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Abstract: We introduce center-like subsets Z%(2,0), Z:* (2, 0), where 2 is the ring and ? is the
multiplicative derivation. In the following, we take a new derivation for the center-like subsets
existing in the literature and establish the relations between these sets. In addition to these new
sets, the theorems are generalized as multiplicative derivations instead of the derivations found in
previous studies. Additionally, different proofs are provided for different center-like sets. Finally, we
enrich this article with examples demonstrating that the hypotheses we use are necessary.
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1. Introduction and Basic Results

Consider an associative ring 2 with its center located at Z. In this ring, given any ele-
ments ¢ and 1, we define [/, 7] as the commutator 57 — ¢ and ¢ o 7 as the anti-commutator
Oy + y¢. It is worth noting that a ring 2 is classified as prime if /2y = (0) implies that
either ¢ or 7 is zero. Similarly, 2 is termed semiprime if, for any ¢ € 2, (¢ = (0) implies
that / itself is zero. These definitions and concepts are significant in understanding the
properties and behavior of elements within the ring 2. An additive mapping 0 : 2 — 2 is
called a derivation if 9(¢) = 2(£)n + ¢d(#) holds for all £, € 2. In the paper by Daif [1],
a concept known as a multiplicative derivation was introduced. A mapping ? : 2l — 2l is
classified as a multiplicative derivation if the condition d(¢#) = o(¢)n + ¢0d() is satisfied
for all elements /, 77 in the ring 2. Note that these maps are not additive. Considering a ring
2l = C[0, 1] which consists of all continuous functions mapping the interval [0, 1] to either
real or complex numbers, we define a map 0 : % — 2 as follows:

f(O)log|f(O)] if f(€) #0,

0 otherwise.

() ={

Although 0 is a multiplicative derivation, it fails to be additive, meaning that it does
not satisfy the complete definition of a derivation, that is, the multiplicative derivation is
more general than the concept of derivation.

Numerous findings in the literature have affirmed that certain subsets of a ring 2,
determined by certain conditions of commutativity, are required to align with the center
Z. These subsets are termed center-like subsets. One example of such a set is denoted as
H(21,9), defined as the set of elements 7 € A such that #0(¢) = 9(¢)y for all £ € 2, where d
represents a derivation. This set was introduced by Herstein, who demonstrated in [2] that
if 2 is a prime ring free of 2-torsion, then H(2, d) coincides with the center Z of the ring.
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In [3], Herstein stated that the hypercenter
S(A) ={neA|nt" ={"yforall £ € Afor somen =n(ny,l) > 1}
coincides with the center Z(2) of 2. In [4], Chacron stated that the cohypercenter
TA) = {17 e Al [n,t—*p(¢)] =0forall £ € Aand p(¢) € [¢] depends on (;7,5)}

Several generalizations of the center of a ring have been introduced by Giambruno [5],
who defined the enlarged hypercenter of 2 to be the set

{a € Aal" = "aforall ¢ € Aforsomen =n(a,l)>1and m =m(a,l) > 1}

and showed that it is equal to Z when 2( has no nonzero nil ideals. Moreover, he defined
the generalized center of a ring 2 as

g.c.(A) = {a € A|(al)" = (La)" for all £ € 2A for some n = n(a,¢) > 1and m = m(a, l) > 1}

and proved that g.c.(2) = Z if 2 has no non-zero nil right ideals.

In [6], the authors proved that a semiprime ring must be commutative if there exits a
derivation d on 2 such that [¢, ] = [0(£),0(y)] for all £, € A. Motivated by these results,
ref. [7] defined the following subsets of a ring 2l equipped with a derivation 0 : 2 —

(0)] forall ¢ € A}
()] forall ¢ € A}
(), 4]+ [,0(¢)] forall £ € A}.

ZrA) ={neA|[tn]=[o(y)d
ZH)={neA|[ty]=[o((),0
Z1(,0) ={neA|p(f),0(n)] =
Hence, it has been proved that if 2 is a semiprime ring, then Z*(2(,0) = Z2**(2,0) =

Z(2). Moreover, if 2 is a prime ring, then Z1(2(,0) = Z(2). Based on these studies,
Idrissi et al. [8] defined the following center-like subsets:

Zr0) = {g e | [yl + () 0(0)] € Z(A) forall £ € A}
Z=(2A,0) = {g €A | —[,y] + [0(0),0(5)] € Z(N) forall £ € A}
T(A0) ={n A p(e),0(n)] - [p(n), 4] = [1,0()] € Z(A) forall £ € A}

where 0 is a derivation of 2. Hence, they proved that if 2 is a 2-torsion-free prime ring,
then ZT(2,0) = Z~ (A,0) = Z(2A). Moreover, if 0 # 0, then Z*~ (2,0) = Z().
Nabiel [9] defined the following center-like subsets:

2, T) = {n € A|[L, 5] = [T(£), T(y)] forall £ € A}
Z¥4(, F,0) = {n € A|[, ] = [o(y), E(¢)] for all £ € A}
Z1(,F,0) = {1 € A|[F(0),0(n)] = [o(n), €] + [, E(¢)] for all £ € A}

where T a is homomorphism of 2 and (F,) is a generalized derivation of 2. He also
proved the relations between these subsets and the central subset.

Recently, in [10], Zemzami, Oukhtite, and Bell introduced and studied the following
new centerlike subsets:

ZF(A,01,02) ={ned|[¢,n] =[01(n),02(¢)] forall £ € A}
Z7(A,01,02) ={n e |[(,n] =[01(£),02(y)] forall £ € A}
21(A,01,02) = {n € A | [01(£),02(17)] = [02(1), €] + [, 01(¢)] forall £ € A}.
They proved that if 2 is a 2-torsion-free prime ring, & is a non-zero right ideal, there

are 01,0, derivations on 2, and A;(¥) = {0} or 9(J)Y # {0}, then Z*(2,01,02) =
Z¥(2A,01,02) = Z1(2,01,02) = Z(A).
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In this paper, we first discuss the definition of the Jordan product based on the above
center-like subsets. We change the commutator product in these sets and define the new
center-like subsets as follows:

ZXAo)={ned|lon=20(n)od(l) forall ¢ € A}
ZFo)={ned|lon=20(l)od(ny)forall ¢ € A}

where 9 is the derivation on 2. We examine the relationship between the central set of these
sets for both derivation and multiplicative derivation.

Various results in the literature indicate how the global structure of a ring 2 is often
tightly connected to the behavior of derivations defined on 2. Many results in the literature
have proved that some subsets of a ring 2 defined by certain sort of commutativity con-
dition coincide with its center Z(2l). Based on these studies, researchers have discussed
the center set and sets of commutativity conditions, managing to compare each one of
the above subsets with the center of 2 for the class of prime (semiprime) rings with some
additional assumptions.

Here, we establish relations that have not previously been established between the
center-like subsets mentioned above. In addition, the existing relations are proven for
multiplicative derivations of the semiprime ring.

There is a relationship between these sets, as follows:

Z*A,0) € ZFA,0) C ZF(A,01,02)
Z¥A,0) C Z7(A,0) C Z*(A,0q,02)
21(2(,0) C Z**(Ql,a) C Zl(Ql,Dl,az)
and
Z*(21,0) Z*(2, F,0)

C
Z(2,0) € Z(AF0)

Fact: Assuming that 2l is a semiprime ring, then:

(i) No non-zero nilpotent elements are found in the center of 2

(ii) If Pis anonzero prime ideal of 2 and a,b € 2 such that a2b C P, then either a € P or
beP

(iif) The center of 2 contains the center of a non-zero one-sided ideal; specifically, the
center contains any commutative one-sided ideal of 2.
Without elaboration, the following fundamental identities are employed throughout

this paper:

@) [6,nn) =6, Al + (¢, ]k

(ii) - [fy, 1) = [£,h]y + €[, 7]

(iii) lnoh = (Loh)n+Ly,h] =L(yoh)— [ h]y

(iv) bogh=n(loh)+ [L,ylh= (Lon)h+nlh, .

2. Center-like Subsets in Semiprime and Prime Rings

Lemma 1 ([11],Lemma 2 (b)). If 2 is a semiprime ring, then the center of a nonzero ideal of U is
contained in the center of .

Lemma 2 ([12], Lemma 3.1). Let 2 be a 2-torsion-free semiprime ring and 3 a left ideal of 2. If
a,b € A, then the relation alb + bla = 0 for all £ € < implies that alb = bla = 0 forall { € &

In all previous studies, Z** (3, 9) has been proven based on Z*(3,0). In this paper,
it is instead proved by considering the set itself. In addition, the following theorem is a
generalization of Theorem 1 from ([9]) and Theorem 2.1 from ([6]).

Theorem 1. Let A be a semiprime ring, S a nonzero ideal of A and d a multiplicative derivation of
A. Then, Z**(3,0) = Z.
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Proof. We can easily show that Z C Z*(3,0). Hence, we need only prove that Z*(3;0) C Z.
Lety € Z**(S,0). Per the hypothesis, we obtain

(), s(n)] =1[fn]foralll €

Replacing ¢ in this equation with £7, we obtain

() + (1), 2(n)] = [¢n, 7], (1)

thus,
), 2(m)]n +o(0)[n,0(n)] + L[ (),201)] + [, 2(m)]o(1) = [€,1]n.

Using Equation (1), we have
o(O) [, 2(m)] + [€,0(n)]o (1) = 0.
Writing ¢ for ¢, 20 € 2 in the last equation and above equation, respectively, we have
o)y, o(n)] + [2,0(n)]d(y) =0forall £ € I, A € A )
Taking 2 for 9(7) in (2), we can see that
2(n)[y,0(n)] = 0forall €

thus,
o*()S[, ()] = (0),
That is,
() AS[n,2()] = (0).

Because 2 is semiprime, we must have a family p = {P, | « € A} of prime ideals
such that NP, = {0}. If P is a typical member of g, then we have

v%() € Por S[,0(y)] S P

from Fact (ii). Assuming that 9?(17) € P and using Equation (1), for all £ € & we obtain

[€a(n7), 1] = [0(La(1)), (1)
[, q10(n) + €[0(n), 1] = [0(£)o () + €% (), 0(1p)]
[ 10(n) + €0(n), ] = [0(£),3(n)]a(n) + [€0*(n),3(1))]

Using Equation (1), we find that

Uo(y), ) = [€0*(n),0(y)] forall € € S

Using the fact that 9%(7) € P and that P is the ideal of R, we have £[d(7), ] € P for all
¢ € G, thatis, S[0(y7), n] C P. Either of these conditions implies that S[0(7), ] € P for any
P € p. Thus, we can conclude that

and consequently that

That is,
[P(n),n]¢ =0, foralll € ¥, A € A
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Replacing /¢ in this equation with [0(7), 7], we have
[0(n), 7]A[0(n), 7] =0 forall A € 2,

thus,
[0(7), n]A[0(n),n] = (0).

Because 2 is semiprime ring, we obtain [0(7), #] = 0. Using this equation in (2), we
arrive at
[t,0(n)]¢0(y7) =0foralll € F,v e A

Replacing ¢ in this equation with ft, we find that
[t,o(n)]fx0(n) = (0), forall £ € S, v € A
Multiplying the left-hand side of the previous equation by t, we have
[t,o(n)[¢o(n)t=0=0forall ¢ € J,v € 2.
Subtracting the last two equalities, we arrive at
[t,0(17)]l[t,0(n)] =0forall ¢ € J,v € 2,

hence,
[t,0()]SAx,0(17)]S = (0) forall v € 2A.

Because 2 is semiprime ring, we have
[t,9(17)]S = (0) forall v € 2,

thus,
[t,0(17)]AS = (0) for all A € 2.

which implies that
[, 0(n)]A[¢,0(n)] =0foralll € &

The semiprime of 2 indicates that [¢,9(17)] = 0 for all £ € ; thus, 2(7) € Z(S3). From
Lemma 1, we have d(77) € Z, while using Equation (1) we have 1 € Z(S). Again from
Lemma 1, we have € Z. Thus, we can conclude that Z**(2,0) = Z. O

Theorem 2. Let 2 be a semiprime ring, S a nonzero ideal of A and 0 a multiplicative derivation of
A; then, Z*(3,0) = Z.

Proof. We have

N
5
2

Il

[¢,1] = [0(n),0(¢)] forall £ € I}
[,n] = —[0(L),0(y)] forall £ € I}
(€] = [(=2)(n), (=0)(£)] forall £ € I}

Il
A
= S
G L W

m M m

I
N
o
é\

Because 0 is multiplicative derivation of 2, (—?) is a multiplicative derivation of 2.
From Theorem 1, we can conclude that Z*(3,0) = 2. O

Corollary 1. Let U be a semiprime ring, 3 a nonzero ideal of 2, and © a nonzero derivation; then:
(i) Z™(Q0)=2Z2
(i) Z*(3,0) = Z.

Proof. Every derivation is a multiplicative derivation. Therefore, from Theorems 1 and 2
we can prove that Z**(3,0) = Z2%($,0) = 2. O
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Theorem 3. Let 2 be a semiprime ring, S a nonzero ideal of A and d a multiplicative derivation of
A, then, ZX*(3,0) = Z.

Proof. We can easily show that Z C Z¥*(3,0). Hence, we need only prove that Z3*(30) C Z.
Lety € Z2*(S3,0). Per the hypothesis, we have

0(l)od(n)=Lonyforalll,n € 3. 3)

Replacing ¢ in the last equation with £, we obtain
@(€)y +£a(1)) 00(y) = (Lo,

thus,
@(€) o a())n +0(€) 7, 0()] + (£0(1))o(17) + €[ (17), ()] = (Con)y.

Using the hypothesis, we can see that
(O, 2(7)] + (€00 (n))o(y) = 0.

Taking / for ¢/, v € A in the last equation and this equation, respectively, we find that

() e[, 2()] + (L) [n,2()] +e(€od(y))o(y) — [r,0(y)]la(y7) =0, (4)

thus,
o(e) [y, ()] = [va()}ea () = 0.
Replacing r with 9(7) in (4), we have

o2(7)l]y,0(y)] = Oforall £ € S,

0*(1)S[y,0(y)] = (0).
Hence,
o> (A, 2(n)] = (0).

Because 2 is semiprime, it must contain a family p = {P, | « € A} of prime ideals
such that NP, = {0}. If P is a typical member of ¢, from Fact (ii) we have

0%(17) € Por S[y,0(y)] € P.

Assuming that 9?(77) € P, we can use Equation (3) to find that for all £ € & we have

() on =20(ld(n))od(ny
(Lon)a(n) +€(y), 1] = (()d(y) + €*(n)) 0 d(y)
(Lon)a(n) +L(n),n] = (d(€) od(n))d(y) + (£3*(y)) 0 3(n)

Using Equation (3), we have

o(n), 5] = (L2%(y)) od(y) forall £ € .
If we use the fact that 9%(57) € P and that P is the ideal of 2, we have £[0(77), 7] € P for

all £ € ¥, thatis, S[0(r7), 1] C P. Either of these conditions implies that [0(7), ] € P for
any P € p. Thus, we can conclude that

The rest of the proof is the same as Theorem 1. [
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Theorem 4. Let 2 be a semiprime ring, S a nonzero ideal of A and © a multiplicative derivation of
A then, ZX(3,0) = Z.

Proof. Using the fact that Z3(3,0) = ZX*(SJ, —0) and applying Theorem 3, we obtain
ZXS$,0)=2. O

Example 1. Let A = 24y ® Ao, where A, is a ring with a non-zero multiplicative derivation 6 such
that 93 (v1,t2) = (0, vp) and Ay is a noncommutative ring. Then, it is easy to verify that U is not
semiprime. For v = (0,t), we have v € ZX(2,0); however, v ¢ Z, that is, Z}(A,0) # Z.

Corollary 2. Let 2 be a semiprime ring, S a nonzero ideal of 2, and ® a nonzero derivation. Then:
i) Z3(30)=2
(ii) Z:*(3,0) = Z.

Corollary 3. Let 2 be a prime ring, ¥ a nonzero ideal of 2, and d a nonzero multiplicative
derivation. Then:

(i) Z(S0)=2Z2

(i) Z2*(3,0)=2Z2

(iii) Z:(3,0)=2Z

(iv) Z:(3,0) = Z.

By removing the conditions A;(S) = (0) or 92(J)S # (0) in ([10], Theorem 1), the
study is generalized to the semiprime ring. Moreover, the following theorem generalizes
Theorem 2.

Theorem 5. Let A be a semiprime ring, I a nonzero ideal of A and 91,0, two multiplicative
derivations of . Then, Z*(J,01,02) = Z.

Proof. We can easily show that Z C Z*(<,01,0;). We want to prove that Z*(,01,0,) C 2.
Letting 7 € Z*(¥,0102), we can obtain that

[4,n] = [01(n),02(£)] forall £ € S. (5)
Replacing ¢ in this equation with fw, w € , we obtain
[€,n]w + Lw, 1] = [01(17),02(€)]w + 02 (£) [01 (17), w] 4 [01.(17), £]02(w) + £[01(17), 02(w)].

Using Equation (5), it can be seen that

02(0)[21(17), w] + [01(), £]02(w) = 0. ©6)
Taking ¢ for ¢t, t € Jin the last equation, we have

02 (O)t[01(17), w] + €02 (1) [01.(17), w] + £[01(17), 02 (w) + [01(17), {]t02(w) = 0.
Using Equation (6), we can see that
02 (0)t[o1(n), w] + [01(7), £]td2(w) = 0.
Replacing w in the above equation with ¢, we obtain
02 (0)t[01(n), €] + [01(n), £]t0(£) =0 forall £, t € 3.

From Lemma 2, we have

0 (0)t[d1(n), ¢ =0foralll € S,
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That is,
22 ()AS[¢,01(17)] = (0).

Because 2 is semiprime, it must contain a family p = {P, | « € A} of prime ideals
such that NP, = {0}. If P is a typical member of p and ¢ € S, then we have

S[,01(n7)] S Pordy(f) € P

from Fact (ii). Assuming that there exists ¢ € S such that S[¢,01(17)] € P, 92(¢) € P. Using
Equation (5), we have

[£,01()] = [01(01(17)), 22(€)]-
Multiplying the left-hand side of the last equation by Z € , we can see that
Z[6,01(n)] = Z[o1(01(17)), 22(0)].

Using 0,(¢) € P, we arrive at Z[{,01(n)] € P for all Z € S, thatis, 3[(,01()] C P.
Either of these conditions implies that [¢,01(x7)] € P, which is a contradiction; thus,
3[¢4,01(n)] € P for any P € p. Therefore,

S[6,01(17)] € NPx = (0),

hence,
3601 (n)] = (0).
meaning that

SA[4,01(7)] = (0)

and consequently that

[6,01()]A[¢, 01 ()] = (0) forall £ € S

Because 2 is semiprime ring, we can see that [(,01()] = 0 for all / € . Then,
01(17) € Z(S3). From Lemma 1, we have 91 (17) € Z. Using Equation (5), we obtain 7 € Z(<).
Again from Lemma 1, we have 7 € Z. Thus, we can conclude that Z*(J,01,0,) = 2. O

Example 2. Let A = Ay @ Ap, where Ay and Ay are rings. It is easy to verify that A is not a
semiprime ring with multiplicative derivations d1 provided by 91 (¢1,t2) = (v1,0) and 0(vy, vp) =
(0,t2). For v = (0,t2), we have v € Z* (2, 01,0;); however, v ¢ Z, that is, Z*(A,01,0;) # Z.

Theorem 6. Let 2 be a semiprime ring, § a nonzero ideal of A and 91,0, two multiplicative
derivations of 2. Then, Z**(J,01,02) = Z.

Proof. We have

Z7(3,00,02) = {y € A [ [€,17] = [01(£),02(y)] for all £ € A}
={n e[yl = —[02y), 0 ()], forall € I}
={neS[tn]=I[(=02)(n) 0 ()] forall £ € I}

= Z*(%, —02,31).
From Theorem 6, we have Z**($,01,0,) = Z2. O

Example 3. Let 2 = 2; @ Ay, where Ay and Uy are rings. Then, it is easy to verify that A
is not a semiprime ring with multiplicative derivations 9, provided by 91(t1,t2) = (v1,0) and
02(t1,v2) = (0,v2). Fortv = (0,vp), we have v € Z**(2,01,0,); however, v ¢ Z, that is,
Z¥(2A,01,07) # Z.
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Corollary 4. Let 2 be a prime ring, S a nonzero ideal of 2 and 91,0, two derivations of A. Then:
(i) Z*(S,0,0) =2
(i) Z**(S3,01,00) = Z.

The following theorems are not true for a semiprime ring. An example of this has
already has been cleared. Thus, the last two theorems are proved for a prime ring.

Theorem 7. Let 2 be a prime ring, S a nonzero ideal of 2 and d a nonzero multiplicative derivation
of A. Then, Z1(3,0) = 2.

Proof. Itis clear to see that Z C Z;(S,0); hence, we only need to show that Z1(S3,0) C Z.
Let 7 € Z1(S,9). Then, we have

(6),o(m)] = [p(n), ] + [n,2(£)] forall £ € 3. )
Replacing ¢ in the above equation with /%, we obtain

2(O) [, 0(m)] + (), 2(n)]n + £[0(n), ()] + [£,0(n)]o(n)
= [p(n), ln + L), 1] + [n,9(0)]n + Ly, ()] + [1, (]o ().

Using Equation (7), we can see that

o(O) [, o(m)] + &, 2(m)]o(y) = [, £12(1). (®)

Writing ¢ for ¢/, v € 2, we obtain

o(e)eln, 2(m)] + v (€)1, 0()] + [v, ()12 (17) +[£, ()]0 () = <[, €10 (1) + [17, €] €0 (1)
Using Equation (8), we can see that
o(©) [, 207)] + [e,2() )00 () = [, <] 2()- ©)
Replacing v with 7 in (9), we obtain
o()€ln, o(n)] + [, ()16 (1) = 0.
From Lemma 2, we have
o(n)l[n,o(n)] =0forall ¢,y € 3. (10)
Replacing ¢ with 7¢ in (10), we find that
o()neln,0(n)] = (0) forall £,77 € 3. (11)
Multiplying the left-hand side of (10) by #, we obtain
no(n)l[n,o(y)] =0forall 4, € 3. (12)
Subtracting (11) from (12), we arrive at
[7,0(m)]¢[n,0(n)] =0forall £ € .

Because 2 is a prime ring, we obtain

[n,2(17)] = 0.
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Using Equation (9), we have

v, 0()]6a(n) = [n,x]€a (),
thus,
[v,2(m)]0(7) + [r, )0 (17) = 0.
that is,
[v,2(n) +7lta(i) = 0.
This implies that

[t,0(n) + n]AS0(n) = (0) forall v € A

Because 2l is prime ring, we have 9(1) + 7 € Z or 30(57) = 0. Because < is a non-zero
ideal of 2, we obtain ?(17) + 17 € Z or d() = 0. Assuming that 3(y) + 7 € Z, using
Equation (7) we have [0(¢),2(1)] + [0(£), 5] = [0(y), ¢], thatis, [0(17),¢] = 0 forall £ € 3.
We can conclude that 9(77) € Z(S). From Lemma 1, we have 2(17) € Z. Using Equation (9),
we obtain

[7,t]€0(n) =0foralll € &, v € 2,

that is,
[, €]AS2(17) = (0).

Because 2 is a prime ring, we have 7 € Z or 39(17) = 0. Because  is a non-zero ideal
of 2, we have 7 € Z or 9(17) = 0. Either of these conditions implies that 9(17) = 0. Using
Equation (7), we obtain

[7,0(0)] =0foralll € S.

Replacing ¢ by ¢, € §, we can see that
[7,0()h+ £o(R)] = 0,

thus,
2(0) [, 1] + [, €]o(R) = 0.

Taking ¢ for {w, w € & when using this equation, we obtain
o(O)wn, h] + [, lJwo(Zh) = 0.
Replacing 7 in the above equation with ¢, we have
o(O)wly, €] + [n, LJwd(¢) = 0.

From Lemma 2, we have
[, 0]A30(¢) = 0.

Because 2 is a prime ring and < is a non-zero ideal of 2, we can see that [17, /] = 0 or
9(¢) = 0. We can now define the following two additive subgroups:

A={{e|[nl]=0} and B={l € 3 |02(¢) =0}.

It is clear that & = A U B. Because a group cannot be a union of two of its subgroups,
it must be the case that either A = Sor B = 3. If B =S, thend({) = 0forall ¢ € 3.
Replacing ¢ in this equation with ft, v € 2, we arrive at £0(r) = 0, that is, Id(xr) = (0) for
all v € 2. Because < is a non-zero ideal of 2, we obtain ? = 0, which is a contradiction;
thus, A = & and we can conclude that 7 € Z(3). From Lemma 1, wehavey € Z. O

Corollary 5 ([3], Theorem 2.5). “Let 2 be a prime ring and 0 a nonzero derivation of A. Then,
Z1(A0) =27
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In semiprime ring, we cannot prove that Z;(2,0) ¢ Z, as the following example shows.

Example 4. Let A = M;y(Z) x Z[{] be a semiprime ring and let 0 : A — A, 0(A, p(¢)) =
(0, p'(£)) be a multiplicative derivation, where p’ ({) is the derivation of p(¢). Then, it is easy to

verify that v = <( g g ),0) ¢ Z butt € Z1(A,0), that is, Z1(A,0) € Z.

The following theorem generalizes Theorem 6.

Theorem 8. Let 2 be a prime ring, 3 a nonzero ideal of U, and 91,9, two multiplicative derivations
of A. Then, Z1(SJ,01,02) = 2.

Proof. We can easily show that Z C Z;($3,01,0;2). Hence, we need only prove that
Z1(3,01,02) € Z. Letny € 2Z1(S,01,02). We can find that

[01(0),02(7)] = [02(17), €] + [, 01 (¢)] forall £ € 3. (13)

Replacing ¢ in the above equation with /v, € &, we obtain

[01(£), 02(1)]v + 01 (£)[v, 02(17)] + £[01(x), 02(17)] + [€,02(17)]01 (x)
= [02(n), fv + L[02(n), t] + [17,01(£)]e +01(€) [17,¢] + [17, £]01(¥) + £[17,01 ()]

Using Equation (13), we obtain
01(0) [, 02(17)] + [€,02(17)]01(x) = 21.() 17, ¥] + [, €]01 (x),

that is,
21(O)([e,02(1)] + [t 1)) = ([, €] + [02(n), £])01(v),
thus,
21(0)[v,02(17) + 1] = [ +02(17), £]01 (v). (14)

Replacing ¢ by tfi, i € in (14), it can be seen that
01(O)[e, 0217) + i+ 01.(€)e[R, 2(17) + 7] = [17 +02(p), £]o1 (€)1 +02(17), £]e01 (7).
Using Equation (14), we have
01 (O)eln, 02(y) + 1] = [17 +02(p), w01 ().
Taking i for £ in the last equation, we have
01 (0)x[£,02(17) + 1] + [€,02(1p) + 7]v01 (£) = 0.
From Lemma 2, we have
01(0)e[l,02(y7) + ] =0forall /v € Y,

thus,
01(0)rS[¢,02(n7) + 1] = (0) forall £, v € .

Because 2 is prime ring and S is a non-zero ideal of 21, we arrive at
91(¢) =0o0r [(,0:(17) + 7] =0.
Assuming that 91 (¢) = 0, using Equation (14) we have

[7402(1),€]o1(x) = 0forallr € S.
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Replacing v in this equation with tt, t € 2, it can be seen that
[74+02(1), €]x01(t) =0 forallt € A v € S.

Because 2 is prime ring, we have [i7 +0,(#), {] = 0 or 91 (t) = 0. Because 9; is non-zero,
we have [i7 +02(7), ¢] = 0. Either of these conditions implies that [ 4+ 92(7), ¢] = 0 for all
{ € S, thatis.

[, €]+ [02(), €] = 0,

thus,
—[02(n), 4] = [, 4]

Using Equation (13), we have

[1,01(6)] = —=[n, €] + [,01(£)]

Therefore, we obtain [, ¢] = 0 for all ¢ € S, proving thaty € Z(<). From Lemma 1,
wehavey € Z. [

Example 5. Let A = Ay @ Ay, where Ay and Ay are prime rings. Then, it is easy to verify
that 2 is a prime ring with multiplicative derivation 01 provided by d1(v1,tv2) = (v1,0) and
02(vy,t2) = (0,vp). We can conclude that Z,(2,01,02) = Z.

Corollary 6 ([11], Theorem 2). Let 2 be a prime ring and let 91,0, be two derivations of A. Then,
Zl (Q[/ a1/ 02) =Z.

In a semiprime ring, we cannot prove that Z1 (2, 91,9,) SZ Z, as the following example
shows.

Example 6. Let A = 20y & 2y, where Ay is a commutative domain with nonzero derivation 6 and
Ay is a noncommutative prime ring. Then, it is easy to verify that U is semiprime with multiplicative
derivation 91 provided by 01 (v1,t2) = (8(r1),0) and 02(v1,v2) = (0,6(r2)). For v = (0,tp), we
have v € Z1(3,01,07); however, v ¢ Z, that is, Z1(,01,02) € Z.

Open Problem: Our hypotheses are addressed to center-like sets on prime and semiprime
rings. More general results can be provided when all hypotheses regarding semiprime rings
are taken into account. In this study, the new center-like set was produced using commutativity
conditions. In future studies, the results can be generalized based on the change conditions
in the literature by taking new center-like sets as derivations, generalized derivations, semi-
derivations, and homoderivations in semiprime and prime rings and by taking the center-like
sets provided here as Lie ideals instead of ideals. Center-like sets can be defined as well.
In addition, in previous studies the relations of center-like sets with each other have been
examined under the conditions of the derivatives and new structures we have provided
above. In addition to these studies, if articles [13-15] on rings and semi-rings are taken into
consideration, center-like sets can be studied in these rings as well.

3. Conclusions

In this study, the relationship between center-like sets and the centering set of a
differentiated and multiplicatively differentiated semiprime ring is established. New sets
have been defined and previous sets have been discussed with a different derivative
structures. Additionally, taking into account the existing studies in the literature, results
have been examined for the multiplicative derivatives of semiprime and prime rings.
Examples are provided in the context of each theorem to show that the given conditions are
necessary. In our future work, we plan to generalize the clusters discussed here by taking
new derivatives and Lie ideals.
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Notations

A ring Z center

R} ideal L] commutator product
S(A) hypercenter ¢,n,h  elements in the ring
T() cohypercenter A;()  left annihilator of A
0,01,0p derivation and multiplicative derivation o Jordan product

C[0,1]  all continuous functions in the interval [0, 1]
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