∂α
0+uN

i ∥2
L2(Ω) +

b
2

m

∑
i=1

∫
Ω

∂α
0+ ∥ uN

i ∥2
L2(Ω) dx ≤ C5

m

∑
i=1

∫
Ω
(1+ | ϕN

i |2 + | ϕN
i |) | ∂α

0+uN
i | dx,

cγ

m

∑
i=1

∥ ∂α
0+wN

i ∥2
L2(Ω) +

de

2

m

∑
i=1

∂α
0+ ∥ ∇wN

i ∥2
L2(Ω) +

pe

2m

m

∑
i,j=1

∂α
0+ ∥ (wN

i − wN
j ) ∥2

L2(Γ)

+
ν2

2

m

∑
i=1

∂α
0+ ∥ wN

i ∥2
L2(Ω)

≤ ξe

m

m

∑
i,j=1

∫
Ω
| Gij || wN

j || ∂α
0+wN

i | dx + C6

m

∑
i=1

∫
Ω
(| ϕN

i | + | gex |) | ∂α
0+wN

i | dx.

Then, from (A12)–(A15), the regularity of (ρ3, fex, gex), and the continuous embedding of
H1 in L6, we can derive (according to Young and Hölder inequalities)

cα

2

m

∑
i=1

∥ ∂α
0+ϕN

i ∥2
L2(Ω) +

d f

2

m

∑
i=1

∂α
0+ ∥ ∇ϕN

i ∥2
L2(Ω) +

p f

4m

m

∑
i,j=1

∂α
0+ ∥ (ϕN

i − ϕN
j ) ∥2

L2(Γ)

−
m

∑
i=1

∫
Ω

F1(x, ϕN
i )∂α

0+ϕN
i dx

≤ C7(1+ ∥ ϕN
i ∥4

L4(Ω) + ∥ ϕN
i ∥2

L4(Ω)∥ wN
i ∥2

L4(Ω) + ∥ ϕN
i ∥2

L6(Ω)∥ wN
i ∥4

L6(Ω)),
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cβ

2

m

∑
i=1

∥ ∂α
0+uN

i ∥2
L2(Ω) +

b
2

m

∑
i=1

∫
Ω

∂α
0+ ∥ uN

i ∥2
L2(Ω) dx ≤ C8(1+ ∥ ϕN

i ∥4
L4(Ω)),
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m
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+
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2
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0+ ∥ wN

i ∥2
L2(Ω)≤ C9.

Moreover, since −F1 is an increasing function, then the primitive −EF of −F1 is convex.
Hence, from [68], we can deduce (since −F1 is independent on time)

−∂α
0+(
∫

Ω
EF(., ϕN

i )dx) ≤ −
∫

Ω
F1(., ϕN

i )∂α
0+ϕN

i dx. (A17)

Now, we estimate the following term

Iα
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0+(
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EF(., ϕN

i )dx)
]
(t) =
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EF(., ϕN

i )(t)dx −
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i )(0)dx.

From (H2) we have EF(., ϕN
i ) ≤ C(| ϕN

i |2 +1) and −EF(., ϕN
i (0)) ≤ C(| ρ4 | + |

ϕN
i (0) |4) and then (according to the regularity of ρ4 and (A12))
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Consequently,
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(A19)

According to (A12)–(A15), the continuous embedding of H1 in L6, and the uniform bound-
edness of quantities ϕN

i (0), wN
i (0), and wN

i (0) in H1, we obtain from the third equation of
(A19) that the sequence (wN

i ) is uniformly bounded in L∞(0, T; H1(Ω)) and we can derive
the following estimate (for all t ∈ (0, T)):
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(A20)

Prove now that uN
i is uniformly bounded in L∞(0, T, L3(Ω)).

Since uN
i satisfies uN

i (x, t) = uN
i (x, 0) − 1

cβΓ(α)
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0
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i − c2(ϕ
N
i )2 +

c1ϕN
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This implies (since
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and then (using Minkowski inequality and the continuous embedding of H1 in L6)
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Using (A12), (A14) and uniform boundedness of quantities uN
i (0) in L3 (from (A2)), we

obtain ∥ uN
i (t) ∥L3(Ω)≤ C23
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[
∥ uN

i ∥L3(Ω)
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)

and then (from Lemma 5)

∥ uN
i (t) ∥L3(Ω)≤ C. (A21)

This estimate enables us to say that

uN
i is uniformly bounded in the space L∞(0, T, L3(Ω)). (A22)

In order to prove that the local solution can be extended to the whole interval (0; T),
we use the following process. We suppose that a solution of (A1) on [0, Tk] has already
been defined and we shall derive the local solution on [Tk, Tk+1] (where 0 < Tk+1 − Tk
is small enough) by making use of the a priori estimates and fractional derivative ∂α

T+
k

with beginning point Tk. So, by this iterative process, we can deduce that Faedo–Galerkin
solutions are well defined on the interval (0, T). So, we omit details.

Step 3. We can now show the existence of weak solutions to (1). From results (A12),
(A15), (A21) and (A20), Theorem A1 and compactness argument, it follows that there exist
(ϕi, wi; ui) and (ϕ̃i, w̃i, ũi) such that there exists a subsequence of (ϕN

i , wN
i ; uN

i ) also denoted
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i , wN
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i , uN
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∂α
0+(ϕ

N
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i ) −→ (ϕ̃i, w̃i, ũi) weakly in (L2(Q))3.

(A23)

First, we show that (∂α
0+ϕN

i , ∂α
0+wN

i , ∂α
0+uN

i ) exists in the weak sense and that
(∂α

0+ϕi, ∂α
0+wi, ∂α

0+ui) = (ϕ̃i, w̃i, ũi). Indeed, we take ω ∈ C∞
0 (0, T) and v ∈ V (then

ωv ∈ D=L4(Q) ∩ L2(0, T;V)).
Then, by the weak convergence and Lebesgue’s dominated convergence arguments,

we have
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(A24)
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Consequently, ϕ̃i = ∂α
0+ϕi in the weak sense. In the same way, we prove, in the weak sense,

that (∂α
0+wi, ∂α

0+ui) = (w̃i, ũi).
Consider ℵ ∈ D(]0, T[) and (hN, vN, eN) ∈ W3

N. According to (A1) , we can deduce that
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0
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∫
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Gi(w1, . . . , wm)vNdxdt.

According to (A14), (A23) and to density properties of the space spanned by (ϖl),
and using similar arguments as used to obtain relation (A24), passing to the limit when N
goes to infinity is easy for the linear terms. For passing to the limit (N → ∞) in nonlinear
terms, which requires hypothesis (H2), we can use the standard technique, which consists
of taking the difference between the sequence and its limit in the form of the sum of two
quantities such that the first uses the strong convergence property and the second uses the
weak convergence property. So we omit details.

Thus, the limiting function (ϕi, wi, ui) satisfies the system (for any elements h, e and v
of V)
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∂α
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∫
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∫
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(A25)

In the case of α > 1/2, the continuity of solution at t = 0 and the equalities ϕi(0+) = ϕi0,
wi(0+) = wi0 and ui(0+) = ui0 is a consequence of Lemma A2. This completes the
proof of the existence result. For the uniqueness result, let (ϕi0, wi0, u0i, fex, gex) be given
such that (ϕi0, wi0, u0i) ∈ V2 × L3(Ω) and ( fex, gex) ∈ L∞(0, T; L2(Ω)), for i = 1, m. Let
(ϕ

(k)
i , w(k)

i , u(k)
i )i=1,m be the weak solutions to (1) (for k = 1, 2), which corresponds to data

(ϕi0, wi0, ui0)i=1,m, fex and gex. According to Lemma 4 and assumption (H1), we can deduce

(for i = 1, m) for (ϕi, wi, ui) = (ϕ
(1)
i − ϕ

(2)
i , w(1)

i − w(2)
i , u(1)

i − u(2)
i ) the following relation:
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∫
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(ϕi, wi, ui)(t = 0) = (0, 0, 0).

(A26)

Because for any y ∈ IR, | tanh(y) |≤ 1 and sech2(y) ≤ 1, we can deduce according to
assumption (H1)–(H2) (since w(k)

i and ϕ
(k)
i , for k = 1, 2, are in L∞(0, T, H1(Ω)))∫

Ω
(F(x, ϕ

(1)
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i )2 + ϕ

(1)
i ϕ
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(1)
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i ))ϕ
(2)
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≤ C1 ∥ ϕi ∥2
L2(Ω) +C2 ∥ ϕi ∥L2(Ω)∥ wi ∥L4(Ω) +C3 ∥ ϕi ∥L4(Ω)∥ wi ∥L4(Ω) .

(A27)

Then, by summing for all 1 ≤ i ≤ m in (A26), we can deduce that (using the Minkowski
inequality, continuous embedding of H1 in L4, and boundedness of w(k)

i and ϕ
(k)
i in

L∞(0, T, H1(Ω)))
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≤ C4

m

∑
i=1

(∥ ϕi ∥2
L2(Ω) + ∥ ui ∥2
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m

∑
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∥ ui ∥2
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2
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2

m

∑
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+
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2m

m

∑
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∫
Γ
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2dΓ +
ξe

2m

m

∑
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∫
Ω
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2dx ≤ C8

m

∑
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∥ ϕi ∥2
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Consequently,

∂α
0+

( cα

2

m

∑
i=1

∥ ϕi ∥2
L2(Ω) +ϵ1

cγ

2

m

∑
i=1

∥ wi ∥2
L2(Ω) +ϵ2

cβ

2

m

∑
i=1

∥ ui ∥2
L2(Ω)

)
+

d f

4

m

∑
i=1

∥ ∇ϕi ∥2
L2(Ω) +

ϵ1de

2

m

∑
i=1

∥ ∇wi ∥2
L2(Ω)

≤ C
( cα

2

m

∑
i=1

∥ ϕi ∥2
L2(Ω) +ϵ1

cγ

2

m

∑
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∥ wi ∥2
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cβ

2

m
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∥ ui ∥2
L2(Ω)

)
,

(A28)
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where ϵ1 = 2c5
de

and ϵ2 =
d f
4c8

. So

m

∑
i=1

(∥ ϕi ∥2
L2(Ω) + ∥ wi ∥2

L2(Ω) + ∥ ui ∥2
L2(Ω))

≤ C
m

∑
i=1

Iα
0+

[
∥ ϕi ∥2

L2(Ω) + ∥ wi ∥2
L2(Ω) + ∥ ui ∥2

L2(Ω)

]
.

By Lemma 5, we can deduce
m

∑
i=1

(∥ ϕi ∥2
L2(Ω) + ∥ wi ∥2

L2(Ω) + ∥ ui ∥2
L2(Ω)) = 0 (since

(ϕi, wi, ui)(t = 0) = (0, 0, 0), for i = 1, m). This completes the proof.

Appendix B

The purpose of what follows is to recall some basic definitions and results of fractional
integrals and derivatives in the Riemann–Liouville sense and Caputo sense. We start from
a formal level and, for a given Banach space X, we consider a sufficiently smooth function
with values in X, f : t ∈ [a,+∞) → f (t) (with −∞ < a < b ≤ +∞). Each fractional-order
parameter γ is assumed to be in ]0, 1].

Definition A1. For each fractional-order parameter γ, the forward and backward γth-order
Riemann–Liouville fractional integrals are defined, respectively, by (t ∈ [a,+∞) and b > a)

Iγ
a+ [ f ](t) =

1
Γ(γ)

∫ t

a
(t − τ)γ−1 f (τ)dτ, Iγ

b− [ f ](t) =
1

Γ(γ)

∫ b

t
(τ − t)γ−1 f (τ)dτ, (A29)

where Γ(z) =
∫ ∞

0
eττz−1dτ is the Euler Γ-function.

For each fractional-order parameters γ1 and γ2, the following equality for the frac-
tional integral

Iγ1
a+
[
Iγ2
a+ [ f ]

]
= Iγ1+γ2

a+ [ f ] (A30)

holds for an Lq-function f (1 ≤ q ≤ ∞).

Definition A2. For each fractional-order parameter γ, the γth-order Riemann–Liouville and
γth-order Caputo fractional derivatives on [a,+∞) are defined, respectively, by (t ∈ [a,+∞))

Dγ
a+ [ f ](t) =

d
dt
(I1−γ

a+ [ f ](t)) =
1

Γ(1 − γ)

d
dt
(
∫ t

a
(t − τ)−γ f (τ)dτ),

∂
γ
a+ [ f ](t) = I1−γ

a+

[
d f (t)

dt

]
=

1
Γ(1 − γ)

∫ t

a
(t − τ)−γ d f

dt
(τ)dτ.

(A31)

From (A30), we can derive the following relation

f (t) = f (a) + Iγ
a+
[
∂

γ
a+ f
]
(t) = f (a) +

1
Γ(γ)

∫ t

a
(t − τ)γ−1∂

γ
a+ f (τ)dτ. (A32)

Definition A3. For each fractional-order parameter γ, the backward γth-order Riemann–Liouville
and backward γth-order Caputo fractional derivatives, on [a,+∞) are defined, respectively, by
(t ∈ [a,+∞) and b > a)

Dγ
b− f (t) = − d

dt
(I1−γ

b− [ f ](t)) = − 1
Γ(1 − γ)

d
dt
(
∫ b

t
(τ − t)−γ f (τ)dτ),

∂
γ
b− [ f ](t) = −I1−γ

b−

[
d f (t)

dt

]
= − 1

Γ(1 − γ)

∫ b

t
(τ − t)−γ d f

dt
(τ)dτ.

(A33)
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Remark A1. 1. For γ −→ 1, the forward (respectively, backward) γth-order Riemann–Liouville
and Caputo fractional derivatives of f converge to the classical derivative d f

dt (respectively, to
− d f

dt ). Moreover, the γth-order Riemann–Liouville fractional derivative of constant function
t −→ C(t) = k (with k a constant) is not 0, since Dγ

a+C(t) = k
Γ(1−γ)

d
dt (
∫ t

a (t − s)−γds) =
k(t−a)−γ

Γ(1−γ)
.

2. We can show that the difference between Riemann–Liouville and Caputo fractional derivatives
depends only on the values of f on endpoint. More precisely, for f ∈ C1([a,+∞), X), we
have (t ∈ [a,+∞) and b > a)

Dγ
a+ f (t) = ∂

γ
a+ f (t) + f (a)(t−a)−γ

Γ(1−γ)
, Dγ

b− f (t) = ∂
γ
b− f (t) + f (b)(b−t)−γ

Γ(1−γ)
. (A34)

From [71], we have the following Lemma.

Lemma A1 (Continuity properties of fractional integral in Lp spaces on (a, b)). The fractional
integral Iγ

a+ is a continuous operator from:

(i) Lp(a, b) into Lp(a, b), for any p ≥ 1;

(ii) Lp(a, b) into Lr(a, b), for any p ∈ (1, 1/γ) and r ∈ [1, p/(1 − γp)];

(iii) Lp(a, b) into C0,γ−1/p([a, b]), for any p ∈]1/γ,+∞[;

(iii) L1/γ(a, b) into Lp(a, b), for any p ∈ [1,+∞);

(iv) L∞(a, b) into C0,γ([a, b]).

From Lemma A1 and (A32), we can deduce the following corollary.

Lemma A2. Let X be a Banach space and γ ∈]0, 1]. Suppose the Caputo derivative ∂
γ
a+ f ∈

Lp(a, b; X) and p > 1
γ , then f ∈ C0,γ−1/p([a, b]; X).

We also recall the fractional integration by parts in the formulas (see, e.g., [64,72]):

Lemma A3. Let 0 < γ ≤ 1 and p, q ≥ 1 with 1/p + 1/q ≤ 1 + γ. Then

(i) if f is an Lp-function on (a, b) with values in X and g is an Lq-function on (a, b) with values
in X, then ∫ b

a
( f (τ), Iγ

a+ [g](τ))Xdτ =
∫ b

a
(g(τ), Iγ

b− [ f ](τ))Xdτ,

(ii) if f ∈ Iγ
b−(Lp) and g ∈ Iγ

a+(Lq), then
∫ b

a
( f (τ), Dγ

a+ g(τ))Xdτ =
∫ b

a
(g(τ), Dγ

b− f (τ))Xdτ.

Lemma A4. Let 0 < γ ≤ 1, g be an Lp-function on (a, b) with values in X (for p ≥ 1) and f be
an absolutely continuous function on [a, b] with values in X. Then,

(i)
∫ b

a
(∂γ

a+ f (τ), g(τ))Xdτ = −
∫ b

a
(Dγ

b− g(τ), f (τ))Xdτ + |(I1−γ
b− [g](τ), f (τ))X |ba,

(ii)
∫ b

a
(Dγ

a+ f (τ), g(τ))Xdτ = −
∫ b

a
(Dγ

b− g(τ), f (τ))Xdτ + (I1−γ
b− [g](b−), f (b))X ,

(iii)
∫ b

a
(Dγ

b− f (τ), g(τ))Xdτ = −
∫ b

a
(Dγ

a+ g(τ), f (τ))Xdτ − (I1−γ
a+ [g](a+), f (a))X .

We end this appendix by giving a compactness theorem in Hilbert spaces. Assume
that Y0, Y1, and Y are Hilbert spaces with

Y0 ↪→ Y ↪→ Y1 being continuous and Y0 ↪→ Y is compact. (A35)
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We define the Hilbert space Wγ(IR;Y0,Y1), for a given γ > 0, by

Wγ(IR;Y0,Y1) = {v ∈ L2(IR,Y0) | ∂
γ
−∞ f ∈ L2(IR,Y1)},

endowed with the norm ∥ v ∥Wγ=
(
∥ v ∥L2(IR,Y0) + ∥| τ |γ v̂ ∥L2(IR,Y1)

)1/2
.

For any subset K of IR, we define the subspace Wγ
K of Wγ by

Wγ
K(IR;Y0,Y1) = {v ∈ Wγ(IR;Y0,Y1) | support of v ⊂ K}.

As, e.g., in [39], we have the following compactness result.

Theorem A1. Let Y0, Y1, and Y be Hilbert spaces with the injection (A35). Then, for any bounded
set K and any γ > 0, the injection of Wγ

K(IR;Y0,Y1) into L2(IR;Y) is compact.
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